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Abstract: A new response-spectrum mode superposition method, entirely in real value form, is developed to analyze the
maximum structural response under earthquake ground motion for generally damped linear systems with repeated eigenvalues
and defective eigenvectors. This algorithm has clear physical concepts and is similar to the complex complete quadratic
combination (CCQC) method previously established. Since it can consider the effect of repeated eigenvalues, it is called
the CCQC-R method, in which the correlation coefficients of high-order modal responses are enclosed in addition to the
correlation coefficients in the normal CCQC method. As a result, the formulas for calculating the correlation coefficients of
high-order modal responses are deduced in this study, including displacement, velocity and velocity-displacement correlation
coefficients. Furthermore, the relationship between high-order displacement and velocity covariance is derived to make
the CCQC-R algorithm only relevant to the high-order displacement response spectrum. Finally, a practical step-by-step
integration procedure for calculating high-order displacement response spectrum is obtained by changing the earthquake
ground motion input, which is evaluated by comparing it to the theory solution under the sine-wave input. The method
derived here is suitable for generally linear systems with classical or non-classical damping.
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1 Introduction

The dynamic responses of structures subjected to
earthquake ground motion are usually calculated by
the response-spectrum mode superposition method in
the seismic design codes of many earthquake prone
countries. Using the response-spectrum method for
either a classically or non-classically damped MDOF
linear system, the maximum structural response can
be obtained by each mode of a set of modes which are
used to represent the response. Based on the classically
damped assumption, the square root of the sum of
the squares (SRSS) method and complete quadratic
combination (CQC) rule are proposed to calculate
the dynamic response of structures (Caughey, 1960).
However, for structures with strongly non-classical
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damping, the accuracy of the SRSS method or CQC
rule becomes questionable (Clough and Mojtahedi,
1976; Veletsos and Ventura, 1986). For this reason,
several modal combination rules accounting for the
effect of non-classical damping are developed. For
instance, Igusa et al. (1984) described the responses in
terms of spectral moments and provided the formations
of correlation coefficients among modes using filtered
white noise process as inputs. Later on, Gupta and Jaw
(1986) developed the response spectrum combination
rules for non-classically damped systems by using the
displacement and velocity response spectrum. Singh
and Ghafory-Ashtiany (1986) formed a modified
conventional SRSS approach where non-proportional
damping effects can be properly included. Villaverde
(1988) improved Rosenblueth’s rule (1951) by including
the effect of modal velocity responses. Maldonado and
Singh (1991) proposed an improved response spectrum
method for non-classically damped systems, which
reduces the error associated with the truncation of high
frequency modes without explicitly using them in the
analysis. Zhou et al. (2004) derived the complex square
root of the sum of the squares (CSRSS) method and
the complex complete quadratic combination (CCQC)
algorithm for a generally non-classically damped linear
system, which were entirely in real value form and
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included three correlation coefficients of displacement,
velocity and displacement-velocity. Moreover, in later
research, the CCQC method was developed to consider
the effects of over-damping and non-stationary input (Yu
and Zhou, 2006; Zhou and Yu, 2008), and to estimate the
structural response under multi-component excitation
(Yu et al., 2005; Song et al., 2007).

However, these methods still need improvement. For
example, for either classical or non-classical damping
systems, all the combination rules mentioned above
did not incorporate the effect of repeated eigenvalues
in the formulation. With the growth of the structural
size and complexity of the system, very close and
repeated frequencies are no longer unusual and are
sometimes inevitable (Michael, 2011). Moreover, it is
worth considering whether the earthquake responses
corresponding to the two equal frequencies can be
offset from each other. In fact, it is based on this
consideration that the tuned mass damper (TMD) was
developed (Fujino and Abe, 1993). As a consequence,
the methods dealing with the dynamic responses of the
system with repeated eigenvalues are inevitably evolved
(Katsuhiko, 2006; Yao and Gao, 2011; Li et al., 2013;
Long et al., 2014). In our previous studies, the generally
damped linear systems with repeated eigenvalues
and defective eigenvectors, a hybrid decomposition
approach was developed to calculate the dynamic
response of the structure, which incorporates the merits
of the modal superposition method and the residue
matrix decomposition method, and does not need to
consider the defective characteristics of the eigenvectors
corresponding to repeated eigenvalues (Yu et al., 2012).
However, the previous research only deduced dynamic
responses of damped systems with repeated eigenvalues
in the time domain but did not obtain the calculation
algorithm based on earthquake response-spectrum,
which limits its application in earthquake engineering.

The purpose of this study is to develop a response-
spectrum mode superposition method which can
consider the repeated-frequency characteristics based on
the derived hybrid decomposition approach (Yu et al.,
2012). Because this algorithm can consider the effect of
repeated eigenvalues, it is called the CCQC-R rule, in
which the correlation coefficients of high-order modal
responses will be involved in addition to correlation
coefficients in the normal CCQC method (Zhou et al.,
2004). As a result, the formulas for calculating the
correlation coefficients of high-order modal responses
are deduced, including displacement, velocity and
velocity-displacement correlation coefficients.
Furthermore, the relationship between high-order
displacement and velocity variance is derived to make
the CCQC-R algorithm only relevant to the high-order
displacement response-spectrum. Finally, the practical
step-by-step method for calculating the high-order
displacement response spectrum is discussed and tested
for application in earthquake engineering.

