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Abstract Practical applications are often affected by uncertainties—more precisely bounded and stochastic dis-
turbances. These have to be considered in robust control procedures to prevent a system from being unstable.
Common sliding mode control strategies are often not able to cope with the mentioned impacts simultaneously,
because they assume that the considered system is only affected by matched uncertainty. Another problem is the
offline computation of the switching amplitude. Under these assumptions, important nonlinear system properties
cannot be taken into account within the mathematical model of the system. Therefore, this paper presents sliding
mode techniques, that on the one hand are able to consider bounded as well as stochastic uncertainties simultane-
ously, and on the other hand are not limited to the matched case. Firstly, a sliding mode control procedure taking into
account both classes of uncertainty is shown. Additionally, a sliding mode observer for the simultaneous estimation
of non-measurable system states and uncertain but bounded parameters is described despite stochastic disturbances.
This is possible by using intervals for states and parameters in the resulting stochastic differential equations. There-
fore, the It6 differential operator is involved and the system’s stability can be verified despite uncertainties and
disturbances for both control and observer procedures. This operator is used for the online computation of the
variable structure part gain (matrix of switching amplitudes) which is advantageous in contrast to common sliding
mode procedures.
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1 Introduction

Nonlinearities and several influences such as unknown system parameters, disturbances as well as process and
measurement noise make it difficult for researchers to find robust control strategies providing good tracking accuracy
and preventing the system from being unstable. The consideration of all these important effects simultaneously is a
serious problem in general. Since it is important to control practical applications with high accuracy, mathematical
models as well as control and estimation procedures have to be able to cope with the before-mentioned influences.
Often, only simplified models can be used in order to apply common control algorithms. Consequently, additional
virtual disturbances have to be taken into consideration to account for the neglected nonlinear terms. For the
mathematical description of a system, it has to be investigated which effects have an impact on the system dynamics
and how these can be taken into consideration. Figure 1 expresses the role of uncertainty in control-oriented
modeling: Consider a real system and some corresponding measurements. Inevitably, the mathematical model of
the system is only an approximation of the real system since for example nonlinear phenomena (e.g. friction) appear
and measurement noise complicates robust control procedures. Nevertheless, the mathematical model is necessary
for the design of control strategies requiring knowledge about system parameters and non-measurable system states.
The more exact the model represents the real system’s properties, the more robust control strategies stabilize the
system dynamics in experiment. Therefore, interval algorithms are useful for including bounded uncertainty of
states and parameters. Stochastic uncertainty representing noisy measurements or nonlinear system properties is
taken into consideration by simulating stochastic differential equations with noise and the corresponding standard
deviations. One possibility to deal with these effects is the use of sliding mode procedures which have already been
investigated in many publications. In general, one feature of sliding mode procedures is finite-time convergence
concerning the reachability of the system’s sliding surface. As a consequence, sliding mode control as well as
sliding mode observers! are able to deal with uncertainties and disturbances [7, 18] in a robust and stabilizing way.
If the system has reached the sliding surface once, it will not diverge anymore, but it will always stay in the near
surrounding area of the sliding surface [17]. Proving Lyapunov stability is an important issue to guarantee robustness
of control strategies despite uncertainty as described in [4].

Problems in existing sliding mode procedures are on the one hand chattering phenomena, which can be charac-
terized as high frequency switchings in the control law that make the implementation on a test-rig difficult. On the
other hand, the so-called matching conditions represent the requirement that all uncertainties can be compensated
by the switching control law only if they enter the state equations in an identical way as the control inputs.

