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Abstract In this paper we consider compositions of n as bargraphs. The depth of a cell inside this graphical
representation is the minimum number of horizontal and/or vertical unit steps that are needed to exit to the outside.
The depth of the composition is the maximum depth over all cells of the composition. We use finite automata to
study the generating function for the number of compositions having a depth of at least r.
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1 Introduction

A composition 0 = o1 ---0;,;, of n € N is an ordered collection of one or more positive integers whose sum is
lo| = o1 + - -+ + 0, = n. For instance, the compositions of 3 are 3, 21, 12 and 111. The number of summands,
namely m, is called the number of parts of the composition and # is called the weight of o. It is well known that
the number of compositions of 7 is given by 2”~! and the number of compositions of n with m parts is given by

(;’1__11) Compositions have been studied extensively in recent years (for example, see [4]).
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Fig.1 The composition
34,543

Fig. 2 The 3 consecutive
“peelings” of the inner
site-perimeter of the
composition 34543

Compositions can be represented as bargraphs where the lower edge lies on a horizontal axis (for instance,
see [6,10,11]). They are drawn on a regular planar lattice grid and are made up of square cells. So a composition is
uniquely defined by the size of each part. The size of the composition is the total number of cells in the representing
bargraph. We will study the depth of compositions, which are presented as bargraphs. Let ¢ be any composition and
let ¢ be any cell of o. The depth of the cell ¢, denoted by depth(c), is the minimum number of horizontal or vertical
steps to exit o starting from c. The depth of o is defined as depth(c) = max, depth(c), where the maximum is
over all cells ¢ of o. For example, the cell that is indicated by x in Fig. 1 of the composition o = 34543, needs three
steps to exit o. Moreover, depth(o) = 3 since all other cells require fewer than three steps to exit. An alternative
conception of the depth of a composition is given by the size of its Durfee square, see [2].

Equivalently, the depth of a composition can be understood as the number of times the inner site-perimeter can
be recursively removed or “peeled” from the composition until nothing remains, as shown below. The inner site-
perimeter is defined as all cells in the composition whose depth is one, see [3,7]. Each successive inner site-perimeter
is coloured in Fig. 2.

The aim of this paper is to study the generating function for the number of compositions having a depth of at
least r. To achieve our goals, we use finite automata technique (for such technique in enumerative combinatorics,
for instance, we refer the reader to [1,5,8,9,12]).

2 Main results

We say that the composition o = o107 - - - 05 contains the composition T = 711 - - - T, if there exist j such that
0<j<s—mandojy; > 7 foralli =1,2,...,m. For instance, the composition 4534 contains 234 but does
not contain 144. For all r > 2, define

D =rr+ 1) Q2r=2)Qr — DQr—2)---(r + Dr.
In Fig. 1, the illustration is for r = 3.
From the definitions, we can state the following fact.

Proposition 1 A composition o satisfies depth(o) > r if and only if it contains T,

In order to enumerate the compositions that avoid (i.e., do not contain) 7", we need the following notation and
definitions. A prefix of a composition o is a sub-composition o’ (possible empty) such that there exists a nonempty
sub-composition o” with o = o’c"”. Let V), be the set of all prefixes of (). For example, V5 = {e, 3, 34, 345, 3454}
when t® = 34543 and € is the empty composition.
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Fig. 3 The graph G, 2

75

Fig. 4 The graph G3

For given o = 0103 - - - 05, and k € N, we define the reduction red(ck) of cktobe o’ = o{0, -0, ifo’ € V;,
m' is maximal and 6,1 —'4j > oj’. forall j =1,2,...,m', where 0y, = k. Otherwise, we say the reduction of
ok is not defined. For instance, if r = 3 then red(245) = 34 and red(613445) = 345.

Now let us define a directed graph (finite automata, for example, see [1,5]) G, on the vertices V), with edges
between 0 = 0107 - - - o, € V, and red(ok) with weight xloki=lred(@k)l where red(ok) is defined. For simplicity,
if there are two edges between o and o’ with weights w, w’ then we just write as one edge with weight w + w'.

