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A scheme is presented to realize the controlled teleportation of an unknown three dimensional (3D) two-particle state by
using a non-maximally entangled two-particle state and a non-maximally entangled three-particle state in the 3D space as
the quantum channels, and one of the particles in the channels is used as the controlled particle. Analysis shows that when
the quantum channels are of maximal entanglement, namely the channels are composed of a 3D Bell state and a 3D GHZ
state, the total success probability of the controlled teleportation can reach 1. And this scheme can be expanded to control
the teleportation of an unknown D-dimensional two-particle state.
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Since the seminal work of Bennett et al[1], the quantum
teleportation has been paid much attention due to its impor-
tant applications in quantum computation and quantum
communication. A lot of protocols about teleportation have
been experimentally demonstrated in optical discrete-vari-
able and  continuous-variable systems[2-6], liquid nuclear
magnetic resonance technique[7], and trapped ion system[8,9],
etc. in recent years. Zhang et al[10] have reported the experi-
mental teleportation of a quantum state composed of a two-
particle composite system. But the quantum teleportation of
the N-particle D-dimensional state is very pop for this state
is useful for a large-scale realization of quantum information
processing. By far, a large number of theoretical protocols
for teleporting an unknown state via various kinds of en-
tangled channels have been presented[11-22]. However, no
scheme has been reported for controlled teleportation of an
unknown two-particle 3D entangled state by using partially
entangled states in the 3D space as the quantum channels.

In this paper, we propose a scheme to realize the con-
trolled teleportation of an unknown 3D two-particle state by
performing two generalized Bell-state measurements (BSMs)
and a separated measurement (SM) on the controlled par-
ticle in the basis 323130 ,,  by introducing an as-
sisted  three-state particle[23] and two unitary transforma-
tions Utel.1 and Utel.2.Besides, we obtain the success probabil-

ity of the controlled teleportation in the teleportation process.
It is shown that the total success probability can arrive at 1 if
the quantum channels consist of the 3D Bell state and the 3D
GHZ state.

Suppose that the sender Alice possesses an unknown two-
particle in the 3D entangled state and wants to teleport it to
the receiver Charlie with the cooperation of the controller
Bob. Alice begins with the unknown state
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where the unknown coefficients  and  satisfy | |2 + | |2 +
| |2 =1. In order to realize the teleporting without loss of
generality, we consider to establish the 3D partially entangled
states of particles (3, 4) and (5, 6, 7), i.e., the non-maximally
entangled states 34  and 567  in 3D space as the quan-
tum channels, which can be expressed respectively as:
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where the real coefficients a, b, c, d, f and g satisfy  a |2 +
 | b |2 + |c|2 =1 and  d |2+| f |2+| g |2=1. Without loss of generality,
we make a further assumption that the coefficients satisfy
min acb ,  and min dgf , . Particles 4 and 5 be-
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long to the sender Alice, while particles 6 and 7 belong to the
receiver Charlie, and the controller Bob holds particle 3.
Therefore, the total state total  of the seven particles is
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The schematic diagram for the controlled teleportation
of the unknown state 

12
 with the use of the partially en-

tangled states of particles 3, 4, 5, 6 and 7 is presented in Fig.1.
Alice, Bob and Charlie share particles 3, 4, 5, 6 and 7. Alice
and Bob send the outcomes of two BSMs on particles (1, 4),
(2, 5) and a SM on particle 3 to Charlie who reincarnates the
original state by performing the corresponding unitary
transformations.

Fig.1 Controlled teleportation of the unknown state | 12

with partially entangled states of particles 3, 4, 5, 6 and 7
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We will give the controlled teleportation of the unknown
state | 12 to the particles 6 and 7 at Charlie’s side. Firstly,
Alice performs two generalized BSMs on particles (1,4)
and (2,5) at her side. A generalized BSM can be written as

1, 2 and 
*

xyxy . It is obvious that there are 9 possible
outcomes in all after a BSM[12]. If Alice's measurement be-
gins with the particles (1, 4), the total state total  will be

collapsed into
z

xz
xy zyz total
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With the same BSM again on particles (2, 5), the system
state will be further collapsed into the state
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Next, the controller Bob makes a separated measurement on
particle 3 in the basis 323130 ,,  which are related
to the old basis{|0>, |1>, |2>}. So they can be defined by

n

mn
m n ,e

3
1 3/i2  where m = 0, 1, 2, n = 0, 1, 2  and

Then, Charlie establishes the corresponding unitary trans-
formations Utel.1 and Utel.2 on the state 67  to make the co-
efficients ,  and  correspond to 6767

11,00  and 67
22 ,

respectively as shown in Eq.(1). The first unitary transforma-
tion Utel.1 can be described by
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For the measuring results are 14
20 , 25

21 , 3
1 , xy = 20

21yx , m=1 and the correspondence unitary transforma-
tion is Utel,1=U1

20,21=|00 11|+e4 i/3|11 22|+e2 i/3|22 00|
which is on the state 67 , Eq.(5) can be transformed into
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According to Alice and Bob’s measuring outcomes on
particles (6, 7), Charlie introduces an auxiliary three-state
particle A in the initial state A

0  and performs the corre-
spondence unitary transformation tel,2U on particles 6, 7 and
A. The state of particles (6, 7, A) can be written as
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.

