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A note on the surface motion of a semi-cylindrical canyon for incident 
cylindrical SH waves radiated by a fi nite fault
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Abstract: The plane-wave assumption for incident SH waves can be a good approximation for cylindrical and spherical 
waves radiated from fi nite sources, even when the source is as close as twice the size of the inhomogeneity, and when the 
source and the inhomogeneity are described within the same coordinate system. However, in a more general setting, and 
when the fault’s radiation pattern must be considered, the plane-wave approximation may not yield satisfactory answers for 
arbitrary orientation of the fault. Jalali et al. (2015) demonstrated this for a semi-cylindrical, sedimentary valley, and in this 
study we extend their results to a case in which the semi-circular, sedimentary valley is replaced by a canyon. We describe the 
effects of incident cylindrical waves on the amplitudes of surface motion in and near the semi-cylindrical canyon when the 
causative faults are at different distances and have different curvatures and orientations.
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1   Introduction

This paper is a continuation of the work by Jalali 
et al. (2015), in which the surface motions within and 
near a semi-cylindrical valley were studied for excitation 
by cylindrical waves radiated from fi nite faults that 
had arbitrary orientations. In this paper, for the same 
excitation, we analyze the motion in the vicinity of a 
semi-cylindrical canyon. 

Most published papers on the amplifi cation of 
incident waves by surface topography are based on the 
assumption that excitation can be described in terms 
of plane harmonic waves (e.g., Chen et al. 2008, 2011, 
2012; Gao et al. 2012; Moeen-Vaziri and Trifunac 1985; 
Sanchez-Sesma 1983, 1985, 1990; Sanchez-Sesma and 
Rosenblueth 1979; Sanchez-Sesma et al. 2002; Trifunac 
1973; Wong 1982; Wong and Trifunac 1974; Wong et al. 
1977; Zhang et al. 2012a,b) while the studies of near 
fi eld effects in terms of cylindrical waves are rare (Gao 
and Zhang, 2013). Most of these studies also assumed 
periodic excitation and presented the results in terms 
of transfer-function amplitudes both along the ground 
surface and in the vicinity of the inhomogeneity. This 
work has shown (1) how two- and three-dimensional 
interferences, scattering, and diffraction of linear 

plane waves by inhomogeneities lead to changes in 
the amplitudes and locations of the observed peaks of 
transfer functions for motions on the ground surface; and 
(2) the relative signifi cance of the surface topography vs. 
interior material inhomogeneities (sedimentary valleys) 
in shaping the overall amplifi cation patterns on the 
ground surface (Wong et al. 1977). Sanchez-Sesma et al. 
(2002) presented a review of these studies up to 2002. 
More recently scattering and diffraction of incident SH 
waves by surface topography has been investigated by 
the null-fi eld boundary integral equation method using 
degenerate kernels (Chen et al. 2011, 2012). In this 
approach the degenerate kernel function, which is also 
the fundamental solution, is expanded into series using 
the addition theorem.

As in our paper on excitation of a sedimentary 
valley (Jalali et al., 2015), the purposes of this note are 
(1) to show how the arbitrary fault orientation further 
compromises the plane-wave approximation, and (2) to 
provide some examples illustrating when and for what 
geometries plane waves may still continue to provide 
useful results. We will analyze this subject by comparing 
the transfer functions for incident plane waves with the 
transfer functions for excitation by cylindrical waves 
from a periodic, fi nite source of SH waves that has an 
arbitrary orientation.

