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Abstract. The aim of this paper is to introduce an alternative to Lukasie-
wicz’s 4-valued modal logic L. As it is known, L is afflicted by “Lukasiewicz
(modal) type paradoxes”. The logic we define, PL4, is a strong para-
consistent and paracomplete 4-valued modal logic free from this type of
paradoxes. PL4 is determined by the degree of truth-preserving conse-
quence relation defined on the ordered set of values of a modification of
the matrix ML characteristic for the logic L. On the other hand, PL4 is
a rich logic in which a number of connectives can be defined. It also has
a simple bivalent semantics of the Belnap—Dunn type.
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1. Introduction

The aim of this paper is to provide an alternative to Lukasiewicz’s 4-valued
modal logic L that will lack the “Lukasiewicz type (modal) paradoxes” deriv-
able in L. This alternative essentially consists in maintaining the strong con-
ditional of L but introducing a paraconsistent De Morgan negation (instead of
the Boolean one characteristic of L) along with a new definition of the necessity
operator.

As it is known, the motivation underlying Lukasiewicz’s many-valued
systems lies in (1) the rejection of deterministic philosophy; (2) the aim to
provide an adequate logical foundation to the notions of possibility and neces-
sity (cf. [24]). Thus, for example, Lukasiewicz points out the following about
the 3-valued logic L3, the first one of the many-valued logics he defined: “The
indeterministic philosophy [...] is the metaphysical substratum of the new
logic” [17, p. 88]. “The third logical value may be interpreted as “possibility”
7 (17, p. 87].

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11787-015-0130-z&domain=pdf

502 J. M. Méndez and G. Robles Log. Univers.

Lukasiewicz presented two different analyses of modal notions by means
of many-valued logics: (a) the linearly ordered systems L3,..., Ln,..., Lw he
defined since 1920 (cf. [20]); (b) the 4-valued modal logic L he defined in the
last years of his career (cf. [18,19]). In the family £3,..., Ln,..., Lw the modal
operators L (necessity) and M (possibility) can be defined as follows: LA =g4¢
—(A — —A), MA =4 —~A — A (these definitions were suggested by Tarski
when he was Lukasiewicz’s student; the symbols L and M are Lukasiewicz’s—
cf. [13], notes 2 and 3; cf. Definition 2.1 on the languages used in this paper).
On the other hand, L and M are defined in L independently of the rest of the
connectives of the system (cf. [13,18,19]).

Unfortunately, both the systems of the sequence L3,...,Ln,... Lw and
the logic L validate such theses as the following (cf. Proposition 7.13 below):
(F7) L(AV B) — (LAV LB) and (F8) (MAA MB) — M(A A B), which
are in principle difficult to accept from an intuitive point of view. Moreover,
in addition to F7 and F8, the following are provable in L: (F5) (A — B) —
(MA — MB); (F6) (A - B) - (LA — LB); (F9) LA — (B — LB);
(F10) LA — (M B — B). Theses F9 and F10 are especially counterintuitive,
a fact that leads the authors of [13] to conclude that L is a “dead end” as a
modal logic of necessity and possibility (the reader can find an analysis of L
explaining why these counterintuitive consequences arise in the system in [23]).
Thus, it must be concluded that neither the family L3,... ,En,... Lw nor L can
be taken as a many-valued analysis of the notions of necessity and possibility
when understood in their customary sense.

The aim of this paper is to introduce the logic PL4 (‘a paraconsistent
version of Lukasiewicz’s 4-valued modal logic 1.”). The logic P14 is determined
by the degree of truth-preserving consequence relation defined on the ordered
set of values of the matrix MPE4 (cf. Definition 2.6), which is a modification of
Lukasiewicz’s matrix ML (cf. Definition 2.5) by keeping the conditional table
while modifying both the tables for negation and necessity (cf. Definitions 2.5,
2.6 and Proposition 7.5). It will be proved that the Tarskian definitions of
L and M work in MPL4 in the following sense: (1) Lukasiewicz type modal
paradoxes such as F5-F10 remarked above are falsified; (2) PL4 is a strong
and genuine 4-valued modal logic (cf. Propositions 7.11-7.13 below).

In the rest of the Introduction, we shall limit ourselves to explain some
properties of PL4 as briefly as possible and how the paper is organized.

PL4 has the following properties:

1. Tt lacks Lukasiewicz-type paradoxes as F5-F10 mentioned above (cf.
Proposition 7.13).
2. PL4 is a strong logic as shown by the following facts:

(a) In addition to all theorems of classical positive logic, it contains,
for example, the double negation axioms, all forms of the De Mor-
gan laws and Contraposition as admissible rule, as well as the most
prominent characteristic theses of Lewis’ S5 together with the rule
Necessitation (it is admissible; cf. Proposition 7.12). A consequence
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of the admissibility of Contraposition is that ‘replacement of equiv-
alents’ holds for PL4; a consequence of the admissibility of Necessi-
tation is that PL4 is a quasi-normal modal logic. On the other hand,
classical propositional logic is definable in PL4 (cf. Proposition 7.9).

(b) There are four possible significant ways of extending PL4. These
four ways are the result of adding any of the following theses: (i)
AV -4; (i) A —- (A — B); (iii)) (FAV B) - (A — B) (or,
equivalently, =(4A — B) — (AA-B)); (iv) (A — B) — (mAV B)
(or, equivalently, (A A =B) — —=(A — B)). But the extension of
PL4 by addition of any of (i)—(iv) is classical propositional logic (cf.
Proposition 7.16 and Corollary 7.17).

3. PL4 has a great expressive power: a number of interesting connectives
are definable, some examples of which are given in Sect. 7.

4. PL4 can be endowed with a bivalent Belnap—Dunn semantics of the type
defined for FDE by Dunn. (Cf. [11,12]. These semantics go back to Dunn’s
doctoral dissertation [10], but as remarked by Dunn himself [11, p. 150],
essentially equivalent semantics are defined in [31,37]). The essential idea
in this semantics is the following. Let 7" and F represent the (truth) values
truth and falsity. Then, propositions can be assigned T, F', both values
or none of them. These four possibilities are represented in the present
paper as follows: 0 = F but not T'; 1 = neither 7" nor F'; 2 = both T" and
F; and 3 = T but not F. (Cf. Remark 2.8). The fact that PL4 can be
endowed with this type of semantics makes it possible to provide an easy
completeness proof for this logic. (This part of our work in the present
paper has been inspired by Brady’s method for axiomatizing 3-valued
and 4-valued matrices developed in his excellent [7]—cf. also [8], Chapter
9).

5. PL4 fills a place in the family of paraconsistent logics extending positive
classical propositional logic C; among which the most famous exemplars
in the family of paraconsistent logics are to be found, such as Da Costa’s
systems, Pac or J3, for example (cf. [9,16,27] about these logics). PL4
distinguishes itself from all these logics in the fact that the rule con-
traposition, Con, is admissible and so it holds as a rule of proof (cf.
Remark 6.1). However, Con is not assumed as a rule of proof in the
aforementioned systems. Furthermore, it is not even admissible in such
systems as Pac (notice that a convenient consequence of Con as a rule
of proof is that ‘replacement of equivalents’ holds). Therefore, PL4 is
a strong paraconsistent (and paracomplete) logic useful in situations of
inconsistent and/or incomplete information.

