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Abstract In this paper we present some examples of calculation the Lebesgue outer measure of some subsets of
RR? directly from definition 1. We will consider the following subsets of R2: {(x, y) € R?:0<y<x?xel01]},
{(x,y) e R : 0 < y < exp(=x),x > 0}, {(x,y) e R : Inx <y <0,x € (0,11}, {(x,y) e R : 0 <
y <1/x,x > 1}, {(x,y) € R?:0 < y <sinx,x € [0,7/2]}, {(x,y) € R?:0 < y < exp(x),x € [0, 1]},
{(x,y) € RZ:0 <y <In(l1—-2rcosx +r2), x € [0, ]}, r > 1 and some others. We could not find any analogical
examples in available literature (except for rectangle and countable sets), so this paper is an attempt to fill this gap.
We calculate sums, limits and plot graphs and dynamic plots of needed sets and unions of rectangles sums of which
volumes approximate Lebesgue outer measure of the sets, using Mathematica. We also show how to calculate the
needed sums and limits by hand (without CAS). The title of this paper is very similar to the title of author’s article
(Wojas and Krupa in Math Comput Sci 11:363-381, 2017) which deals with definition of Lebesgue integral but
this paper deals with definition of Lebesgue outer measure instead.
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“Young man, in mathematics you don’t understand things. You just get used to them”
John von Neumann
“I hear and I forget. I see and I remember. I do and I understand”

Chinese Quote

1 Introduction

The following definitions and lemmas we will use in our paper (compare [2,9]):

Rectangles. A closed rectangle R in R? is given by the product of d one-dimensional closed and bounded
intervals: R = [a1, b1] x [a2, b2] X -+ X [a4, by, where a; < b; are real numbers, j = 1,2,...,d. In other
words, we have R = {(x1,...,Xxq) € R4 : aj <xj<bjforal j=1,2,...,d}. We remark that in our definition,
a rectangle is closed and has sides parallel to the coordinate axis. In R, the rectangles are precisely the closed
and bounded intervals, while in R? they are the usual four-sided rectangles. In R? they are the closed rectangular
parallelepipeds.

An open rectangle is the product of open intervals, and the interior of the rectangle R is then

(a1, b1) x (a2, bp) x -+ x (aq, ba).

We say that the lengths of the sides of the rectangle R (open or closed) are by — ay, ..., bg — aq. The volume
of the rectangle R (open or closed) is denoted by vol (R), and is defined to be vol (R) = (b1 —ay) - - - (bg — ag).

A union of rectangles is said to be almost disjoint if the interiors of the rectangles are disjoint. In this paper,
coverings by rectangles play a major role, so we isolate here five important lemmas.

Lemma 1.1 If a closed rectangle is the almost disjoint union of finitely many other closed rectangles, say R =
U, Rx, then vol (R) = Y"1, vol(Ry).

Lemma 1.2 If R, Ry, ..., Ry are closed rectangles, and R C Ullcvzl Ry, then

N
vol(R) <> " vol(Ry).
k=1

Proof of the Lemmas 1.1, 1.2 can be found in [5,9,10].

Lemma 1.3 If Ry, ..., Ry are almost disjoint closed rectangles, Q1, ..., Qy are some other almost disjoint
closed rectangles and U,/(VZI Ri C U,iwzl O, then Z/IcVZI vol(Ry) < Z,iwzl vol(Qy).

The proof of 1.3 can be found in [5].
The ideas of the presented below proofs of lemmas are well known but we could not find the sources of the
proofs.

Lemma 1.4 If Ry, ..., Ry are almost disjoint closed rectangles, Q1, ..., Qum are some closed rectangles and
U, Re € UL, Qx, then Y1 vol(Ry) < S22, vol(Qy).
N M
Proof Because U R, C U Ok and Ry, ..., Ry are almost disjoint we have:
k=1 k=1

M
Ric|JRinQjfori=12 . Nand
j=1
N
;> JRinQjforj=12 .M.

i=1
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By Lemma 1.2 we have:

M
vol(R;) < > vol(Ri N Q) fori =1,2,...N. (1.1)
j=1

We see that foreach j = 1,2,... M theset {R; N Q; :i =1,2,...n}is collection of almost disjoint rectangles
so by Lemma 1.3 we have:

N
vol(Q)) = > “vol(R; N Q) for j =1,2,... M. (1.2)
i=1

Finally from Egs. 1.1 and 1.2 we have:

N N M M N M
D vol(R) <Y Y vol(RiN Q) =Y > vol(RiNQj) <> vol(Q))
i=1 j=1

i=1 j=1 j=1i=l
m]

In the last proof instead of Lemma 1.3 we could use simpler lemma: If a closed rectangle R contains the almost
disjoint union of finitely many other closed rectangles, say U;(V: | Rk C R, then Z,]CV: 1 Vol(Ry) < vol (R) which
can be proved by modifying the proof of the Lemma 1.1 from [9] or its proof can be found in [10]. The Lemma 1.4
could also be proved directly by modifying the proof of the Lemma 1.3 from [5].

Applying the previous Lemma 1.4 we can prove (see [9]):

Lemma 1.5 If Ry, ..., Ry are almost disjoint closed rectangles, Qi, k = 1,2, ... are some closed rectangles and
U,ivzl R C U2 Ok, then Z}/{vzl Vol(Ri) < D72 vol(Qp).

Proof Let A = U;(V:l Ry. For a fixed ¢ > 0 we choose for each k an open rectangle P, which contains Qy
(Qk C Py), and such that vol(Py) < (1 4 ¢) vol(Qy). From the open covering U,fil Py of the compact set A, we
may select a finite subcovering which, after possibly renumbering the rectangles, we may write as A C U/1<W=1 Py.
Taking the closure of the rectangles Py, we may apply Lemma 1.4 to conclude that for any ¢ we have:

Z,](V:l vol(Ry) < Z,iwzl vol(Py) < (1+¢) Z,iw:l vol(Qx) < (1+€) Y 72 vol(Qp). Since ¢ is arbitrary, we find
that 3", vol(Ry) < Y22 vol(Qy). O
Definition 1 (Lebesgue outer measure) (see [1,2,4,6,8,9]) The outer measure m* for any A C RY is defined by
the following formula:

o0 o0
m*(A) = inf { Zvol (Rj):AC U R;, R; isclosed rectangle in Rd’j e N}. (1.3)
j=1 j=1

Definition 2 (Lebesgue measure) (see [1,2,4,6,8,9]) Let (Rd, I, m) be measure space, where 91 is o -algebra of
Lebesgue measurable subsets in RY, and m-Lebesgue measure on RY. The measure m for any A € 901 is defined
by the formula 1.3 (m(A) = m™*(A)).

2Example1:A={(x,y)eRzzﬂsysxz,Ofxsl}

Let A be the set in R? bounded by curves: y = x2, y = 0, x = 1, which means that A = {(x, y) € R?: 0 <

y < x2, 0<x< 1}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from Definition 1 and
Lemma 1.5.
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Forn € Ndefine: R = [£21, 115 [0, 551, j = 1,2, ...nand R? = [, 1] x [0, U2, j = 1,2,
n n

_ 1j 1 5 1 nn+1)2n+1) 1 (n+1DQ2n+1) 1

Step1. Y “vol(R") =) - = _3 R =
j=1 j=1 =1

We can check our hand calculation usin g Wolfram Mathematica (see [7,12]) :

Listing 1 Mathematica code:
eiie [ 1N 2
In[1]:= Slmpllfy[n—3 X; j ]
j=
1 m+DQ2n+1)
tll=—————-
Out[1] " 5
In[2]:= Limit[%, n — oo]
Out[2]= }

Hence because A C U?:l R;?, we have:

o0 o0
m*(A) =inf ZVOI(RJ') tAC U R;, R; isclosed rectangle in R2,j eN
i=l i=l 2.1)

<1nf!ZV01(R") ne N} < %

]_

Step 2. Note that:

1
va_zw—n =%2

o 2.2)
_1@=Dn@n=1) _1@m-Dh@n=1 1
-3 6 w2 6 73

We can check our hand calculation using Wolfram Mathematica:

Listing 2 Mathematica code:

In[3]:= Slmpllfy[ ZJ]

out[3j= % n— 1)n6(2n -1

In[4]:= Limit[%, n — o
1
Outf4]=

The dynamic versions of the Figs. 1 and 2 can be found in the Electronic supplementary material.
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We consider an arbitrary countable covering A C U;’OZI R; by closed rectangles.
Hence because U'}Zl E;f CAC U;’ozl R; from Lemma 1.5 we have that for any n:

> vol(RY) = 3772, vol(R)).
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Applying the formula 2.2 we have: Zfil vol(R;) > lim;, s 27:1 VOI(EJ’.) = % Consequently,

o] 9]
1
m*(A) = inf { ZVOl(Rj) A C U Rj, R; isclosed rectangle in R?, j € N} > 3 (2.3)

l

From inequalities (2.1) and (2.3) we have m*(A) = 5 directly from formula (1.3) from Definition 1. The set A is

Lebesgue measurable because A is closed, so m(A) = %

3 Example2: A = {(x,y) e R*: 0 < y < exp(—x), x > 0}

Let A be the set in R? bounded by curves: y = exp(—x), y = 0 for x € [0, 0o), which means that A = {(x, y) €

RZ2:0<y< exp(—x),x > 0}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from
Definition 1 and Lemma 1.5.

Forn € Ndefine: R, = [k + 4, k + 51 x [0, exp(—k — 41, j =0,1,2,...,2" =1, k=0,1,2,...00
and R" = [4;, 5 B, j=0,1,2,...n2" — 1.
Step 1. Using Wolfram Mathematlca

Listing 3 Mathematica code:

2"—1 oo .
In[5]:= Slmpllfy[ PIDIE Exp[ ZL)]]
Jj=0 k= 0
2—n62 "
t =
Out[5] o
In[6]:= Limit[%, n — o0]
Out[6]=1
we get:
2"—1 o0 2"—1 oo . —p 2N
_ 1 Jj 27"
n — _ _ - J—
Z Zvol(Rjk) = Z Z > ( k 2n> == 1. (3.1)
j=0 k=0 j=0 k=0

Hence because A C U2 ! U, R" "> we have:

o o

m*(A) =inf { ZVO](RJ‘) TAC U Rj, R; isclosed rectangle in Rz,j € N]
j=1 j=1
2"—1 oo

<1nfl ZZVOl(R ) neN} <1.

Jj=0 k=0

(3.2)

Step 2. Using Wolfram Mathematica:



Familiarizing Students with Definition of Lebesgue Outer Measure 259

Listing 4 Mathematica code:
n2"—1

In[7]:= Simplify[ " zinExp[— j; 1]]
=0

2e)™"(e" = 1)
2" —1

Out[7]=

In[8]:= Limit[%, n — oo]

Out[8]=1

We get that:

n2"—1 n2"—1 .

1 j+1 2e) ™" (" — 1)
n — JR— — —_—
Z vol(R") = Z o exp< - > == " 1. (3.3)
j=0 j=0
. . 1—gt! . expx—1 .
Of course, we could use the following formulae: Zq = T_ (g # 1) and hrr}) —— = 1 instead of
—q xX—> X

the code in Listings 3 and 4 to get the results in formulae (3.1) and (3.3).
We consider an arbitrary countable covering A C Ujil R; by closed rectangles.

n2"—1 00
Hence because U E;’- CAC U R; from Lemma 1.5 we have that for any n:
j=0 j=1

25 Vol(RY) < 352, vol(R)).
Applying the formula 3.3 we have: 72| vol(R;) > lim,— 2?2:071 vol(R") = 1. Consequently,

o0 o0
m*(A) = inf { ZVOI(R]') tAC U R;, R; isclosed rectangle in R{j IS N} > 1. (3.4)
j=1 j=1

From inequalities (3.2) and (3.4) we have m*(A) = 1 directly from formula (1.3) from Definition 1. The set A is
Lebesgue measurable because A is closed, so m(A) = 1.
The dynamic versions of the Figs. 3 and 4 can be found in the Electronic supplementary material.