2  The model

Figure 1 shows the two-dimensional model that 
is considered in this paper, which consists of a semi-
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cylindrical canyon with radius a  surrounded by an 
elastic homogeneous and isotropic half-space. We will 
use the parameter   to represent the ratio of a , the radius 
of the canyon, and 2 , the half-wavelength of incident 
SH waves, in order to characterize dimensionless 
frequencies and wave-length ratios for the examples 
that will be shown in the following fi gures. The density 
and shear-wave velocity for the half-space are ρs and cs, 
respectively. As is shown in the fi gure, another fault, 
symmetric with respect to the x-axis, is assumed and 
considered [af3 = af2, αf3 = αf2 ]. In coordinate system 
#1, the real fault is located at r1 = af1. In coordinate 
system #2, the fault is located at r2 = af2, between the 
angles α f2  −  α fl2/2 and α f2 + α fl2/2, and the fault 
width is a f2 α fl2[α fl2 = π/8]. In coordinate system #1, 
the imaginary fault is located at r1 = af1. In coordinate 
system #3, the fault is located at r3 = af3 = af2, between 
the angles 2π − af3 − α fl3/2 and 2π − a f3 + α fl3/2, and 
the fault width is a f3 α fl3[α fl3 = π/8]. 

To describe the periodic fault motion, in the 
coordinate systems #2 and #3 the boundary conditions 
along the circles r2 = af2 and r3 = af3 are taken to have 
dislocation amplitudes equal to one between αf2 − 
αfl 2/2 and αf2 + αfl 2/2, and between αf3 − αfl 3/2 and αf3 + 
αfl 3/2, and zero relative displacements elsewhere. The 
mathematical solution of the SH-wave radiation from the 
fault is presented in Appendix A. Except for differences 
in the boundary conditions along the canyon surface, 
this solution is analogous to the solution in Jalali et al. 
(2015) but we present it in Appendix A for completeness 
of presentation.

3   Results

Examples of computed amplifi cation along the 

ground surface are illustrated in the next several fi gures. 
Figures 2 and 3 illustrate the effects of fault curvature 
(af2) on normalized surface-displacement amplitudes 
and phases when the distance between the fault and the 
canyon is af1 = 2a , 4a , and 16a . As can be seen, when 
the fault is far from the canyon (af1 = 16a ) the effect of 
fault curvature on the surface-displacement amplitudes 
is small, and the plane-wave assumption can result in 
a fair approximation. But when the fault is as close as 
twice the size of the canyon, and for intermediate and 
large  , the effect of fault curvature begins to dominate, 
and the plane-wave assumption is no longer acceptable. 

Because of geometric spreading, the cylindrical 
waves attenuate like 1/2r , with distance r , while plane 
waves do not attenuate with r . To facilitate relative 
comparisons in this paper, all amplitudes of waves 
radiated from the fault have been normalized to produce 
the same average amplitudes inside the canyon as the 
average for the corresponding case with incident-plane 
waves. We compute these normalization factors by 
calculating the average spectral amplitudes of computed 
motions between 1 / 1x a    and 1 / 1x a  . This was 
done to allow a more direct comparison of interference 
patterns of plane and cylindrical waves inside the 
canyon and its immediate vicinity. Figure 2 shows the 
amplifi cation patterns for af1 =16a   (distant fault) while 
Fig. 3 shows the same for af1 = 2a  (near fault). In 
Figs. 2 and 3, the left sides show symmetric amplitudes 
and phases for the fault directly beneath the canyon. The 
right sides of Figs. 2 and 3 show the amplifi cations and 
phases for a fault with af1 = 30º. The negative overall 
slope of the phase diagrams in these fi gures indicates 
wave propagation to the left, while the positive  overall 
slope indicates propagation to right. The zones where 
this slope changes correspond to the projection onto the 
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ground surface of the sign changes in the fault radiation 
pattern. Since the cylindrical SH waves propagate away 
from the fault, with opposite signs of their amplitudes 
on the opposite sides of the fault, the amplitudes of 
the radiation pattern are largest in the radial direction, 
smallest in the transverse (tangential) direction of the 
fault and change the direction of propagation above and 
bellow the tangential directions.

