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Abstract: A comparative analytical study of several control strategies for semi-active (SA) devices installed in base-
isolated buildings aiming to reduce earthquake induced vibrations is presented. Three force tracking schemes comprising a 
linear controller plus a “clipped” algorithm and a nonlinear output feedback controller (NOFC) are considered to tackle this 
problem. Linear controllers include the integral controller (I), the linear quadratic regulator (LQR) and the model predictive 
controller (MPC). A single degree-of-freedom system subjected to input accelerograms representative of the Portuguese 
seismic actions are fi rst used to validate and evaluate the feasibility of these strategies. The obtained results show that 
structural systems using SA devices can in general outperform those equipped with passive devices for lower fundamental 
frequency structural systems, namely base-isolated buildings. The effectiveness of the proposed strategies is also evaluated 
on a 10 storey base-isolated dual frame-wall building. The force tracking scheme with an integral controller outperforms the 
other three as well as the original structure and the structure equipped with passive devices.
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1   Introduction 

Structures such as hospitals, energy power stations, 
communication centres, and civil protection and fi re 
station buildings are vital to be kept operational during 
and immediately after the occurrence of an earthquake. 
With this concern, new concepts for vibration control 
of structures when subjected to earthquakes have been 
proposed in recent years based on passive, semi-active 
(SA), active and hybrid vibration control systems 
(Casciati et al., 2012; Chu et al., 2005; Ikeda, 2009; 
Soong and Dargush, 1997; Soong and Spencer Jr., 2002; 
Spencer Jr. and Nagarajaiah, 2003).

The base isolation concept has been commonly 
considered for reducing the transmission of seismic 

forces and energy to the main structure. The goal consists 
in decoupling the structure (superstructure) from the 
foundation in order to reduce the potential for structural 
damage and increase equipment safety due to the 
earthquake ground motions (Chopra, 1995). However 
base isolation systems present some drawbacks. One 
is the increase of the isolation displacement beyond 
the operational design range under large pulse-like 
ground motions generated at near fault locations. Thus, 
supplementary devices (damping systems) are often 
prescribed or suggested to reduce isolator displacements 
without increasing superstructure response (Gavin and 
Aldemir, 2005). Hybrid systems combining base-isolated 
structures with semi-active systems have been receiving 
much attention in recent years as an alternative to passive 
systems (Bahar et al., 2010; Gavin and Aldemir, 2005; 
Luo et al., 2001). Magneto-rheological (MR) and fl uid 
viscous dampers (FVD) are typical semi-active devices 
considered in these situations (Chu et al., 2005; Soong 
and Spencer Jr., 2002; Spencer Jr. and Nagarajaiah, 
2003; Symans and Constantinou, 1999).

Semi-active control in particular has received 
considerable attention in recent years due to the 
advantages of offering similar reliability to passive 
control devices and maintaining the adaptability of 
active control systems with low power requirements. 
The idea of changing the damping characteristics in real 
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time between an upper and a lower limit has been studied 
by several researchers (Symans and Constantinou, 
1999). An extensive analytical and experimental study 
was conducted by Symans and Constantinou (1995) 
where two semi active fl uid dampers (two-stage damper 
and a variable fl uid damper) on two structural models 
(one-storey structure and a three-story structure with 
fundamental periods of 0.36 s and 0.56 s) subjected to 
different seismic excitations were tested. They found 
results comparable to those of a passive control system 
with high damping. One analytical study covering 
different structural periods (from 0.2 s to 3 s) was made 
later on by Sadek and Mohraz (1998), which states 
that variable dampers with an adequate algorithm can 
be effective in reducing the acceleration responses of 
fl exible structures. During the 90′s MR dampers gained 
attention due to their high dynamic range, low power 
requirements and large force capacity. Dyke and Spencer 
Jr. (1997) evaluated the effectiveness of this technology 
in civil engineering applications and found results better 
than the passive solution. After that a lot of analytical and 
experimental work has been performed to demonstrate 
the effectiveness this technology (Shook et al., 2007; 
Qin et al., 2008; Gattulli et al., 2009; Mehrparvar and 
Khoshnoudian, 2012; Bharti et al., 2014).

The use of semi-active devices for vibration control 
of structures leads to a nonlinear system (structure plus 
device) with bounded inputs. The analysis and design 
of nonlinear systems can be made using a number of 
available procedures. Ou and Li (2009) proposed design 
approaches for active, semi-active and passive control 
systems based on analysing the characteristics of the 
active control force. In general it is intended to derive 
feedback control laws that force the closed loop to follow 
the specifi cations. Several methods have been used for 
semi-active control: (i) Lyapunov based methods (Dyke 
and Spencer Jr., 1997; Jansen and Dyke, 2000; Luo et al., 
2001); (ii) maximum energy dissipation algorithm and 
the modulated homogeneous friction algorithm (Dyke 
and Spencer Jr., 1997; Jansen and Dyke, 2000; Jung et 
al., 2006); (iii) sliding mode control (Komatsu et al., 
2007; Symans and Constantinou, 1995); (iv) quantitative 
feedback theory and backstepping control technique 
(Zapateiro et al., 2010); (v) intelligent paradigms, like 
neural networks or fuzzy-logic (Shook et al., 2007); and  
(vi) force-tracking. The last one has been successfully 
applied in semi-active control and comprises different 
control schemes: force feedback and model-based feed-
forward. In both cases the controller is designed to derive 
a desired force, e.g. optimal control (Dyke and Spencer 
Jr., 1997; Gavin and Aldemir, 2005; Jansen and Dyke, 
2000; Sadek and Mohraz, 1998; Shook et al., 2007), 
proportional plus integral control (Aguirre et al., 2011) 
or the force derivative feedback control (Rodríguez et 
al., 2012), which is converted in the control variable by 
using a bang-bang rule taking into account the measured 
force by the device (force feedback) or, using the inverse 

model of the device when it is possible (model-based 
feed-forward).

From a practical application perspective, the 
fi rst application of semi-active fl uid dampers in a 
base-isolated structure was made in 2000, the House 
of Creation and Imagination of Keio University - 
Yokohama (Ikeda, 2009). Another application was made 
later (2005) in the 11-storey of Keio University building 
- Mita South Building (Komatsu et al., 2007). In the 
realm of MR devices, the fi rst application was made 
in 2001 on the Nihon-Kagaku-Miraikan, the Tokyo 
National Museum of Emerging Science and Innovation, 
with two 30 t MR fl uid dampers installed between the 
third and fi fth fl oors (Spencer Jr., 2008). Also in Japan, 
a base-isolated building consisting of 40 t MR dampers 
along with laminated rubber bearings, lead dampers and 
oil dampers was constructed for residential use (Spencer 
Jr. and Nagarajaiah, 2003).