4 Example 3: A = {(x, y) € R>:Inx <y =<0,x € (0, 11}

Let A be the set in R? bounded by curves: y = Inx, y = 0 for x € (0, 1], which means that A = {(x, y) € R? :
Inx <y <0,x € (0, 1]}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from Definition
1 and Lemma 1.5. o _

Forn € N define: R? = [, 51 x [In 4,01, j = 1,2,...,2" = 1, O} = [, 5] x [In 3,01, k =

_rd i+l i+l -

n,n—i—l,...,oo,andﬁ? =[5, 51 x[n==0], j=12,....,n—1

Step 1.

We can see that

o

o0

. 1 1 (n+2)
Zvol(Qk) = Z STl <2k+1) =—, 20 (4.1)
k=n

k=n
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Yn!

because from calculus we know that ~2= — 1/e. Hence, because A C | ;o Qz U Uzn_

n j=1
o o
m*(A) =inf ’ Zvol(Rj) A C U R;, R; isclosed rectangle in Rz,j € N]
j=1 j=1
21

o0
<inf {32 0p+ Y volRD ine N} <1,
k=n j=1

Step 2.
We get that:

n—1 n—1 .

1 Jj+1 /n!
E I(R") = —— E In{—)=—In— —> 1.
£ Y0 &;) n = n( n ) "

n

We consider an arbitrary covering A C U‘;OZI R; by closed rectangles.
n—1 00
Hence, because U B;’» CAC U R; from Lemma 1.5 we have that for any n:
j=1 j=1
YIZvol(R™) < Y52, vol(R;).
Applying the formula 4.4 we have: Z?’;l vol(R;) > lim,,_, Z’,’;i vol(R"}) = 1. Consequently,

o o
m*(A) = inf { ZVOl(Rj) A C U R;, R; isclosed rectangle in ]R2,j € N} > 1.
j=l j=l

! R;?, we have:

4.3)

4.4

4.5)

From inequalities (4.3) and (4.5) we have m*(A) = 1 directly from formula (1.3) from Definition 1. The set A

is Lebesgue measurable because A is Borel set, so m(A) = 1.
Of course, we could use almost the same R;’k and E;? like in example 2 in Sect. 3.

5 Example 4: A = {(x, y) GR2:05y51/x,x21}

Let A be the set in R? bounded by curves: y = 1/x, y = 0 for x € [1, 0c0), which means that A = {(x, y) € R? :
O0<y<l1/x,x> 1}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from Definition 1

and Lemma 1.5.
For n € N define:
Ry =Tk, k+11x [0, g5l k=1.2,...n.
We can see that

n n
1
ZVO](EZ) = Z — = 0.
k=1 k=1 k+1
We consider an arbitrary covering A C U?ozl R; by closed rectangles.
n o
Hence, because U R CAC U R; from Lemma 1.5 we have that for any »:

k=1 j=1
> k=1 VOI(RY) < 372 Vol(R;).

(5.1)
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Applying the formula 5.1 we have: Zfi L VOI(Rj) = limy— o0 Y py vol(R}) = oo. Consequently,
o o

m*(A) = inf { ZVOI(R]') A C U Rj, R;j isclosed rectangle in R{j I= N} > 0. (5.2)
j=1 j=1

From inequality (5.2) we have m*(A) = oo directly from formula (1.3) from Definition 1. The set A is Lebesgue
measurable because A is closed, so m(A) = oo.

Similarly, we can prove directly from formula (1.3) from Definition 1 that m*({(x, y) € R?:0 <y<l/x,x¢€
0, 11}) = oo,

6 Example 5: A = {(x, y) € R?:0 <y =< fx),0=<x =<1}, where f(x) is Function Defined in (6.1)

x ifx €[0,11NQ,
(x)=x (x) = . (6.1)
/ Xl0.1ng 0 ifx €0, 11\Q.
Let A = {(x, y) € R%:0 <y < f(x),0 <x <1}, where f(x) is function defined in (6.1). Let us calculate
Lebesgue outer measure of A using only formula (1.3) from definition 1.
Letr;,i =1,2,3,...be asequence of all rational numbers from the interval [0, 1].
For n € N define: |

Ro =10, 11 x {0}, Ri = [ri — s it 2n+i+l]
One can see that for n € N we have:

x [0,1] fori =1,2,3,...

o0
ACRoU| R (6.2)

i=1

o0 o0

1 1

vol(Rp) + ZVOI(RZ') <0+ Z T — 0 asn — oo. (6.3)
i=1

i=1
From (6.2), (6.3) and properties of the greatest lower bound we have m*(A) = 0 directly from formula (1.3)
from Definition 1. The set A is Lebesgue measurable because m*(A) = 0, so m(A) = 0.
Similarly we can calculate Lebesgue outer measure of A = {(x, y) € R?:0 <y <gkx),0<x <1}, where
g(x) is function defined in (6.4), using only formula (1.3) from Definition 1.