Figure 4 shows the effect of fault curvature (af2) 
on normalized spectral amplifi cation for two incident 
angles (αf1 = 0, and π/2 − π/16) when af1 = 2a . It shows 
how the changes in fault location and back scattering 
from the canyon walls can lead to large differences in 
spectral amplitudes. It also illustrates the effects of the 
shadow zone, behind the canyon, when the fault is at 
the surface and to the left of the canyon (cases 2 and 4). 
Here, we note again that the changes in af2 result in the 

changes in the fault length. Therefore, for af2 in all of the 
examples shown here the amplitudes of waves radiated 
from the fault have been normalized to agree with the 
average amplitudes inside the canyon for the case of 
incident-plane waves. This normalization facilitates 
comparison of the spectral amplifi cation of cylindrical 
waves radiated from faults of different lengths, with the 
amplifi cation computed for incident-plane waves inside 
and in the vicinity of the canyon. Thus, for example, in 
Fig. 4 (left), for αf1 = π/2 − π/16 the amplitudes at /x a  
= -1 and -0.8 are larger than 4, which would correspond 
to the case for incident-plane waves with unit amplitude 
refl ecting from the half-space (doubling the surface-
displacement amplitudes) and then from the vertical wall 
of the quarter-space (again with doubling of the incident-
wave amplitudes), with the end amplifi cation being 4. For 
incident plane waves at /x a  = -1, with increasing  , the 

Fig. 2   Normalized displacement amplitudes and phases when af1 = 16a, αf1 = 0, 30°, and for different af2 = 2a, 4a, 16a
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Fig. 3   Normalized displacement amplitudes and phases when af1 = 2a, αf1 = 0, 30°, and for different af2 = 2a, 4a, 16a 

Fig. 4  Amplifi cation at x/a = -1, -0.8, 0.8, and 1, for af1 = 2a, and af2 = 0.5a and 2a, when the source amplitudes are 
              normalized to yield the same average amplitudes inside the canyon as for the incident-plane waves. 
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amplifi cation gradually increases toward 4. For /x a  = 
– 0.8 (a point inside the canyon and with an elevation 
lower than the half-space surface), the amplifi cation 
begins to increase toward 4 for increasing  , but then it 
gradually decreases as the depth of that point approaches 
the quarter-wavelength of incident plane waves. As 

0  , amplifi cation of plane waves approaches 2 for 
all incidence angles, because very long waves cease to 
“see” the inhomogeneity represented by the canyon.

In Fig. 5(b), the position, curvature, and length of the 
fault are constant, but the fault rotates (see Fig. 5(a)). This 
fi gure shows the effects of the rotation of the radiation 

Fig. 4   Continued
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pattern for the fault with normalized displacement 
amplitude and for different values of   when af1 = αf2= 2a, 
and αf1 = π/3.

4   Discussion and conclusions

In this note, we described an extension of the 
analysis by Jalali et al. (2015) and continued to examine 
the adequacy and the conditions for which the plane-
wave representation can be used to describe excitation 
by cylindrical waves of inhomogeneities at the ground 
surface. We also presented examples of scattering and 

diffraction by a semi-cylindrical canyon with radius a. 
In addition, we also showed how the “addition theorem” 
in cylindrical coordinates can be used to study radiation 
from fi nite faults with general orientation and curvature. 
In the simplest terms, and in agreement with Jalali et al. 
(2015), we found that the plane waves can be used 
successfully to describe the excitation by cylindrical 
waves when the source is at a distance of at least several 
times the representative dimension of the inhomogeneity 
and when the normal to the fault surface is pointing in 
the direction of the inhomogeneity. This occurs when 
the direction of the maximum of the radiation pattern 
of the waves emanating from the fault is pointing 
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in the direction of the inhomogeneity and when the 
dimensionless frequency   is relatively small, say 
about one or less. Further details and interpretation of 
the results should be evident from the examples we have 
shown in the fi gures.
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Appendix A

Figure 1 in the main text shows the two-dimensional 
model of the problem. As can be seen from the fi gure, the 
model consists of a semi-cylindrical canyon, with radius 
a, surrounded by an elastic homogeneous and isotropic 
half-space, where   is the ratio of a , the radius of the 
canyon, and 2 , the half-wavelength of incident SH 
waves. The density and shear-wave velocity for the half-
space are ρs and cs, respectively. As can be seen, another 
symmetric fault with regard to the x-axis is assumed and 
considered [af3 = af2, αf3 = αf2]. 