In this paper, semi-active control of base-isolated 
structures under several earthquake ground motions is 
investigated. Several control strategies are examined 
and the control effectiveness is evaluated for different 
controller gains and compared with the best passive case. 
A brief description of the research method is given fi rst, 
then the models and control strategies are described, and 
fi nally a numerical analysis is carried out to evaluate 
their performance. The experience accumulated in 
designing semi-active systems can be used to implement 
and deliver this technology.

2   Analysis method

In this work four control strategies are investigated 
to drive semi-active devices for reducing structural 
responses, with special emphasis on base-isolated 
buildings. Three force tracking schemes and a nonlinear 
output feedback control strategy are evaluated 
numerically and compared. For the force tracking 
schemes, the integral controller, the linear quadratic 
regulator and the model predictive controller are 
considered to derive a desired force, which is used to 
compute the control variable for the device using an 
algorithm. Two algorithms are considered to “clip” the 
control variable: the inverse model of the damper and 
an on-off algorithm. The Maxwell model is adopted 
as a general way to model the transient and stationary 
regime of SA devices. A single degree of freedom 
(SDOF) mechanical model is adopted to analyse the 
applicability of these strategies in structures. Several 
earthquake ground motions (near- and far-fi eld) for 
the Portuguese territory have been considered in the 
analysis. A methodology to tune the controller using the 
structural system model and the seismicity of the site 
is considered. Comparisons with the original structure 
and with the structure equipped with passive devices 
are made. A numerical example of a typical 10-storey 
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base-isolated building (multi degree of freedom model – 
MDOF) is considered for performance evaluation.

3   Hybrid base-isolated structure

For the purpose of this study a hybrid base-isolated 
building consisting of a superstructure constructed 
over a base fl oor supported by bearings with devices 
installed at the base level is considered. In this work 
both superstructure and bearings are described by linear 
models. The hybrid base-isolated structure is described 
by the mass Ms, stiffness Ks and damping Cs matrices 
and is subjected to input disturbances (earthquake) gx

 and input forces f developed by additional devices at 
the base level. The model for an n degree of freedom 
system (base plus n-1 fl oors) is described in terms of 
the relative coordinates to the ground ( rgx , 

 rgx  
and rgx  

 as the vectors of relative displacements, velocities and 
accelerations) as:

s rg s rg s rg s gx f            M x C x K x M 1 G     (1)

where: 1 is  a unitary column vector; and G = [-1 0…0]T 
is the matrix that defi nes the input force location. The 
system described in Eq. (1) can be represented in the 
state-space form by:

g
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where  T

rg rg, z x x    is the state vector; C and D are 
defi ned accordingly to the quantities for output; for 
instance if C = A and D = B the system outputs will be 
the relative velocities and absolute accelerations; 0, 0nx1, 
I and 1 are a null matrix, null vector, identity matrix and 
unitary vector respectively.

Additional devices can be installed between the 
ground fl oor and the base fl oor. These devices can be 
passive, semi-active or active. Semi-active devices are 
considered and a general parametric model to describe 
the transient and stationary regime is used. The transient 
regime is related with the device time response, the time 
to develop the device force (stationary regime) after 
input the command to change its characteristics is given. 
It is dependent on the behaviour of each component 
of the device, for example: controller driving current, 
electrovalves, device type, and other components. This 
time response, also referred as the total time delay, can be 
described as the sum of pure time delays (or dead time) 

and lag (or phase delay), which are also designated as 
static and dynamic response time respectively (Symans 
and Constantinou, 1995). Time delays can change 
during operation (as the control variable increases or 
decreases) and an average time delay considering both 
operation processes is usually taken. In this work the 
device total time response (or delay) is accounted as lag 
and a fi rst order dynamic system is considered to model 
the transient regime. In what concerns to the stationary 
regime, each device is represented by a specifi c model 
depending on the type of device used, which describes 
the energy dissipated. MR dampers and FVD are typical 
examples of semi-active devices described by specifi c 
mathematical models (Soong and Spencer Jr., 2002; 
Symans and Constantinou, 1999; Wang and Liao, 
2011). The energy dissipation mechanism is modelled 
in this work by the classical dashpot model with an 
equivalent damping value. Thus, the device model is 
thus represented by the classical Maxwell model:

maxvminrvd , cccxcffT                (3)

where: Td  is th e relaxation time (or time lag); f is the 
damping force; cv is the damping coeffi cient (time 
dependent) which can be changed between a minimum 
cmin and a maximum cmax value; and rx  is the relative 
velocity between the cylinder case and the piston head 
of the damper.

4   Semi-active control

The control problem can be established using the 
structure model (2) and the device model (3), which 
results in a new state-space system. This system has an 
augmented state-vector zc = {z, f}T, the ground motion 

gx  as an input disturbance, and the device damping 
coeffi cient cv as the control variable. The model and the 
corresponding matrices are given by:

c c c c v c g
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where: Ac, Ec and Cc are the new system matrices; g(zc) 
is the input vector dependent of the states (relative 
velocity). The system in Eq. (4) is a nonlinear dynamical 
system subjected to input disturbances with bounded 
control variable (input damping: cmin ≤ cv ≤ cmax). The 
goal is to fi nd the damping coeffi cient cv (inside the 
admissible region) that minimizes the system structural 
accelerations and relative displacements. Using the 
available information from measurements, different 
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control approaches were used to compute the damping 
coeffi cient (Fig. 1). Those approaches are classifi ed into: 
(i) force tracking scheme; (ii) and a nonlinear output 
feedback control strategy.

For implementation of the control strategies and 
establishment of the control laws, a single degree-
of-freedom SDOF approach of the structural model 
in (1) was considered. This approach results from the 
fact that base-isolated structures fi rst vibration mode 
(pole nearest the imaginary axis) will dominate the 
transient-response behaviour (the ratios of the poles real 
part exceed fi ve and there are no zeros nearby), and thus 
are called dominant poles (Ogata, 1970). Moreover, it is 
well accepted that the movement of the superstructure 
can be considered similar to the one of a rigid body when 
a base isolation system is used since the interaction 
forces (damping and elastic forces developed between 
the base and fi rst fl oor) will be small in comparison 
with the rest of the forces acting on the base (Luo et 
al., 2001; Rodríguez et al., 2012). Thus, the SDOF 
system is described by the total structure mass m and 
the characteristics of the isolation interface, stiffness 
kb and damping cb, which in terms of modal quantities 
is described by the natural frequency mk /bb   
and the damping ratio b b b/ (2 )c m    . The SDOF 
system can be described by the model in Eqs. (1) and (2) 
with the following equalities: Ms = m; Cs = cb; Ks = kb; 

G = -1; rg 0gxx ; rg r 0gx x   x ; rg 0gx x ;  T

0g 0g,x x z . 
With this model the responses are given at the base fl oor 
only. This system is output (absolute base acceleration) 
and state (relative displacement and velocity) controllable 
since the correspondent controllability matrices Co and 
Cs have full rank (Ogata, 1970):
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Thus, it is possible to move those variables from one 
value to another using a control force f within some fi nite 
time window.