The principle of most sliding mode procedures is as follows: Firstly, a sliding surface that leads the system to
an asymptotically stable operation has to be defined. Secondly, using this sliding surface, a suitable candidate of a
Lyapunov function is defined (sliding variable for control tasks: difference between desired and actual system states,
sliding variable for estimation tasks: difference between actual and estimated system states). As soon as the sliding
variable is not equal to zero, the switching amplitude is active and causes the actual states to converge towards
with the predefined surface. This strategy is modified in the following description as follows: Control and observer
design can be stated as dual problems. For both, the system description is divided into a linear and a nonlinear
part. The linear one can be stabilized by e.g. solving linear matrix inequalities, pole placement, linear quadratic
regulator approaches etc. The nonlinear part is a variable structure part and is stabilized by an online calculation of
the variable structure gain that corresponds to the switching amplitude. Using the It differential operator including
intervals for parameters as well as for control, estimation, and measurement errors, the switching amplitude can be
evaluated. This prevents control and estimation error dynamics from becoming unstable.

This paper is structured as follows. In Sect. 2, basics of sliding mode control and sliding mode estimation are
summarized. Based on this, Sect. 3 deals with the extension to nonlinear dynamic systems with bounded and
stochastic disturbances. Therefore, the focus is on Lyapunov functions that fulfill two tasks: the calculation of the
switching amplitude and a stability proof. An illustrative scenario is described in Sect. 4, for which both the sliding
mode controller and observer have been used on the one hand for trajectory tracking and on the other hand for state

! In the observer design a joined state and parameter estimation is proposed in this contribution.
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Fig. 1 Relation between different types of uncertainties affecting system models

and parameter estimation simultaneously. Simulation results show the applicability of the described procedures.
Finally, conclusions and an outlook on further work are given in Sect. 5.

2 Classical Sliding Mode Control and Observer Design

Inrecent years, classical as well as higher-order sliding mode control techniques have also been applied for nonlinear
dynamic systems [4,22]. The goal is to design tracking control procedures [11] that take into account the system’s
stability. As it is shown in [5,11], uncertainties can be included in sliding mode techniques using intervals for
parameters, disturbances and state deviations. The already mentioned chattering problem especially in the switching
control signal can be reduced significantly according to [11], where the control procedure is expanded by an integrator
chain at the system input. The result is a smooth control signal, that can alternatively be achieved by using higher-
order sliding mode control procedures that are commonly evaluated using nominal values and, hence, without robust
interval techniques [16]. The use of higher-order sliding mode techniques then exploits the property that sliding
mode techniques are often inherently robust.

As it is described in [7], Lyapunov functions have already been employed for second-order sliding mode algo-
rithms proving finite-time convergence and robustness. In this paper, Lyapunov functions are used for the direct
calculation of the switching amplitude in the variable structure control law as well as for the variable structure
part of the observer and for the stability proof of the system. The overall goals of the novel interval-based sliding
mode control and observer strategies summarized in this paper are to prevent the amplification of measurement
noise in parameter estimation tasks to reduce chattering. Chattering commonly leads to an energy-inefficient system
operation and to actuator wear.

2.1 Basics of Sliding Mode Control Design

Consider a system that is described by the following set of ODEs
X()=ax(@)+Bx(@) u(@), .1
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where x € R" is the vector of the system states of order n, u € R? is the vector of the control inputs, a (x (t)) € R”
is a state-dependent vector, and B (x (#)) € R"*” an input matrix. For the sliding mode control of this nonlinear
dynamic system, a sliding surface s (X) = 0 can be defined which characterizes the difference between the system
states x and the desired trajectories x;. Here, the tracking error is defined according to X = x — x4. The goal of
the sliding mode controller is to reach this sliding surface with, in the ideal case, X = 0. Therefore, p switching
functions s (X) = [s1 (X), ..., sp (%)]7 are necessary which corresponds to the dimension p of the system input u.

. . . T .
Using these p functions, a variable structure control law u; = [us,l e Ug, p] with

+ ~ X ~
e %) = [um (x) for s; (X) >0 22)

ug; X for s;(®) <0, i=1...,p,

can be obtained [11]. The goal to track the system states to the desired trajectories can be achieved by using the
variable structure control law, where the function value of the sliding surface is forced to zero according tos (X) = 0
(see [11]).

