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Abstract: A spectral-representation-based algorithm is proposed to simulate non-stationary and stochastic processes 
with evolutionary power, according to a prescribed non-stationary cross-spectral density matrix. Non-stationary multi-point 
seismic ground motions at different locations on the ground surface are generated for use in engineering applications. First, 
a modifi ed iterative procedure is used to generate uniformly modulated non-stationary ground motion time histories which 
are compatible with the prescribed power spectrum. Then, ground motion time histories are modeled as a non-stationary 
stochastic process with amplitude and frequency modulation. The characteristic frequency and damping ratio of the Clough-
Penzien acceleration spectrum are considered as a function of time in order to study the frequency time variation. Finally, two 
numerical examples are presented to validate the effi ciency of the proposed method, and the results show that this method can 
be effectively applied to the dynamic seismic analysis of long and large scale structures.
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1   Introduction

The spatial variation of seismic ground motions has 
a signifi cant effect on the dynamic response of long and 
large scale structures (Saxena et al., 2000). Although 
many actual earthquake records have been collected, 
they are not suffi cient to carry out a deterministic 
seismic response analysis for structures considering 
multi-point seismic inputs. Thus, it is important to 
establish a reasonable synthesized earthquake method 
and input ground motion models for improved seismic 
response analysis of long and large scale structures.

Spatial variation of seismic ground motions has 
received much attention following the installation 
of dense earthquake monitor arrays. In particular, 
the SMART-1 (Strong Motion Array in Taiwan) has 
provided an abundance of data for various magnitude 
records that have been extensively studied by scientists. 
In recent years, a wide variety of techniques to simulate 
spatially variable seismic ground motions have been 
proposed (Hao et al., 1989; Conte et al., 1992; Ramadan 

and Novak, 1993; Zerva, 1992 and 1994). Among them, 
one commonly used method is the spectral representation 
method (Zerva, 1992 and 1994). ARMA (auto-
regressive-moving-average) techniques (Conte et al., 
1992) and the coherency function approximation 
method based on Fourier series (Ramadan and Novak, 
1993) have also been extensively employed. Applying 
the theory of Hao et al. (1989), Dong et al. (2007) 
presented an improved local convergent method to 
simulate multi-point earthquake ground motions. 
Zerva and Zervas (2002) suggested that an appropriate 
simulation technique should be successful in matching 
the characteristics of the simulated motions with those 
of the target fi eld, with a substantial savings in the cost 
of computation.

 However, the power spectrum computed from 
synthesized seismic ground motions generated by 
using the above methods cannot adequately match the 
prescribed power spectrum. Therefore, the fi tted method 
for seismic ground motions with a target spectrum 
has been adopted  by researchers. Using the transition 
relationship between the response spectrum and the 
power spectrum, Chen et al. (1983) synthesized artifi cial 
earthquake ground motions fi tted with the standard 
response spectrum. Considering phase spectrum through 
the phase correction technique, Hu and He (1986) 
suggested a simulated ground motion method from 
the response spectrum. Based on the phase difference 
spectrum, generating a non-stationary ground motion 
in both the time and frequency domains was proposed 
by Yang and Jiang (2002). However, most of the ground 
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motion synthesizing methods were available only for 
one location. Hence, it is necessary to present a method 
to simulate multi-point seismic ground motions that are 
compatible with the target spectrum. 

Using a prescribed non-stationary cross-spectral 
density matrix, an improved spectral representation, 
based on the simulation algorithm, is presented to 
simulate non-stationary and multi-variant stochastic 
processes with an evolutionary power spectrum. For an 
important application of multi-point earthquake ground 
motion simulation, an iterative scheme is introduced to 
generate seismic ground motion time histories at different 
locations on the ground surface that are compatible with 
a prescribed power spectrum, and correlated to a given 
coherence function. 