4.1   Force tracking schemes

Force tracking schemes (Fig. 2) comprise a linear 
controller and a control algorithm. In this work the 
following controllers (Section 4.1.1 to 4.1.3) were 
considered to compute the desired force fd using the 
output measurements y from the structure: the Integral 
control law (I), the linear quadratic regulator (LQR) 
and a model predictive control strategy (MPC). In order 
to adjust the device damping two approaches are used 
(Section 4.1.4 and 4.1.5): i) model-based feed-forward 
force tracking scheme where a variable damping (VD) 
algorithm is used to compute the device damping using 
the information resulting from the controller (desired 
force fd); ii) force feedback where a clipped on-off 
(COO) algorithm is used, which also makes use of the 
measured force. The resulting force tracking schemes 
will be referred as: I VD; I COO; LQR VD; LQR COO; 
MPC VD; and MPC COO.
4.1.1 Integral control law

This control law is  the well known integral control 
action used in industrial automatic controllers (Ogata, 
1970). In vibration isolation problems it is commonly 
known as the sky-hook damper or absolute velocity 
feedback (Preumont, 2002). The SA device (force 
generating element) is installed together with a sensor 
at the base fl oor, which by using an integral control law 
is able to compute the desired control action fd which is 
given as:

 
0

0
0d d xgxgf    


                        (6)

where: g is the controller gain; 0x  and 0x  are the absolute 
acceleration and velocity at the base fl oor respectively. 
The controller gain for a specifi c system damping 
ratio ξ = ξb+ξa is given by:

  
)(2 bb   mg                        (7)

where: a b/ (2 )g m     is the damping ratio 
provided by the integral controller. Controller gains g 
should be chosen in order to guarantee a stable closed-
loop system. For the SDOF model considered in the 

Fig. 2  SA controller using a force tracking  scheme: (i) SW 
                off – model-based feed-forward force tracking scheme; 
            (ii) SW on – force feedback
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controller formulation and the above integral control 
law the following transfer function in terms of absolute 
accelerations, which accounts for the effects of the 
external disturbances (earthquake ground motion) on the 
acceleration, is obtained:

0 b b
2

g b b( )
A c s k
A m s c g s k

 


    
                    (8)

where: A0 and Ag are the Laplace transforms of 0x  and gx
respectively; and s is the complex variable. Thus, stable 
solutions are found if all the poles lie in the left-half s 
plane. Moreover, from Eq. (8) it is found that the increase 
of damping provided by the controller gain does not 
infl uence the acceleration higher frequency attenuation 
(roll-off) as it happens with a constant damping system.

Having the structure characterized it is possible to 
design the controller gain g for a given damping ratio ξ. 
Some hints to derive the controller gain as function of 
the system desired damping ratio can be found in several 
references (Ogata, 1970; Skogestad and Postlethwaite, 
1996; Preumont, 2002), mostly agreeing that the 
desired damping should be specifi ed in a broad range of 
values: 0.4 ≤ ξ ≤ 1. In this work the controller gain was 
achieved through numerical simulations considering 
a representative sample of input ground motions 
(accelerograms) of the site were the structure is to be 
installed and select the gain (or damping) that minimizes 
the mean peak acceleration responses.
4.1.2 Linear quadratic regulator

The so-called linear quadratic regulator was 
considered to derive the desired force for the SA 
algorithm. Assuming that the system is subjected to 
white noise excitation gxw  , with zero mean E[w] = 0 
and co-variance E[w·wT] = W, the performance index 
that weights the output 0xy  (base fl oor acceleration 
described in the state-space model by C = {-kb/m, -cb/m} 
and D = {-1/m}, and weights the input desired force fd is 
given by:

 2 2
0

0

1lim ddJ E q x r f t


 

      
  
              (9)

where: q and r are the weighting values on the output and 
input respectively; and E{·} is the expectation operator. 
The solution of this problem will lead to a linear control 
law function of the states z, which is found considering 
the time invariant and steady-state solution given by a 
constant gain matrix Ky (Anderson and Moore, 1989):

  
-1 T T

y y,df        K z K R B P N         (10)

where: R = r+q/m2; and N = q·{kb/m
2, cb/m

2}T. Matrix P 
can be found by solving the following Riccati equation:

  
T T T

T

( ) ( )
0q

    

 

PA A P PB N R B P N
C C       (11)

Adequate controller solutions should be stable in 
closed-loop (linear counterpart, considering f = fd). 
Substituting Eq. (10) in Eq. (2), the closed-loop system 
is found:

   gy x  EzKBAz  (12)

Thus, controller gains Ky should be chosen such that 
the dynamic matrix (A-B·Ky) eigenvalues have negative 
real part.

With the presented formulation a preliminary 
analysis was made in order to identify the weights that 
are more benefi cial for the system response. A unitary 
input weighting value r = 1 s/kg was considered and the 
output weight q was tuned through numerical simulations 
considering a representative sample of input ground 
motions (accelerograms) in order to identify the value 
that minimizes the mean peak acceleration responses.
4 .1.3 Model predictive controller

A predictive control strategy was also considered to 
derive the desired force. The idea behind this controller 
consists in predicting future outputs from actual 
measurements and past inputs using the system model 
(predictor), compare those outputs with the reference 
output (base fl oor acceleration) values, which is set to 
zero, and determine input trajectories that result from 
the solution of an optimization problem (optimizer). 
The prediction model used in the controller formulation 
considers input delays resulting from the input action f 
generated by the device due to the device time response 
(described by Td). Thus, the formulation takes into 
account that the desired force fd computed at time t-Td will 
result in a force f applied by the device on the structure at 
time t. Since the controller is formulated in discrete-time 
domain, the following relationship holds: f(k) = fd(k-d), 
where the index k counts the time steps resulting from 
the discretisation process with a sampling time Ts, 
and d = Td/Ts. Measurement delays are assumed to be 
small when compared to the input delays and thus are not 
considered in the formulation. It is also assumed that the 
controller computes the input during the control interval 
Ts (or sampling period). Under these assumptions, the 
structural model described by Eq. (2) for the SDOF case 
with input time delays, results in the following discrete-
time domain controller internal model:

)()(

)()()()1(

aa

gadaaaa

kk

kakfkk

zCy

EBzAz





(13)

where: za = {z(k),fd(k-d),…, fd(k-1)}T is the state vector, 
including the relative displacement and velocity at the 
base and the past instant desired forces fd(k-i), i = 1,2…d 
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(dimension (2+d)×1); fd(k) is the actual desired force 
(scalar); ag(k) is the input ground motion (scalar); the 
output vector y(k) = a(k) is the base fl oor acceleration 
(scalar); and Aa, Ba, Ea and Ca are the discretized state-
space model matrices. Using this model to predict future 
outputs in a specifi c prediction horizon (HP steps), the 
vector of output predictions Y is given as (Maciejowski, 
2002):

a d

d g

ˆ( ) ( | ) ( 1)
( ) ( )

k k k f k
f k k

    

    

Y z
A

  
               (14)

where:  Tˆ̂( ) ( 1| ) ,..., ( HP | )k y k k y k k  Y  is the 
vector (dimension HPx1) of output predictions at instant 
k for instant k + 1 to k + HP; )|(ˆa kkz  is the state 
vector at instant k; Δfd(k) = fd(k)-fd(k-1) is the force input 
move; Ag(k) = 1·ag(k) is the vector (dimension HPx1) of 
measured and future disturbances (in this case equal to 
the last measured value); and Ψ, Θ and Ξ are constant 
matrices derived from the system model – Eq. (15).