As it can be found in [21,22], the derivative of s (X) can be computed as

S () 0s dx 0s % — %)
S(X) =—+ — = —.(X—X
0% di  o% ¢
s s 23)
=% (a(X)—id)Jr& ‘B (x) -ugg (X) =0,
where § (X) = 0 holds for perfect trajectory tracking.
Solving this equation for the equivalent control® u,, (X), the system input can be calculated according to
- 0s 1 3s .
U=ty X =—|—Z--B®]) = -@® —xq). 2.4
X X

Now, a quadratic Lyapunov function is taken into consideration according to [11] which aims at the guaranteed
stabilization of the switching motion towards the desired trajectory with

1
V(s = EST X)-s(x) >0 for s#0. (2.5)
The time derivative of the Lyapunov function is then given by
Vs)=s! (X)-§X) (2.6)

which guarantees stability if V(s) < —nT -|s| < 0 holds with n; > 0 fori € {1,..., p}. Moreover, the absolute
value |s| of the switching function is defined component-wise according to

s1 - sign (s1) +1, 5 >0
|s| = diag(s) - sign (s) = : with  sign(s;) =10, 5 =0. 2.7)
Sp - sign (sp) -1, s <0

This control procedure is not only defined for nominal values of system parameters and (measured) states. In fact,
it can be extended to intervals for system parameters and control errors as it is also shown in [11]. The advantage
of this extension is, that chattering can be reduced and the system’s stability can be guaranteed in spite of uncertain
parameters and measurement errors or external and bounded disturbances.

2 Assumption: the product g—f{ -B (x) is regular. The equivalent control represents the system input for states that are located on s(X) = 0.



Sliding Mode Techniques for Robust Trajectory Tracking as well as State and Parameter Estimation 547

2.2 Classical Sliding Mode Observer Design
Assume that a dynamic system can be represented by x(7) = f(x(¢), u(¢)) with the set of state equations

X(1) =A-x (1) +B-u@)+S-§x(@), u@)

(2.8)

y@) =C-x().

In (2.8), the state vector x(#)—which includes also uncertain but bounded parameters p(¢) € [p(¢)]—constant
system, input and output matrices A, B as well as C and the control input vector u(¢) are considered. All nonlinear
terms, that do not fit into this linear formulation, and the influence of a-priori unknown terms on the system dynamics
are represented in the matrix S € R"*¢ with the condition ||&(x, )| < £ and a fixed upper bound on the vector
norm &.

For this system, a dual problem to sliding mode control can be formulated, with the following set of ODEs
representing a variable structure observer [6] according to

%) =A %) +B-u@)+h,-S-E+H, - (ym(t) —C. f;(t)). (2.9)

In Eq. (2.9), A, B and C denote the system, input and output matrices of the observer parallel model where it is
assumed that these matrices are known. Moreover, A is the scaling factor for the variable structure part. To guarantee
asymptotic stability, this term has to be chosen such that nonlinearities and uncertainties do not destabilize the system
[16]. To stabilize the error dynamics of the linear part, the observer gain matrix H), is taken into consideration. There
are several possibilities for choosing this matrix, e.g. by pole assignment, linear matrix inequalities, or minimizing
a quadratic cost function as it is shown in [13,17]. The vector y,, (#) contains all measured system outputs. The

~ . STP(x—%)
error vector defined by € := TSTPR)]

The matrix P results from solving the Lyapunov equation Ao -P+P- A(T) +Q = 0 with the matrix Ap = A—H P C

accounts for deviations between the true and estimated system states [16].

of the linear observer part. Note, that the pair (A, C) has to be observable, otherwise the described procedure is not
applicable to the given system. Another requirement is, that all terms included in the product S - £(x(¢), u(¢)) have
to be bounded.

