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Optimal design of structures for earthquake loads by 
a hybrid RBF-BPSO method
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Abstract: The optimal seismic design of structures requires that time history analyses (THA) be carried out repeatedly. 
This makes the optimal design process ineffi cient, in particular, if an evolutionary algorithm is used. To reduce the overall 
time required for structural optimization, two artifi cial intelligence strategies are employed. In the fi rst strategy, radial basis 
function (RBF) neural networks are used to predict the time history responses of structures in the optimization fl ow. In the 
second strategy, a binary particle swarm optimization (BPSO) is used to fi nd the optimum design. Combining the RBF and 
BPSO, a hybrid RBF-BPSO optimization method is proposed in this paper, which achieves fast optimization with high 
computational performance. Two examples are presented and compared to determine the optimal weight of structures under 
earthquake loadings using both exact and approximate analyses. The numerical results demonstrate the computational 
advantages and effectiveness of the proposed hybrid RBF-BPSO optimization method for the seismic design of structures. 
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1   Introduction

Optimum design of structures is usually achieved 
by selecting the design variables such that an objective 
function is minimized while all of the design constraints 
are satisfi ed. Structural optimization requires that a 
structural analysis be performed many times for the 
specifi ed external loads. This makes the optimal design 
process ineffi cient, especially when time history analysis 
(THA) is involved. This diffi culty is magnifi ed when the 
employed optimization method has a stochastic nature, 
such as evolutionary algorithms. 

In recent years, several researchers (Lagaros
et al., 2006; Zou and Chan, 2005; Kocer and Arora, 
2002) have used traditional and evolutionary search 
techniques to optimize the seismic design of structures 
by using the response spectrum or THA. Salajegheh 
and Heidari (2005) incorporated a neural network, as 
an artifi cial intelligence technique, in the optimization 
process to predict structural time history responses. 

In this study, a binary particle swarm optimization 
(BPSO) (Kennedy and Eberhart, 1997) is employed 
to fi nd the optimal design of structures with dynamic 
constraints on the structural responses. In the BPSO 
algorithm, a new relationship has been proposed for 
updating the position of particles. This relationship 

changes the position of particles with respect to their 
previous position, and their stochastic state decreases 
with respect to the previous position of the particles. 
In the optimization process, the weight of the structure 
is considered as the objective function. The design 
variables are cross-sectional area assignments of 
structural elements, and the design constraints are taken 
as the desired time history responses of the structure. 
The stochastic nature of the BPSO algorithm makes 
the convergence of the process slow. Furthermore, 
evaluation of the structural responses using the fi nite 
element method during the optimization process can 
be computationally intensive with slow convergence. 
Because of the above considerations, the dynamic 
responses of the structures have been predicted using 
radial basis function (RBF) neural networks, and many 
successful applications have been reported (Deng, 2006; 
Roy and Ganguli, 2006; Gholizadeh et al., 2007). By such 
an approximation, the dynamic analysis of a structure 
is not necessary during the optimization process. In 
this work, the input is the cross-sectional property 
assignments of the structural members, and the output is 
the dynamic responses of the selected node displacement 
and internal stresses of members under ground shaking.  

In order to perform THA and to provide training 
data, ANSYS (2004) is used. Also, MATLAB is utilized 
to design the neural networks. 

Two illustrative examples are provided to investigate 
the effi ciency of the suggested method for structural 
optimization subject to earthquake loads. A 72-bar space 
truss subjected to the El Centro (S-E 1940) earthquake 
and a 5-story steel shear frame subjected to the Chile 
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(1985, Llolleo-N10E) earthquake are designed for 
optimal weight. The numerical results of optimization 
show that incorporating RBF neural networks in the 
framework of BPSO creates a powerful artifi cial 
intelligence tool for structural optimization against 
earthquake loads in a computationally effi cient manner.