The optimal input force moves Δfd(k) can be obtained 
as the solution of an unconstrained optimization problem 
(minimization) with the cost function in Eq. (16).
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where: q and r are the weighting values on the output 
and input moves respectively; Q  = diag(q … q) is a 
weighting matrix (dimension HPxHP). The solution of 
this optimization problem is obtained by fi nding the 
gradient of the cost function and set it to zero:
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with: T
t r   H QH Q   ; T

t 2 ( )k   EG QG Q ; 
a d gˆ( ) ( | ) ( 1) ( )k k k f k k       E z A      is the 

tracking error (difference between the future target, which 
is zero, and the free response, Δfd(k) = 0); 1 t  C T  ; 

2 t  C T  ; 3 t   C T 1 ; and -1 T
t t  T H QH Q . 

In order to guarantee the minimum solution the second 
derivative, or the Hessian matrix of V(k), should be 
positive defi nite. This condition is verifi ed if at least one 
weighting value is positive and the other is greater or 
equal to zero. Moreover, the closed-loop system (linear 
counterpart, considering f = fd) should be stable when 
designing the MPC controller. Substituting Eq. (17) in 
Eq. (13), the closed loop system is found:
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where: M01 is the matrix that satisfi es fd(k-1) = M01·za(k). 
Thus, q and r should be chosen such that the dynamic 
matrix eigenvalues of Eq. (18) lie in the unit circle.

The predictive controller described has several 
adjustable parameters: weights (acceleration weight q 
and input move weight r), prediction horizon HP and the 
control interval Ts. The results of a preliminary analysis 
showed that a control interval Ts = 5 ms is adequate for 
the problem under study. Moreover, a prediction horizon 
HP = 50 was chosen since the internal model has input 
delays d = 10 (50 ms) to account for the device time 
response. A unitary value for the input move weight 
was considered (r = 1 m/N) and the output weight q 
was tuned through numerical simulations considering 
a representative sample of input ground motions 
(accelerograms) under the range of stable solutions in 
order to identify the lowest mean peak acceleration.
4.1.4 Variable damping algorit hm

This algorithm uses the inverse mathematical model 
of the device to compute the control variable:

maxvmin
r

ddd
v , ccc

x
ffT

c 


 


          (19)

The desired force fd, its derivative (which is numerically 
computed) and the relative velocity 0gx  are needed to 
compute the damping value. The relative velocity is 
considered a small constant ε = 10-4 m/s when 0gx   
to avoid division by zero.
4.1.5 Clipped on-off algorithm

A di fferent algorithm (bang-bang type) for computing 
the control variable is based on the two-position or on-
off control action (Ogata, 1970) where the control law 
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is dependent on the actuating error signal (difference 
between the desired and the device force). The idea is 
that the maximum value should only be applied if the 
device force modulus is less than the desired force 
modulus and both have the same sign, which is given by 
the following equation:

    fffcccc  )(H dminmaxminv   (20)

where H[·] is the Heaviside step function.

4.2  Nonlinear output feedback control

A nonlinear output feedback control strategy 
(NOFC) is considered to derive the control law (Fig. 3). 
This approach involves a transformation of a nonlinear 
system into a linear and controllable one by a suitable 
nonlinear feedback law, which can then be tackled using 
linear control strategies (Isidori, 1995).

The procedure to derive the control law involves 
the whole system (structure and device) formulation 
described in Eq. (4).

Taking f(zc) = Ac·zc, h(zc) = [-kb/m, -cb/m, -1/m]·zc and 
assuming that disturbance (earthquake) gx  is available 
for measurement then a control law can be established 
as (Isidori, 1995):
  

g)()()()( xcvbau  cccc zzzz          (21)
 

a(zc), b(zc) and c(zc) result from the time derivative r of the 
output yc that has the input explicitly dependent, which 
is set equal to a reference v. Solving it in order to u(zc), 
one fi nds: c c c( ) ( ) L ( )r

fa b h  z z z , 1
c c( ) 1 / L L ( )r

g fb hz z , 
1

c c c( ) ( ) L L ( )r
p fc b h  z z z , L ( ) ( ) ( )c c c

k k
f h h f  z z z

 
as 

the k derivative of h(zc) along f(zc), (k Lie derivative). 
The number of time derivatives evaluated to fi nd that 
relationship is called relative degree (denoted as r). For 
the problem described by the system in Eq. (4), the relative 
degree is r = 1 if 1L L ( ) 0c

r
g f h z  . In order to accomplish 

this requirement the input vector is modifi ed. The input 
vector g(zc) is modifi ed by adding a small constant to the 
last entry, without modifying considerably the solution:
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For the problem under study εa = 10-4 m/s2 was 
considered adequate. The terms for the control law in 
Eq. (21) are then given by:
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Reference v in Eq. (21) is the output of a linear 
controller having as input the tracking error, which for 
the present problem (regulation) is a negative feedback 
from the base fl oor acceleration 0xy . A linear and 
controllable system will be obtained between the output 
and the reference v that can be tackled by a suitable 
control law:

1

0 0
0

r

r
j

j
j

y v y v

v k y v k x




  

      




                (24)

whose parameters kj = k0 > 0 should be chosen so that 
the roots lie in the left half plane in order to achieve 
convergence to zero as time goes to infi nity. In Eq. (21) 
the control variable u(zc) was used instead of cv because 
the input damping is bounded cmin ≤ cv ≤ cmax. Thus the 
following rule is considered to meet that restriction:

min c min

v c min c max

max c max

, ( )
( ), ( )

, ( )

c u c
c u c u c

c u c


  
 

z
z z

z
              (25)

The derived control law should keep the variables 
that represent the system internal behaviour bounded. 
From Eq. (25) it is stated that the input damping for 
the system is bounded c min ≤ cv ≤ cmax and thus the input 
damping just modifi es the dissipative force and has 
not authority to destabilize the system. The resulting 
closed-loop system is then always asymptotic stable.

