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Dynamical control of directional nonlinear scattering 
from metallic nanoantennas by three-dimensional focal 
polarization orientation* 

 
WANG Xiang-hui (王湘晖)1**, WANG Jian-xin (王建鑫)1, and ZENG Ming (曾明)2 

1. Tianjin Key Laboratory of Micro-scale Optical Information Science and Technology, Institute of Modern Optics, 
Nankai University, Tianjin 300350, China 

2. School of Electrical Engineering and Automation, Tianjin University, Tianjin 300072, China 
 
(Received 2 January 2020; Revised 6 April 2020) 
©Tianjin University of Technology 2021 
 
We demonstrate that the directionality of far-field second harmonic (SH) emission generated from individual gold 
nanosphere can be flexibly engineered by manipulating three-dimensional (3D) focal polarization orientation of the 
excitation field, which is explained by the coherent interference between SH dipolar and quadrupolar emission modes. 
The SH dipolar emission mode is independent of the polarization direction of the fundamental field whereas the evolu-
tion of the focal polarization orientation can dramatically modify the quadrupolar emission pattern. Therefore, the re-
sultant SH emission pattern has a polarization-dependent behavior and side scattering almost perpendicular to the 
propagation direction of the incident light can be observed under a specific condition. Our findings provide a novel 
degree of freedom for all-optical control of directional nonlinear scattering from single nanoantenna, thereby opening 
new possibilities for future potential applications.1 
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Optical nanoantennas have attracted a lot of interest due 
to their capability to manipulate light-matter interactions 
at the nanoscale[1]. Tailoring the nanoantenna’s far-field 
radiation in a preferential direction plays an important 
role in many applications such as photodetection[2], 
sensing[3], wireless communications[4], quantum manipu-
lation[5], integrated optics[6]. Directional control of linear 
optical responses from plasmonic[5-7], dielectric[8], and 
hybrid nanoantennas[9,10] have been extensively studied. 
In parallel to the investigation of linear scattering of 
nanoantennas, interest in their nonlinear counterparts, 
and more specifically second harmonic generation 
(SHG), is growing rapidly[11-16]. For example, a compact 
nonlinear Yagi-Uda nanoantenna[11] has been proposed to 
realize SH radiation bent at 90° with respect to the inci-
dent light direction. By rotating the polarization of the 
incident light, forward and backward switching of SHG 
emission directionality is obtained[14]. By adjusting the 
relative position of the nanoantenna in the fundamental 
field, directivity change for SH emission could be ob-
served[15]. However, there is little research about simul-
taneously controlling radial and azimuthal angles of SHG 
emission directionality. 

Light polarization state play an important role in the 

light-matter interaction[5,17,18]. For conventional polarized 
beams, such as linear and circular polarization, light po-
larization direction is always confined to the plane per-
pendicular to the propagation direction. When a radially 
polarized beam is tightly focused, a longitudinal polari-
zation state can be obtained in the focal volume[19]. Some 
dynamic methods have been proposed to generate arbi-
trary three-dimensional (3D) polarization orientation in 
the focus[20-22]. It has been demonstrated that spatial ori-
entation detection[21] or orientation unlimited polarization 
encryption[22] of nanorods can been realized by using 
those kinds of focused fields. 

In this letter, we present angular control of directional 
nonlinear scattering from single gold nanosphere by 3D 
polarization orientation. 3D focal polarization orientation 
is realized by coherent superposition of a linearly and a 
radially polarized beam focused by a high numerical 
aperture (NA) objective. The electric fields in the region 
located by the gold nanosphere are locally linearly po-
larized and can be arbitrarily tuned in 3D spatial direc-
tions. Far-field SH responses from the gold nanosphere 
for different focal polarization orientation are investigat-
ed. It is shown that due to the fact that dipolar and quad-
rupolar SH emission modes exhibit different polarization 
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dependences, the coherent interference between those 
two modes can be harnessed for controlling the direc-
tionality of far-field nonlinear emission from metallic 
nanoantennas through the 3D manipulation of the focal 
polarization orientation. 