2 Decomposition technology of damped linear
systems with repeated eigenvalues

For a discrete system, with N degrees of freedom,
the equations of motion in terms of nodal displacements
are expressed as

My +Cy + Ky =-Mej, (1) (1)

Here M ,C and K are the N x N mass, damping and
stiffness matrices, which are real symmetric matrices.
Also, the damping matrix C should be a constant
matrix due to consideration of the viscous damping. y
is a N x1nodal displacement vector which describes
the dynamic response of the structure, and Nis an
arbitrarily large integer. e is a unit vector with dimension

Nx1,and J, (t ) is the arbitrary time history of ground
acceleration. Equation (1) can also be rewritten as a
group of first-order linear differential equations, that is

x=Dx+bj}g (t) (2)
in which

o VAR 1S NS
1 0 0 y

and 7 is identity matrix with dimension N x N .

The eigenvalues corresponding to the system
expressed by Eq. (2) canbe divided into two types: distinct
eigenvalues and repeated eigenvalues. Correspondingly,
the structural responses can also be divided into two
groups according to distinct and repeated eigenvalues.
And the response contributions from two groups can
be calculated through different methods. Therefore, a
hybrid decomposition method was deduced by making
full use of the merits of the mode superposition method
and residue matrix decomposition method (Yu et al.,
2012), which can be treated as an alternative expression
form of the generalized complex mode analysis method.

Suppose the different conjugate eigenvalues of the
systemare (4,4, ) (m=1,2,--,z) with multiplicity %,
(k, 21). Now separate the z, -pairs distinct eigenvalues
A, with k =1from the eigenvalues, and renumber the
eigenvalues (xlm,lm) (m=1,--z,z +1,---,z ) according
to the corresponding multiplicity &, that is

A, (k,=1, m<z)
A (k, =22, z+1<m<z)

The displacement responses of the structure in the
time domain can then be written as

y(0)=yo () + 1 (=242 ()], + 22 (1)},
m=1 m=z;+1

4

in which the first part y, () represents the linear

combination of the displacement responses of the z
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SDOF oscillators. The mode superposition method
mentioned by Zhou et al. (2004) is recommended to
calculate the first part in Eq. (4) to reduce the amount of
computation, that is

yD(t)=iin,,lqm,l (0)+B,.4,, (1)

in which the subscript (m,1) represents the order and
corresponding multiplicity of eigenvalue, respectively.
In the case of distinct eigenvalues, the multiplicity is
equalto 1. 4, ,and B, , are the generalized participation
factors corresponding to the m -th distinct eigenvalue 4, ,
which can be calculated based on the orthogonality of
the eigenvectors provided by the characteristic equation,
or be calculated based on the residue matrix R, | (Yuetal.,
2012), that is

A, =-2a,Re(R,,)Me+23, Im(R,, ) Me
B, =—2Re(R,,)Me

where @, =¢ @, and 8, = w,+/1-¢ are the damping
coefficient and the damped frequency of the m -th mode,
and @, and ¢, are the frequency and the corresponding
damping ratio. Re (.) and Im (.) represent the operation
of extracting the real and imaginary part of complex
number.

And, g, () and ¢,,, () in Eq. (5) can be calculated
by solving the following equation

. qm,l (t) + 2é/ma)mq'm,1 (Z) + a)riqm,l (Z) = _j}g (t) (6)
1.€.
1

A (t) = s

and define the expression

[l sin(B, (1-7))5,(r)dz (D)

1 o)
h,(t—-7)=—-e"sin(B,(t-7))  (®)
is the impulse response function, which is the
displacement response of the SDOF oscillator due to
unitary velocity at initial time =0 .
The second part Yy (I) represents the linear
combination of the displacement responses of the z -z,

coupled systems, in which {yM (f )}m is the response
of the m th coupled system. According to the derived
hybrid decomposition approach (Yu et al,. 2012), the
response y,, (t) can be calculated by the residue matrix
decomposition method, in which the coupled system
corresponding to a repeated eigenvalue will be handled
as a coupled-system, and no longer decomposed into
smaller systems. Thus, it is not necessary to calculate
the geometric multiplicity of the repeated eigenvalue A4,
and to determine the corresponding independent vectors
and derived-vectors of the repeated eigenvalue, which

is a time consuming task for a large system. The second
part y, (¢) in Eq. (4) can be expressed as

(=3 Shu (), ©

m=z;+1 j=1

in which { Iu (t)}m]_ is the jth order response
corresponding to repeated eigenvalue A, with
multiplicity k,, the values of j varies from 1 to %, .

Based on the residue matrix decomposition method, Eq.
(9) can be expressed as

z Koy - ~ ~
)= 2 DG a1+ Ay 4y, + By i) (10)

m=z;+1 j=1

where vectors é,m ; ,;lm’j and l~§m’ ;are the generalized
participation factors of the j-th order response
corresponding to the repeated eigenvalue A, , which
can be determined based on residue matrix R, ;
corresponding to the term (A-4,) of repeated

eigenvalue 4 (Yu et al., 2012), that is

G zz(j_l)Re(R

m,j ﬂj—Z m,j
m

)Me

A, =- ﬂfl |@,Re(R, ;) Me -, 1m(R, ;) Me |

~ 2
B, = —FRe(Rm’j)Me

And g, (1) and ¢, () in Eq. (10) can be
calculated by '

G ()= LA (=0)) 7 sin(, (1), (1) e
" (1D

g, ()= —ﬁiﬂ[ﬂm (t=2)] " e sin(p, (1=7)) 3, (T() fZT)

and defined

By, (1-7) = ﬁL[ B, (t-7)] " e sing, (1)
" (13)

isthe high-orderimpulse response function corresponding
to the j-th order of the repeated root 4, . Note that the
impulse transfer function expressed by Eq. (13) has an

additional dimensionless term| /3, (t—z')]j_1 compared
to Eq. (8) corresponding to distinct roots.