2   Formulation of optimization problem

In sizing optimization problems, the aim is usually 
to minimize the weight of the structure, under some 
constraints on stresses, displacements and frequencies. 
A discrete structural optimization problem can be 
formulated in the following form:

Minimize f (X)

 Subject to gi (X)  0  i = 1, 2, ..., m              (1)

Xj Rd , j = 1, 2, ..., n

where f (X) represents the objective function, g(X) is the 
behavioral constraint, and m and n are the number of 
constraints and design variables, respectively. A given 
set of discrete values is expressed by Rd and design 
variables Xj can take values only from this set.
The objective function is usually taken as:

f X r X Li
i

i i( )=
=1
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∑                               (2)

In structural optimization problems, constraints are 
usually taken as:
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where ri and Li are the weight of unit volume and length 
of ith element, respectively; Ne and Nj are the number 
of the elements and nodes, respectively; Sil and Ujl are 
stress in the ith element and defl ection of the jth node 
for the loading case l, respectively; and Sil,all and Ujl,all
are allowable stress in the ith member and allowable 
defl ection of the jth node for the loading case l,
respectively. 

3   Structural THA

The equilibrium for a fi nite element system subjected 
to an earthquake may be written in the usual form:

MU CU KU MI( ) ( ) ( ) ( )t t t t+ + = − ug           (5)

where M, C and K are the mass, damping and stiffness 

matrices; U U U( ), ( ), ( )t t t  and I are the acceleration, 
velocity, displacement and unit vectors, respectively. 
Ground acceleration is shown by u tg ( ) .

For analysis of the structures subjected to earthquake 
loading, an ANSYS based computer program is 
developed. The theory and solution procedures are based 
on the fi nite-element formulation of the displacement 
method with the nodal displacements as the unknown 
variables. It uses a step-by-step implicit numerical 
integration procedure based on Newmark’s method to 
solve the resulting equations.

4   Dynamic constraints treatment

All of the stress and displacement constraints are 
time dependent. These constraints need to be imposed 
at each desired time instant. The consideration of 
all the constraints requires an enormous amount of 
computational effort and, therefore, treatment with a 
vast number of time history responses is a challenging 
problem for most numerical optimization algorithms 
(Zou and Chan, 2005). Various numerical techniques 
exist for treating such time-dependent constraints (Arora, 
1999). The basic idea of these methods is to eliminate 
the time parameter from the optimization problem. In 
other words, a time-dependent problem is transformed 
into a time-independent one. In the present study, the 
conventional method (Arora, 1999) is employed. This 
method is quite simple and convenient to implement 
where the time interval is divided into p subintervals and 
the time-dependent constraints are imposed at each time 
grid point. Let the ith time-dependent constraint (stress 
or displacement) be written as:

g X t t Ti ( ) 0, 0, ≤ ≤ ≤                         (6)

where T is the time interval over which the constraints 
need to be imposed. 

Because the total time interval is divided into ngp
subintervals, the constraint Eq. (6) is replaced by the 
constraints at the ngp+1 time grid points as:

g X t ji j( , ) 0, 0,1, ,≤ = ngp                 (7)

The constraint function gi(X, tj) can be evaluated at 
each time grid point after the structure has been analyzed 
and stresses and displacements have been evaluated at 
each time point. If fewer grid points are used, the time-
dependent constraints may be violated between the grid 
points. Use of a fi ner grid can capture these points.

5   Optimization method

There are two major steps in computer implementation 
of the optimal design process of structures: the analysis 
step and the optimization step. As mentioned previously, 
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the THA of structures is performed using Newmark’s 
method, and the optimization is implemented by using 
the BPSO.

The particle swarm optimization has been inspired 
by the social behavior of animals such as fi sh schooling, 
insects swarming and birds fl ocking (Kennedy and 
Eberhart, 2002). It involves a number of particles, 
which are initialized randomly in the search space of 
an objective function. These particles are referred to as 
swarm. Each particle of the swarm represents a potential 
solution of the optimization problem. The particles fl y 
through the search space and their positions are updated 
based on the best positions of individual particles in each 
iteration. The objective function is evaluated for each 
particle and the fi tness values of particles are obtained to 
determine which position in the search space is the best 
(Bergh and Engelbrecht, 2003).