In coordinate system #1, the real fault is located at r1 
= af1. In coordinate system #2, this fault is located at r2 = 
af2, between the angles α f2  −  α fl2/2 and α f2 + α fl2/2, and 
the fault width is a f2 α fl2[α fl2 = π/8]. 

In coordinate system #1, the imaginary fault is 
located at r1 = af1. In coordinate system #3, this fault 
is located at r3 = af3 = af2, between the angles 2π − af3 − 
α fl3/2 and 2π − a f3 + α fl3/2, and the fault width is  a f3 
α fl3[α fl3 = π/8].

Five displacement fi elds are defi ned to describe 
radiation from the fault, as follows:

(1) 1
scw for 1a r  represents refl ecting waves 

propagating from the canyon, (2) 2
iw  for 0 < r2 < a f2 

represents cylindrical waves propagating toward r2 = 0 , (3) 2
ow   

for  a f2< r2  represents cylindrical waves propagating 
away from 2 0r  , (4) 3

iw  for 0 < r3 < a f3 represents 
cylindrical waves propagating toward 3 0r  , and (5)  

3
ow  for a f3< r3 represents cylindrical waves propagating 

away from 3 0r  .
In all regions, the out-of-plane SH waves can be 

achieved using the following equation:
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To solve Eq. (A5d), both sides of the equation should 
be equal to a constant. If this constant is chosen to be 2n , then
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and after variable transformation, r k  ,
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This is a Bessel differential equation, and its solution 

is
( ) ( )nR k C                            (A7)

Changing the variables again to ( )r nR C k r , the 
solution function will be i( )e n

nC k r  . Since the solution 
has to be periodic in  , n  has to be an integer, and the 
solution is valid for all integer values of n , from minus 
infi nity to plus infi nity. Therefore, the general solution is 
a linear combination, as follows:

i( , ) ( )e n
n n

n
u r k rCA 





                 (A8)

Using boundary conditions, the complex constants 
nA  can be determined. Depending on the physical 

condition of the problem, nC  is a Bessel function with 
order n, which can be either (1), ,n n nJ Y H , or (2)

nH . (1)
nH  

describes the outgoing waves, while (2)
nH  describes the 

incoming waves. Because the series above is convergent, 
it is possible to truncate it into a fi nite sum with N terms, 
as follows:

i( , ) ( )e
N

n
n n

n N
u r k rCA 



                 (A9)

The geometry of the model is suitable for using a 
cylindrical coordinate system, and therefore all formulas 
are presented depending on a cylindrical coordinate 
system ir  and i  (i = 1, 2, and 3). For determining the 
wave expansions of the different waves, relations are 
considered as follows ( note that the superscripts of the 
wave names stand for the coordinate system number):

The scattering-wave expansion (coordinate system 
#1):

1(1)1 i
sc,sc s 1( )e

N
n

n n
n N

H rw kA 
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             (A10)
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The wave expansion outside the coordinate system 
#2 circle (coordinate system #2):
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o2, 2o2 s( )e

N
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The wave expansion inside the coordinate system #2 
circle (coordinate system#2):
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N
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The wave expansion outside the coordinate system 
#3 circle (coordinate system#3):
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N
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The wave expansion inside the coordinate system #3 
circle (coordinate system#3):

33 i
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N
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The mentioned waves must satisfy the boundary 
conditions as follows:

Zero stress on the fl at surface leads to
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1 1 1
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The continuity of the stress in divided regions of 
coordinate system #2 is