6. As it has been remarked, PL4 can be endowed with a simple bivalent
semantics of the type defined by Dunn for FDE. This fact connects LB4
with relevant logics, actually, with the very basic foundations of relevant
logics, the logic FDE and Dunn’s semantics for it. Other facts pointing
in the same direction are the following: (i) PL4 enjoys an easy intuitive
Routley—Meyer type ternary relational semantics (cf. [30]); (i) PL4 can
be interpreted with a binary Routley semantics of the kind defined in [29].
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The paper is organized as follows: Sect. 2: after some preliminary defi-
nitions, the matrices ML and MPL4 are defined. Section 3: the logic P14 is
defined and some facts about PL4-theories are established. The section ends
with the proof of the primeness lemma. Section 4: Belnap—Dunn semantics
for PL4 are defined and the soundness theorems w.r.t. this semantics and the
semantics based upon the matrix MPL4 are proved. Section 5: completeness
theorems w.r.t. both the semantics mentioned in the preceding section are
proved. Section 6: some facts about PL4 are proved. For example, that it
is a paraconsistent logic. Section 7: we remark some connectives definable in
PL4 among which three types of negation and the necessity and possibility
operators are to be noted. Section 8: we briefly point out some remarks on the
results obtained and about some possible further work to be done in the same
line.

2. The Matrix MPL4

The aim of this section is to define the 4-valued matrix MPL4. We begin by
defining the logical languages and the notion of logic used in the paper.

Definition 2.1. (Languages) The propositional language consists of a denu-
merable set of propositional variables pg,p1,...,Pn,..., and some or all of
the following connectives — (conditional), A (conjunction), V (disjunction), —
(negation), L (necessity), M (possibility). The biconditional (<) and the set of
wifs are defined in the customary way. A, B, etc. are metalinguistic variables.
By P and F, we shall refer to the set of all propositional variables and the set
of all wifs, respectively.

Definition 2.2. (Logics) A logic S is a structure (L, Fg) where L is a proposi-
tional language and kg is a (proof-theoretical) consequence relation defined on
L by a set of axioms and a set of rules of derivation. The notions of ‘proof’” and
‘theorem’ are understood as it is customary in Hilbert-style axiomatic systems
(I" ks A means that A is derivable from the set of wifs I' in S; and g A means
that A is a theorem of S).

Next, the notion of a logical matrix and related notions are defined.

Definition 2.3. (Logical matriz) A (logical) matrix is a structure (V,D, F)
where (1) V is a (ordered) set of (truth) values; (2) D is a non-empty proper
subset of V (the set of designated values); and (3) F is the set of n-ary functions
on V such that for each n-ary connective ¢ (of the propositional language in
question), there is a function f. € F such that f.: V" — V.

Definition 2.4. (M-interpretations, M-consequence, M-validity) Let M be a
matrix for (a propositional language) L. An M-interpretation I is a function
from F to V according to the functions in F. Then, there are essentially two dif-
ferent ways of defining a consequence relation in M: truth-preserving relation
(denoted by Fi;) and degree of truth-preserving relation (denoted by ':1%/[)
These relations are defined as follows for any set of wifs I' and A € F: (1)
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I Fy A iff I(A) € D whenever I(I') € D for all M-interpretations I; (2)
[ E5 A iff a < I(A) whenever a < I(T) for all @ € V and M-interpretations
I (I(T) = inf{I(B) | B € T'}). In particular, Fi; A iff I(A) € D for all M-
interpretations I, and |=1\S/I Aiff a <I(A) for all @ € V and M-interpretations I.
(T Fiy A (T E5; A) can be read “A is a consequence of T’ according to M in the
truth-preserving (degree of truth-preserving) sense”. And El; A (F5 A) can
be read as A is M-valid or A is valid in the matrix M in the truth-preserving
(degree of truth-preserving) sense).

Notice that the set {A |F5 A} is not empty iff the order in V has a
Mazimum.

Next, we define (our version of) Lukasiewicz’s matrix ML (cf. [13,34])
and then the matrix MPL4:

Definition 2.5. (The matriz ML) The proposition language consists of the
connectives —, =, L. The matrix ML is the structure (V, D, f_., f—, f1) where
V = {0,1,2,3} and they are partially ordered as it is shown in the following
diagram

3
2 1
0
D = {3} and f_, f- and f;, are defined according to the following tables:

w = ol
oo wlo
= |
O W N W
W w w wlw
W RO

O = o Wl
W= O

NN O O~

The related notions of ML-interpretation, etc. are defined according to
the general Definition 2.4.

Definition 2.6. (The matriz MPE4) The propositional language consists of the
connectives — and —. The matrix MPL4 for the logic PL4 is the structure
(V,D, f_., f-) where V, D and f_, are as in ML and f- is defined according
to the following table:

03
1)1
212
310

The notions of a MPL4-interpretation, etc. are defined according to the
general Definition 2.4.
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Remark 2.7. (lzl\S/IPMA iff FarpraA) Notice that HSAPMA iff I(A) = 3 for all
MPL4-interpretations I. Thus, for every wif A, ':1§4PL4A iff Fyppy g A

Remark 2.8. (On the intuitive meaning of the truth values in MPL4) The
truth values 0,1,2 and 3 can intuitively be interpreted in MPL4 as follows.
Let T and F represent truth and falsity. Then, 0 = F, 1 = N (either), 2 =
B (oth) and 3 = T (cf. [4,5]) Or, in terms of subsets of {T, F}, we have:
0={F},1=0,2={T,F} and 3 = {T'} (cf. [12] and references therein). It
is in this sense that we speak of “bivalent semantics” when referring to the
Belnap—Dunn semantics: there are only two truth values and the possibility
of assigning both or neither to propositions. (We use the symbols 0, 1,2 and
3 because they are convenient for using the tester in [14] in case the reader
needs one).

3. The Logic PL4

Definition 3.1. (The logic PL4) The propositional language of PL4 has — and
- as the sole primitive connectives. The logic PL4 is axiomatized as follows:

Axioms: (A1) A - (B — A); (A2) [A - (B —- ()] - [(A — B) —
(A—QCO)]; (A3) [(A— B) — Al — A; (Ad) A — ——A; (A5) ——A — A; (A6)
-(A— B) = (mA— C); (A7) -(A — B) —» =B; (A8) =B — [["A — =(A —
B)] — =(A — B)].

Rules of derivation: Modus Ponens (MP): A & A — B = B (That is,
A and A — B imply B).

Notice that A1-A3 (together with MP) axiomatize the implicative frag-
ment, C_,, of classical propositional logic (this was firstly proved in [21]). Also,
remark that A8 is equivalent to A8’ =B — [-AV =(A — B)] (when disjunc-
tion is understood according to the definition AV B =4¢ (A — B) — B; cf.
Proposition 7.6). In any standard axiomatic system for propositional classical
logic (e.g. [22]), A8 is an immediate consequence of the Modus Ponens axiom
[(A — B) A A] — B by contraposition and the De Morgan laws.

Proposition 3.2. (Some theorems of PL4) The following theorems of C—, will
be useful: (t1) A — A; (t2) [A - (A — B)] - (A — B); (t3) (A — C) —
(B—C)—[(A—B)—B]—C].

The Deduction Theorem (DT) is provable in PL4.

Proposition 3.3. (The deduction theorem—DT) For any set of wffs I' and wff
A, B, ifI'Atpry B, then' Fppa A — B.