In each iteration, the swarm is updated using the 
following equations:

V w V c r P X c r P Xi
k k

i
k

i
k

i
k k

i
k+ = + − + −1

1 1 2 2( ) ( )g
      (8)

X X Vi
k

i
k

i
k+ += +1 1                          (9)

where Xi  and Vi represent the current position and the 
velocity of the ith particle, respectively; Pi is the best 
previous position of the ith particle (called pbest) and Pg
is the best global position among all the particles in the 
swarm (called gbest); r1 and r2 are two uniform random 
sequences generated from interval [0, 1]; wk is the inertia 
weight used to discount the previous velocity of the 
particle preserved. Shi and Eberhart (1997) proposed 
that the cognitive and social scaling parameters c1 and 
c2 be selected such that c1 = c2 =2.0 to allow the product 
c1r1 or c2r2 to have a mean of 1. Each component of Vi is 
constrained to a maximum value defi ned as Vi

max and a 
minimum value defi ned as Vi

min .
The algorithm fl ow can be represented as follows:
(1)   Initialize
(a) Set counter k = 0
(b) Randomly initialize particle positions Xi

0 for
i p= 1,...,

(c) Randomly initialize particle velocities 
− ≤ ≤V V Vi i i

max max0  for i p= 1,...,
(d)   Evaluate fi tness function values Fi

0 using design 
space coordinates Xi

0  for i p= 1,...,
(e)   Set F Fi i

best = 0  and P Xi i
0 0= for i p= 1,...,

(f)   Set F Fibest
g bestmin ( )=  and Pg

0 to corresponding
Xi

0.
(2)   While k < kmax
(a)   Update particle velocity vectors Vi

k+1 using Eq. (8).
(b) If Vi

k+1 for any component, then set that 
component to its minimum and maximum allowable 
value.

(c)   Update particle position vectors Xi
k +1  using 

Eq. (9).
(d) Evaluate fi tness function values Fi

k+1 using 

design space coordinates Xi
k +1  for i p= 1,...,

(e)   If F Fi
i
k

best < +1 then F F P Xi
i
k

i
k

i
k

best = =+ + +1 1 1, for
i=1,..., p

(f)  If F Fi k
best g< +1 then F F P Xi k k

i
k

best g g= =+ + +1 1 1,   for 
i=1,..., p

(g)   Increment k.
End while.
When the design variables are discrete, the binary 

model of PSO algorithm must be used. The positions of 
the particles in the binary model are indicated by two 
values: one and zero. Therefore, any particle moves 
in a limited space related to one and zero. So, new 
defi nitions for velocity, distance and movement path 
must be presented in terms of probability of being a bit 
in a specifi c position or in another one. The velocity of 
each particle states the probability of being its position 
equal to one. In binary model of PSO algorithm, 
Eq. (8) can be used without any changes for updating 
the velocity but must be brought to the interval [0, 1] 
as it is defi ned in terms of probability. For this purpose, 
a logistic converting function is used. For updating the 
particles positions, Eq. (9) is re-defi ned by the following 
rule (Kennedy and Eberhart, 1997):
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where rand(0,1) is a random number in the interval [0,1] 
and S Vi

k( )+1  is a limiting sigmoid function. The sigmoid 
function is expressed by (Kennedy and Eberhart, 1997):
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Although the common binary PSO algorithm has 
been recognized as a powerful and effi cient algorithm 
for fi nding the optimum solution and in spite of fi nding 
good solutions by this algorithm, its convergence 
properties are not good. In this paper, for resolving 
the diffi culty mentioned, Eq. (10) is replaced by the 
following relationship:
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In this case, the largeness of the velocities of the 
particles indicates their bad positions and causes them 
to change from zero to one, or from one to zero. The 
smallness of the particles velocities decreases the 
probabilities of changing the particles positions. Finally, 
when the particles velocities become equal to zero, their 
positions will be unchanged.
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Constraints are handled by using the concept of 
penalty functions, which penalize infeasible solutions, 
i.e.,

f X
f X)

f X f Xs
p
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( ) ( )( ) =
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∈ Δ
        (13)

where fs(X) and fP(X) represent supplemental and penalty 
functions, respectively. Also,  denotes the feasible 
search space. 