The implementation of this control strategy requires 
also the defi nition of the linear controller gain k0. The 
controller gain was tuned as in the previous cases, through 
numerical simulations considering a representative 
sample of input ground motions (accelerograms) of 
the site were the structure is to be installed and select 
the gain (or damping) that minimizes the mean peak 
acceleration responses.Fig. 3 Nonlinear output feedback cont rol strategy

Cvv

xg
..

z

y

Nonlinear
control law

Nonlinear system 
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5   Numerical simulations

In this section structural models subjected to typical 
Portuguese seismic actions will be used to verify the 
effectiveness of the proposed control strategies for 
controlling the SA devices. Two different types of input 
ground motions for near and far-fi eld are considered in 
the simulations. Concerning to the structural models, 
a SDOF mechanical model will be considered fi rst to 
evaluate the applicability of these strategies to base-
isolated buildings. In the end a numerical example of 
a typical 10-storey base-isolated building model (multi 
degree of freedom model - MDOF) is considered to 
evaluate the performance of the proposed control 
strategies. Comparisons are made with the original 
structure (structural model only) and with the structure 
equipped with optimized passive devices (with fi xed 
damping value) at the isolation level, referred as the 
passive system. Passive devices are described by the 
following law )sgn(|| rrpp xxcf     with: fp as the force 
provided by the damper; cp is the damping coeffi cient;  

r 0gx x 
 
is the relative velocity between the cylinder case 

and the piston head of the damper; and α is the velocity 
exponent. α = 0.15 is considered for the SDOF model 
and α = 1 for the MDOF model, since those values lead 
to the best passive system performance.

5.1 Earthquake ground motions

The input actions used in this work are representative 
of the two different types of ground motions for the 
Portuguese territory: near and far fi eld (Figs. 4(a)-(b)).

Artifi cial accelerograms were generated using the 
response spectrums provided in the Eurocode 8 for 
Portugal (NP EN 1998-1, 2010) for Type 1 (far fi eld) 
seismic action and Type 2 (near fi eld) seismic action. Ten 
accelerograms were generated for each type of seismic 
action. The accelerograms are representative of zone 
1, soil type D, for structures of class II importance and 

for description of horizontal components of the seismic 
action. An example of typical accelerograms and their 
respective spectrums are depicted in Fig. 4. It is found 
that the generated accelerograms match the Eurocode 
National Annex response spectrums. It can be seen also 
that Type 1 accelerogrms have a longer duration and are 
richer in the lower frequencies (or higher periods) than 
Type 2 accelerograms.

5.2 Evaluation criteria

In order to analyse the performance of the structural 
systems under study, the time responses in terms of relative 
displacements, absolute accelerations, device force and 
base shear force resulting from each accelerogram as 
input were used to extract the peak values. Using the 
peak values from the 10 responses, the mean values are 
evaluated and used as a suitably representative value 
of the system response for each type of seismic action. 
The systems being analysed are the original structure 
(structural model only), the structure equipped with 
optimized passive devices (with fi xed damping value) 
and the structure employing the SA devices under study. 
The performance of the proposed systems is evaluated 
in terms of ratios of those parameters in relation to 
the original structure ones. Good performance is thus 
associated with smaller ratios that should be less than 
one. Table 1 resumes the structural responses evaluation 
criteria considered in this work.

5.3   SDOF model analysis

5.3.1 SDOF system description
In base isolation systems the fi rst mode of vibration 

contributes the most to the total response of the structure. 
This mode corresponds mainly to the deformation of the 
base isolation system. A SDOF mechanical model was 
fi rst considered to model this behaviour, thus assuming a 
fl exible base isolation system and a rigid superstructure. 

Fig. 4   Seismic actions: (a) & (b) example of one accelerogram for  each seismic action type; (c) & (d) response spectra of the 10 
             accelerograms generated with Eurocode eleastic response spectra (in dash)
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In fact this was the approach considered previously in 
the control law formulations. Common base isolation 
systems are designed to have natural frequencies bellow 
1 Hz. In order to evaluate the performance of several 
base isolation systems the following properties were 
considered: m = 5750 kg (mass), fb = 0.25 to 1 Hz (natural 
frequency) and ξb = 0.1 (damping ratio).
5.3.2 SDOF original structure and passive system

The results of the original structure for different 
natural frequencies subjected to Type 1 and 2 seismic 
actions are shown in Table 2.

Concerning to the structural system with optimized 
passive devices, the parameters of the model should be 
defi ned (damping coeffi cient cp and velocity exponent 
α). A preliminary analysis showed that the lower velocity 
exponents always lead to better performance. Recent 

technological developments made available devices with 
velocity exponents α = 0.15 (Castellano et al., 2004), 
which is the value considered in this study for the SDOF 
model. The damping coeffi cient was chosen for each 
structural system taking into account the seismicity of 
the site using the set of generated accelerograms through 
numerical simulations. Typical evolution of system 
peak responses with the damping coeffi cient is found 
in Fig. 5. The results show that increasing the damping 
coeffi cient reduces the peak relative displacements but 
increases the peak accelerations. In order to reduce the 
relative displacements with small impact on the absolute 
accelerations, the minimum of mean peak accelerations 
(minimum of black dash curve in Fig. 5) was chosen as a 
criterion to defi ne the damping constant cp.

The correspondent values of the damping for the 
different natural frequencies and for both types of 
seismic action can be observed in Fig. 6. An increasing 
tendency of the damping as the system natural frequency 
increases can be detected. It is also clear that the selected 
damping values differ from distinct seismic actions, 
meaning that different damping values are needed to 
cope with different type of inputs.

The correspondent responses for those values 
of damping in terms of ratios relative to the original 
structure can be found in Table 3.
5.3.3 SDOF semi-active control

Semi-active devices defi ned according to Eq. (3) are 
dependent of the time constant Td and of the variable 
damping coeffi cient cv which is bounded between a 
minimum cmin and maximum cmax values. The type of 
device and the available solution determine the values of 
those parameters, which by themselves have infl uence 
on the whole system performance. In previous works 

Table 1   Structural responses evaluation criteria

Parameter Description
x Specifi c time response x: xog – relative 

displacement of the base fl oor to the ground; 
x10g – relative displacement of the top fl oor to 
the ground; a0 – absolute acceleration at the base 
fl oor; a10 – absolute acceleration at the top fl oor; 
f – device force; V – base shear force;

Px Peak responses of x for one accelerogram;
Mx Mean of peak responses of x from 10 accelerograms 

of the same type;
Rx Ratio of mean of peak responses of x for a 

specifi c solution, passive or semi-active, relative 
to the mean of peak response of x for the original 
structure, from the 10 accelerograms of the same 
type;

Table 2  SDOF original structure mean peak responses

fb (Hz) 0.25 0.37 0.50 0.62 0.75 0.87 1.00
Type 1 seismic action

Mx0g (m) 0.293 0.278 0.266 0.222 0.187 0.155 0.131
Ma0 (m/s2) 0.765 1.554 2.694 3.457 4.253 4.742 5.298