Proof. As it is known, DT is provable in any extension of the implicative
fragment of propositional intuitionistic logic (axiomatized by A1, A2 and MP)
with MP as the sole rule of inference (cf. e.g., [22]). O

Definition 3.4. (Logics determined by matrices) Let L be a propositional lan-
guage, M a matrix for L and g a (proof theoretical) consequence relation
defined on L. Then, the logic S (cf. Definition 2.2) is determined by M iff for
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every set of wifs I" and wif A, T'Fg Aiff T Fy A (Fu is here understood either
as a truth-preserving or as a degree of truth-preserving consequence relation).
In particular, the logic S (considered as the set of its theorems) is determined
by M iff for every wif A, Fg A iff Fyy A (cf. Definition 2.4).

We shall prove that the logic PL4 is determined by the matrix MPL4
when Fy is understood as the degree of truth-preserving consequence relation.

In the rest of this section, we prove some facts about the theories built
upon PL4. These facts are used in the completeness proofs of the following
sections. Firstly, the notion of a theory is defined.

Definition 3.5. (PZL4-theories) A PL4-theory (theory, for short) is a set of
formulas containing all theorems of PL4 and closed under Modus Ponens (MP).
That is, a is a theory iff (1) if Fprs A then A € a; and (2) if A — B € a and
A € a, then B € a.

The following classes of theories are of interest for the aims of the paper.

Definition 3.6. (Classes of theories) Let a be a theory. We set (1) a is prime
iff whenever (A — B) — B € a, then A € a or B € q; (2) a is trivial iff a
contains every wif; (3) a is a-consistent (“consistent in an absolute sense”) iff
a is not trivial.

Next, we prove some properties of theories and prime theories w.r.t. the
conditional and negation and, finally, the primeness lemma.

Lemma 3.7. (Theories and double negation) Let a be a theory. For A € F,
A€ aiff —A€a.

Proof. Immediate by A4 and Ab5. O

Lemma 3.8. (The conditional in prime, a-consistent theories) Let a be a prime,
a-consistent theory. For A, B € F, we have (1) A— B € aiff A¢ a or B € a;
(2) "(A—=B)€aiff ~A¢ a and -B € a.

Proof. (1a) Suppose A — B € a and A € a. Then, B € a by MP. (1b)
Suppose A ¢ a. By t2, [A — (A — B)] — (A — B) € a. By primeness,
A€aor A— B €a.So, A— B € a. On the other hand, suppose B € a.
By Al, A — B € a. (2a) Suppose (A — B) € a but =A € a. By A6,
-(A — B) — (A — C) € a for arbitrary C. Then, a is trivial, contradicting
the hypothesis. So, =A ¢ a. On the other hand, by A7, -(A — B) — =B € a.
So, =B € a and consequently, =4 ¢ a and —B € a, as was to be proved. (2b)
Suppose A ¢ a and =B € a. By A8, [-A — -(A — B)] - (A — B) € a.
By primeness, A € a or 7(A — B) € a. So, (A — B) € a, as was to be
proved. U

Lemma 3.9. (Primeness) Let a be a theory and A a wff such that A ¢ a. Then,
there is a prime (and a-consistent) theory x such that a C x and A ¢ x.

Proof. Extend a to a maximal theory x such that A ¢ x. Now, suppose that
x is not prime. Then, there are wifs B and C such that (B — C) — C € x
but B ¢ x and C ¢ x. Define the sets [x,B] = {D | B — D € a}, [z,C] =
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{D| C — D € z}. By using the Deduction Theoremn, it is clear that [z, B] and
[, C] are theories such that = C [z, B],  C [z,C] and (by t1) B € [z, B] and
C € [z,C]. Thus, z 2 [z, B], z 2 [z, C] (since by hypothesis, B ¢ z and C ¢ z).
Consequently, (by the maximality of z) we have A € [z, B], A € [z, C] whence
A € z (by t3 and the hypothesis (B — C) — C € z), which is impossible.
Therefore, x is prime. On the other hand, z is a-consistent (A ¢ z). O

Notice that the proof of Lemma 3.9 just given holds for any extension of
C_, with MP as the sole rule of inference.

In what follows, we shall provide a Belnap—Dunn type bivalent semantics
for PLA4.

4. Belnap—Dunn Type Semantics for PL4

In this section, a Belnap-Dunn type semantics for PL4 is provided and the
soundness theorem is proved. This semantics is “bivalent” in the sense of
Remark 2.8. Firstly, PL4-models and notions of PL4-consequence and P1L4-
validity are defined.

Definition 4.1. (PL4-models) An PL4-model is a structure (K4,1) where (i)
K4 ={{T},{F},{T, F},0}; (ii) I is an PL4-interpretation from F to K4, this
notion being defined according to the following conditions for all p € P and
A,Be F: (1) I(p) € K4; (2a) T € I(—A) iff F € I(A); (2b) F € I(-A) iff
T e I(A); 3a) T € I(A— B)iff T ¢ I(A) or T € I(B); (3b) F € I(A — B)
iff F¢I(A)and F € I(B).

Definition 4.2. (PL4-consequence; PEA-validity) For any set of wifs I' and wif
A, T Fy A (A is a consequence of T' in the PL4-model M) iff (1) T € I(A)
whenever T € I(T'); and (2) F ¢ I(A) whenever F ¢ I(I") (T € I(T) iff
VAeT(T € I(A)); F e I(T) iff 3A e T'(F € I(A))). In particular, Fy A (A is
true in M) iff T' € I(A) and F ¢ I(A). Then, I" Fprs A (A is a consequence of
I in PL4-semantics) iff T' Fyp A for each PE4-model M. In particular, Fpyq A
(A is valid in PL4-semantics) iff Fyy A for each PL4-model M (by Epr4, we
shall refer to the relation just defined).

Next, we prove that I=§IPL4 (the relation defined in the matrix MPL4—
cf. Definition 2.6) and Fpp4 (the consequence relation just defined in PL4-
semantics) are coextensive.

Proposition 4.3. (Coextensiveness of HS/IPM and Fpy4) For any set of wffs T
and wff A, T Eppa A iff T ESppy A

Proof. 1t is trivial given the correspondence between the points of K4 and
those of the set values of MPL4 established in Remark 2.8 (cf. [7], Lemmas 1
and 7). O

Theorem 4.4. (Soundness of PL4 w.r.t. 'ZI\S/[LP4) For any set of wffs T' and wff
A, if Tkppa A, then T Eyypy, A
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Proof. Induction on the length of the derivation. The proof is left to the reader.
(In case a tester is needed, the reader can use that in [14]). O

An immediate corollary of Theorem 4.4 is the following:

Corollary 4.5. (Soundness of PL4 w.r.t. Eppy) For any set of wffs T' and wff
A, ’LfF I_PL4 A, then I ':pL4 A

Proof. Immediate by Theorem 4.4 and Proposition 4.3. O

5. Completeness of PL4

We shall define the notion of a preferred model upon a-consistent and prime
theories. By using the primeness lemma, it is then shown that each non-
consequence A of a set of formulas I' fails to belong to some a-consistent and
prime theory that includes I'; that is, it is shown that each non-consequence
A of a set of formulas T is not true in some preferred model of I'. We begin by
defining the basic notion of a 7-interpretation.

Definition 5.1. (7 -interpretation) Let K4 be the set {{T},{F},{T, F},0} as
in Definition 4.1. And let 7 be an a-consistent and prime theory. Then, the
function I from F to K4 is defined as follows: for each p € P, we set (a)
Tellp) iff pe T; (b) F e I(p) iff -p € T. Next, I assigns a member of
K4 to each A € F according to conditions 2 and 3 in Definition 4.1. Then,
it is said that I is a 7-interpretation. (As in Definition 4.1, T € I(T") iff
VAeT(T € I(A)); F € I(T) iff 3A € T(F € I(A))).