1 ifx=0,
gx) = é ifx = g e[0,11NQ, g is in the lowest terms, (6.4)
0 ifx €0, 11\Q.

7 Example 6: A = {(x, y) € R2:0 <y=fx),x e€[0,00)}, where f(x) is Function Defined in (7.1)

e’ ifx €[0,00)NQ,
(%) = e Xpooono@ = { (7.1)
/ Xi0,c0nQ 0 ifx € [0, 00)\Q.
Let A = {(x, y) € R?:0 < y < f(x),x € [0,00)}, where f(x) is function defined in (7.1). Let us calculate
Lebesgue outer measure of A using only formula (1.3) from Definition 1.
Letr;,i =0,1,2,3,...beasequence of all rational numbers from the interval [0, 00).
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For n € N define:
R =[ri - erign3+i + er,-2n+3+i] x [0,e"] fori =0,1,2,3,...and

0} =k, k+11x[0, 521, k=0,1,2,...
One can see that for n € N we have:

o0 o0
AclJorulJry (7.2)
k=0 i=0
ZVOI(QZ)—FZVOI(R?):ZW—i—ZW=2—n—>O as n — oo. (7.3)
k=0 i=0 k=0 i=0

From (7.2), (7.3) and properties of the greatest lower bound we have m*(A) = 0 directly from formula (1.3)
from Definition 1. The set A is Lebesgue measurable because m*(A) = 0, so m(A) = 0.

8 Example 7: A =[0,1] x [0, 1]1\Q x Q

Let us calculate Lebesgue outer measure of A using only formula (1.3) from Definition 1.
Letr; = (pi,qi) € A, i =1,2,3,...be asequence of all points of A with both rational coordinates.
Because A C [0, 1] x [0, 1] and vol([0, 1] x [0, 1]) = 1 we have that m*(A) < 1.
o0 o0

Suppose there exist rectangles R; C R? such that A C U R; and ZVOI(Ri) =1 — ¢ forsome ¢ > 0.
i=1 i=1

Ve a a G

Let Qi = [pl — m,pi + m] X [ql — 2(i+1)/2+1 , qi + 2(i+1)/2+]]f0r l = ],2,3,
One can see that
o0 o0
[0, 11x [0, 11cJe vl Jr (8.1)
i=l1 i=1
and
o0 o0 o0 1
Zvol(Qi)+Zvol(Ri)=£ZW+1—£=1—5/2<1 (8.2)
i=1 i=1 i=1

but vol ([0, 1] x [0, 1]) = 1 which contradicts Lemma 1.5 so m*(A) = 1.
The set A is Lebesgue measurable because A is Borel set, so m(A) = 1.
Similarly consider set B = [0, 119\Q“. Because B C [0, 1]¢ and vol([0, 1]%) = 1 we have that m*(B) < 1.
Lets; € [0, 119 N Q" i=1,2,3,...beasequence of all points of B with all rational coordinates.

o o
Suppose there exist rectangles R; C R? such that B C U R; and ZVOI(Ri) =1 — ¢ forsome ¢ > 0.
i=1 i=1
For a fixed ¢ > 0 we choose for eachi = 1, 2, ... arectangle P; such that#; € P; and that vol(P;) =
One can see that

_£_
2T

o0

0,11 c|JrulUr (8.3)
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and

Zvol(P)—i—Zvol(R)_eZZlH+1—8=1—8/2<1 (8.4)

i=1

but vol([0, 119]) = 1 which contradicts Lemma 1.5 so m*(B) = 1.
The set B is Lebesgue measurable because B is Borel set, so m(B) = 1.