Because the structural responses of the distinct
eigenvalues can be treated as the case when the

multiplicity k, of the eigenvalue is equal to 1, the
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Eq. (4) can be generalized as the equation of the double-
summation expression, i.e.

.k,
y(t)= ZZ(Gm,qu,j—l +A,,49,,;+B, 4., ) (14)

m=1 j=1
in which
G:[0"",O,Gzlms‘"’Gzlu,k,ma"'st,n"'st,kz]
A:|:A1,1’.'.’Azl,l’Azl+1,l’“"AZ|+l,kz[+|’.“’Az,l’“.’Az,kz:|
B :|:Bl,1’”"le,l’Bz,Jrl,l"”’Bz,+1,k1|+l :"'ales ”7Bz,k::|

3 Response-spectrum mode superposition
method for damped system with repeated
eigenvalues

For the generally non-classically damped system
with complex modes, it can be seen from Eq. (14) that
the structural modal response not only depends upon
the displacement response of the separated oscillator
but also relates to the corresponding velocity response.
Moreover, because the effect of repeated eigenvalues
is considered, the high-order modal displacement and
velocity are involved in Eq. (14) besides the one-order
modal responses, which make the mode superposition
method more difficult than that of classical one without
repeated roots. However the response-spectrum mode
superposition method of earthquake response for non-
classically damped system with repeated eigenvalues is
able to be deduced according to following steps.

According to the stationary random vibration theory,
the deviation or mean square response of y(t) can be
calculated by

FEOID»»»)

n=l m=1 i=1 j=1
G"’iGm’j < q”»"’l (t)qm»,/'*l (t) > +An,iAm,j < qn,i (t)qm,j (t) >+
B"s"B’”s;f < q.",i (t)qm./ (t) > +2An,iGm,j < qn,i (t)qm,_jfl (t) >+
2B, .G, <q,, (l‘) D1 (t) >+2B, A, . <q,, (t)qm,/ (;) >
(15)

in which the symbol <> represents the operation for the
calculation of average.

It can be concluded from Eq. (15) that, regarding
the covariance between different modal responses
for the damped system with repeated eigenvalues, the
following situations are possible: (1) The covariance
among the modal responses corresponding to a repeated
eigenvalue. For instance, for the repeated root A, with
multiplicity k,, there are %k, modal responses, and
each of them may have a different transfer function.
Because these SDOF systems are subject to the same
earthquake input, a relationship exists between modal
responses corresponding to a repeated-root. (2) The
covariance between the modal responses corresponding
to a repeated-root and responses responding to distinct-

roots. (3) The covariance between the modal responses
corresponding to a repeated-root and responses of
the other repeated-root. The key question in solving
Eq. (15) is to calculate the covariance of the modal
responses, such as<g,,(¢)q, (¢)>,<4,.(?)4,,, (t)>
and<g,,(t)q,.;(¢)>, which are related to the high-
order displacement and velocity responses. For damped
systems without repeated eigenvalues, the covariances
of displacement, velocity and displacement-velocity
were provided by Zhou et al. (2004). Therefore, the
focus herein is how to calculate the covariance among
high-order modal responses corresponding to repeated
roots.

3.1 Displacement correlation coefficient

Considering the expression given by Eq. (13)
and noticing that the impulse response function is
deterministic, the covariance <g,,(#)q,, ;(#) >, which is
between the ith order modal displacement corresponding
to the repeated eigenvalue A4, and the jth order modal
displacement corresponding to the repeated eigenvalue
A, > can be expressed as

<q,,(0q,,(0)>= [ h, (=0, (-1) < 3, (D)}, (1) > dz
(16)

Assuming ground motion excitation )'5g,,, (*) and
V() involved in Eq. (16) are stationary white noise
starting from 0, with zero mean value, results in
< Vg (D)3, (7) >= 215, , where S, is the severity of the
ground motion J,, (7). Then,

<4,,(0q,,,(0)>=0)" (1) =278, [ h, (t=D)h, ,(t —7)d7
(17)

Actually, the earthquake ground motion excitations
are non-stationary. Zhou and Yu (2008) deduced
the covariances of displacement, velocity and
displacement-velocity considering the non-stationarity
of the earthquake by introducing the envelope function.
However, in this study, the ground motion excitation is
assumed as a white noise process because the complexity
of repeated eigenvalues is considered.

Substituting Eq. (13) into Eq. (17),

O;"" (t)=2nS,8,° . J:(t —7) "D sin ,(t—7)sin B, (1 — )z
(18)
here H=-a -0 ,1=i+j-2(=1..k,j=1,..k),
in which &, and £, are the multiplicity of repeated-
eigenvalues A, and A, respectively.
Let t—7 =5, we have d(f—7)=ds and dz =-ds,
then Eq. (18) can be rewritten as

0P (1) = -2mS, B, [ s'e sin §,ssin §,sds (19)

For the convenience of calculation, Eq. (19) can be
represented as the difference between the two cosine
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functions, that is
O, (1)=nS,B,° B~ J‘tosleH‘v (cosL,s —cos Lys)ds
=SB, B [V () =V, ] (20)

here L =8,-8,, L, =4+, The deduction of
V. () (k=12)is given in Appendix 1, in which the

0
recursion formula of ¥, (¢)= J.t s'e™ cos L sds when
1=0,1,2,3,4 are given.