Definition 5.2. (Preferred PE4-models) A preferred PL4-model is a structure
(K4, I7) where K4 is defined as in Definition 4.1 (or as in Definition 5.1) and
I7 is a T-interpretation built upon an a-consistent and prime theory 7.

Proposition 5.3. (Any preferred PL4-model is a PL4-model) Let M = (K4, I7)
be a preferred PL4-model. Then, M is indeed a PL4-model.

Proof. Tt follows immediately by Definitions 4.1 and 5.2 (by the way, notice
that each propositional variable—and so, each wif A—can be assigned {T'},
{F}{T,F} or 0, since 7 is required to be a-consistent but nor complete or
consistent in the classical sense). O

The following lemma generalizes conditions a and b in Definition 5.1 to
the set F of all wifs.

Lemma 5.4. (7-interpreting the set of wifs F) Let I be a T -interpretation
defined on the theory T. For each A € F, we have: (1) T € I(A) iff A € T;
(2) FeI(A) iff-AeT.

Proof. Induction on the length of A (the clauses cited in points a, b and ¢
below refer to the clauses in Definition 5.1—Definition 4.1—H.I abbreviates
“hypothesis of induction”). (a) A is a propositional variable: by conditions a
and b in Definition 5.1. (b) A is of the form —=B: (i) T' € I(—B) iff (clause
2a) F € I(B) iff (HI) =B € 7. (ii) F € I(-B) iff (clause 2b) T € I(B)
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iff (HI) B € 7 iff (Lemma 3.7) -—B € 7. (c) A is of the form B — C: (i)
TelI(B— C)iff (clause 3a) T ¢ I(A)or T € I(B)iff (HI) (A¢ T orBeT)
iff (Lemma 3.8) B— C € 7. (ii) F € I(B — C) iff (clause 3b) F ¢ I(B) and
FelI(C)iff (HI) (B — C) € T (Lemma 3.8). O

In what follows, we turn to the completeness proof. The standard concept
of “set of consequences of a set of wils” is useful and it is defined as follows
for the logic treated in this paper.

Definition 5.5. (The set CnI'[PE4]) The set of consequences in PL4 of a set
I, CnI'[ PL4] is defined as follows: CnI'[PL4] = {A | T Fpry A} (cf. Defini-
tions 2.2, 3.1).

It is clear that CnI'[PL4] is a theory, for any T

Theorem 5.6. (Completeness of PL4 w.r.t. Epry) For any set of wffs T' and
wﬁ A, sz ':PZA A, then T’ l_pL4 A.

Proof. We prove the contrapositive of the claim. For some set of wifs I' and
wif A, suppose I Fprs A. Then, A ¢ CnI'[PL4]. So, by Definition 5.5 and
Lemma 3.9, there is a prime (and a-consistent) theory 7 such that CnI'[PL4] C
T and A ¢ 7. By Definition 5.1 and Lemma 5.4, 7 induces a 7 -interpretation
I such that (1) T ¢ I(A) and (2) T € I(T') (I' € CuI'[PL4] C 7). Thus,
by 1 and 2, we have T" ¥+ A (Definition 5.2), hence, by Definition 4.2 and
Proposition 5.3, I' Bpr4 A, as it was required. O

Corollary 5.7. (Strong sound. and comp. w.r.t. Fppy4 and Fypra) For any set
of wifs T' and wff A, we have (1) T' Fpry A iff T Epra A; (2) T Fpry A iff
r ':%/[P,{A A.

Proof. (1) By Corollary 4.5 and Theorem 5.6. (2) By Theorem 4.4 and Theo-
rem 5.6 with Proposition 4.3. O

6. Some Facts About PL4

We begin with the proof of an important fact for the significance of PL4: the
rule Contraposition is admissible in PL4 (cf. Point 5 in the Introduction to
this paper). Firstly, the notions of ‘admissible rule’ and ‘derivable rule’ and
the related ones ‘rule of proof’ and ‘rule of inference’ are defined.

Remark 6.1. (On ‘rules of inference’ and ‘rules of proof’) The distinction
between ‘rules of proof’ and ‘rules of inference’ is essential in the context of
some substructural logics formulated in the Hilbert-style way. Let S be a logic
formulated in this way (cf. Definition 2.2) and : 41 & Az &,..., & A, =
B be arule of S. Then, r is a ‘rule of inference’ if it can be applied to no matter
which premises formulated in the language of S; but r is a ‘rule of proof” if r
is applied only in case Ay,..., A, are theorems of S.

The case of relevant logics is paradigmatic. Actually, to the best of our
knowledge, Ackermann (the father of relevant logics) was the first logician
who defined a logic (his systems IT and 1T, cf. [1]) whose formulation leans
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essentially on the aforementioned distinction. Although he did not define the
notions involved, Ackermann strongly stressed (cf. [1], pp. 119-120) that the
rule d,ie., B & A — (B — C) = A — C can only be applied if B is a “Logis-
che Identitdt” (a logical theorem). A number of relevant logics are formulated
with both rules of inference and rules of proof. For example, Anderson and
Belnap’s logic of Entailment E can be axiomatized with MP and Adj as rules
of inference and Assertion (A = (A — B) — B) as a rule of proof (cf. [32]).
On the other hand, Routley and Meyer’s basic logic B (cf. [32]) or Brady’s
weak relevant logics (cf. [8]) have the rules Prefixing ans Suffixing as rules of
proof.

Rules of inference and rules of proof can be assumed as primitives in a
system S or else they can be proved as derived rules in S, which takes us to
the next remark.

Remark 6.2. (On ‘admissible rules’ and ‘derivable rules’) Anderson and Belnap
remark: “We will say that a rule: from Ay, ..., A, to infer B, is derivable when
it is possible to proceed from the premisses to the conclusion with the help of
the axioms and primitive rules alone” [2, p. 54]. On the other hand, a rule is
admissible if “whenever there is a proof of the premisses, there is also a proof
of the conclusion” [2, p. 54].

Thus, for example, the rule Prefixing (Pref) (B — C = (A — B) —
(A — ()) is derivable in standard relevant logics such as T, E or R (cf. [2])
but Disjunctive Syllogism (DS) (AVv B & —A = B) is only admissible
(not derivable) in the said logics. From another perspective, Pref is a rule of
inference and DS is a rule of proof in T, E or R. Concerning Con in PL4, it
is an admissible rule, as it is shown below. So, it could have been added as a
rule of proof to the formulation of PL4 (cf. Definition 3.1), although such an
addition would be unnecessary. Nevertheless, Con is not derivable in PL4 as
proved in Proposition 6.4.

Proposition 6.3. (Admissibility of Con and Efq in PL4) The rules Contra-
position (Con) and ‘E falso quodlibet’ (‘Any proposition follows from a false
proposition’—Efq), that is, (Con) A — B = —-B — —A (A — B implies
-B — —A); (Efq) A= —-A — B (A implies ~A — B) are admissible in PLA4.

Proof. (1) Suppose that A — B is a theorem of PL4. We prove that -B — —A
is a theorem as well. Let I be any MPL4-interpretation (cf. Definition 2.6).
By Corollary 5.7 (soundness), I(A — B) = 3. Then, it is easy to check that
I(-B — —A) = 3. So, =B — —A is a theorem by applying Corollary 5.7 again
(completeness). (2) If A is a theorem of PL4, then —A — B is a theorem as
well. The proof of 2 is similar to that of 1 and is left to the reader (actually,
it can easily be proved (on purely proof-theoretic grounds) that, given PL4, if
Con is admissible, then Efq is admissible as well—use Al). O

Proposition 6.4. (Con is not derivable in PL4) The rule Con is not derivable
in PL4.