2   Theoretical foundation

2.1   Simulation formula

The mean value of one-dimensional, multi-variant 
non-stationary stochastic vector processes with 
components f1

0(t), f2
0(t) ,…, fn

0(t), equals to zero,
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and cross spectral density matrix can be given by

  
S 0

0
11

0
12

0
1

0
21

0
22

0
2( , )

( , ) ( , ) ( , )
( , ) ( , )

ω

ω ω ω
ω ω

t

S t S t S t
S t S t S

n

= nn

n n nn

t

S t S t S t

( , )

( , ) ( , ) ( , )

ω

ω ω ω0
1

0
2

0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

   (3)

Note that the vector process is non-stationary, therefore, 
the cross-correlation matrix is a function of two time 
variables t and t + τ in which t is the time and τ is the time 
lag, while the cross-spectral density matrix is a function 
of frequency ω and time t.

Based on the theory of evolutionary power spectrum 
for non-stationary stochastic processes (Priestley, 1988), 
the elements of the cross-spectral density matrix are 
defi ned as:
  

S t A t S j njj j j
0 2

1 2( , ) ( , ) ( ), , , ,ω ω ω= =           (4)
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where Aj(ω, t) (j = 1, 2,…, n) are the modulating 
functions of f1

0(t), f2
0(t) ,…, fn

0(t), respectively; and Sj(ω) 
(j = 1, 2,…, n) are the (stationary) power spectral density 
functions of f1

0(t), f2
0(t) ,…, fn

0(t), respectively; Гjk(ω) (j, 
k = 1, 2, …, n, j ≠ k) are the complex coherence functions 
between fj

0(t) and fk
0(t). Equations (4) and (5) imply that 

the modulating function Aj(ω, t) represents the change 
of the evolutionary power spectrum, relative to the 
(stationary) power spectral density function Sj(ω). 

Consequently, for any instant time t, the diagonal 
elements of the cross-spectral density matrix are real 
and non-negative functions of ω, satisfying:
  

S t S t j njj jj
0 0 1 2( , ) ( , ), , , , ;ω ω= − =            (6)

while the off-diagonal elements are generally complex 
functions of ω, satisfying:
  

S t S t j k n j kjk jk
0 0 1 2( , ) ( , ), , , , , , ;*ω ω= − = ≠       (7)

  
S t S t j k n j kjk kj
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where the asterisk denotes a complex conjugate. 
Equation (8) indicates that the cross-spectral density 
matrix S0(ω, t) is a Hermitian matrix for any value of t.

To simulate a one-dimensional, multi-variant non-
stationary stochastic process with time and frequency 
modulation at every time instant t, the cross-spectral 
density matrix S0(ω, t) can be decomposed into the 
following product by Cholesky’s method,
  

S H H0 ( , ) ( , ) ( , )*ω ω ωt t t= T                (9)

where H(ω, t) is a lower triangular matrix:
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The diagonal elements of H(ω, t) satisfy
  

H t H t j njj jj( , ) ( , ), , , ,ω ω= − =   1 2           (11)

If the off-diagonal elements Hjk(ω, t) are written in a 
polar coordinate system
  

H t H t

j k k n k n
jk jk

tjk( , ) ( , ) ,

, , , ; , , , ;

( , )ω ω θ ω=

= + + = −

ei    

 1 2 1 2 1         (12)
where 
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where Im and Re are the imaginary and the real part of a 
complex number, respectively, and Hjk(ω, t) satisfi es

  H t H t j k k n

k n
jk jk( , ) ( , ) , , , , ;

, , , ;

ω ω= − = + +

= −

   1 2

1 2 1 (14)
  

θ ω θ ωjk jkt t j k k n

k n

( , ) ( , ), , , , ;

, , , ;

= − − = + +

= −

   1 2

1 2 1     (15)

When matrix S0(ω, t) is decomposed by Eqs. (9)-
(10), the non-stationary stochastic vector process fj