When ¢—>o, the steady state solution of
displacement covariance O, (¢), called I, can be

expressed as

Ly =O)" (t=> @) =088, B, [V, =V, | @D
where 17, . is the steady state solution of ¥, , (¢ — o0) . Table 1
lists the calculation formula of V, , when /=0,1,2,3,4 ,in
which the values L, represents L, and L, , respectively.

Substituting formula of ¥, listed in Table 1
into Eq. (21), the steady state solution 7% = of the

nm,ij

displacement covariance corresponding to a high-order
response can be calculated. When # # m , the calculation

formula of [ ,?,:J, corresponding to three-repeated
eigenvalue are listed in column 3 of Table 2, in which
the possible combinations of (i, /) when /=0,1,2,3,4
are listed in column 2 of Table 2. It can be seen from
these expressions that the displacement covariance is
only related to the cosine function.

When /=0, i=1 and j=1, and substituting
dd

nmij >

formula of 170’,( into expression of / results in

dd
Imn,ll =
4TES0( nwr1+§mwm)
2 2\? 2 2 2 2 2 2
(@ - }) +44,8,0,0, (0] + @} )+ 400}, (87 +40)

(22)

Table 1 Calculation formula of 17,’k (/=0,1,2,3,4)

1=0 ;oo =3 _ 6(H'-6HL +L})
“OH L T A
(H>+1})
=1 g "L =4 . 24H(H'-10H’L; +5L;)
Yo () Y (H?+ 1)
122 _ :2H(H2—3Li)
()
Table 2 Covariances of high-order modal displacement response
[ (i’j) n# m n=m
. . Sy [ S, 1
0 (1 =Lj= 1) 1:31,11 = ﬂnﬂom (Vo,z - 01) 704,”@3
S S, B, 1+2¢7
1 (1 =LJ :2) I:i,lz _7’,0(1/12 V]l) Z é,nza);;
S
(1:29]:1) Ij;:m _ﬂ(V],Z_V]])
ﬂﬂl
2 (121’]:3) j;‘zm:M( 22‘11) LSOM
by 4 Go
(i =2,j= 2) ]::,22 =S, (1722 -
. . S, —
(l =3,j= 1) 1::.,31 = %ﬁl( 22 ,1)
" 4 4 2
3 (i =2,j= 3) Ij;: 23~ nSoﬂm(Vz 27 ) 3150/, 16 (84/2 _484:1 +1)
T | e 8 o
(l =3.J= 2) 1»?:,32 = TESo:Bn( 32773, )
. , S — 218164 —2087 +5
4 (l =3,j= 3) ]:;,33 = nSOﬂnIBm(V:LZ 71/;,1) 3184, ‘s ( “r o )

4 o,
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This expression is in accordance with the result
corresponding to the distinct roots (Zhou et al., 2004).
For the damped systems with repeated eigenvalues,
Ii‘fm represents three cases: (1) The covariance of the
modal displacement corresponding to different distinct-
roots A, and 4, ; (2) The covariance between the modal
displacement corresponding to a distinct-root A, and
the 1-th order modal displacement corresponding to a
repeated-root A ; (3) The covariance of the 1-th order
modal displacement corresponding to different repeated-
roots 4, and 4, .

When /=1, there are two combinations of (i, j );
theyare (i=1,j=2) and (i=2,j=1). s, represents
two cases: (1) The covariance between the modal
displacement corresponding to a distinct-root A, and
the 2-th order modal displacement corresponding to
a repeated-root A, ; and (2) The covariance between
the 1-th order modal displacement corresponding to a
repeated-root A, and the 2-th order modal displacement

corresponding to a repeated-rootA, . Substituting
formula of 171’,( into expression of /, f,iy , results in

Idd —

nm.ij

ams B [40d, +0.6)(04, + 06, ) 86,600, (06, + 0,8, ) (0 - 0l)

2
2
2 2 2 2 2 2 2 2
(02 -] +4¢, 6,00, (0 + 0} )+ il (¢ +43)

(23)

It can be seen that when the order of » andm is
exchanged, only the term S /™' in expression (23) is
changed; that is, for two different eigenvalues, regardless
of which is the repeated root, the displacement covariance
is essentially the same. For the other combinations of
(i, j), the expression of I, . related to ,,, ., and
¢, can also be obtained by substituting ¥, into the
calculation formula of 7 . listed in Table 2.

Whenn=m, for a repeated-eigenvalue A, with
multiplicity &, , 1% = represents the covariance among
k, modal displacements, whose calculation formula are
listed in column 4 of Table 2.

The displacement correlation coefficient pf,:’i’ ;s
defined next as

dd

nm,ij (2 4)

dd _
pnm,i,j Idd ]dd
nn,ij mm,ij

which is a standardized function of modal displacement
covariance. In order to intuitively observe the variation
of the displacement correlation coefficient, letd, = 0.05,
o =2mn, and make the ratios of ¢, /¢, andw,/w,
change from 0.1 to 10. The variation of pjj,i’j(i =1,
Jj=1,2,3) along with ¢,/¢, and @,/®, are shown
in Fig. 1. It can be seen that the variation of the
displacement correlation coefficient p:i,l,l among one-
order modal displacements is consistent with that of
distinct eigenvalues (Yu and Zhou, 2006), but the
variation of correlation coefficient p:,i’l,j between one-

order and high-order modal displacements is different
from the changes of pj;’l’l .