In the case of earthquakes, a simple form of the 
penalty function is employed as:
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where rp is an adjusting coeffi cient.
Despite the serious reducing effects of BPSO on 

the optimization time, the computational burden of the 
process due to implementing the time history dynamic 
analysis is very high. Therefore, using neural networks 
to reduce the computer effort is very effective. In the 
present work, RBF neural networks are employed.

6   RBF neural networks 

RBF neural networks are widely used in the fi eld 
of structural engineering due to their fast training, 
performance generality and simplicity (Zhang, 2004; 
Rafi q et al., 2001). These networks are feed forward 
networks of two layers. In order to train the hidden 
layer of RBF networks, no training is accomplished 
and the transpose of the training input matrix is taken 
as the layer weight matrix. Also, a supervised training 
algorithm is employed to adjust output layer weights 
(Wasserman, 1993). The topology of RBF networks is 
shown in Fig. 1.

7   Error monitoring

In order to evaluate the accuracy of approximate 
structural responses predicted by neural networks, two 
evaluation metrics are used: the relative root mean 
square (RRMS) error eRRMS and R-square (R2) statistic 
measurement Rsquare (Jiang et al., 2006).

The RRMS error between the exact and predicted 
responses is defi ned as follows:

eRRMS
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where i and i  are the ith component of the exact and 
predicted responses, respectively. The vectors dimension 
is expressed by r.

To measure how successful fi tting is achieved 
between exact and approximate time history responses, 
the R-square statistic measurement is employed. 
Statistically, the R2 is the square of the correlation 
between the predicted and the exact responses. It is 
defi ned as follows:

R
i i

i

r

i
i

rsquare = −
−

−

=

=

∑

∑
1

( )

( )

2

1

2

1

                        (16)

where  is the mean of exact vectors component.

8   Main steps of optimization

The fundamental steps in the optimization by 
BPSO using RBF network for earthquake loading are 
as follows:

(a) Selecting some particle vectors from the design 
variables space. 

(b) Evaluating the time history responses of the 
structure employing RBF. 

(c) Evaluating the objective function.
(d) Checking the constraints at grid points for 

feasibility of particle vectors.
(e) Update pbest and gbest.
(f) Update particle velocity and position.  
(g) Predicting the structural time history responses 

for the particles using trained RBF.
(h) Evaluating the objective function.
(i) Checking the constraints at grid points; if 

satisfi ed continue, else change the vector and go to step 
(g).

(j) Checking convergence; if satisfi ed stop, else go 
to step (c).

As the size of populations in BPSO is small, the 
method is rapidly converged. It can be observed that Fig. 1   Typical topology of RBF neural networks

Input layer

Hidden layer

Output layer
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during the optimization, the exact dynamic analysis is 
not needed and the necessary responses are found by the 
trained RBF.

9   Numerical examples

Two illustrative examples of structures are provided 
for achieving a minimum value of their weights. The time 
of optimization is computed in clock time by a personal 
Pentium IV 2000 MHz computer. The earthquake 
records are applied in the x direction. Young’s modulus 
is 2.1×1011 Pa, and the mass density is 7850 kg/m3.
Cross-sectional properties of the members are selected 
from the pipe, with a radius to thickness ratio of less 
than 50, and box standard sections available in European 
profi le list. The optimization is carried out by the BPSO 
using the following analysis methods:

(a) Exact Analysis (EA).
(b) Approximate analysis by RBF neural networks 

(RBF).

9.1   Space truss with 72-bars 

The 72-bar truss is shown in Fig. 2. The mass of 
10000 kg is lumped at nodes of 1 to 4. The truss is 
subjected to 15 s of the El Centro (S-E 1940) earthquake 
record.

Due to simplicity and practical demands, the truss 

members are divided into 9 groups based on cross-
sectional areas, given in Table 1. The cross-sectional 
areas of the elements can be chosen from the values 
given in Table 2.