0(t) 
(j = 1, 2,…, n) can be simulated by the following series 
(Deodatis, 1996):
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For Eq. (16), only the correlation between the 
current location j and those preceding locations j -1 is 
considered. Thus, all the locations should be correlative 
with each other due to refl ections and refractions of 
the seismic waves in the heterogeneous medium. 
Considering the above reason, the improved equation 
is given as
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in which ωu represents a cut-off frequency; then, the 
elements of the cross-spectral density matrix in Eq. 
(3) are assumed to be zero for any time instant t if the 
frequency, ω is greater than ωu,. The φml (m = 1, 2,…, n, 
l = 1, 2,…, N) in Eq. (17) is a sequence of independent 
random phase angles distributed uniformly over the 
interval [0, 2π].Therefore, based on Eqs. (17)-(20), a 
sample function fj

(p)(t) (j = 1, 2,…, n) of the simulated 
non-stationary stochastic vector process fj(t) (j = 1, 2, 
…, n) can be obtained by replacing the sequences of 
random phase angles φ1l, φ2l,…, φnl (l = 1, 2,…, N) with 

their respective p-th realizations φ(p)
1l, φ

(p)
2l,…, φ(p)

nl (l = 
1, 2,…, N):
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2.2    Uniformly modulated non-stationary seismic 
          ground motion 

For uniformly modulated non-stationary seismic 
ground motions, the modulating functions Aj(ω, t) (j = 1, 
2,…, n) are independent of the frequency ω:
  

A t A t j nj j( , ) ( ), , , ,ω = =   1 2               (22)

Then, the components of the non-stationary 
stochastic vector process can be expressed as
  

f t A t u t j nj j j
0 0 1 2( ) ( ) ( ), , , ,= =              (23)

where uj
0(t) (j = 1, 2,…, n) are the components of the 

stationary stochastic vector process, where the mean 
values are equal to zero.
  

ε u t j nj
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The stationary cross-spectral density matrix is given by
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The elements of matrix S0(ω) have been defi ned in Eqs. 
(4) and (5).

To simulate the one-dimensional, multi-variant 
stationary stochastic process uj

0(t) (j = 1, 2,…, n), its 
cross-spectral density matrix S0(ω) must be decomposed 
into the following product by Cholesky’s method.
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where superscript  T denotes the transpose of a matrix; 
L(ω) is a lower triangular matrix:
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Generally, diagonal elements are real and non-negative 
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functions of ω; while off-diagonal elements are complex 
functions of ω.

Once the matrix S0(ω) is decomposed by Eqs. (26)-
(27), the synthesized expression uj(t) from the stationary 
stochastic vector process uj

0(t) (j = 1, 2,…, n), can be 
simulated by the following series (Hao et al., 1989), 
instead of Eq. (17):
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where amplitudes Ajm(ωl) and phase angles θjm(ωl) are to 
be determined by considering correlation relationships 
between location j and m; φml is the random phase angle 
uniformly distributed in the range of zero and 2π. Note 
that φml and φrs are mutually independent as m ≠ r, and 
l ≠ s. The amplitudes and phase angles in Eq. (28) can 
be expressed as
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Consequently, the stationary stochastic processes uj(t) (j 
= 1, 2,…, n) are obtained based on Eqs. (28) and (29). 
Using the FFT technique, simulation of the stationary 
stochastic vector process can be performed with great 
computational effi ciency (Qu and Wang, 1998). Thus, 
Eq. (28) can be expressed in the frequency domain as 
follows:
  

U l A l j nj
j

n

jm
ljm ml( ) ( ) , , , ,[ ( ) ]= =

=

+∑ 1
2

1 2
1

ei θ ϕ         (30)

To obtain the simulated uj(t), the Fourier spectrum for 
stationary stochastic vector process is fi rst synthesized, 
and then the stationary stochastic vector process can 
be obtained by using inverse Fourier transformation 
technique.