Equation (2.9) can be adapted, as soon as a change of sign occurs in the difference between the true and estimated
states. Then, the term £ in (2.8) can be reproduced approximately by € in the switching part of the observer [16].
Therefore, the observer differential equation is changed into

X)) =A%) +B-u(t) +H, - e,(1) 4 hy - S - sign(e, (1)) (2.10)

with e, (1) =y, (1) — C - X(¢). Equation (2.10) consists of a locally valid linear system model as well as of the
variable structure term that makes it possible to handle uncertainty and nonlinearities without destabilizing the error
dynamics [16]. In this context, the disadvantage of common sliding mode estimation schemes is the need to define
the switching amplitude & a-priori. This often leads to unnecessarily large chattering and—in the case of including
the observer in a closed-loop control structure—to a deterioration of the quality of the control signal.

3 Sliding Mode Control and Estimation Using Intervals

The presented procedures for sliding mode control and estimation can be extended such that uncertain parameters
can be considered instead of their nominal values during design and implementation. As shown in [5, 11], uncertainty
in parameters and measured system states can be treated by means of interval arithmetic [8]. In addition, process and
measurement noise that simulate for example inaccurate sensor measurements in real applications, can be included
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Fig. 2 Location of intervals for the sliding mode control and sliding mode observer. a Interval definitions for control design, b interval
definitions for observer design

to increase the robustness of the algorithms presented in the following. To verify asymptotic stability, the negative
definiteness of the time derivative of a suitable candidate of a Lyapunov function can be exploited. The goal of the
interval extension is to reduce the switching amplitudes of the variable structure control and observer approaches.
In such a way, the two before-mentioned issues chattering and actuator wear can be reduced efficiently. In [16], a
novel sliding mode-type observer is presented that includes uncertainty of system parameters, interval specifications
for control inputs, and intervals for estimation and measurement errors. On this basis, the procedure presented in
this paper estimates states and parameters simultaneously although they are coupled in a multiplicative way. The
estimation of parameters is especially useful in cases, in which system parameters are not constant, e.g. friction
coefficients or mass moments of inertia. This is the basis for the presented extension of the sliding mode observer
that is further generalized to consider stochastic process and measurement noise. Before these improved control
and observer approaches are described, firstly, basics for interval arithmetic and secondly, linear matrix inequalities
for an underlying stabilization of the sliding mode approaches are summarized.

3.1 Interval Arithmetics

The use of intervals is reasonable if at least one of the following influence factors affects the system, namely

e bounded uncertainties: e.g. unknown system parameters,
e bounded accuracy of measurements, and
e bounded nonlinearities affecting the system dynamics.

To get an impression of the use of intervals for both the sliding mode controller and observer presented in the
following, Fig. 2 shows the location of the considered intervals for control, estimation and measurement errors
([Ax.], [Ax.] and [Ay,], resp.) as boxes.

Furthermore, it is assumed that the true parameter values are unknown. This corresponds to real systems since—
exemplarily in mechatronic applications—even lengths, masses and friction coefficients are never exactly known. In
the following, intervals in general are defined by [«] := [k; k] = [inf([«]); sup([«])] with the infimum x = inf([«])
which denotes the lower bound and the supremum k¥ = sup([«]) which denotes the upper bound. For vector-valued
intervals, this definition holds individually for each component of the vector.

3.2 Linear Matrix Inequalities for the Design of a Robust Linear Controller

Linear Matrix Inequalities (LMIs) [2,3] can be used for a robust control and observer design of the linear system
part, because their appropriate use guarantees asymptotic stability for bounded parameter intervals.
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Assume the state-space representation of a dynamic system according to

x(t) =fx (), [pl,u@®) =Acx(#),[p]) - -x(#) +Bck, [p]) -u®)
y@) =Ccx (@), [p) - x(1)

with an element-wise defined interval parameter vector [p]. Additionally, the desired operating point is defined as
x = 0 which is supposed to be stabilized using the feedback control law u(t) = —K - x(¢). Note, that all system
states have to be observable or measurable.