Example I Letr =2 (t'® = 232). The graph G, has three vertices ¢, 2, 23. Note that

e red(ek) = e fork = 1 and red(ek) = 2 for all k > 2. Thus, there is an edge between € and € with weight x
and there is an edge between € and 2 with weight x> + x> + ... = é This corresponds to the generating
function for adding a part k of size 2 or more.

e red(21) = €,red(22) = 2 and red(2k) = 23 for all £ > 3. So there is an edge between 2 and € with weight x,
there is an edge between 2 and 2 with weight x2, and there is an edge between 2 and 23 with weight x3 /(1 — x).

e red(231) = € and for k > 1 red(23k) is not defined. So there is an edge between 23 and € with weight x.

Summarizing this information, we obtain the graph G, as presented in Fig. 3.
Example 2 Let r =3 (t® = 34543). The graph G, on its five vertices €, 3, 34, 345, 3454 is presented in Fig. 4.

To state our next observation, we define a weight of a path in the graph G, to be the product of the weights of
all the edges. For example, the weight of the path €, 3, 3, 34,345, ¢,3 is

x3 3 x* x> x3 _xlg(l—i—x)
1—x l—x 1—x l—x  (1—-x)*"

Proposition 2 Set r > 2. Then the generating function for the number of compositions of n with exactly m parts
that avoid t\") is given by the total weight of all paths of length m starting from € in G,.
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Proof Let o = 0103 - - - 0, be any composition that avoids 7" with exactly m parts. From the definition of red,
we find that the path corresponding to ¢ in G, is given by

1) ()] (m)

€50 507 o™,
where 0/) = red(cV=Vo;) with 0@ = €. On the other hand, for each /), j = 0, 1,...,m, we can use the
graph G, and the above path to define unique elements o, j = 1,2, ..., m such that o) =red (0(1’1)0 7). Thus
if o follows from a path (as described above), then ¢ is a composition that avoids t") with m parts. Thus, for each
composition that avoids 7" there exists a unique path in G, with weight x/°/. O

Let A, be the adjacency matrix of the directed graph G,. By Proposition 2, we have that the generating function
for the number of compositions with exactly m parts that avoid " is given by w” A" v, where w = (1, 0,0, ..., 0)”
andv = (1, 1, ..., DT are vectors with |Vy| = 2r — 1 coordinates. Thus, the generating function for the number
of compositions that avoid ) is given by, see [4]

Z wTA’r"v =wl(I-A)""v.
m=>0

Hence, we obtain our main result,

Theorem 1 Let r > 2, the generating function for the number of compositions of n that avoid T is given by
wT(I — A,)_lv, where I is the unit matrix and w = (1,0, ..., O)T andv = (1,1,..., 1)T are vectors of 2r — 1
coordinates. Moreover, this generating function is a rational function in x.

Example 3 From Examples 1 and 2, we obtain

x+x2 £ 0 0 0

X % 0 x+x2 X % 0 0
Ar=1|x «x? % and Az =| x4x2 X3 x* % 0
x 0 0 x4+x2 X3 0 0 %
x+x> 0 0 0 0

Hence, the generating function for the number of compositions of n that avoid ® = 232 is given by

(1—x)2+x31—x)+x°
(1 =2x)(1 —x) + x3(1 — 2x) + x5 — x0’

and the generating function for the number of compositions of n that avoid 3 = 34,543 is given by

(1 —x)4+x5(1 —x)3 —|—x9(1 —)c)2 +x13 — x4 4 xl106
(1=2x)(1 —x)3 + x50 = 2x)(1 —x)2 + x%(1 — 2x)(1 — x) +x13(1 — 2x) + x160 — x17 — x18~

Actually, from the definition of the graph G,, we can state an explicit formula for the matrix A,.

Proposition 3 Letr > 2 and A, = (@ij)1<i,j<2r—1- Then

—1 .
ZI’;:I xkv J = 17

r—14i
YN =it =12,

aj= X i li=r4lr+2,..,2r =2,
X' 2<j<rj<i<2r—},

0, otherwise.
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Define f; = x4x24- - -4x° and define 8x tobe 1 if X holds and 0 otherwise. LetL, = (€ij)1<i,j<2r—1 bealower
triangular matrix and U, = (u;;)1<;, j<2r—1 be a upper triangular matrix such that £1; = --- = £, pn@r—1) = L,
uip=1-— fr—1, uij = Oforall j > i+ 2, and