See Fig.1, as a consequence of coherent superposition 
of linearly and radially polarized beams focused by an 
infinity-corrected objective, the three components of the 
superposed electric field at a given point rp in the focal 
region take the form 
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where the superscripts L and R refer to linearly and radi-
ally polarized beams, respectively. w1 and w2 are the 
weighting factors of focused linearly and radially beams, 
respectively, ranging from 0 to 1. When w1=1 and w2=0, 
the incident beam is x-linearly polarized. The relative 
magnitudes of those two parameters are adjusted by the 
density filter in Fig.1. In the framework of the vectorial 
diffraction theory[19,23], the components Ex 
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the focused radially-polarized beam follow the notation 
of Ref.[24] and the components Ex 
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L  of the focused 
linearly-polarized beam can be expressed as 
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 (2)                                      
where ϕp is the azimuthal angle of the point rp and φ is 
the polarization direction of the incident linearly polar-
ized beam with respect to the optical axis of the 
half-wave plate. The values of φ corresponding to an x- 
or y-linearly polarized beam are 0° and 45°, respectively. 
The integrals In take the forms in Ref.[24].  
 

 

NF: appropriate neutral density filter; P: half-wave plate; BS: 
beam splitter 

Fig.1 Illustration of the scheme for generating 3D lin-
ear polarization in the focal region 
 

In the practical experiments, the relative magnitudes 

of w1 and w2 are manipulated by properly adjusting the 
intensity of the incident linearly polarized beam. Then, 
the focal polarization can be tuned between transverse 
and longitudinal polarization states with respect to the 
optical axis (see Fig.1 in Ref.[21]). Furthermore, 3D po-
larization orientation in the focal plane can be finally 
realized by tuning the azimuthal angle φ of the linearly 
polarized beam, which is usually achieved by the rotation 
of the half-wave plate. 

A gold nanosphere with a diameter of 100 nm is 
choosen as single-nanoparticle antenna. For metallic 
nanoantennas located at the focal region, the fundamen-
tal excitation field can be calculated using the scat-
tered-field formalism for finite-difference time-domain 
(FDTD) numerical solution[25] since the incident field 
can be obtained analytically. Simulation of SH response 
from metallic nanoantennas can be calculated by using 
the Green’s function approach[24]. In addition, only the 
component s, (where  refers to the direction normal 
to the local surface of metallic nanoantennas) of the sur-
face second-order susceptibility tensor is taken into ac-
count since this element generally dominates the surface 
SH response of metallic nanoparticles under the electric 
dipolar approximation[26,27]. 

The fundamental wavelength is 780 nm and the 
incident fundamental beam is focused by a dry objective 
with NA=0.9. The medium surrounding nanoparticles is 
assumed to be air. The mesh grid is set to 2.5 nm in all 
directions. The time step ∆t is smaller than the Courant 
time step tc and takes the value of 0.9tc. A convolutional 
perfect matched layer is set at all surrounding bounda-
ries.  

After focused by a high NA objective, the field vector 
in the focal region is likely to be elliptically polarized[23] 
due to the emergence of new field components induced 
by the refraction effect of the focusing objective. The 
polarization state can be obtained in terms of the real and 
imaginary parts of the field vector[23]. When φ=0, Fig.2 
illustrates distributions for the ratio of the short and long 
semi-axes of the polarization ellipse in the focal plane for 
different values of w1 and w2. Figs.2(a) and (d) corre-
spond to x-linear and radial polarization illuminations, 
respectively. The black circle denotes the location of the 
gold nanosphere. For w1=1 and w2=0, i.e., the incident 
beam is x-linearly polarized, the distribution in Fig.2(a) 
agrees well with the result in Fig.2(b) in Ref.[23]. It can 
be found that the local polarization of the focal field ex-
hibits obvious position dependence. In the focus, the 
value of the ratio for the two semi-axes of the polariza-
tion ellipse is zero, which indicates that the focal polari-
zation is linearly polarized. In the region away from the 
focus, the value of the ratio increases, the polarization 
state is progressively changed from linear to elliptical. 
When it approaches 1, circular polarization occurs. 
However, it should be also noted that in the region lo-
cated by the gold nanosphere, the value of the ratio for 
the two semi-axes of the polarization ellipse doesn’t be-
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yond 0.1. Therefore, the fields in the vicinity of the focus 
are locally linearly polarized because the x component is 
dominant under x-linear polarization illumination[23]. As 
the relative magnitude of w2 increases, the electric fields 
around the focus always maintain dominantly linearly 
polarized. 