Because of the insignifi cant internal stresses of 
elements of group 9 under the earthquake excitation, a 
minimum cross-sectional area of 2.54 cm2 is assigned 
to them. For all the element groups, allowable stress 
is chosen to be 1.2×108 Pa. Also, for the top node of 
the structure, the allowable horizontal displacement is 
chosen to be 2 cm.
9.1.1  Data selection for training the RBF neural 
             network

In order to train the RBF neural networks, 300 
structures are randomly generated based on cross-
sectional areas and are subjected to the El Centro 
earthquake record. Their cross-sectional areas are 
selected to be inputs of RBF networks. The node 1 
displacement and axial stresses of element groups 1 to 8 
are chosen to be the outputs of RBF networks. From the 
generated samples, 220 and 80 samples are employed to 
train and to test the performance generality of the RBF 
networks, respectively. 

The results of testing the RBF networks are only 
shown for node 1 displacement and axial stress of group 
7 elements in Figs. 3-6. There are similar results for 
other responses.

The average Rsquare and eRRMS for the RBF neural 
networks for all training samples are 0.8956 and 0.3207, 
respectively. In this example, the total time for the data 
generation and networks training was 460 min.
9.1.2    Optimization of the 72-bar truss

Now employing the RBF networks, the 72-bar 

Table 1   Element groups of the 72-bar truss

Group No. Elements
1
2
3
4
5
6
7
8
9

1-4
5-12
13-16
17-24
25-28
29-36
37-40
41-48
49-72

Table 2   Available cross-sectional areas

No. Area (cm2)
1
2
3
4
5
6
7
8

11.2
12.3
13.9
15.2
17.2
18.9
21.4
25.7Fig. 2    Seventy two-bar space steel truss

z y

x

3.0 m
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truss is designed for optimal weight. The results of 
optimization using exact and approximate analysis are 
given in Table 3. 

As given in this table, the optimum design obtained 

using exact analysis is better than the other solution, but 
the former is very extensive in terms of the optimization 
over all time. 

Time history responses of optimum designs obtained 
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using approximate analysis for displacements of nodel 
and some typical element groups are compared with 
their corresponding actual ones as shown in Figs. 7-8. 
A brief summery is given in Table 4. The comparisons 
reveal the appropriate conformance between all of the 
approximate and corresponding actual responses. 

It is important to note that in this example, the time 
of optimization employing neural network including 
data generation and training the neural networks is about 
0.18 time of the optimization with exact THA.

9.2   Five-story steel shear frame

The steel frame structure is shown in Fig. 9. Mass of 
45.38 t is considered on the diaphragms. The structure is 
subjected to the Chile (1985, Llolleo-N10E) earthquake 
record.

It is assumed that all the columns in each story 
have the same properties. Cross-sectional properties 
of the columns are selected from the discrete values 
listed in Table 5. Also, an IPE 500 profi le is assigned 
to all the beams. Therefore, in this example, only the 

cross-sectional properties of the columns are taken into 
account as the design variables. 

For stories 1 to 5, the allowable inter-story drift ratio 
is taken as 1/300. The constraints are checked at 12001 
grid points where the time interval between adjacent 
points is 0.005 s.
9.2.1  Data selection for training the RBF neural 
             network

In this example, 150 structures are randomly 
generated based on cross-sectional properties and are 
analyzed for the Chile earthquake induced loads. The 
design variables (cross-sectional properties of the 
columns) and the inter-story drifts of all stories are 
treated as the inputs and outputs of RBF networks, 
respectively. From the generated samples, 100 and 50 
are used to train and test the performance generality of 
the RBF networks, respectively. 

The results of testing the RBF networks, in terms of 
Rsquare and eRRMS, are only shown for inter-story drifts of 
stories 2 and 4 in Figs. 10-11, respectively. There are 
similar results for the other responses.

The average Rsquare and eRRMS for the RBF neural 
networks for all training samples are 0.9991 and 0.0269, 
respectively. In this example, the total time spending to 
data generation and networks training is equal to 170 
min.
9.2.2   Optimization of the 5-story steel shear frame

The results of 5-story steel shear frame optimization 
using exact and approximate analysis are given in Table 
6. As listed in this table, the optimum design obtained 
using exact analysis is better than the other solution, but 
it is very extensive in terms of the optimization over all 
time.

Time history responses of optimum designs obtained 
using approximate analysis are compared with their 
corresponding actual ones in Fig. 12. A brief summery 
is given in Table 7. The comparisons reveal appropriate 
conformance between all of the approximate and 
corresponding actual responses. 