3.2 Velocity correlation coefficient

Based on Eq. (13), the one-order differential
coefficient of a high-order impulse response function is
calculated, that is

(,Bmt)j_l el

m

hm,j N=(j- 1)(ﬂmt)j72 e sin B¢+

(e, sinB,t+ f3, cos f3,1) (25)

Then the velocity covariance <g .(£)g, (0>
between the ith order modal velocity of a repeated
eigenvalue A, and the jth order modal velocity of a
repeated eigenvalue 4, can be expressed as

t
<4, (04, () >= 0" (t) =28, [, ,(t = D), (t—7)dz
0 (26)

Substituting Eq. (25) into Eq. (26), and let
t—7=s, results in dz =-—ds, then Eq. (26) can be
rewritten as the integration about the sine and cosine
function. The recursion formula of the integration

e S

o /o
o Om

Fig. 1 Changes of displacement correlation coefficients ,0:,:,,-’ =1,7=12,3)
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Ulk(t):J‘Ose sinL,sds when [=0,1,2,3,4 are
also listed in Appendlx 1, in whichZ =8 -5,,
L=B+p, . 1=i+j— 2(1_1 ",]—1 k),
in which k, and £k, are the multlphclty of repeated-
eigenvalues 2 and /I,, , respectively.

Whent — oo the steady state solutionof V, , (1 — o)
have been obtained, as is listed in Table 1. When
[=0,1,2,3,4, the steady state solutions ofU, (¢ — ),
expressed as U, « are shown in Table 3, in which the
values L, represents L, ansz,respectlvely

Based on expressions of V andUlk, the steady
state solution of the velocity covarianceis QY™ (t N oo)
obtained and expressed as/,, .. Table 4 gives the
calculation formula of I;’:”/ corresponding to three-
repeated root that have nine combinations of (z ])
which ¥, —V V“,V —V +V,1,U =U,-U,,

U, =U,’2 +Um(l =0,1,2,3,4). It can be seen from
these expressions that the velocity covariances are
related to the sine and cosine function.

_ Similarly, when /=0, i=1 and j=1, substituting
Vyrand U, into expression of 1, |, , results in

nm,11 2

Ivv —

nm,11

4nS,0,0, (¢,0, +¢,0,)

(a)j -, ) +4¢ .0 0.0, (a)" +a)m)+4a)3a); (Q’"z +§j)
27

This expression is in accordance with the result
corresponding to the distinct roots (Zhou et al., 2004).
For the damped systems with repeated eigenvalues,
I, represents three cases: (1) The covariance of
modal velocity corresponding to different distinct-roots
A,and 4, ; (2) The covariance between modal velocity
correspondmg to a distinct-root 4, and the 1-th order
modal velocity corresponding to a repeated-root 4 ; (3)
The covariance among the 1-th order modal velocities
corresponding to different repeated-roots A4, and A4, .
When! # 0, the expression of 7, . related to o, , @,,, £,
and &, can also be derived by substituting formulas of
V, cand U .« Into the calculation formula of 7, . listed
in Table 4.

When n = m , for arepeated root A, with multiplicity

<q,,(0q, ;) >0 (

k,, the calculation formula ofln‘;y are listed in

Table 5, which represent the covariances among k,,

modal velocities of 9 kinds of combinations of (i, ).
The velocity correlation coefficient p,, ; - is defined

as

W _ nm,i,j (28)

pnm,i,j - W W
\/]nntj \/Immtj

which is a standardized function of modal velocity
covariance. Similarly, letg,, =0.05, @, =2n, and make
the ratios of ¢, /¢, andw, /w, change from 0.1 to 10.
The variation of p, . (i=1,;=1,2,3) are shown in
Fig. 2. It can be seen that the variation of the correlation
coefficient p, ,, among one-order modal velocity
is consistent with that of distinct eigenvalues (Yu and
Zhou, 2006), but the variation of correlation coefficient
Pomi; When i#1or j#1 is different from the changes

of pnvrvn,l,l .
3.3 Velocity-displacement correlation coefficient

Based on Eq. (13) and Eq. (25), the velocity-
displacement  covariance<gq,,(f)g, ;(1)>,  which
is between the ith order modal velocity response
corresponding to a repeated-eigenvalue A, and the jth
order modal displacement response corresponding to a
repeated-eigenvalue 4, , can be expressed as

(=278, [ b, (t-7)h, , (1)
(29)

Similarly, let ¢-7=s, so that dr=-ds.
Equation (29) can be rewritten as the expression

about the integrations v, ( )= I ‘e cos L, sds and

0
U,(1)= J s'e™ sin L, sds . Then the recursion formula
of these integrations listed in Appendix 1 can be used to

obtain the formula of O;”"" (¢) . When ¢ — o , the steady
state solution of the velocity-displacement covariance,
called ¢ . 4 » can be calculated by introducing the formula
of V, cand U, .- The calculation formula of IV i
corresponding to different combinations of (i, /) are

listed in Table 6, in which V" =V,, -V, , V. =V,, +V,,

Table 3 Calculation formula of (7” (/=0,1,2,3,4)