Type 2 seismic action
Mx0g (m) 0.113 0.109 0.104 0.0845 0.0704 0.0602 0.0516

Ma0 (m/s2) 0.300 0.623 1.062 1.320 1.618 1.848 2.088

Fig. 5   Peak responses of the SDOF model (fb = 0.25 Hz; ξb = 0.1) with  a passive damper vs. device damping when subjected to 10 
             input Type 1 accelerograms
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several values have been considered for the range of 
damping in which the device can be changed [cmin, cmax]. 
Sadek and Mohraz (1998) considered a range defi ned by 
the damping ratio of the structure fi rst mode of vibration 
between 5% and 40%. Gavin and Aldemir (2005) referred 
damping ratio ranges between 6% and 54% or even 
between 9% and 87%. Other authors referred values that 
can manipulate the fi rst mode damping ratio between 
5% and 16%, approximately (Symans and Constantinou, 
1995; Komatsu et al., 2007). In this work a range of 
damping between 5% and 45% of the critical damping 
is considered based in the results of a preliminary study 
where it was found that higher damping values for cmax 
do not provide relevant performance improvements. 
Concerning to the time constant, previous experimental 
works referred time constants around Td = 50 ms for 
the SA fl uid dampers (Symans and Constantinou, 1995; 
Komatsu et al., 2007) and around Td = 6 ms for MR 
devices (Dyke and Spencer, 1997). A time constant Td = 
50 ms was considered in this work.

Recalling that in the formulation of the control 
laws, the controller parameters have to be defi ned 
to implement SA systems. In order to fi nd the best 
controller parameters the seismicity of the site using a 
set of generated accelerograms is used to simulate the 
models for different controller parameters and identify 
the best value. As for the defi nition of the damping 
coeffi cient in passive devices, the minimum acceleration 
is the criterion considered in choosing the controller 
gain.

Concerning to integral control law with the associated 
algorithms (force tracking schemes I VD and I COO), 

the peak responses for each controller gain considering 
each input accelerogram were determined and the mean 
value was evaluated. An example of a typical evolution 
of the peak responses of the 10 input accelerograms with 
the controller gain is shown in Fig. 7.

It is found that the minimum of peak accelerations 
(and the mean value) are next to each other and around 
the same value of gain. The relative displacements are 
also reduced when compared to the values for smaller 
gains. The minimum of the mean peak responses is 
then chosen as the criterion to identify the controller 
gain. This procedure was considered in identifying the 
controller gain for other system natural frequencies. The 
correspondent system damping ratios ξ are calculated 
and the results obtained with different algorithms and 
type of seismic actions is depicted in Fig. 8.

Similar values are found independent of the seismic 
action and algorithm. The damping ratios lie between 40 
and 90% approximately and have a decreasing tendency 
with the natural frequency. Although different values 
of damping ratio are found for the same system natural 
frequencies (different algorithms and input action type), 
small impact on the system response is observed if 
any value in that range is considered for the controller 
design. The correspondent responses provided by the 
force tracking schemes using the identifi ed gains can be 
found in Table 3.

With the linear quadratic regulator controller two 
force tracking schemes (LQR VD and LQR COO) 
were also considered and the same procedure described 
previously was also used to identify the output weight q 
to design the controller gain vector Ky. Figure 9 depicts 
the results of the output weight for different system 
natural frequencies and control algorithms.

As for the damping ratio in the integral control law, 
different output weighting values are found for the same 
system natural frequencies. Notice that higher weighting 
values are obtained for type 2 seismic actions and for 
VD algorithms, but small impact on the system response 
is observed if any value in that range is considered for 
the controller design. Responses provided by this force 
tracking schemes using the identifi ed output weights can 
be found in Table 3.

The force tracking schemes using the model 
predictive controller (MPC VD and MPC COO) were 

15000

10000

5000

0

c p (
N

 s0.
15

/m
0.

15
)

0.2      0.3      0.4      0.5      0.6       0.7      0.8      0.9      1.0
                                         fb (Hz)

Type 1 seismic action
Type 2 seismic action

Fig. 6  Damping coeffi cients for the minimum mean of peak 
    acceleration re sponse vs. SDOF system natural 
             frequencies

Fig. 7   Peak responses of the SDOF model (fb = 0.25 Hz; ξb = 0.1) with an SA device plus I  VD vs. controller gain when subjected to 
            10 input Type 1 accelerograms
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also implemented to control the SA device. The output 
weight was identifi ed in the same way to synthesize the 
MPC controller and the values are presented in Fig. 10.

Contrary to the LQR controller, the MPC output 
weight has an increasing tendency with the system 
natural frequency. These output weights are less sensitive 
to the seismic action type and control algorithm for the 
same system natural frequency. The responses provided 
by these tracking schemes with the identifi ed output 
weights can be found in Table 3.

Finally the nonlinear output feedback control 
strategy (NOFC) was also implemented to control the SA 
device. Within this strategy the linear controller gain k0 
has to be identifi ed. As for the previous cases numerical 
simulations were performed to analyse the infl uence of 
the controller gain on the peak responses. An example 
of a typical evolution of the peak responses for 10 input 
accelerograms is shown in Fig. 11.

It is found that higher gains always conduct to smaller 
responses that are insensitive to the gain value. Taking 
into account all the different system natural frequencies 

and type of seismic actions a controller gain k0 = 1000 s-1 
was chosen. The responses (peak values) provided by 
this strategy using the identifi ed linear controller gains 
can be found in Table 3.
5.3.4 SDOF system: comparison of results

Having found the best parameters for the strategies 
under study, the mean peak responses for each structural 
system were determined. Table 3 shows the relative 
displacements and accelerations (mean peak values) in 
terms of ratios relative to the original structure responses 
for comparison. Ratios less than 1 indicate that the 
response of the structure with the added dissipation 
devices is lower than that of the original structure. It is 
found that any solution performs better than the original 
structure. Moreover, values in bold are identifi ed as the 
ones with lower ratios than the passive solution. Thus, 
in terms of accelerations all force tracking schemes 
(I VD, I COO, LQR VD, LQR COO, MPC VD and 
MPC COO) perform better than the passive case for 
structural systems with natural frequencies bellow 
0.6 Hz for Type 1 seismic actions, and below 1 Hz for 
Type 2 seismic actions (approximately), which is in 
the operational range of base-isolated structures. Base 
isolation systems should then employ semi-active 
devices driven by those force tracking schemes in such 
circumstances. Moreover, for lower natural frequency 
systems better performances than the passive case are 
also achieved in terms of relative displacements. It can 
also be seen that the SA device controlled by an on-
off algorithm (COO) has a similar performance to the 
variable damping algorithm (VD). The nonlinear control 
strategy (NOFC), although easily tuned by choosing 
a higher gain value, does not perform as well as the 

Fig. 8  SDOF system closed loop damping ratios (integral 
              controller) function of its natural fr equency
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force tracking schemes. The results also show that the 
force tracking schemes using an integral control law 
provide the best results. Those SA systems (I VD and 
I COO) can provide reductions in relative displacements 
(between 50 % to 60 % approximately) when compared 
to the original structure and improve the acceleration 
responses when compared with the passive case on 
the same circumstances (fb ≤ 0.6 Hz for Type 1 seismic 
actions and fb ≤ 1 Hz for Type 2 seismic actions). An 
example comparing the time responses and the inputs 
(damping coeffi cient and force) of the original system, 
passive and SA system, for one input accelerogram is 
presented in Fig. 12. It is shown that changing damping 
in real time with a well tuned controller improves the 
system performance (in terms of relative displacements 
and absolute accelerations).