Proof. Let T' = {By,...,B,}. It is obvious that we have T Fpyy A iff Fpry
(B A--- A Bp) — A. Consequently, {A — B} Fpry -B — —A since Eprq
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(A — B) — (-B — —A). (Anyway, we have, of course, Fpyy A — B =
':pL4 -B — —|A) O

Next, we briefly investigate the properties of PL4 as a paraconsistent
logic.

As it is well-known, the notion of paraconsistency can be rendered as
follows (cf. [9] or [27]).

Definition 6.5. (Paraconsistent logics) Let |k represent a consequence relation
(may it be defined either semantically or proof-theoretically). Then, a logic S
is paraconsistent if, for any wffs A, B, the rule Ecq A, -A I B does not hold
in S.

In other words, a logic is paraconsistent if theories built upon S are not
necessarily trivial when a contradiction arises. Then, concerning the logic stud-
ied in this paper, we prove:

Proposition 6.6. (PL4 is paraconsistent) The logic PE4 is a paraconsistent
logic.

Proof. Consider an MPL4-interpretation I such that I(p;) = 2 and I(p,,) =1
for the ith and mth propositional variables p; and p,,. Then, I({p;, —p;}) %

I(pm). So, pi, —pi %MPM pm and consequently, Ecq does not hold in PL4. [

Sometimes a logic is defined to be paraconsistent if at least one of its
inconsistent theories (i.e. theories containing a wff and its negation) is not
trivial. In this sense, we prove:

Proposition 6.7. (Inconsistent theories that are not trivial) There are prime,
inconsistent theories (i.e. theories containing a wff and its negation) that are
not trivial.

Proof. Let p; and p,, (i # m) be propositional variables and consider the
set y = {A | {pi,—pi} Fpra A}. It is clear that y is a theory and that it is
inconsistent since p; and —p; belong to y. Anyway, y is not trivial: {p;, —p;}
is assigned the value 2 and p,, the value 1 for any MPL4-interpretation [
such that I(p;) = 2 and I(p,) = 1. So, {pi;,—pi} ¥prL4 Pm by soundness
(Corollary 5.7). Consequently, p,, ¢ y. Now, by Lemma 3.9, there is a prime
(and a-consistent) theory x such that y C z and p,, ¢ z. Therefore, x is
inconsistent, but not trivial. O

Consider now the following definition:

Definition 6.8. (Weak consistency) Let a be a theory. Then, a is w-inconsistent
(“inconsistent in a weak sense”) iff for some theorem A of PL4, —=A € a; a is
w-consistent (“consistent in a weak sense”) iff a is not w-inconsistent (cf. [28]
on the label “w-consistent”).

We prove:

Proposition 6.9. (a-consistency and w-consistency) Let a be a theory. Then, a
s a-consistent iff a is w-consistent.
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Proof. Tt is immediate by the admissibility of Efq in PL4 (cf. Proposition 6.3):
if a contains the negation of theorem, then a contains every wif. O

Remark 6.10. (On the collapse of theories into triviality) As we have seen, a
theory containing the negation of a theorem is trivial. Also, a theory is trivial if
it contains a negated conditional together with the negation of the antecedent
(cf. A6 in Definition 3.1).

On the other hand, let us recall that, as it is well-known, Ecq does not
hold in minimal intuitionistic logic I,,,. So, according to Definition 6.5, I, is a
paraconsistent logic, no matter the fact that the following restriction of Ecq
(Ecq’) AA—AIF =B does hold in I,,,. This is not the case with PL4, where
Ecq does not hold in general when B presents one of the forms C A D, C'V D,
C — D or =C, as it is shown below (for any A, B € F, A A B abbreviates
-[(mA — —-B) —» -B] and AV B, (A — B) — B; cf. Proposition 7.6).

Proposition 6.11. (Restricted forms of Ecq not holding in PL4) Let A, B, C
be any wffs and let S A represent that n (n > 0) symbols of negation (—) are
preceding A. Consider now the following restricted forms of Ecq: (1) ZA N
A B - (2 PAAN A BAC 3) PANS A BV O (4)

TAN"S A B (Cf. Definition 6.5). Then, the rules (1)—(4) do not hold in
PLA4.

Proof. Consider a MPL4-interpretation I such that I(p;) = 1, I(p;) = 3,
I(pn) = 0, I(pm) = 0, for distinct propositional variables p;, p;, pn and pp,.
"Elp;) = 1. Then, (1) I[("p;A"5'p;) —
(pi = p)] = 2 (2) 11(%p; A"5'ps) = (pi Apm)] = 2 (3) [y A" 'py) —
(pn V Pm)] = 2 (4) 1[("py A" 'py) = —pi] = 2. O

This interpretation is such that I(ij/\

7. Some Connectives Definable in PL4

In this section we remark some of the connectives definable in PL4. In partic-

ular, we define the following: three different negation operators (:\, 2, E]\), and
possibility (M), necessity (L), conjunction (A) and disjunction (V) operators.
Some of these are generally definable in negation expansions (by means of the
negation operator — of MPL4) of “natural implicative 4-valued matrices” (cf.
Definition 7.3). Since the proof of the general case does not add any special
difficulty to the particular case of the matrix MPL4, we will derive the proof
of the latter from that of the former.
Following Tomova in [33], we define ‘natural conditionals’ as follows:

Definition 7.1. (Natural conditionals) Let L be a propositional language with
— among its connectives and M be a matrix for L. where the values x and
y represent the maximum and the infimum in V. Then, an f_ -function on V
defines a natural conditional if the following conditions are satisfied:
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1. f— coincides with (the f_-function for) the classical conditional when
restricted to the subset {x,y} of V.

2. f_, satisfies Modus Ponens, that is, for any a,b € V, if a — b € D and
a € D, then b € D.

3. Forany a,b €V, a—be Difa<hb.

Proposition 7.2. (Natural conditionals in 4-valued matrices) Let L be a propo-
sitional language and M a 4-valued matriz for L where V and D are defined
exactly as in ME (or as in MPE4). Now, consider the 2304 f_ -functions
defined in the following general table:

—]0 1 2
013 3 3
TI 1 ay 3 as
2 az Qa4 3
310 by b

W W W Wl w

where a;(1 <i<4) €{0,1,2,3} and b;(j =1 or j =2) € {0,1,2}. The
set of functions (contained) in TI is the set of all natural conditionals definable
m M.

Proof. (1) f-.(0,0) = f (0,1) = f-(0,2) = f-(0,3) = f-(1,1) = f-(1,3) =
f=(2,2) = f=(2,3) = f-(3,3) = 3 are needed in order to fulfill clause 3 in
(

2
Definition 7.1. (2) f—(3,0) = 0 is required by clause 1 in the same definition.
(3) Finally, f(3,1) € {0,1,2} and f_(3,2) € {0, 1,2} are necessary by clause
2 in Definition 7.1. g

Leaning on the notion just defined, we set:

Definition 7.3. (Natural implicative 4-valued matrices) Let L be a propositional
language with the connective —. And let M be a 4-valued matrix where } and
D are defined as in Definition 2.6. Moreover, let f_, be one of the functions
(defining one of the conditionals) in TT (in Proposition 7.2). Then, it is said
that M is a natural implicative 4-valued matrix. (Notice that we are supposing
that V is partially ordered as stated in Definition 2.5).