9 Example 8: A = {(x, y) eR*:0<y<sinx,0<x <n/2}

Let A be the set in R? bounded by curves: y = sinx, y = 0 for x € [0, /2], which means that A = {(x, y) €
R?:0 < y <sinx,0<x <mw/ 2}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from
Definition 1 and Lemma 1.5. . .

For n € N define: R” = [22,,, (];21,?”] x [0, sin (/;2,,)”], j=012..2"—1and R} = [45=, (j;;,?”] X
[0, sin 2_2,,], j=0, 1,2,...2 —1.

Step 1. Using Wolfram Mathematica:

Listing 5 Mathematica code:

2"—1 .
In[):= Simplify[ = ; Sin[%ﬂ
outft}=2"2"x (1+ Cot [22"x])

In[2]:= Limit[%, n — oo]

Out[2]=1
we get:
21 211
(j+Dr e o
Z vol(R”) = 2n+1 Z sm[ 12n+1 :| =2"2"x (1 + cot [2 2 ”n]) — 1. 9.1)

P
Hence, because A C U?:ol R;?, we have:

o0 o0
m*(A) =inf [ ZVO](RJ') A C U Rj, R; isclosed rectangle in Rz,j € N]

j=1 j=1

1 9.2)
finf{ Z vol(lé?) ‘n e N} < 1.

Jj=0

Step 2.
Using Wolfram Mathematica:
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Listing 6 Mathematica code:

In[3}:= Simplify[ 2n2_:1 Sin[%ﬂ
=

Out[3]= 22"z (—1 + Cot [2*2*"71])

In[4]:= Limit[%, n — o]

Out[4]= 1
We get that:
21 L 2ol i
X vl = gy 3 sin 5y ] = 27270 (<1 e[ a]) 1 ©3)
=0 Jj=1

n
Of course, we could use the following formulae: Z sin(kx) =
k=1
code in Listings 5 and 6 to get the results in formulae (9.1) and (9.3).
We consider an arbitrary covering A C U?il R; by closed rectangles.

ot son
S ——X S1n 5.Xx

. sinx .
= and lim —— = 1 instead of the
n piy

x—0 X

Hence, because U?I:)I R;CcAC U?il R; from Lemma 1.5 we have that for any »:
Y3 vol(RY) < Y32, vol(R)).
Applying the formula 9.3 we have: Zj’;l vol(R;) > lim;, s Z?:_ol vol(ﬁ?) = 1. Consequently,

o0 9]
m*(A) = inf [ ZVOI(R]') A C U Rj, R; isclosed rectangle in R?, j € N} > 1. (9.4)
j=1 j=1

From inequalities (9.2) and (9.4) we have m*(A) = 1 directly from formula (1.3) from Definition 1. The set A is
Lebesgue measurable because A is closed, so m(A) = 1.

10 Example 9: A = {(x, y) eR?*:0<y<expx,0<x <1}

Let A be the set in R? bounded by curves: y = expx, y = 0 for x € [0, 1], which means that A = {(x, y) €
R?:0 < y <expx,0 <x < 1}. Let us calculate Lebesgue outer measure of A using only formula (1.3) from
Definition 1 and Lemma 1.5. .

For n € N define: R} = (37 ]2#] x [0, exp ]2+,,
j=0,1,2,...2" — 1.

1

1j=01,2..2"-land R" = [4, 57

] % [0, exp %1,
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Step 1. Using Wolfram Mathematica:

Listing 7 Mathematica code:
P

In[5):= Slmpllfy[ ZExp[ > ﬂ

270 (=1 + e)e

Out[5]= o

In[6]:= Limit[%, n — o0]
Out[6]= —1 + e

we get:

2"—1 2"—1

Z vol(RY) = )~ ex (; DL ot —ee? 146y > e—1

on
j=0

Hence, because A C U2 " R" we have:

o0 o0
m*(A) =inf[ZV01(Rj) CAC U R;, R; isclosed rectangle in R?, j € N]
j=1 j=1
2n—1
§infi Zvol(lé;t) ) EN} <e—1.
j=0

Step 2. Using Wolfram Mathematica:

(10.1)

(10.2)

Listing 8 Mathematica code:
2]

In[7]:= Slmphfy[ ZEXp[zn]]

27" (—1+e)

7= ———
Outl7l= — T
In[8]:= Limit[%, n — o0]
Out[8]= —1+¢

We get that:

m_1 2m_1

1 j 27" (=1+e)
ny __ —
E VO](R])—Z—n E exp[zn]—w—)e—l.

j=0 j=0

n
Of course, we could use the following formulae: Z qk 1
k=0 o
the code in Listings 7 and 8 to get the results in formulae (10.1) and (10.3).