~ L
r=0 UO”‘__HZj—Li
— 2HL
=1 U, =—"%
()
122 _ __2Lk(3H2—L§)
2,k T
(1 + 1)

24LH(H-L)

1=3 %
Yo (#*+1)

I—4 _ 241, (SH* -10H’L; + L )
Ves ™ (H*+12)
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Table 4 Covariances of high-order modal velocity responses when 7 # m

1=0 (l,]) nm
w a, s O, o« O, o« .
0 (i=1j=1) a1 :nso[ﬂnﬁm o-_ﬂ”Um_'BmUo-_Vm]
1 (i=1)=2) I3, =78, [“V Uy By g U - SPy; —M’;]
(i=2.=1) I3, =S, [Z“V;‘_ ~Uy + 25y Uy, —%u{: —/f,,V{;]
2 (i=1,j=3) 5, =18, | 28, Z1v —U;‘.J +a,p, [;V - U;‘_j -5 [;"U; + VH
(i=2.7=2) S }
| -BBV: -, BU, —a,pU,,
i — = w a, . a, . a, .« .
(l 3’J 1) [l1m,31 = TCSO 2ﬂn [ﬁmVl - UH} + anﬂn [ﬁsz - U2+j - :an (,Bm sz + V2+)i|
- 2BV 4B, +2a,1Vs - B,(B,Us. +28U5)
| = | = nm, =T * * * *
3o =25=3) PUUN e Bl - BUL) - B Ui B
P 2BV, 48,20, +a, 1V, - B,(2B,U. + BU;)
| = = nm =T * * * *
(1=3.7=2) TN s g - BUL)- B Ui B
, v +2(a, +a,)V, -2(B,U. +BU )
4 (l = 39_] = 3) Irjr‘r’t,}} = nSOﬂnﬂm * % " "
-B.(aUs. + BV )-a,(BUL oV, )
Table 5 Covariances of high-order modal velocity responses when n=m
(i=1. j=1) w5 1 (i=2 j=2) ™l1=¢
2 ¢o, 4 ol
(i=1 j=2) s, A, (i=2.j=3) 85,8 3+¢ (=26, +¢, -2)
2 2 2 4
(i=2 j=1) 4o, (i=3,j=2) 8 S,
2
(=1 =3  =50-¢)) (i=3.)=3)  mSA713+¢ (4 43¢ -2)
e 3 4 3.5
(i=3 j=1) 4 of ®,°¢C,

U_=U,-U, , U,=U,+U, ( 1=0,1,234 ).
It is seen from these expressions that the velocity-
displacement covariance is also related to the expression
of sine and cosine function.

When/=0, i=1 andj=1, and substituting the
expressions of V ,and U, , into / v, results in

nm,1,1 >
IVd
nm,11

278, (a)i - a)f)

(0 + @) ) +40}0), (&7 + 1)
(30)

(a)j - )2 +4¢ .8 00

n-"m

This expression is also accordance with the result
corresponding to the distinct roots (Zhou et al., 2004).
For the damped systems with repeated eigenvalues,
I |, represents three cases: (1) The covariance between
modal velocity corresponding to a distinct-root A4,
and modal displacement corresponding to a distinct-
root A, ; (2) The covariance between modal velocity
corresponding to a distinct-root A and the 1-th order
modal displacement corresponding to a repeated-root
A, ; and (3) The covariance between 1-th order modal
velocity corresponding to a repeated-root A, and 1-th
order modal displacement corresponding to another
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Fig. 2 Changes of velocity correlation coefficients ,D,Z,;,,-’j (i=1,j=12,3)

Table 6 Covariances of high-order modal velocity-displacement responses

! (i-/)

n#+m n=m
N . Vo —BU,_ 0
0 (l:LJ:]) 1”:,1] :nsoa Oﬂnﬂf 0 ( )
“ S, . rs, (6,7 -1
! ( = 1,j = 2) nri,lZ ] |: V1- ﬂnUl_:| ﬂo 4o §
(i=2,j=1) 15212*7[%,%! -BU;] _TS, (‘; -1)
ﬂm ﬂ 4é’nwn
2 i=1.7= vd nS, ﬂ * _ * é’ é’
(l 1,j=3) L= n ( ~ ﬂnsz) xS [ T j
(i:2)j:2) ]::»11 2 _TESO(V]*—_FanI/;—_ﬁnU;—) 0
“ S, . 2 -1
(i=3,j=1) 1 =20 ﬂ (20 +a,)y -BU;.) —nso( 544:” i)j ]
. . . . 40 -3¢}
3 (i=2.j=3) s =SB, [ Vi Vi~ AU | R
vd _ * * _ * 4 6 _3
4 (i=3,/=3) Lo =7SA.8, [ +a ) -BU. ] 0

repeated—root/l When!/#0, the expression of I,f:”
related tow, , @, ,¢, and ¢, can also be calculated by
substltutlng the expressions of V,,and U, ., into the
calculation formula of / nv,f” listed in Table 6.
Whenn=m Imm,, represent the variances between
modal velocity and displacements corresponding to a
repeated-eigenvalue 4, , which are listed in column 4 of

Table 6.