 

Fig.2 When φ=0, distributions for the ratio of the two 
semi-axes of the polarization ellipse in the focal plane 
for (a) w1=1, w2=0, (b) w1=0.866, w2=0.5, (c) w1=0.5, 
w2=0.866, (d) w1=0, w2=1, respectively 

 
When φ=0, distributions for intensity of the super-

posed field and polarization orientation in the focal plane 
for different values of w1 and w2 are presented by Fig.3. 
The intensities have been normalized to the maximum in 
the focus. The pink arrow denotes the polarization orien-
tation. When w1=1 and w2=0, the field in the vicinity of 
the focus is x-linearly polarized because the x component 
is dominant under x-linear polarization illumination. 
When w1=0.866 and w2=0.5, the polarization orientation 
rotates away from the z axis and the angle between the 
polarization direction and the z axis is about 60°. This 
angle decreases to be 30° when w1=0.5 and w2=0.866. 
For the case of radial polarization illumination (see the 
result in Fig.3(d)), the polarization direction is oriented 
to the z axis, which is attributed to the strong longitudinal 
component in the focus[19]. Briefly, for those four kinds 
of cases illustrated in Fig.3, the corresponding axial an-
gles (defined as Θ) of the focal polarization orientation 
with respect to the z axis are 90°, 60°, 30° and 0°, re-
spectively.  

 

 

Fig.3 When φ=0, 3D field view of normalized intensity 
and polarization orientation distributions in the focal 
plane for (a) w1=1, w2=0, (b) w1=0.866, w2=0.5, (c) 
w1=0.5, w2=0.866, (d) w1=0, w2=1, respectively (Only 
the polarization orientations in the region located by 
the gold nanosphere are presented by the pink ar-
rows.) 

 
The azimuthal angle Φ of the focal polarization rela-

tive to the x axis can be tuned by rotating the half-wave 
plate in Fig.1 and has a dependence of Φ=2φ. Here, φ is 
the polarization direction of the linearly-polarized inci-
dent field. Fig.4 illustrates the focal polarization orienta-
tion for different values of Φ when Θ=60º. The inset of 
Fig.4 gives the projection of the focal polarization orien-
tation in the xy plane, which rotates anticlockwise. 

 

 

Fig.4 When Θ=60°, 3D field view of normalized inten-
sity and polarization orientation distributions in the 
focal plane for (a) Φ=0°, (b) Φ=30°, (c) Φ=60°, (d) 
Φ=90°, respectively 

 
Fig.5 gives 3D far-field SH angular radiation diagrams 

of single gold nanosphere with 100 nm diameter for dif-
ferent values of Θ. The corresponding cuts in the xz 
plane are presented by the second column of Fig.5. Each 
pattern has already been normalized to its own maximum. 
From the result in Figs.5(a) and (b), for x-linear polariza-
tion, SH angular emission presents four lobes pattern 
with two strong lobes forward-propagating in an off-axis 
direction and there are no SH signal in the exact forward 
and backward directions due to the selection rule as the 
consequence of the rotational symmetry of the particle 
shape around the longitudinal direction[28]. The radial 
angle of SH radiation directionality relative to the z axis 
is about 45°. However, according to Figs.5(c), (d), (e) 
and (f), as the focal polarization orientation progressively 
rotates away from the x axis, the SH response presents 
asymmetrical scattering pattern and the whole emission 
pattern rotates clockwise. Some lobes obviously shrink 
and even completely vanishes (see Fig.5(f)). In addition, 
quite surprisingly, it is found that the SH intensity is not 
strictly zero in the exact forward and backward direc-
tions, which is not the same as the previous expectation 
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for nanoparticles with a centrosymmetric shape and can 
be attributed to the fact that the exciting fundamental 
field becomes asymmetrical about the propagation direc-
tion. As shown in Figs.5(g) and (h), for radial polariza-
tion, strong backward emission is observed while there is 
only negligible SH signal in the forward direction. From 
the evolution of the SH response in Fig.5, it can be con-
cluded that directional nonlinear scattering from the gold 
nanosphere can be dynamically engineered by the ma-
nipulation of the focal polarization orientation.  