1-— . expx —
= ——— (¢ # 1)and lim
q x—0

(10.3)

1
= 1 instead of




Familiarizing Students with Definition of Lebesgue Outer Measure 267

We consider an arbitrary covering A C UC;O: 1 R; by closed rectangles.
Hence, because U?nzf)l R ¢ A c UL, R from Lemma 1.5 we have that for any n:
Y1 Vol(R)) < > 521 VOl(R)).
Applying the formula 10.3 we have: 2711 Vol(R;) > limy—o00 1 vol(R%) = 1. Consequently,

o0 o0
m*(A) = inf [ Zvol(Rj) tAC U R;, R; isclosed rectangle in Rz,j € N} >e—1. (10.4)

From inequalities (10.2) and (10.4) we have m*(A) = e — 1 directly from formula (1.3) from Definition 1. The set
A is Lebesgue measurable because A is closed, so m(A) = e — 1.

11 Example 10: A = {(x,y) € R?: 0 <y <In(1 —=2rcosx +r%),0 <x <z} (r > 1)

Let A be the set in R? bounded by curves: y = In(1 — 2r cos x + r2), y = 0 for x € [0, w], which means that
={(x,») eR*:0<y<In(l-2rcosx +rH),0<x <m}(r > D).
Let us calculate Lebesgue outer measure of A using only formula (1.3) from Definition 1 and Lemma 1.5.
Let f(x) = In(1 — 2r cosx + r?).

For n € N define: Rn = [2n’ (j;})n [0, f((/+1)n) | =0,1,2,....2" — 1 and R" = [é_;r’ (jq;})n] %
[Oaf(zn),J—O,l,Z,...,2 ~ 1L
Step 1.

In the Mathematica code below we use the fact that if s; is a sequence of positive values with convergent sum,

then we have Z s =In (exp(z s0)) = In (1_[ exp(sk)).
X k k

Using Wolfram Mathematica we get:

Listing 9 Mathematica code:
In[1]:= g[x_] = 1 — 2r Cos[X] + r;

In[2]:= pr=SimpIify[ﬁ g[k%}/. [n— 2"}]

(—1+7r) (—1 +r2‘*”)

Out[2]= T7

) o e TP ]
In[3]:= pr1_S|mpI|fy[ ] ]
(47 (71 T r2‘*")
Out[3]=
—1+r
Indl:=d = r>""";

r1
In[5]:= Limit[;—nLog[%], n — 00, Assumptions — r > 1]+Limit[;—nLog[d], n — 00, Assumptions — r > 1]
Out[5]= 27 Log[r]

we get:

2"—1 2"—1

Z vol(R?) = Z 7 <(’;+11)”) 21nn — 27 In(r). (11.1)
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2"—1 pn .
Hence, because A C | =0 R, we have:

o o
m*(A) =inf [ Zvol(Rj) tAC U Rj, R; isclosed rectangle in R?, jE€ N}

j=1 j=1
- (11.2)
ginf{ > Vol(RY) :n e N} <27 In(r).
—
Step 2. Using Wolfram Mathematica:
Listing 10 Mathematica code:
[T pr . [T .
In[6]:= lelt[z—nLog[ 7 } n — 0o, Assumptions — r > 1]+lelt[2—nLog[d], n — 00, Assumptions — r > 1]
Out[6]= 27 Log[r]
We get that:
2" —1 2" —1 jﬂ 1
Y volRY = 3 f(F) 35 = 27 InGr). (11.3)
Jj=0 Jj=0

In Listings 9, 10 we used the substitution rule (n — 2") because when we used directly 2" instead n, Mathematica
could not simplify the expression. We cannot calculate these limits in one step using Mathematica. But using other
CAS (wxMaxima, MuPAD) we cannot calculate these limits even in two steps in any way.