o d O R
ij = - - — ,
L= frt =i T a2 (= O[T s
forj+1<i<2r—1,2<j<r+1, 2.1
LTH=C3)
tij = — Cigany, forj+l<i<2r—1,r+2<j<2r-—2, (2.2)
(1= )i Ty ik
e =12,
UiGi+1) = 31— . (2.3)
- i=r+Lr+2,....2r-2
K2 X2 =23
i = b —3’:?1([ DI E=23 (2.4)
1+€l(1 l)lxa i=r+1,...,2r —1.
For instance,
1 0 0
L=| 1= 1 0
_x X
I—x  x4—x342x—1
and
1—x _x 0
1—x
—xt a3 24l 3
=] 0 =5 —i=
0 0 —x04xd 2 xt 4 F2x2 3 x+1

(—x*+x3=2x+1)(1—x)

Theorem 2 Forallr > 2, I — A, = L, U,, where I is the unit matrix.

Proof Define b;; = Zirz_]l Likuyj. By Proposition 3, we have to show that b;; = §;—; — a;;. Clearly, by (2.1)—(2.4),
we have b11 = Ellu“ =1- fr—l =1- all, blz = Kuulz = —dadji2, and blj = Ell”lj =0= alj for all
j=3,4,...,2r — 1. Moreover, b;; = {;1u1] = — fr—1 = —aj1,foralli =2,3,...,2r — 1.

Now let us show that b;; = 1 — a;;: note that b;; = u;; +£l'(,'_1)u(i_1),', SO by 2.1)-(2.4), we have b;; = 1 —a;;,
as required.

Now we show that bij = —ajj forall2 <i < j < 2r — 1: note that bl‘j = E,-(j_l)u(j_l)j + E,-jujj, so by
(2.1)—(2.4), we have bi(i+1) = Ui(i+1) = —ai(i+1) and bl'j =0= —ajj for allj >i+ 2.
Thus, it remains to show that b;; = —a;; forall2 < j < i < 2r — 1. We show only the cases 2 < j < r and

Jj+1 <i <2r— 1 since the other cases are similar. By (2.1)=(2.4) and b;; = £;(j_1yu(j—1)j + €iju;, we see that

, fr | x(r+j—2)_(r) . j—=3 x(r+] 2) (r+/ —3— k)81<2r7j+k+1 xr+j_2
ij =
L= fra (=02 [ w5 — kT2 i1k s I—x
oy x(H+G) iz2 x(’*é’l)—(’“?’k)gi <or ik
- pp— +2. jj

11— fi (1 —x)/ 1]_[;:214“ k=0 (1 —x)* s=j—k Uss
i1 - i—2 r+j—1 r '—2—k
_ S (70 +ij(+' - )5i<2r—/+k
L= fr1 (1= x)i- 11—1s 2uss k=1 (1—x)"]_[€ =j—k Uss
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T N =2 (rHimly_(ri=2—k
B fr—l x( 57)+0G) B x( 2 )=( 2 )5i§2r—j+k
_ i j—1 -1
L= fro1 (1 = x)d-1 [T us =y (=K —j—k Uss
._1 "y ]
= —x(TTD)=(7) = 2 = —aij,
as required. O

Moreover, by using similar techniques (but more complicated) as in the Proof of Theorem 2, we can state the
following explicit formulas for ugs and €g(s—1).

Proposition4 Letr > 2. Thenu;; = forall j =1,2,...,2r — 1, where

(l X)Ot
o =x( DDA - f oy

i-3 . i1 .
+ ZX(H—[Z 1)_(+2I k)(1—2x)(l—x)l_3_k» 2§lfr+1,
k=0

i
i = (1= 2x)(1 —x) 73 4 Zx2r(2k—1)—k2—k+l(l —2x)(1 — x)r %2

k=1
i—1

+ Zx4rk—k2—2k(1 — 201 — x)r+i—2k—3
k=1
r—i—2

+ Z x2r(2i—1+k)—i(i+1+k)—k(k+l)/2—l(1 —20)( - x)r—2—i—k
k=1

g CrHED 2R SGED2( _ p 0 < <2

Moreover,

. A\ 1 -
Ei(i*l) = <(Oll—+1 -1 +Xr_2+l> x4 2<i <r

1 — x)ai xr72+l ’ — ’
it 1 —x )
5i<i—1)=<(l_x)ai —1> =t r+l1<i<2r—1.
Theorem 3 Setr > 2. Let x = (xq, ... ,xzr,])T andw = (1,1, ..., I)T be two vectors with 2r — 1 coordinates.