Next, the velocity-displacement  correlation
coefficient anl is defined as
]Vd
vd nm,ij (3 1)

Pom.i.j _mm

which is a standardized function of the modal velocity-
displacement covariance. Similarly, let,, =0.05, ¢ =2m,

and make the ratios of ¢, /¢, and®,/w, change from
0.1 to 10. The variation of pnm,j(z—l Jj=12,3)
along with ¢,/¢, and®,/w, are shown in Fig. 3. It
can be seen that the Veloc1ty displacement correlation
coefficient p)o  when i=1and j=1 is consistent with
that of distinct eigenvalues (Yu and Zhou 2006), but the
variation of correlation coefficient an, when i#1lor
Jj #1 is different from the changes of p) 1

3.4 Discussion of the relationship between
displacement and velocity covariance

The relationship between modal displacement and
velocity covariances of a linear SDOF system when
n=m are discussed in this subsection. Based on the
expressions of displacement covariance I::U and
velocity covariance /)

nn,ij °
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Fig. 3 Changes of velocity-displacement correlation coefficient p,f,‘,i,,,-, i=1,j=123)

I;:/r‘./,g/ = )/n,ija):l:li:,ij (32)
here n represents the order of concerned mode, and
7,18 the scale factor. Because 1, and Iff’ﬁ are
only for steady state responses under stationary white
noise input, this relationship is accurate. Based on the
expressions of /.. and Ifj’i,. listed in Table 2 and Table
5, respectively, the scale factor y,, can be obtained, as
shown in Table 7.

It can be seen that the expression of y, ;is only
related to damping ratio¢,. When i =1 and j =1,7,, =1,
which is consistent with the result corresponding to
the distinct eigenvalues (Zhou et al., 2004). However,
when i#lorj#1, y,, varies from 1 to 0 along with
increasing of the damping ratio ¢, as is shown in Fig. 4,
in which &, changes from 0.02 to 0.9. Since the value of
the scale factor y, ; is small when the damping ratio ¢,
is relatively large, the scale factor should be calculated
according to the formula listed in Table 7 when i #1or

j#1.

3.5 Complex complete quadratic combination
algorithm considering repeated eigenvalues

According to the definition of Eq. (24), Eq. (28)
and Eq. (31), and considering the relationship of modal
displacement and velocity covariances whenn =m , as
listed in Eq. (32), Eq. (15) can be rewritten as

1.0

0.8

0.6

Tni

0.4H

0.2

% 02 0.4 0.6 0.8 1.0

Fig. 4 Changes of scale factor 7, ; with damping ratio ¢,

Table 7 Scale factor between displacement and velocity covariance when n=m

: (5-7) Vi
0 (i=1, j=1) 1
1 (i=1, j=2) 1
(i=2, j=1) 1+26,
2 (i=1 j=3) (1—;,})2
(i=3 j=1) m
i=2, j= I el A
o) i (-40)
3 (l:2,j—3) 1+§n2(_2§n4+5n2—2)/3
(1=3.7=2) 1=¢i (8¢ -8 +1)
4 (i=3.j=3) 1+¢,2(-4¢,0+3¢, -2)/3

1-¢¢ (164, —2087 +5)
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n=l m=1 i=1 j=1
12 12

Gn,er,jp:rcrlx,kl,jfl < q:,k]( )> < qm - 1([) >+

dd vd
[Am Amjplm i YAV iV m, lja)ra)m ni mjpnm.l,j + 2\/ Vg a)an,fAm,jpnm,i,j:|'

<q§l( )>1/2<q"1/( )>]/2 +

24,6, P8 1y @BLG i | <4l (0> <, (0)>7
(33)
If it is assumed as usual that the maximum response
| y | is proportional to the root of the mean square

responses the following closed-form formula of the
complex mode response-spectrum superposition for the
calculation of maximum response of the non-classically
damped system with repeated eigenvalues, i.e., the
complex complete quadratic combination considering
repeated eigenvalues (CCQC-R) algorithm, is deduced
as

HO
S
Gn le /pnm i1t |Dni-1 (l‘)mHX D, j- l(t) nax
(A, 4,08 4V 75 @ 0u BBy Py + 27,50, A, P |
q”i(t) max q"‘ J (t)max
2[Aanmjpnml 1, T @a B, m/pm)dl,ifl,j:| qn,i(t)max D, 1 (t)mx
(34)

where |qm (1 )| are high-order displacement response
spectrum correspondmg to the jth order response of the
repeated-eigenvalue 4, , which can be defined as

9 (1)),

L B, (t—7 e gin B, (-
L[ [a6-) (

7))3, (r)de

max

(35)

Compared to the calculation of the displacement
response spectrum corresponding to the distinct
eigenvalue, the impulse transfer function in Eq. (35) has

. . . -1
an additional dimensionless term[ g, (t—7)] . The
practice calculation method is discussed in section 4.

4 Practice calculation procedure of high-order
response spectrum

For the Duhamel integration shown in Eq. (35), the
high-order dynamic response can be solved by using
the trapezoidal rule and Simpson’s rule (Clough and
Penzien, 1993). However, in earthquake engineering, the
structural responses are usually calculated using the step-
by-step integration procedure, such as the Newmark-4
method, Wilson-6 method and the piecewise exact

method. Compared to the Duhamel integration in Eq. )
there is an additional dimensionless term [ B, ( z’)ﬁj
in Eq. (35). If the Duhamel integration in Eq. (35) can be
transformed into the expression of Eq. (7), the familiar
step-by-step integration can be used to solve the high-
order dynamic response. .

The term [,Bm (1— z’)]/ of Eq. (35) is expanded into
a binomial expression, i.e.