2.3   Simulation  of  multi-point  seismic  ground 
        motion  compatible  with  prescribed  power 
        spectrum

Based on a prescribed non-stationary cross-spectral 
density matrix, the simulation algorithm presented in 
this paper can be used to generate sample functions of 
a general non-stationary stochastic vector process with 
an evolutionary power spectrum. The problem with this 
approach is that the power spectrum for the generated 
sample functions does not adequately coincide with the 
prescribed power spectrum.

An improved algorithm that generates uniformly 
modulated non-stationary seismic ground motion time 
histories compatible with the prescribed power spectrum 
is proposed herein. The target acceleration power 
spectrum and modulating functions Aj(t) associated 
with each point located on the ground surface are 

assigned. In addition, complex coherence functions 
Гjk(ω) (j, k = 1, 2,…, n, j ≠ k) between random pairs of 
points are prescribed. The simulation procedures of the 
acceleration time histories performed in the frequency 
domain are shown in Fig. 1.

3    Numerical examples

To validate the proposed algorithm on a simulation 
of non-stationary stochastic vector processes, two 
examples of synthesizing non-stationary earthquake 
ground motions are presented. For the fi rst example, 
seismic ground motions are modeled as a uniformly 
modulated non-stationary stochastic vector process, 
and using an iterative scheme in the frequency domain, 
sample functions compatible with the prescribed 
power spectrum are generated. In the second example, 
seismic ground motions are modeled as a non-stationary 
stochastic vector process with amplitude and frequency 
modulation, and based on a target cross-spectral density 
matrix, sample functions that consider coherence 
between an arbitrary pair of points on the ground surface 
are synthesized.

3.1   Example 1

The ground motion time histories are modeled as a 
one-dimensional, uniformly modulated non-stationary 
stochastic vector process. Selecting four points on 
the ground surface along a straight line parallel to the 
direction of the seismic wave propagation, time histories 
corresponding to the four points are generated. The 
confi guration of the four points on the ground surface 
is shown in Fig. 2. Their coordinate values are 0 m, 1 
m, 101 m and 1000 m, respectively. Referring to the 
iterative procedures in Fig. 1, the sample functions of 
the acceleration time histories at the four points are 
generated. Each non-stationary acceleration time history 
is independently iterated to fi t a prescribed acceleration 
power spectrum. This iteration process is carried out 
in the frequency domain and suffi cient convergence 
precision is satisfi ed after several iterations. The 
coherence between pairs of acceleration time histories 
is also shown to have good agreement through the 
analysis. 

In order to simulate the multiple-support seismic 
ground motions, three basic components are required: 
(a) target power spectral density function; (b) coherency 
function; and (c) modulating function.

The target spectral density function is modeled in 
Clough and Penzien form (Clough and Penzien, 1975):
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where S0j is a scale factor depending on the ground 
motion intensity; ωgj and ξgj are fi lter parameters of the 
Kanai-Tajimi model representing the natural frequency 
and damping of the soil layer at point j, respectively; 
and ωfj and ξfj are the parameters of a second fi lter which 
is introduced to assure a fi nite power for the ground 
displacement. For medium stiffness soil, ωgj = 10.0 rad/
s, ξgj = 0.4, ωfj = 1.0 rad/s, ξfj = 0.6 (Der Kiureghian and 
Neuenhofer, 1992).

 The coherence function adopted is one of the 

empirical models suggested by Qu et al. (1996), as
  

γ ω ω ωω
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j m
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where djm is the horizontal projected distance along the 
wave propagation direction between location j and m; 
vapp is the apparent wave velocity; and a(ω) and b(ω) are 
the functions of frequency that can be expressed as

Fig. 1   Flowchart of iteration in simulating power spectrum compatible  acceleration time histories

Fig. 2   Confi guration of points 1, 2, 3 and 4 on the ground surface  

Seismic input
1 2                3                                             4

x

Inverse FT of uj(t), j=1,2,...n

Eq. (30)
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where a1, a2, b1 and b2 are empirical parameters. For 
medium stiff soil, a1 = 1.678e-5, a2 = 1.219e-3, b1 =
-5.5e-3, b2 = 0.7674 (Qu et al., 1996).