In this example the time of optimization employing 
neural networks, including data generation and training 
the neural networks, is about 0.15 times of optimization 
with exact THA.

 Table 3   Optimum designs obtained by BPSO using exact and 
                approximate analyses

Element Groups No.
Optimum areas (cm2)

EA RBF
1 11.20 11.20
2 11.20 12.30
3 17.20 15.20
4 11.20 11.20
5 25.70 25.70
6 11.20 12.30
7 25.70 25.70
8 11.20 11.20
9   2.54   2.54

Mass (kg) 1506.60 1544.11
Generations 57 70
Time (min) 2538.0 6.4
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Fig. 7   Displacement of node 1 of the optimized 72-bar space steel truss

Actual max-point: (2.54s, 1.165)
RBF max-point:  (2.54s, 1.163)

eRRMS: 0.1761
Rsquare: 0.9690

— Actual
     RBF
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Table 4  Mean Rsquare and mean eRRMS of optimum designs

Structural
parameters

RBF

Rsquare eRRMS

Node 1 
displacement 0.9690 0.1761

Group 1 elements 0.9734 0.1631

Group 2 elements 0.9745 0.1596

Group 3 elements 0.8701 0.3604

Group 4 elements 0.9763 0.1539

Group 5 elements 0.9341 0.2567

Group 6 elements 0.9734 0.1630

Group 7 elements 0.9459 0.2327

Group 8 elements 0.9812 0.1371

Average 0.9553 0.2003
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Fig. 9   Five-story steel shear frame 
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Table 5   Available box cross-sections

No. Moment of inertia (cm4) Area (cm2)
1
2
3
4
5
6
7
8

67272.60
71983.92
75801.52
77436.16
81422.47
84081.62
87314.78
90345.81

210.24
215.04
244.16
264.96
271.36
277.76
296.64
303.84

Fig. 10 Rsquare (a) and eRRMS (b) of the approximate inter-story drift of story 2

Fig. 11   Rsquare (a) and eRRMS (b) of the approximate inter-story drift of story 4
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Table 6   Optimum designs obtained by BPSO using exact and approximate analyses

Story No.

Optimum cross-sectional properties

EA RBF

Moment of inertia (cm4) Area (cm2) Moment of inertia (cm4) Area (cm2)

1 90345.81 303.84 90345.81 303.84

2 84081.62 277.76 81422.47 271.36

3 67272.60 210.24 71983.92 215.04

4 67272.60 210.24 67272.60 210.24

5 67272.60 210.24 67272.60 210.24

Mass (kg) 13530.89 13361.20

Generations 60 50

Time (min) 1342.0 5.3
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R-square: 0.9812

Fig. 12   Drift ratios of different stories of the optimized  steel frame
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10   Conclusions

An effi cient optimization procedure has been 
developed for the optimal design of structures 
subjected to earthquakes using discrete design 
variables. In the procedure, a combination of the 
evolutionary algorithm and neural networks, as two 
artifi cial intelligence techniques, has been utilized. The 
employed evolutionary algorithm is a binary particle 
swarm optimization (BPSO) method. In this paper, a 
new relationship has been proposed for updating the 
position of the particles. This relationship changes 
the position of the particles with respect to their 
previous position. This relationship causes the BPSO 
algorithm to converge quickly and thus, the probability 
of achieving the global optimization is increased. 
Moreover, performing the structural optimization using 
the exact time history analysis for earthquake induced 
loads imposes a very large computational burden on the 
optimization process. That is, in each design point of the 
desired earthquake, the structure should be analyzed to 
evaluate the necessary responses. In order to reduce the 
computational effort of the optimization process due to 
the performing THA, radial basis function (RBF) neural 
networks are employed to approximate the structural 
time history responses. A simple method is used to treat 
the dynamic constraints. In this method, the time interval 
is divided into some subintervals and constraints are 
imposed at each time grid point. The numerical results of 
the optimization show that in the proposed method, the 
time of optimization including training time is reduced 
to about 0.2 of the time required for exact optimization; 
and the errors are small. 
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