5.4   MDOF model analysis

5.4.1 MDOF structural system
A 10-storey base-isolated structure represented 

by a unidirectional lumped-mass system (Fig. 13(a)) 
representative of a 10-storey dual frame-wall structure 
was used to evaluate the effectiveness of the proposed 
strategies. The superstructure fundamental frequency is 
fsf = 1.6 Hz and the damping ratio is ξsf = 5 %. Each 
fl oor has a constant mass described by mf = 105 kg. 
The stiffness and damping matrices were obtained 
considering constant stiffness between fl oors and a 
stiffness proportional damping matrix (C = a0·K), 

which correspond to stiffness and damping coeffi cients 
between floors of kf = 452.43 kN/mm and cf = 1.51 kN.s/mm 
with a0 = 0.0033 s. The superstructure is supported 
on a base isolation system with a mass of mb = 1.4·mf 
and laminated natural rubber bearings represented by a 

Fig. 12  Time histories of  rel. displacement, accel., input 
                           damping and force for the SDOF model (fb = 0.25 Hz; 
                  ξb = 0.1) subjected to one Type 1 accelerogram
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 Table 3   Ratios of mean of peak responses for the SDOF structure with additional systems
fb (Hz) 0.25 0.37 0.50 0.62 0.75 0.87 1.00 0.25 0.37 0.50 0.62 0.75 0.87 1.00

Type 1 seismic action
Rx0g Ra0

Passive 0.71 0.49 0.30 0.23 0.23 0.21 0.18 0.89 0.74 0.61 0.56 0.52 0.51 0.49
I VD 0.58 0.54 0.48 0.48 0.49 0.51 0.51 0.68 0.60 0.53 0.55 0.56 0.57 0.57
I COO 0.58 0.54 0.48 0.50 0.50 0.52 0.52 0.68 0.60 0.53 0.54 0.56 0.57 0.56
LQR VD 0.62 0.56 0.50 0.51 0.52 0.54 0.54 0.72 0.62 0.55 0.56 0.56 0.58 0.58
LQR COO 0.64 0.56 0.50 0.51 0.54 0.56 0.56 0.73 0.62 0.55 0.56 0.57 0.59 0.59
MPC VD 0.57 0.54 0.50 0.51 0.54 0.53 0.50 0.69 0.61 0.55 0.57 0.58 0.59 0.58
MPC COO 0.58 0.54 0.51 0.52 0.51 0.56 0.53 0.71 0.63 0.56 0.58 0.59 0.60 0.58
NOFC 0.76 0.69 0.67 0.69 0.70 0.71 0.70 0.85 0.74 0.71 0.73 0.73 0.74 0.73

Type 2 seismic action
Rx0g Ra0

Passive 0.86 0.55 0.44 0.42 0.43 0.49 0.41 0.97 0.81 0.69 0.70 0.67 0.68 0.70
I VD 0.59 0.53 0.48 0.53 0.55 0.57 0.59 0.73 0.62 0.58 0.63 0.62 0.64 0.68
I COO 0.60 0.54 0.50 0.54 0.55 0.58 0.58 0.74 0.63 0.57 0.61 0.61 0.63 0.65
LQR VD 0.64 0.59 0.55 0.57 0.59 0.58 0.59 0.77 0.66 0.60 0.64 0.65 0.65 0.66
LQR COO 0.65 0.60 0.55 0.57 0.59 0.59 0.59 0.79 0.67 0.60 0.65 0.65 0.64 0.65
MPC VD 0.58 0.55 0.51 0.55 0.55 0.59 0.60 0.75 0.65 0.58 0.64 0.64 0.65 0.68
MPC COO 0.62 0.57 0.53 0.56 0.57 0.60 0.61 0.78 0.67 0.60 0.65 0.63 0.66 0.68
NOFC 0.78 0.73 0.68 0.74 0.74 0.73 0.71 0.90 0.79 0.73 0.79 0.78 0.78 0.76

f (
N

)
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linear elastic and viscous model, with a target frequency 
fb = 0.4 Hz and an equivalent damping ratio of ξb = 10 %. 
The correspondent stiffness and damping coeffi cients 
were obtained assuming a rigid superstructure with a 
total mass of m = 11.4·mf, kb = 7.20 kN/mm and 
cb = 0.57 kN.s/mm. The base isolation system model is 
assembled to the superstructure model and the resultant 
base-isolated structure modal frequencies and damping 
ratios (fi rst three) are: f1 = 0.39 Hz, ξ1 = 9.34 %; f2 = 
2.99 Hz, ξ2 = 5.57 %; and f3 = 5.87 Hz, ξ3 = 7.23 %.

Additional devices are installed at the base level 
connecting the ground to the base isolation system mass 
(base fl oor mass).

Apart from the original structure, two passive 
systems (with constant damping and velocity exponent 
α = 1) were considered for comparison with the SA 
systems: Passive Cid with the device having a damping 
coeffi cient cid = 1.1 kN.s/mm (additional damping of ξid = 
0.19), which is the damping that leads the structure to a 
relative displacement similar to the structure employing 
an SA system; and Passive Cmax with the device having 
the maximum damping considered for the SA device, 
cmax = 2.58 kN.s/mm (additional damping of ξmax = 0.45).

SA devices with the same characteristics of those 
in previous examples were taken into account: time 
constant Td = 0.05 s; and additional damping varying 
between 0.05 ≤ ξad ≤ 0.45 relative to the isolation critical 
damping, cc = 2·m·ωb, where ωb = 2·π·fb. Using the 
same procedure to tune the controllers as for the SDOF 
model, the following values were obtained for each 
control strategy: g = 1.5 kN.s/mm for I VD and I COO; 
q = 5.1x1011 kg·s for LQR VD and q = 2.5x1011 kg·s for 
LQR COO, both with r = 1 s/kg; q = 108 kg·s2, r = 1 m/N, 
HP = 50, Ts = 5 ms d = 10 for MPC VD and MPC COO; 
and k0 = 1000 s-1 for NOFC. Notice that different 
values are considered for the LQR controller. Different 
output weighting values were found for the algorithms 
considered and seismic action type. A compromise 

was assumed when using the same weight for different 
seismic actions type. It should be mentioned that better 
performance would be obtained if four weighting values 
were used (one for each combination of algorithm and 
seismic action).
5.4.2 MDOF system: comparison of results