As shown in [12], uncertain but bounded parameters p can be handled for a system x(¢) = f(x(z, [p], u(¢)) such
that their influence is over-approximated by the polytopic domain D, with the following convex combination (linear

in yr)

3.1

ny ny
D ={lAc, Be,Cel|lhe. Be. Cel = D v [Acws Bew, Ceal D ¥ = 134, = 0 (3.2)
v=1 v=1

of the interval expressions of the system matrix Ac := Ac(¥), control matrix B¢ := B¢ (¥), and output matrix
Cc := Cc (), where ¢ denotes the dependency of Ac, B¢ and C¢ on the parameters p and states x. In D, all
possible parameter configurations are included and specified by their lower and upper bounds. The corresponding
n, matrix vertices are Ac,, = Ac(X,p) € Ac([x], [p]), Bc.y := Bcvx,p) € Be([x], [p]) and Cc, =
Cc(x,p) € Cc([x], [p]). The goal is to find the control gain matrices K and P¢ using LMIs such that stability is
guaranteed for every parameter located in the respective intervals.

A suitable candidate of a Lyapunov function is given by V¢ = %XT (t) Pcx (¢) with the positive definite matrix
Pc = Pg > 0 [17]. Its time derivative follows as

: 1 1 T ~
Vc(x)zsz-Pc-x+§xT~Pc~X=EXT~[A£-PC+PC-AC]-X<0 (3.3)

with Ac = Ac —B¢K (time arguments omitted). The term Ag ‘Pc+Pc -Ac < 0 forms a bilinear matrix inequality
(BMI), that can be reformulated by a multiplication with PE1 from the left and right-hand sides. Including the
polytopic uncertainty according to Eq. (3.2), the following BMI

(Ac,o —Bc,K)" - Pc+Pc - (Ac,, — Be,oK) +2ycPc < 0 (3.4)

holds with a minimum convergence rate yc > 0. In the case of, for example, two interval variables, n, = 22 =4
LMIs have to be considered that contain the complete ranges defined in D. A linearizing change of variables (related
to the left and right multiplication with PEl) leads to

QCAE,U - YEBE,U +AcvQc —BcwYe +2ycQe <0 (3.5)

with P¢c = QEI and K = Y¢P¢ for all v € {1, ..., n,}. Functionalities for computing with interval arithmetics
that are necessary for range computations in the matrices in (3.2) are obtained with the interval toolbox INTLAB
[14]. The n, matrix inequalities (3.5) are solved simultaneously by means of SEDUMI [19] in combination with
YALMIP [10] in MATLAB such that Q¢ and Y stabilize the system for all parameter values inside the intervals
[p]. The approach of an LMI-based robust system stabilization is also applicable to the observer design as it has
been shown in [17]. Then, the observer gain matrices H,, and P are calculated using LMIs.

3.3 Interval Sliding Mode Control (ISMC)

In this section, an extension of the classical sliding mode control (see Sect. 2.1) to an interval-based approach is
described, as it can be found in [17]. The goal is to avoid the problem that the results become too conservative in
case of uncertain parameters. As a consequence, large switching amplitudes and actuator wear can be reduced by
the presented novel approach [11].
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Consider the uncertain system of order n (for more information about the classical notation of nonlinear stochastic
differential equations refer to [1])

dx =f(x (1), [pl,u@))dt + G, dw, (3.6)
y=Ccx(@),[p]) - x@)+ Gn dwy (3.7)

with

fx (@), [pl.u(®) = Ac(x (1), [p]) - x (1) + Bc(x (7). [p]) -u(@) . (3.8)

the standard Brownian motions of the process noise dw, € R’» and of the measurement noise dw, € R.
Moreover, Ac(x(t), [p]), Bc(x(t), [p]) and Cc(x (¢), [p]) are the interval expressions of the system, input and
output matrices in which intervals for all system parameters are included. Additionally, the stochastic noise terms
are characterized by the standard deviations G, € R"*'» and G, € R">*"". Note, that the linear formulation of
f(x (), [p], u(?)) in Eq. (3.8) is not required but in this context assumed with regard to the application scenario in
Sect. 4. Moreover, in Egs. (3.6) and (3.8), the control law consists of a static or dynamic feed-forward control uy,
a state feedback and a switching part according to

u@®) =uy @) —K-x(t) + 7 - sign(x(1) — x4(1)) (3.9)

with the vector of desired trajectories X, (¢). Note, that 7 is a matrix of all switching amplitudes in the general case.
For u € R, x € R”", the matrix 7 becomes a row vector according to n € R!*”. This variable structure part gain
n stabilizes the nonlinear part. The matrix K can be either calculated by pole assignment for one working point
defined by using LMIs (see Sect. 3.2) or by one special parameter configuration in D to guarantee underlying robust
stability of the linear part of the system.