Of course, we could use the following formulae (see [3]:

n—1
2 1= -] (1 — 2z cos(k/n) +12)
k=1

instead of the code in Listings 9 and 10 to get the results in formulae (11.1) and (11.3).
We consider an arbitrary covering A C U;XJ: | R; by closed rectangles.

Hence, because U?nz_ol E;? CAC ij’:l R; from Lemma 1.5 we have that for any n:
Y755 VOI(R™) < Y52, vol(R)).
Applying the formula 11.3 we have: Z?‘;l vol(R;) > lim,_ 23:701 vol(R"}) = 27 In(r). Consequently,

o0 o0
m*(A) = inf { ZVOI(R]') 1A C U Rj, R; isclosed rectangle in Rz,j I= N} > 21 In(r). (11.4)
j=1 j=1

From inequalities (11.2) and (11.4) we have m*(A) = 27 In(r) directly from formula (1.3) from Definition 1. The
set A is Lebesgue measurable because A is closed, so m(A) = 27 In(r).

12Example11:A={(x,y)eR2:05y5x'”,0§x51} (m e N)

Let A be the set in R? bounded by curve and lines: y = x™, y = 0, x = 1 for x € [0, 1], which means that
A= {(x, y) € R%Z:0 <y<x"0<x< 1}. Let us calculate Lebesgue outer measure of A using only formula
(1.3) from Definition 1 and Lemma 1.5.
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_ . . . m . . NY//]
Forn € N define: R = [4, 51 x [0, (fzil) 1Jj=0,1,2,...2" — Land R" = [£. 5] x [0, (ZL) ],
j=0,1,2,...2" — 1.
Step 1. Using Wolfram Mathematica:

Listing 11 Mathematica code:
P
ool L\m .
In[1]:= lelt[z—n E <] + ) , n — 0o, Assumptions — m € Integers & & m > 0]

=
Out[1]= L
T 14m
1 L
' _ jH1I\m 1 1

n

Hence, because A C U?:_ol R;?, we have:

oo oo
m*(A) =inf [ ZVO](R]‘) A C U Rj, R; isclosed rectangle in R?, j € N]
i=1 i=1

i (12.1)
2"—1 1
<inf{ vol(R") : GN}< .
- ;) (Rj):m T m+1
Step 2.
Using Wolfram Mathematica:
Listing 12 Mathematica code:
122, o,
In[2]:= Limit[z—n Z (217> , n — 0o, Assumptions — m € Integers & & m > 0}
j=0
Oout[2]= L
1+m
We get that:
2)1_1 2”_1 j m 1 1
n = — . — —
2(:) vol(R") = z(:) (zn) 5 (12.2)
=l Jj=

Of course, we could use the Stolz and binomial theorems instead of the code in Listings 11 and 12 to get the results
in formulae (12.1) and (12.2).
We consider an arbitrary covering A C Uj’oz 1 R; by closed rectangles.

n

Hence, because U?z_ol E;f CAC Uj’ozl R; from Lemma 1.5 we have that for any n:
Y755 Vol(R™) < Y52, vol(R)).
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Applying the formula 12.2 we have: Z;‘;l vol(R;) = lim,—, o0 25":01 VOI(E’}) = m+r1 Consequently,

1
m+1

(o) o0
m*(A) = inf { Zvol(Rj) A C U R;, R; isclosed rectangle in R?, j € N} >
j=1 j=1

(12.3)

From inequalities (12.1) and (12.3) we have m*(A) = ﬁ directly from formula (1.3) from Definition 1. The set

A is Lebesgue measurable because A is closed, so m(A) = m+_1

13 Conclusions

In this paper the authors presented several examples of Lebesgue outer measure calculated directly from its definition
using Mathematica.
We could not find any analogical examples in available literature, so this paper is an attempt to fill this gap.
Using Mathematica or other CAS programs for calculation Lebesgue outer measure directly from its definitions,
seems to be didactically useful for students because of the possibility of symbolic calculation of sums, limits and
plot graphs—checking our hand calculations. Moreover, we get students used not only to definition of Lebesgue
outer measure but also to CAS applications generally.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided you
give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate if changes
were made.
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