 The modulating function chosen in this study is 
presented by Monti et al. (1996) as
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where t1 and t2 are the ramp duration and decay starting 
time, respectively; tmax is the time-history duration; and 
β is the ratio of the envelope amplitude at tmax to that 
during the stationary phase (t1 ≤ t ≤ t2). The parameters 
used in the modulating function are t1 = 3 s, t2 = 13 s, tmax 
= 24 s, β = 0.02.

The generated acceleration time histories are shown 
in Fig. 3. Due to the specifi ed modulating function, the 
acceleration time histories at points 1, 2, 3 and 4 refl ect 
the non-stationary characteristics of ground motion.

A comparison of the prescribed power spectrum 
and the power spectrum generated from acceleration 
time histories for points 1, 3 and 4 is shown in Fig. 4, 
respectively. Since the spatial distance between points 1 
and 2 is short, the comparison for point 2 is neglected.

From Figs. 4(a) and 4(c), the simulated power 
spectrums from the non-fi tted time histories do not 
show good agreement with the target one in the lower 
frequency region. From Figs. 4(b) and 4(d), the simulated 
power spectrum from the fi tted time histories is in good 
agreement with target one; therefore, the accuracy of the 
simulated seismic ground motions is improved. 

Comparisons of coherency from the simulated 
ground motion time histories and the target coherency 
function for points 1, 2, 3 and 4 are shown in Fig 5. 
The curves labeled “simulated 1” and “simulated 
2”denote the synthesized seismic ground motions with 
and without adopting an iterative scheme, respectively. 
The simulated coherency values can match the target 
coherency function well. The coherency between two 

Fig. 3   Generated acceleration time histories at points 1, 2, 3 and 4 (Example 1)
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points becomes weaker as the frequency increases. Since 
the spatial distance between point 1 and point 2 is much 
shorter than between point 1 and point 4, the coherency 
between point 1 and 2 is stronger than the one between 
point 1 and 4. It is also indicated that the coherency 
between pairs of points is hardly affected by using an 
iterative scheme. As a result, the fi tted seismic ground 
motion is accurate and reliable.

Note that the simulated seismic ground motion time 
histories using  theiterative procedures shown in Fig. 1 

have the following characteristics: (I) compatible with 
prescribed power spectrum; (2) correlated with the given 
coherence function; and (3) have amplitude varying as a 
function of time on the basis of a prescribed modulating 
function.

3.2   Example 2

Figure 6 displays an acceleration record of the 
Niigata earthquake in 1964. The record shows both 

Fig.4   Comparison of the power spectrum of generated ground motions with the targets

0.20

0.15

0.10

0.05

0Po
w

er
 sp

ec
tra

l d
en

si
ty

 (m
2 /(

s4 . H
z)

)

0               2               4               6               8             10
Frequency (Hz)

(a) Non-fi tted power spectrum for point 1
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(b) Fitted power spectrum for point 1
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(c) Non-fi tted power spectrum for point 3
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(d) Fitted power spectrum for point 3
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(e) Non-fi tted power spectrum for point 4
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amplitude and frequency variation with respect to 
time. In particular, an abrupt change of its frequency 
content between approximately 8 and 10 s can be found. 
During this period, the frequency content changes from 
a relatively broad band of frequencies to a single low 
frequency. The reason is due to soil liquefaction. The 
objective of this example is to synthesize multi-point 
artifi cial ground motions with changeable frequency and 

amplitude.
Ground motion time histories were modeled as a 

non-stationary stochastic vector process with amplitude 
and frequency modulation, which means that both the 
amplitude and the frequency of the ground motion are 
varied with time. Sample functions for the seismic 
ground motion time histories are generated through Eq. 
(17). 