The results obtained with each structural system for 
both seismic actions type in terms of mean peak responses 
for the relative displacements and accelerations along 
structure fl oor can be found in Figs. 13(b) & (c). The 
ratios of the mean peak responses and base shear force 
MV in relation to the original structure responses as well 
as the ratio of the mean peak device force in relation to 
the structure weight Mf/W are presented in Table 4. Values 
in bold are identifi ed as the ones with lower ratios than 
the Passive Cid solution and underlined are those with 
ratios greater than one. All solutions reduce the structure 
relative displacements with the maximum damping 
passive case being the best one for this criterion. 
However, an increase in the acceleration responses is 
observed, namely for Type 2 seismic actions, where the 
highest amplifi cations are verifi ed. It was found that SA 
strategies perform better than the optimized passive case 
in terms of accelerations and at the same time provide 
better reductions than the original structure in terms of 
relative displacements. However, the SA system with 
an optimal controller (LQR) subjected to type 2 seismic 
actions has inferior performance than the original 
structure. In fact this controller was tuned considering 
both seismic actions type and thus better results would 
be found if the controller was tuned for each seismic 
action separately.

The Passive Cid case which is the one having relative 
displacements similar to the I VD controller, shows 
inferior performance in terms of absolute accelerations 
when compared to the SA one, meaning that those SA 
solutions are always better in reducing the absolute 
accelerations. As for the SDOF systems the best SA 
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system is the I VD. More elaborate strategies, like 
NOFC or even the force tracking schemes using MPC 
controllers, do not perform better than those with I 
VD. It is verifi ed also that force tracking schemes with 
variable damping algorithms (VD) usually provide better 
performance than those with clipped on-off algorithms 
(COO). SA systems also perform better than the passive 
ones in terms of base shear forces transmitted to the 
structure at the base, since part of the seismic force is 
dissipated by the devices. For the same reason, force 
tracking schemes with an integral controller provide 
better performance than the other strategies. It is shown 
that SA device control forces (mean peak values) are 
always below 10 % of the structure weight.

The control effectiveness of SA systems can be 
observed in Fig. 14 where the time response at the 
base, upper fl oor and the inputs (damping coeffi cient 
and force) with one input accelerogram for the original 
system, with Passive Cid and with I VD systems is shown.

The results obtained with the MDOF model also 
showed that changing damping in real time with an 
adequate control strategy can improve the structural 
system performance by reducing both relative 
displacements and absolute accelerations.

6   Conclusions

This work presents a comparative study of several 
control strategies to drive semi-active energy dissipation 
devices installed at the isolation level of base-isolated 
structures for earthquake response reduction.

Based on the results of the SDOF model the I VD 
showed to be the best SA control strategy in reducing 
both acceleration and relative displacement. The 
I COO and MPC strategies came in second providing 
overall good performance. I VD clearly outperformed 
the original structure and the structural system with 

optimized passive devices for natural frequencies bellow 
0‒6 Hz subjected to both type 1 and type 2 artifi cially 
generated accelerograms. The nonlinear output feedback 

 Table 4   MDOF system responses: comparisons with the original structure

Type 1 seismic action Type 2 seismic action

Original
Mx0g

(m)

Mx10g

(m)

Ma0

(m/s2)

Ma10

(m/s2)

MV
(kN)

Mx0g

(m)

Mx10g

(m)

Ma0

(m/s2)

Ma10

(m/s2)

MV
(kN)

0.276 0.298 1.894 2.095 2050 - 0.108 0.116 0.957 1.065 818 -
Rx0g Rx10g Ra0 Ra10 RV Mf/W Rx0g Rx10g Ra0 Ra10 RV Mf/W

Passive Cid 0.57 0.58 0.89 0.91 0.74 0.06 0.62 0.63 1.24 1.18 0.80 0.02
Passive Cmax 0.4 0.41 1.03 1.14 0.78 0.10 0.42 0.44 1.64 1.63 0.93 0.05
I VD 0.57 0.58 0.70 0.72 0.62 0.05 0.62 0.62 0.88 0.87 0.68 0.02
I COO 0.58 0.58 0.75 0.74 0.63 0.05 0.62 0.62 1.00 0.95 0.68 0.02
LQR VD 0.60 0.60 0.83 0.85 0.70 0.05 0.64 0.64 1.07 1.07 0.75 0.02
LQR COO 0.67 0.67 0.88 0.86 0.73 0.04 0.70 0.71 1.13 1.06 0.78 0.02
MPC VD 0.65 0.66 0.77 0.78 0.70 0.04 0.69 0.70 0.91 0.89 0.75 0.02
MPC COO 0.66 0.66 0.81 0.81 0.71 0.04 0.69 0.70 0.98 0.93 0.75 0.02
NOFC 0.66 0.66 0.81 0.84 0.70 0.09 0.69 0.69 0.86 0.90 0.75 0.03

F ig. 14 Time histories of base and top fl oor relative 
       displacements and accelerations, input damping 
          and force for the MDOF model subjected to one 
                 Type 1 accelerogram
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controller NOFC showed to be effective in terms 
of accelerations on the SDOF model only for lower 
natural frequency systems, but showed slightly higher 
relative displacements than the other SA solutions. 
The LQR controllers showed to be among the force 
tracking controllers the ones with inferior performance. 
The results also showed that VD and COO algorithms 
provided similar performance, with a slight performance 
advantage of the VD algorithm. For the MDOF system 
VD algorithms always performed better than COO 
algorithms. Moreover, with the MDOF model all 
strategies could reduce the relative displacements of the 
structure and at the same time improve the accelerations 
responses better than the optimized passive devices. As 
for the SDOF model the I VD control strategy showed 
to be the best SA control strategy and I COO the second 
best one for type 1 seismic action. For type 2 seismic 
actions MPC VD was the second best control strategy in 
terms of acceleration performance. The NOFC strategy 
is in general better than the LQR force tracking schemes 
in terms of accelerations but not in terms of relative 
displacements. It was found that the LQR force tracking 
schemes showed the lowest performance in terms 
of accelerations for type 2 seismic actions, resulting 
from the fact that this controller synthesis was highly 
dependent of the seismic action type and algorithm.

As a general conclusion, it was found possible to 
improve the behaviour of base-isolated structures with 
SA systems, with the I VD being the best strategy 
among those analysed here. With this solution the best 
compromise in reducing both relative displacements and 
accelerations was achieved. The other solutions were 
not as effective in this fashion. The passive case with 
maximum damping in particular was the best one in 
reducing the base fl oor relative displacements, but at the 
expense of increasing the accelerations and upper fl oor 
relative displacements. It was shown that the controller 
gain had a large infl uence in system performance and 
thus, its design should be thoroughly analysed. It is 
recommended to identify the controller gain using a 
model of the structure subjected to a set of representative 
ground motions of the site and select the value that 
minimizes the peak accelerations.
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