In what follows, we investigate some of the negation and modal connec-
tives definable in negation expansions (by means of the negation operator —
of MPL4) of natural implicative 4-valued matrices.

Proposition 7.4. (Additional negations) Let M be a natural implicative matriz
where f-, is defined as in MPL4. Then, the additional negation connectives 2
and = given by the following tables:

(001 2 3 (01 2 3

3330 2/3000

are definable in M.

Proof. For any wif A, let %A =gt A — =A and 2A =g¢ ~(=A — A). O
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Proposition 7.5. (Possibility and necessity) Let M be a natural implicative
matriz where f- is defined as in MPEA. Then, the possibility (M) and necessity
(L) operators given by the following tables:
(001 2 3 |0
M[0 3 33 LJO
are definable in M.

1 2 3
0 0 3

Proof. For any wif A, let MA =4 %%A and LA =4 %2 A where = is any of

o o D
the three negation operators at our disposal (i.e., =, = and —; the operator =
(defined in Proposition 7.8) would also work). O

Thus, the operators ;, 2 , M and L are definable in any natural implica-
tive 4-valued matrix where f- is defined as in MPL4. Consequently, they are
definable in PL4. Furthermore, Proposition 7.8 shows that the Boolean nega-
tion characteristic of ML is definable, whence classical propositional logic is
also definable in PL4 as it is the case with L. But firstly, conjunction (A) and
disjunction (V) are defined.

Proposition 7.6. (Conjunction and disjunction) The conjunction (A) and dis-
Junction (V) connectives given by the following tables are definable in MPEA.

AlO 1 23 V[0 1 2 3

0j]0 0 0 O 0jo0o 1 2 3
110 1 0 1 1711 3 3
210 0 2 2 212 3 2 3
310 1 2 3 313 3 3 3

Proof. For any A,B € F, let AVB =4t (A - B) — B and AAB =g
—(=AV =B). (We note that these definitions of A and V give the same tables
for these connectives in the matrix ML as a result). O

We note the following proposition:

Proposition 7.7. (All theorems of C are theorems of PL4) All theorems of
classical positive logic Cy are theorems of PLA.

Proof. The following theses are MPL4-valid, and so, provable in PL4 by Corol-
lary 5.7 A — (AVB); B — (AVB); (A—C) - [(B— C) — [(AVB) — C};
(ANB) — A; (ANB) — B; A — [B — (A A B)|. But these theses axiomatize
C, together with MP and A1, A2 and A3 of PL4. O

In addition to the negation operators 2 and :, the following proposition
shows that the Boolean negation characteristic of ML is definable.

Proposition 7.8. (Another additional negation definable in PL4) The addi-
tional negation connective given by the following table:
(01 2 3

s 210

is definable in PLA4.
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Proof. For any A, set E]\A =gt A — (A — A). O
Then, we have:

Proposition 7.9. (All theorems of CL are theorems of PL4) All theorems of
classical propositional logic CL are theorems of PEA4.

Proof. (EA — g\B) — (B — A) is provable in PL4 since it is MPL4-valid
(Corollary 5.7). But this thesis axiomatizes CL together with MP and A1, A2
and A3 of PL4. O

In what follows, we note some more theorems of PL4 expressed in the
new connectives. It will suffice to check that they are MPL4-valid since they
are then theorems by Corollary 5.7 (in case a tester is needed, the reader can
use that in [14]).

Proposition 7.10. (The De Morgan laws are provable in PL4) The following
are provable in PL4: =(AV B) < (mA A -B); -(AAB) < (mAV =B);
(AV B) < =(=AA-B); (AANB) < —~(-AV -B).

Next, we record some modal theses provable in PL4.

Proposition 7.11. (Some modal theses provable in PL4) The following are
provable in PE4: (T1) LA < —-M~-A; (T2) MA < —L-A; (T3) LA — A; (T4)
A — MA; (T5) LA — LLA; (T6) MA — LMA; (T7) MLA — LA; (T8)
L(A— B)— (LA— LB); (T9) L(AANB) < (LAANLB); (T10) M(AV B) <
(MAvV MB); (T11) M(A — B) « (LA — MB); (T12) (MA — LB) —
L(A — B) ; (T13) (MA — MB) — M(A — B); (T14) (LAV LB) — L(AV
B); (T15) M(AA B) — (MAAMB); (T16) L(AV B) — (LAV MB); (T17)
(MAANLB) — M(AAB); (T18) A— (mAV LA); (T19) (-LAA A) — —A.

The reader has undoubtedly recognized T1-T17 as some significant the-
orems of Lewis’ S5. Theses T18 and T19 (that will briefly be commented on
in Remark 7.14) are not, however, provable in S5. Actually, addition of any of
them to S5 would cause the collapse of S5 into classical propositional logic.

In addition to the provable theses just recorded, the following important
modal rules are admissible in PL4.

Proposition 7.12. (Admissibility of Nec, dM_, and dL_,) Consider the follow-
ing rules. Necessitation (Nec) A = LA, Distribution of M in — (dM_) A —
B = MA — MB and Distribution of L in — (dL_,) A — B = LA — LB.
The rules Nec, dM_, and dL_, are admissible in PLA. That is, if A (A — B)
is a theorem of PE4, then LA (MA — MB, LA — LB) is a theorem as
well.

Proof. Tt is immediate by using the soundness and completeness theorems (cf.
Corollary 5.7). Let us prove the admissibility of Nec as a way of an example.
Suppose Fpps A. By soundness, Fyprga A. Then, it is easy to check that
Empra LA, whence Fpyy LA follows by completeness (cf. Corollary 5.7; cf. the
proof of the admissibility of Con in Proposition 6.3). O
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On the other hand, we record some schemes not provable in PEL4.

Proposition 7.13. (Modal wffs not provable in PL4) The following wffs are
not provable in PL4: (F1) A — LA; (F2) MA — A; (F3) LMA — A; (F4)
A— MLA; (F5) (A — B) — (MA — MB); (F6) (A — B) — (LA — LB);
(F7) (MAANMB) — M(AANB); (F8) L(AV B) — (LAV LB); (F9) LA —
(B— LB); (F10) LA — (MB — B).

Proof. 1t is easy to check that each one of these wifs is invalidated in the
matrix MPL4. Consequently, they are not provable in PL4 by the soundness
theorems (cf. Corollary 5.7). Provability of F1-F4 would result in collapse, that
is, in the provability of A < LA (A < MA). Concerning F5-F10, provable
in Lukasiewicz’s 4-valued modal logic L (cf. Definition 2.5; cf. [23]), they are
instances of the Lukasiewicz-type modal paradoxes referred to in the title of
the paper. O

The section is ended with a brief comment on theorems T18 and T19 of
PL4 on the one hand, and with a proof that PL4 cannot be extended with the
“Principle of excluded middle” and other strong theses, on the other.

Remark 7.14. (On two modal theses of PEA) In his nice paper [24], Minari notes
that Lukasiewicz “skillfully takes advantage of the failure of the contraction
law in L3” [24, p. 164] “and proposes the L3-thesis A — (A — LA) as a
(partially) adequate formal version of the classical principle Unumquodque,
quando est, oportet esse” (cf. [24], p. 164). The PL4-thesis A — (A V LA)
(and the equivalent (LA A A) — —A) can be similarly viewed: PL4 does not
collapse in classical logic because of the failure of (-AV B) — (A — B) in
PL4 ((A — B) — (=AV B) also fails, cf. Corollary 7.17 below). Only there is
a difference: in L3 the paradoxes F7 and F8 are provable; in PL4, they are not
(cf. Proposition 7.13).