Fig. 6   Acceleration record from Niigata earthquake in 1964

Fig. 5   Comparison of coherency function for simulated ground motions with the targets (Example 1)
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As in example 1, four points were also selected with 
the same confi guration as above, and the Clough-Penzien 
spectrum (Clough and Penzien, 1975) is also chosen to 
model the power spectral density functions Sj(ω) (j = 
1, 2, 3, 4) of the acceleration time histories fj

0(t) (j = 
1, 2, 3, 4), respectively. To consider the variation of the 
frequency content with time, the characteristic frequency 
ωgj and damping ratio ξgj of the ground motions are 
defi ned as a function of time and expressed as (Deodatis 
and Shinozuka, 1988):

  
     ωgj p pt t t( )
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where tp = t – 4.5 s and

   
ω ω ξ ξfj gj fj gjt t t t j( ) . ( ), ( ) ( ), , , ,= = =0 1 1 2 3 4          (37)

The expressions of ωgj(t) and ξgj(t) describe a sudden 
drop of the characteristic frequency and damping ratio 
during the period from t = 4.5 to 5.5 s. The parameters 
which determine the intensity of the acceleration  varied 
with respect to time are
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where the standard deviation σ is equal to 100 cm/s2 at 
every time instant. The coherency function developed by 
Qu et al. (1996) is used again.

Here, it should be pointed out that the defi nitions 
for Sj(ω) (j = 1, 2, 3, 4) no longer imply that the 
modulating function Aj(ω, t) represents a change in the 
evolutionary power spectrum, relative to the (stationary) 
power spectral density function Sj(ω). Note that Sj(ω) 
is now a function of both frequency and time since the 
characteristics of a frequency and damping ratio of the 
ground are functions of time, and Aj(ω, t) is a function 

Fig. 7   Generated acceleration time histories at points 1, 2, 3 and 4 (Example 2)
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of time only.
The generated acceleration time histories are shown 

in Fig. 7. It is obvious that the frequency and amplitude 
variation characteristics of the 1964 Niigata earthquake 
acceleration record are reproduced very well in the 
synthesized four-point ground motion time histories. 

The comparisons between the coherency function 
from the simulated acceleration time histories and 
target coherency function are displayed in Fig. 8. 
The coherency functions from the simulated sample 
functions agree well with those from the target.

4   Summary

 A spectral-representation-based simulation algo- 
rithm is presented to generate sample functions of a non-
stationary, stochastic process with evolutionary power 
on the basis of its prescribed non-stationary cross-
spectral density matrix. An important application of the 
algorithm is to synthesize non-stationary multi-point 
earthquake ground motions.

The proposed simulation algorithm is composed 
of two parts. First, the seismic ground motion time 
histories are modeled as a uniformly modulated non-

stationary stochastic vector process by an iterative 
procedure shown in Fig. 1. Then, the seismic ground 
motion time histories are modeled as a non-stationary 
stochastic vector process with amplitude and frequency 
modulation. 

Two examples are provided to demonstrate the 
capabilities of the proposed algorithm. In the fi rst 
example, the proposed iterative procedure is applied 
to simulate seismic ground motion time histories at 
four points on the ground surface which are compatible 
with the prescribed power spectrum. The results show 
that the power spectrum calculated from the generated 
acceleration time histories is in good agreement with 
the target power spectrum. In the second example, due 
to the characteristic frequency and damping ratio of 
the ground motions changing with time, the simulated 
seismic ground motions can reproduce the frequency 
and amplitude variation characteristics of the actual 
earthquake record. 

The power spectral density function refl ects the 
statistical characteristic of seismic ground motions very 
well. Thus, it is of practical signifi cance in simulating 
multi-point earthquake ground motions compatible 
with the target power spectrum. The ground motion 
time histories generated by the method presented in this 

Fig. 8   Comparison of coherency function for simulated ground motions and the targets (Example 2)
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paper can be directly used as an input for the dynamic 
seismic response analysis of large span structures such 
as bridges, lifelines, dams, oil/gas pipelines and so on.
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