3.3.1 Calculation of the Switching Amplitude
Since stochastic disturbances are taken into consideration, the Itd differential operator [9] is used for the calculation

of switching amplitudes according to the following procedure. In this approach, the It6 differential operator serves
as a substitute for the deterministic time derivative of the Lyapunov function V¢ with

Ve Ve T . 1 70 2 Ve
L(Vc(t)) = o + (g) -(Ex (1), [pl,u(®) —x4(2)) + ztrace Gp WG” . (3.10)
For guaranteed stability of Eq. (3.10), a suitable candidate for a Lyapunov function
1
Ve = Ef(T(t)Pcyz(t) (3.11)
is defined with the difference between the actual and desired system states according to X = X — Xy = [X] — X1 4,
X2 — X2.dy ees Xp — x,,,d]T (time—arguments are omitted). Since there is no explicit dependency of the Lyapunov
function on the time 7, the condition % = 0 holds in Eq. (3.10). In case that no stochastic processes are taken into

account, G, = 0 holds. For a guaranteed stability proof, the condition L(Vc¢(t)) é 0 needs to be fulfilled which

corresponds to Ve < 0. Instead of this, the condition L(Vc (1)) ; —qgabs([f(]) with an additionally user-defined
convergence rate vector ¢ can be demanded. Here, it is assumed that ¢ is a component-wise non-negative vector.
After substituting all terms, the components i € {1, ..., n} of the switching amplitude vector in the single-input
single-output (SISO) case are calculated by

0, if [8c]1 < (BLPC |[K1));
ni = 1 sup (B! Pe |[XID; - (—[Va,c] — qLabs (X]) — 7)), for sup(BLPc [[X]]); < 0 (3.12)
inf (BT Pe [KID; - (=[Va,c] — qlabs (1K) — T)),  for inf(BLPc |[X1]); > 0
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with the vector of absolute values of the difference between the system states and the desired trajectories according
to

abs([x1] — x1.4) [_ii ) _ii] forx; <0
abs ([X]) = : with abs ([X;]) = [ii : ):Ci] for %, > 0 (3.13)
abS([xn] - -xn,d) [0 ; max{liil, |§t|}:| else.

The function abs is provided by the C++ library C-XSC. In Eq. (3.12), the time derivative of the continuous part
of the Lyapunov function follows to

[Va,cl = [KI"Pc(Ac — BeK) - [x] + [K]" PcBeuy — [X]7 Pexy (3.14)
and the term

1 3%V,
T = Strace [GgaTZCG,,] . (3.15)

Moreover, Eq. (3.12) also includes A¢ and B¢ which denote the interval evaluations of A¢(x, [p]) and B¢ (x, [p])
at each point of time 7. In the multi-input multi-output case, the components in (3.12) form the rows of the switching
amplitude matrix. Moreover, a small interval [§¢] defining a tight area around zero (element-wise) prevents the
sliding mode controller from switching around X = 0+ [8¢]. The reason for this choice is that in the corresponding
regions it cannot be determined whether X(¢) = x4(¢) — X(¢) < 0 or X(¢) = x4(t) — X(¢) > 0 hold component-
wise [17]. Nevertheless, this knowledge is necessary for the calculation of the switching amplitude. Moreover, the
chattering phenomenon inevitably occurs if the sliding surface is reached. To reduce this problem and to ensure finite-
time convergence, the interval [§¢] effects the calculation of smaller switching amplitudes in the near surrounding
area of the sliding surface. This feature can be understood as a compromise between chattering phenomena and
finite-time convergence. Note, high switching amplitudes in the control law in real applications may cause wear of
the system.