.mm  After Bob’s measurement, the original enment
between particles 1 and 2 disappears and a new entangle-
ment is established between particles 6 and 7. Then Alice
and Bob inform the receiver Charlie of their measuring re-
sults via a classical channel. According to their classical
information, Charlie can re-establish the original state

12
by performing the corresponding unitary transforma-

tions on particles (6, 7). For example, if Alice’s two general-
ized Bell-state measuring results on particles (1, 4) and (2, 5)
are xy = 20 and 21yx , and Bob’s measurement result on
particle 3 is 31 , the whole system state total will be
collapsed into the following state
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2tel,  is a 9 9 matrix where 0 is the

3 3 zero matrix and I is a 3 3 identity matrix. A1 and A2

are the 3 3 matrices, of which the elements are zero ex-
cept for the diagonal elements, so they can be written as A1=
diag (a0, a1, a2) and ),1,1,1diag( 2

2
2
1

2
02 aaaA  re-

spectively, where ai(i = 0, 1, 2) satisfies |ai| 1 and the value
of ai depends on the state of particles (6, 7). For every kind
of state of particles (6, 7) in the controlled teleportation,
Charlie can perform the corresponding unitary transforma-
tion Utel.2 on particles 6, 7 and A in the state A67 to recon-
struct the state 1 . So there are a set of local unitary op-

erations jU tel,2  as shown in Tab.1. By using the unitary

operators jU tel,2  Charlie can reincarnate the original state

under the basis ,001,220,110,000
A67A67A67A67

.222and,112,002,221,111
A67A67A67A67A67

For particles (6, 7) in the state 
67

0 (xy=20, ,21yx m=1), we choose ( 210 ,, aaa )=( cd
bg

af
bg ,1, )  and perform the corre-

sponding unitary transformation 2tel,U on the state A67 , namely

Finally, Charlie measures the state of auxiliary particle A
and his measuring result decides whether the controlled
teleportation will be successful or not. If the result A

0  is
measured, the state in Eq.(9) will collapse into
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and it means that we have realized the controlled teleportation
with the success probability of 

27

22
succ gbp . If Charlie obt-

Tab.1 Corresponding operation of Utel.1 and the coefficien-

ts a0, a1 and a2 for jU tel,2  in all situations
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ains A
1 , it means that the controlled teleportation scheme

has failed. In our scheme, there are possible 9 results after a
generalized Bell-state measurement and 3 results after a sepa-
rated measurement on particle 3. For Alice performs two gen-
eralized Bell-state measurements on her particles (1, 4) and
(2, 5), respectively, and Bob performs a separated measure-
ment on particle 3, by straightforward calculations, there are
9 9 3 = 243, kinds of states of particles (6, 7) in all.
Based on Refs.[18, 24-27], we can prove that every kind of
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where the unknown coefficients i , i and i  (i = 0, 1, 2, 

D-1) satisfy 1
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des, it should be noticed that if considering the amplitude
damping effects, we can further research the generalized am-
plitude damping effects on the controlled teleportation[28, 29],
which will be more important in understanding the practical
effects of noise on quantum systems.
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the state of particles (6, 7) in the controlled teleportation can
be realized successfully with the equal probability psucc of

,
27

22 gb so the total success probability of the controlled

teleportation succ
totalp  should be 22

22
succ
total 9243

27
gbgbp .

In summary, we have proposed a scheme for the con-
trolled teleportation of an unknown 3D entangled state 12

by using the non-maximally entangled two-particle state and
the non-maximally entangled three-particle state as the quan-
tum channels. Furthermore, if the quantum channels are com-
posed of the maximally entangled Bell state of particles and
the maximally entangled GHZ state in a 3D Hilbert space,
the total success probability succ

totalp  is equal to 1 and the proba-
bilistic controlled teleportation can reduce the faithful con-
trolled teleportation.

It should be mentioned that in our scheme the controller
Bob can be a receiver if and only if Charlie exchanges with
Bob and wants to help him. If Bob as the controller does not
cooperate with Alice and Charlie as the communicatees, the
controlled teleportation scheme will fail. Analysis shows that
the controller can hold particle 4 to replace particle 3, as the
controlled particle is equivalent to the operation on particle
3 in the controlled teleportation. Of course, the two unitary
transformations tel,1U and tel,2U can be incorporated into a
transformation tel,2tel,1 UUU . Moreover, it is verified that
the present scheme can be expanded to control teleportation
of an unknown two-particle state 12 in D-dimensional
space via using a non-maximally entangled two-particle state

34 and a non-maximally entangled three-particle state
567  in the D-dimensional space as the quantum channels, i.e.,

Note that if the quantum channels consist of the maxi-
mally entangled Bell state of particles (3, 4) and the maxi-
mally entangled GHZ state of particles (5, 6, 7) in a 3D Hil-
bert space, the success probability of the controlled telep-
ortation will be 

927
1

27

22 gb , and the total success prob-

ability is equal to 1, which are in agreement with the results
by Cao et al[12].
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