The solution of the system of equation (I — A;)x = w is given by

2r—1

X =(1—x) Z Vi H( r— 1+s5 +x3r71ﬂ5szr+1),

o
k=i k+1 s=i

where y; = 1 — Z’J_:ll Lijyjforalli =1,2,...,2r — 1.

Proof By Theorem 2, we have that / — A, = L, U,. LetL,y = wand U,x = y. Then, foralli = 1,2,...,2r — 1,

we have y; = 1 — Z’j_:ll ijyjand x; = 2L — ’(’“)x,+1 with zp, = 0. Thus, by induction on i, we see that
2r—1 k 1u '
Z( l)k i A 1 S(5+ ) ,

l—ls =i Uss

which, by Proposition 4 and (2.3), completes the proof. O
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By Theorems 1-3 and the fact that (1 — x)a; = 1, we obtain the following result.

Theorem 4 The generating function for the number of compositions of n that avoid T is given by

2r—1

Yk _ 1
Z Yk l—[ (xr 1+s§s5r g SBsZr«H)a
k=1

Q41 i1

where y; = 1 — Z;_:ll Lijyjforalli =1,2,...,2r — 1 and {;; and u;; are given by (2.1)—~(2.4).
Theorem 4 has already been illustrated for r = 2 and 3 in Example 3. Here we illustrate Theorem 4 for r = 4 and
5.

Example 4 The generating function for the number of compositions that avoid t® = 4,567,654 is fE—;‘; where

s(x) =1 —6x 4+ 15x% — 20x> + 15x* — 617 + x + x7 — 5% +10x° — 10x1°
+ 5 = x 12 B a1 oex ! — x0T 4 10— 3420 4 342!

X222 0y 25 4 264 (29 (30 4 (33
and

1(x) =1 —Tx 4+20x% = 30x +25x* — 1127 + 2x% + x7 — 6x® + 14x° — 16x1°
+ 9x11 _2x12+x13 _5x14+9x15 _7x16+2x17+x19 _4x20+5x21

x4 3p25 1 0426 029 5,30 4 033 (34 (35 36

Thus as a series expansion, the generating function for the number of compositions of depth r > 4 is
1—x _ @ _
1—2x t(x)

For example the nine compositions of 38 that contain 4,567,654 are: 14,567,654, 5,567,654, 4,667,654, 4,577,654,

4,567,754, 4,568,654, 4,567,664, 4,567,655 and 45,676,541. Similarly:

237 4 9x38 1473 1187440 4. ..

u(x)

v(x)

Example 5 For r = 5, the generating function for the number of compositions that avoid 1 = 5,678,765 is
where

ux)=1-—8x+ 28x2 — 56x> + 70x* — 56x° + 28x° — 8x7 + 1% + x? — 7x10 4 214!
— 35x12 4351 21 4 7S — 10 X1 —6x!® 4 1541 — 20070 4 1547
L2 B 25 526 4 1027 10x28 1529 _ 30 1 32 433 4 g3

C A4x35 o x30 4 30 L340 3yl (A2 A5 9046 L (4T (ST (52 56
and

v(x) =1 — 9x 4+ 35x2 — 77x> + 105x* — 91x° 4+ 49x® — 15x7 + 2x% 4+ x? — 8x10 4+ 27x 1!
— 50x'? 4+ 55x 13 — 361 4 13x 15 — 2x10 4 17 — 7418 4 20x1 — 30420 4 2542
— 11x2 4+ 252 4+ 1P — 6x20 + 14577 — 16328 + 9520 — 2130 4 132 — 5533 4 9 H
— 7x35 230 4 139 480 4 osxAl _0p 42 4 (45 3046 4 9047 L S1 9052 L (56

5T (58 (59 _ 60
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As before the series expansion for generating function for the number of compositions of depth r > 5 is

ox ot _
1—2x  wo(x)

2O 4+ 11x%% + 68x%% + 312x%* + 118639 + ... .
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