2 f 2
2 f 2

2 2 22
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The displacement difference in divided regions of 
coordinate system #2 is

2 f 2
2 f 2

22 2 2
2 o3 sc 2o2 1.4 : ) ( )(i ar
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The continuity of the stress in divided regions of 
coordinate system #3 is
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The displacement difference in divided regions of 
coordinate system #2 is

3 f 3
3 f 3
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For determining 1 2( )f   and 2 3( )f  , we introduce 
( )f   as follows:

1 2( ) [ ] [ ]f H H                    (A21)

where H is the Heaviside function, such that

0 0
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1 0
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



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(A22)

And 1 2( )f  and 2 3( )f   can be expressed as follows:

2 2 1 f 2 f 2 2 f 2 f 21

3 3 1 f 2 f 2 2 f 2 f 22
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l l
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 (A23)

As can be seen from the boundary conditions, in 
order to solve the problem it is necessary to express 
radiated waves from the fault and its coordinate system 
into another coordinate system, which is suitable for 
application of the boundary conditions. Therefore, the 
addition theorems (Fig. A1) for the Bessel and Hankel 
functions are used to transfer the wave from the q-th 
coordinates to the p-th coordinates as follows (Esherbeni 
1994; Esherbeni and Kishk 1992):
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(A24)
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(A25)

where ( , )q q     and ( , )p p    are the origin of the q-th 
and p-th coordinate systems, respectively, p qd  is the 
distance between the centers of the coordinate systems, 
and Z  represents the Bessel or Hankel function.

As mentioned previously, the addition theorem is 
needed to satisfy the boundary conditions. Since we 
assume an imaginary fault, the zero-stress condition 
(boundary condition B.1) is satisfi ed automatically. Thus, 
it is just necessary to satisfy other boundary conditions 
using the addition theorem as follows.

Satisfying boundary condition B.2:
According to boundary condition B.2 (Eq. (A16)), we 

need to transfer all necessary waves from their original 
coordinate system to coordinate system #1. Using that, 
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and considering boundary condition B.2, leads to
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(A26)

Satisfying boundary condition B.3:
According to boundary condition B.3 (Eq. (A17)), we 

need to transfer all necessary waves from their original 
coordinate system to coordinate system #2. Using that, 
and considering boundary condition B.3, leads to
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Satisfying boundary condition B.4:
According to boundary condition B.4 (Eq. A18), we 

need to transfer all necessary waves from their original 

Fig. A1  Addition theorem
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coordinate system to coordinate system #2. Using that, 
and considering boundary condition B.4, leads to
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Satisfying boundary condition B.5:
According to boundary condition B.5 (Eq. (A19)), we 

need to transfer all necessary waves from their original 
coordinate system to coordinate system #3. Using that, 
and considering boundary condition B.5, leads to
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Satisfying boundary condition B.6:
According to boundary condition B.6 (Eq. (A20)), we 

need to transfer all necessary waves from their original 
coordinate system to coordinate system #3. Using that, 
and considering boundary condition B.6, leads to
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In Eqs. (A26)–(A30), the characters R and αs are 
defi ned as follows:

ϕpq
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Also, to satisfy the boundary conditions we should 
use Fourier and inverse Fourier transform of ( )f  to 
model 1 2( )f   and 2 3( )f  , as follows:
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Since 1 20 2     ,  fn becomes:
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 

           (A36)

The inverse of the Fourier transform can be written 
as

i( ) e
N

n
n

n N
f f 



 
                     

(A37)

Then, 1 2( )f   and 2 3( )f   can be derived using 
Eq. (23).

Equations (A26)–(A30) above have to hold for all 
θ, and all coeffi cients of ie n   have to be equal to zero 
independently for all integer values of n from –N to +N. 
Thus, 5N + 10 linear equations are obtained to calculate 
10N + 5 unknown constants.

             