In sum, Propositions 7.11-7.13 support the conclusion that PL4 can be
understood as a (strong) genuine (4-valued) modal logic.

Proposition 7.15. (Given PL4, PEM and AEfq are equivalent) The “Principle
of excluded middle” (PME) is the thesis AV —A; the Efg-axiom (AEfq) is the
thesis ~A — (A — B). Given the logic PL4, PME and AEfq are deducible
from each other.

Proof. (a) Let AV —A be added to PL4. Then, we have (1) =B — (AV—-A) by
A1; by 1, Con, double negation and the De Morgan laws, (2) (A A —-A) — B.
Finally, -A — (A — B) is immediate by using the thesis [(A A B) — C] <
[A— (B — C)]. (b) Let ~A — (A — B) be added to PL4. Then, AV —A is
proved by proceeding backwards in the proof of case (a). O

Proposition 7.16. (PL4 plus PEM or AEfq is CL) The result of adding PEM
or AEfq to PL4 is a logic equivalent to classical propositional logic CL.

Proof. Suppose that PEM (so AEfq) is added to PL4. It will be proved that
the contraposition axiom (-B — —A) — (A — B) is derivable and thus, that
classical propositional logic is derivable as well. By C_, (cf. Definition 3.1), we
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have (1) [B — (A — B)] = [[-B — (A = B)] — [(BV =B) — (A — B)]].
By MP (with A1), we have (2) [-B — (A — B)] — [(BV —-B) — (A — B)].
By the Permutation axiom and MP (with PEM), we obtain (3) [-B — (A —
B)] — (A — B). By AEfq and the Prefixing rule, we get (4) (=B — —A4) —
[-B — (A — B)]. Finally, the desired result follows by 3 and 4. O

Notice that an immediate corollary of Proposition 7.16 is the following:

Corollary 7.17. (PL4 plus (A — B) — (-AV B)) The result of adding (A —
B) — (mAV B) or (AV B) — (A — B) to PL4 is equivalent to CL.

Proof. Immediate by Proposition 7.16. O

8. Concluding Remarks

We briefly record a few remarks around the results obtained and a conclusion
to the paper.

1. The basic paralogics extending C;; (Cy with a falsity constant f added)
are the following, according to [3]: (CLuN) C,f plus (A — —A) — —-A
or AV —A4; (CLaN) C4f plus ~A — (A — B); (CLoN) C,; without
further axioms added. (Recall that PL4 contains all axioms of Cy. Cf.
Proposition 7.7).

Maximal paralogics are obtained by adding to each one of these sys-
tems the following axioms: (a) A < —=4; (b) =(AV B) < (A A -B);
(¢) "(AAB) < (mAV -B); and (d) =(A — B) « (A A -B). According
to this classification, PL4 is a paraconsistent and paracomplete extension
of CLoN with (in addition to Con as a rule of proof) axioms a, b and c.
Recall that addition of AV -4, -A — (A — B), =(A — B) — (AA—B) or
(AAN-B) — —=(A — B) results in a collapse into CL—cf. Proposition 7.16
and Corollary 7.17). It would be interesting to investigate if PL4 is a max-
imal paraconsistent and/or paracomplete logic w.r.t CL.

2. There is a number of paraconsistent logics extending C; (cf., e.g., [9] or
[27]; cf. also [15]); of these, [25,26,35,36] have some relation with PL4,
especially the systems investigated in [25,26] in which Con holds as a rule
of proof. It seems worthwhile to investigate the structure of the family of
paraconsistent logics extending C and the place PL4 occupies in it.

3. In [6], some suggestions are advanced for defining 4-valued modal logics.
We think that PL4 can be considered as a version of Beziau’s Partial Modal
4-valued logic, PM4, with a paraconsistent negation and when D = {3}.
(Recall that the set of all Ff; ,-valid formulas is exactly the set of theorems
of PL4—cf. Definition 2.6 and Remark 2.7).

4. PL4 can be more conspicuously axiomatized by using the connectives A,V
and L in addition to — and —. Then, we can add the following axioms to A1-
A8 in Definition 3.1: A9 (AAB) — A/(AAB) — B; A10 A — [B — (AAB)];
A1l A— (AVB)/B— (AVB); A12(A—-C)—[(B—C)—[(AVB) —
Cl]; A13 LA — A; A14 (LAAN—A) — B; A15 A — (=AV LA). A Belnap—
Dunn semantics can be defined for this axiomatization of PL4 by adding the



Vol. 9 (2015) A Strong and Rich 4-Valued Modal Logic 519

following clauses to 1-3 in Definition 4.1: (4a) T' € I(AAB) iff T € I(A) and
Tel(B); (4a) FeI(AANB) it FelI(A)or FelI(B); (5a)T €lI(AVB)
it T € I(A) or T € I(B); (5b) F € I(AV B) iff F € I(A) and F € I(B);
(6a) T € I(LA)ff T € I(A) and F ¢ I(A); (6b) F € I(LA)iff T ¢ I(A) or
F € I(A). (The truth tables for A and V are displayed in Proposition 7.6;
the table for L, in Proposition 7.5). It would not be difficult to show that
the system just described and PL4 are (definitionally) equivalent, but we
leave the matter for another paper.

5. Smiley’s 4-valued matrix MSm4 is the structure (V, D,F) where V and D
are defined exactly as in ML (or in MPL4) and F = {f_,, fA, fv, f~} where
f- is the function in Definition 2.5, f5 and fy are defined according to the
tables in Proposition 7.6, and, finally, f_., according to the following table:

-0 1 2 3
03333
1 (030 3
2 {0 0 3 3
3100 0 3

MSm4 is characteristic for Anderson and Belnap’s First Degree Entail-
ment Logic, FDE (cf. [2], pp. 161-162). Now, PL4 can be viewed as the
logic determined by the matrix MSm4’ where MSm4’ is defined exactly
as MSm4 except for the f_. function, defined according to the —-table in
Definition 2.5 (and in Definition 2.6). In other words, MSm4 and MPL4
are two different implicative expansions of the matrix (V, D,F) where F=
{fr, fv, f=} and V, D, fa, fv and f-, are defined as indicated above. From
another point of view, MSm4 and MPL4 are natural 4-valued implicative
matrices.

6. It is conjectured that the logic characterized by the relation Fji;p;, (cf.
Definitions 2.4 and 2.6) can be axiomatized by adding to PL4 Con as a rule
of inference, whence Ecq is immediately derivable. The investigation about
this logic is left for another paper.

We conclude by stating our belief that, as the title of the paper reads, PL4
is a strong, rich (in expressive power) genuine modal logic that is quasi-normal
in the sense that the rule Necessitation (Nec) is admissible. Furthermore, it
is a paraconsistent and paracomplete logic that (we hope) may be useful in
inconsistent and/or incomplete situations.

Acknowledgements

Work supported by research project FFI2014-53919-P financed by the Spanish
Ministry of Economy and Competitiveness. G. Robles is supported by Program
Ramén y Cajal of the Spanish Ministry of Economy and Competitiveness
(RYC-2010-06319). We are grateful to a referee of LU who provided useful
comments and suggestions on a previous version of this paper. This paper is
dedicated to Javier Méndez Rodriguez (270959-290715), in memoriam.