 

 

Fig.5 When φ=0, far-field SH angular radiation pat-
terns for (a, b) Θ=90°, (c, d) Θ=60°, (e, f) Θ=30°, (g, h) 
Θ=0°, respectively 

 
In order to elucidate the above phenomena in Fig.5, it 

is very useful to investigate the multipolar properties 
about SHG from a nanosphere of centrosymmetric mate-
rial. In a multipole expansion, the SH radiation of spher-
ical nanoparticles can be presented in terms of an effec-
tive dipole moment composed of two leading-order mo-
ments, the dipolar and quadrupolar contributions[29], 
which has be experimentally evidenced by various po-
larization-resolved measurements[30]. A careful examina-
tion shows that the dipolar moment is independent of the 
polarization direction of the exciting fundamental field 
and is always oriented parallel to the propagation direc-
tion of the incident fundamental beam while the orienta-
tion of the quadrupolar moment could change accord-
ingly with the polarization direction for the pump beam. 
The first row of Fig.6 presents the pure SH emission 
from a dipolar moment orienting along the propagation 
direction while the second row gives the pure quadrupo-
lar emission when the relative angle between the orienta-
tion of the quadrupolar moment and the z axis is 90°, 60°, 
30°, 0°, respectively. The emissions from coherent inter-
action between the dipolar and quadrupolar moments are 
illustrated by the third row of Fig.6. The strength ratio of 
the dipolar and quadrupolar moments is 0.65 and the 
phase difference between those two moments is π/2. A 
comparison of Figs.5 and 6 distinctly demonstrates that 
the presence of the dipolar and quadrupolar contributions 
and their different dependences on the polarization direc-
tion of the fundamental excitation field result in the pos-
sibility for dynamical manipulation of directional 
nonlinear scattering from the gold nanosphere by adjust-
ing the focal polarization orientation. For the gold nano-

sphere with the diameter of 100 nm, although an octupo-
lar response in the harmonic field component parallel to 
the scattering plane has been observed[31], the interfer-
ence between the dipolar and quadrupolar contributions 
is enough to be used to qualitatively explained the phe-
nomena in Fig.5. 

 

 

Fig.6 Far-field SH angular radiation patterns from the 
dipolar moment (first row), quadrupolar moment with 
different orientations (second row) and multipolar 
interaction between the dipolar and quadrupolar 
modes (third row), respectively 

 
If the relative magnitude between linear and radial po-

larizations, that is, the ratio of w1 and w2, is fixed, while 
the polarization direction of the linearly-polarized inci-
dent light is adjusted by the half-wave plate in Fig.1, the 
azimuthal angle Φ of the focal polarization could be ma-
nipulated (see Fig.4). For Θ=60°, far-field SH angular 
radiation patterns of single gold nanosphere for different 
values of Φ are presented by Fig.7. The results show that 
the whole SH emission pattern is unchanged while its 
orientation rotates with respect to the x axis, which indi-
cates that the azimuthal angle of directional SH radiation 
is tunable. The results for other values of Θ are identical 
and not presented for the sake of simpilicity. 

 

 

Fig.7 When Θ=60°, far-field SH angular radiation pat-
terns for (a) Φ=0°, (b) Φ=30°, (c) Φ=60°, (d) Φ=90°, 
respectively 
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It has been demonstrated that the relative phase be-
tween dipolar and quadrupolar emission modes is related 
to the excitation wavelength, which results in the varia-
tion of SH radiation pattern[32]. However, for a specific 
incident wavelength, the dependences of dipolar and 
quadrupolar emission modes on the focal polarization 
orientation remain unchanged. Therefore, it is still valid 
to control the directionality of SH radiation pattern by 
the focal polarization orientation. 

In summary, we have numerically demonstrated the 
possibility to dynamically control the axial and azimuthal 
directions of directional nonlinear scattering generated 
from single metallic nanoparticle by the manipulation of 
3D focal polarization orientation of the fundamental 
beam. The evolution of the far-field SH emission with 
the focal polarization orientation is explained by multi-
polar interference between the dipolar and quadrupolar 
contributions, which is attributed to their different de-
pendences on the focal polarization orientation of the 
excitation field. Our investigations are beneficial for a 
better understanding of the fundamental light-matter in-
teractions in metal nanoparticles and provide the guide-
line for the manipulation of nonlinear optical response of 
metal particles through optical beam engineering, there-
by opening possibilities for a wide range of practical 
applications such as imaging probes to collect signals, 
short wavelength nanolasers and all-optical switchers for 
waveguides. 
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