S (—r)'/lx}

(36)
After substituting this formula into Eq. (35),

max

|qm,s/ (t)
(37

L ¢t o (i=0) .
_E € nl )sm(ﬂm(t—

in which
o (t-1)= 8" (r—r)"'*‘ ¥, (7)=
:z (A1) (-8,) " 5, (2)

(3%)

Then the form of Eq. (37) is identical to the Eq. (7)
by changing the input of acceleration input. In order to
verify the practice calculation method mentioned above,
the high-order response of the SDOF system is solved
through the superposition numerical integration method
and step-by-step integration procedure. The calculation
results are then compared with the theory solution.

Suppose «,, =6.2915, B, =10.0735, the input is
¥, () =sin Bt (Gal), and the time interval is Az =0.01s.
Now let the order numberj=2, and then the
corresponding response is the second-order response.
It is easy to obtain a theory solution of displacement
response shown in Eq. (35) under the sine-wave input.
Figure 5 displays the theory solutions of the displacement
time history, where the peak value of the corresponding
displacement is 0.0136 cm.

In order to examine the various numerical calculation
methods, the Duhamel integration shown in Eq. (35) is
solved first by using the trapezoidal rule. The results
illustrate that the displacement response obtained from

z’))yéG (t—7)dz

max

i—1— _x |x|

0.02
0.01f
0
-0.01
-0.02

Disp. (cm)

0 1 4
Time (s)
Fig. 5 Theory solution of displacement response under the
sine-wave input
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the trapezoidal rule matches the theory data well. In
addition, the step-by-step integration procedure and the
piecewise exact method (Clough and Penzien, 1993)
are selected to calculate the same example, in which the
input is changed according to Eq. (38). The results show
that the piecewise exact method obtained an identical
displacement response as that of the theory.

5 Conclusion

According to the theoretical analysis and numerical
investigation performed in this study, some important
results and conclusion are obtained as follows:

(1) For the generally damped linear MDOF
system with repeated eigenvalues, a new response
spectrum mode superposition method considering the
effect of repeated roots is deduced based on a hybrid
decomposition method in the time domain. This
algorithm has clear physical concepts and is similar to
the previously established complex complete quadratic
combination (CCQC) method. Since it can consider
the effect of repeated roots, it is called the CCQC-R
rule, in which the correlation coefficients of high-order
modal responses are involved in addition to correlation
coefficients in the normal CCQC method. Moreover, the
method derived in this study is suitable for generally
damped systems with classical or non-classical damping.

(2) Based on the stationary random vibration
theory, the formula for calculating the high-order modal
responses correlation coefficients are deduced, including
displacement, velocity and velocity-displacement
correlation coefficients. Moreover, the relationship
between displacement and velocity covariances is
derived to make the CCQC-R algorithm relevant only to
the high-order displacement response-spectrum.

(3) The practical method for calculating high-
order displacement response spectrum is discussed, in
which the earthquake input is changed and step-by-step
integration procedures, such as Newmark- f method,
Wilson- & method and the piecewise exact method can
be used to solve the high-order structural responses.
The derived method is evaluated by comparing it to the
theory solution obtained under sine-wave input.
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U, = ['e* sinL,zdz =;t2—+Li(ﬂsmLkr—Lk costr)—ﬂz—JrLi(/iUH’k ~LV,..) (A1)
L ! At ) l
v, :Jr e’ cosL,rdr = Y (AcosL,z+ L, sin Lkr)—m(/ll/;fl,k +LkUH’,() (A2)
When /=0,1,2,3,4,U,, and V,, can be written as
At
U, = J‘T'e“ sinL,rdz =%(Al(z')sinLkT—B,(z')costT) (A3)
’ AT+ L
e/lr
v, :J.z-’e“ cosL,rdr =W(A,(T)costr+B,(r)sinLkr) (A4)
: i
in which 4, (7) and B,(z) can be expressed as
(1) when [=0:
A4, (t)=2;B,(7) =L, (AS)
(2) when [ =1:
A-L} 22L
A(t)=tA-——%; B(r)=1L, — k (A6)
/(7) A+ L (#) =1L, A+ L
(3)when [=2:
20(A*-L}2) 22(A*-3L 4L, 2L (34 -L
A4,(r)=A7" - (2 5 )+ (2 — ); B,(r)=L1" ———%+ (2 — ) (AT)
AL (2 AL (2
(4) when [=3:
22t(A*=3L2) 2(A*-6A°L; + L,
A3(T)=ﬂ,1'3— 23 . Tz(ﬂz—i— (2 2k)+ ( kz k)
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6
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4 3 20(A'=6L A + L) 24(A'—104°L; +5L; )
S v L e oy ey Y.

AL, 3 8z(2°-1L;) 2(54'-102°L; + L)
B, (r)=7"L, - e +/Li r L (34 -1 )- Y  + (L )kz (A9)

Based on the above recursion formula, we can have

U, @)= J.Ot e’ sin L rdr = %(A, (®)sin Lt - B,(t) costt) + Alle(rOZi (A10)
V(1) = J.O’z_lelr cosL,rdr = /Ize—jLi(Al(t)COSth + B (f)cos Lt) _;I—J(rozi (All)
Whent — oo, the Egs. (A10) -(A11) can be written as:
Uy ()= j: e’ sin L rdr = /I?f-OL)i (Al2)
V()= ["7'e’" cos Lzdr = - lelf)z; (A13)

where 4,(0) and B,(0) can be obtained by using Eq. (A5)—(A9).