520 J. M. Méndez and G. Robles Log. Univers.

References

[1] Ackermann, W.: Begriindung einer strengen implikation. J. Symb. Log. 21(2),
113-128 (1956)

[2] Anderson, A.R., Belnap, N.D. Jr.: Entailment. The logic of relevance and neces-
sity, vol. I. Princeton University Press, Princeton (1975)

[3] Batens, D., De Clercq, K., Kurtonina, N.: Embedding and interpolation for some
paralogics. The propositional case. Rep. Math. Log. 33, 29-44 (1999)

[4] Belnap, N.D.: How a computer should think. In: Ryle, G. (ed.) Contemporary
Aspects of Philosophy. Oriel Press Ltd, Stocksfield (1977)

[5] Belnap, N.D.: A useful four-valued logic. In: Dunn, J.M., Epstein, G. (eds.)
Modern Uses of Multiple-Valued Logic. D. Reidel, Dordrecht (1977)

[6] Béziau, J.: A new four-valued approach to modal logic. Log. Anal. 54, 18-33
(2011)

[7] Brady, R.T.: Completeness proofs for the systems RM3 and BN4. Log. Anal. 25,
9-32 (1982)

[8] Brady, R.T. (ed.): Relevant logics and their rivals, vol. II. Ashgate, Aldershot
(2003)

[9] Carnielli, W., Coniglio, M., Marcos, J.: Logics of formal inconsistency. In: Gab-
bay, D., Guenthner, F. (Eds.) Handbook of Philosophical Logic, vol. 14, pp.
1-93. Springer, Berlin (2007)

[10] Dunn, J.M.: The algebra of intensional logics. Doctoral dissertation, University
of Pittsburg, Ann Arbor, University Microfilms (1966)

[11] Dunn, J.M.: Intuitive semantics for first-degree entailments and ‘coupled trees’.
Philos. Stud. 29, 149-168 (1976)

[12] Dunn, J.M.: Partiality and its dual. Stud. Log. 65, 5-40 (2000)

[13] Font, J.M., Hajek, P.: On Lukasiewicz four-valued modal logic. Stud. Log. 70(2),
157-182 (2002)

[14] Gonzélez, C.: MaTest. (2012). http://ceguel.es/matest. Accessed 01 July 2015

[15] Kamide, N.: Proof systems combining classical and paraconsistent negations.
Stud. Log. 91(2), 217-238 (2009)

[16] Karpenko, A.S.: Jaskowski’s criterion and three-valued paraconsistent logics.
Log. Log. Philos. 7, 81-86 (1999)

[17] Lukasiewicz, J.: On three-valued logic. In: Lukasiewicz, J., Borkowski, L. (eds.)
Selected Works, vol. 1970, pp. 87-88. North-Holland, Amsterdam (1920)

[18] Lukasiewicz, J.: Aristotle’s Syllogistic from the Standpoint of Modern Formal
Logic. Clarendon Press, Oxford (1951)

[19] Lukasiewicz, J.: A system of modal logic. J. Comput. Syst. 1, 111-149 (1953)

[20] Lukasiewicz, J.: Selected Works. North-Holland, Amsterdam (1970)

[21] Lukasiewicz, J., Tarski, A.: Untersuchungen iiber den aussagenkalkiil. Compt.
Rend. Séances Soc. Sci. Lett. Vars. III(23), 1-21 (1930). [English transla-

tion: Investigation into the sentential calculus. In: J. Lukasiewicz (ed. by L.
Borkowski), Selected works, North-Holland Pub. Co., Amsterdam, 1970]

[22] Mendelson, E.: Introduction to mathematical logic. In: The University Series in
Undergraduate Mathematics. D. Van Nostrand Co., Princeton (1964)

[23] Méndez, J.M., Robles, G., Salto, F.: An interpretation of Lukasiewicz’s 4-valued
modal logic. J. Philos. Log. (2015). doi:10.1007/s10992-015-9362-x


http://ceguel.es/matest
http://dx.doi.org/10.1007/s10992-015-9362-x

Vol. 9 (2015) A Strong and Rich 4-Valued Modal Logic 521

[24] Minari, P.: A note on Lukasiewicz’s three-valued logic. Annali del Dipartimento
di Filosofia VII, 163-189 (2002). doi:10.13128/Annali_Dip_Filos-1969

[25] Mruczek-Nasieniewska, K., Nasieniewski, M.: Syntactical and semantical char-
acterization of a class of paraconsistent logics. Bull. Sect. Log. 34(4), 229-248
(2005)

[26] Mruczek-Nasieniewska, K., Nasieniewski, M.: Paraconsistent logics obtained by
J.-Y. Béziau’s method by means of some non-normal modal logics. Bull. Sect.
Log. 37(3/4), 185-196 (2008)

[27] Priest, G.: Paraconsistent logic. In: Gabbay, D., Guenthner, F. (eds.) Handbook
of Philosophical Logic, vol. 6, pp. 287-393. Springer, Berlin (2002)

[28] Robles, G., Méndez, J.M.: The basic constructive logic for a weak sense of con-
sistency. J. Log. Lang. Inf. 17/1, 89-107 (2008)

[29] Robles, G., Méndez, J.M.: A binary Routley semantics for intuitionistic De Mor-
gan minimal logic H.{M} and its extensions. Log. J. IGPL 23(2), 174-193 (2015).
doi:10.1093 /jigpal /jzu029

[30] Robles, G.: An affixing Routley-Meyer semantics for the 4-valued modal logic
PL4 (Manuscript)

[31] Routley, R., Routley, V.: Semantics of first-degree entailment. Nots 1, 335-359
(1972)

[32] Routley, R., Meyer, R.K., Plumwood, V., Brady R.T.: Relevant logics and their
rivals, vol. 1. Ridgeview Publishing Co., Atascadero (1982)

[33] Tomova, N.: A lattice of implicative extensions of regular Kleene’s logics. Rep.
Math. Log. 47, 173-182 (2012)

[34] Tkaczyk, M.: On axiomatization of Lukasiewicz’s four-valued modal logic. Log.
Log. Philos. 20(3), 215-232 (2011)

[35] Tuziak, R.: Paraconsistent extensions of positive logic. Bull. Sect. Log. 25(1),
15-20 (1996)

[36] Tuziak, R.: Finitely many-valued paraconsistent systems. Log. Log. Philos. 5,
121-127 (1997)

[37] Van Fraasen, B.: Facts and tautological entailments. J. Philos. 67, 477-487
(1969)

José M. Méndez

Universidad de Salamanca
Campus Unamuno, Edificio FES
37007, Salamanca

Spain

e-mail: sefus@usal.es


http://dx.doi.org/10.13128/Annali_Dip_Filos-1969
http://dx.doi.org/10.1093/jigpal/jzu029

522 J. M. Méndez and G. Robles

Gemma Robles

Dpto. de Psicologia, Sociologia y Filosofia
Universidad de Leén

Campus de Vegazana, s/n

24071 Leén

Spain

e-mail: gemma.robles@unileon.es

Received: April 19, 2014.
Accepted: September 5, 2015.

Log. Univers.



	A Strong and Rich 4-Valued Modal Logic Without Łukasiewicz-Type Paradoxes
	Abstract
	1. Introduction
	2. The Matrix MPŁ4
	3. The Logic PŁ4
	4. Belnap--Dunn Type Semantics for PŁ4
	5. Completeness of PŁ4
	6. Some Facts About PŁ4
	7. Some Connectives Definable in PŁ4
	8. Concluding Remarks
	Acknowledgements
	References