The left pseudo inverse of the interval expression [M] := (IEBEPC|[)~(]|), M e R™"1>*"2 jg calculated by an interval
Newton method using the function inv from the C++ library C-XSC [20] according to

M]~! if [M] is scalar
M]* = 3 (MITMD MY i g = o (3.16)
(viMIT) M) if g <

The pseudo inverse [M]™ for the following scenario is always of full rank despite uncertainty. In (3.12), the interval
matrix of the absolute values |[X]| € R"*" with the interval around the sliding surface [X;] = ([x;]— x; 4) is defined
as

[x1]-sign([x1]) [x1]-sign([%2]) ... [X1] - sign([Xa])
. [x2] - sign([x1]) [x2]-sign([%2]) ... [X2] - sign([Xn])
X1 = : : . : (3.17)
[Xn] - sign([x1])  [X.]-sign([x2]) ... [Xa]-sign([X,])
which is evaluated for all vector components i € {1, ..., n} and the sign function of an interval according to

1 if inf(&]) = Gof(Cx]) — xiq) > 0
sign([%1) = { —1 if sup([%i]) = (sup([xi]) — xiq) <O (3.18)
0 else.
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So far, it has been assumed, that all system states are known by measurements. In reality, however, this is not the
case, so the states have to be estimated. Then, in the control law u(z) = uy () — K - X(¢) + 1 - sign (x4 (1) — X(¢))
and for all equations in Sect. 3.3.1, the state vector x(¢) is replaced by the estimated state vector X(#) according
to the new definition of the sliding surface X(r) = x4(¢) — X(¢). Additionally, it is assumed that the actual state
vector is unknown and that the estimated state vector may not fully coincide with x(¢). Hence, the state vector
is extended by the control error interval [AX.] according to x(#) € [x] := x(¢) + [Ax,.] and the estimated state
vector by the estimation error interval [Ax,] according to X(z) € [ﬁ] = X(1) + [AXx.] (both element-wise). To
sum up, the presented procedure provides the possibility to calculate the switching amplitude online in every time
step considering uncertainty of parameters and states. The same holds for the following sliding mode observer in
Sect. 3.4. which aims at the estimation of all system states and parameters despite stochastic disturbances as the
dual problem of the controller described above.

3.3.2 Boundary of the Provable Stability Domain

To prove whether the system is asymptotically stable, L(V¢) needs to be evaluated with the calculated switching
control law; if L(Vc()) < 0, the system is stable. Note, that the stability boundary L(Vc(#)) = 0 is commonly
shaped like an ellipsoid around the desired operating point whose volume should be as small as possible to reduce the
non-stabilizable area. The ellipsoid-like shape results from the stochastic disturbance included in 7'. This disturbance
reduces the provable stability domain according to [13].

3.4 Interval Sliding Mode Observer (ISMO)

The classical sliding mode observer in Sect. 2.2 can be modified in analogy to the control task in the previous
subsection to a robust interval approach. In contrast to the sliding mode controller, for which the number of
switching amplitudes in the control law is equal to the system order, the interval sliding mode observer possesses
as many switching amplitudes in the variable structure part as measurements of states are available. Here, the
Lyapunov function candidate is chosen as Vo = %eT (HPpe(r) with the error e(f) = x(¢) — X(¢) between the true
and estimated system states. For the consideration of stochastic disturbances, again the It6 differential operator

v, avo\" 5 . 1 9%V,
L(Vo () = a—t‘) + (a—e‘)) : (f(x (). [pl.u () — F&(). [p].u (z))) + Strace IGT 8e20 G] (3.19)

is used under consideration of Eq. (3.1), where the term I’(f{ (t), [p], u(?)) and the corresponding output equation
are defined as

:f(ﬁ ®). [pl.u(®) = f(x @), [pl, u@®)) + PCL& (1), [p) - Hy - sign(ey + [Ayn])
=AoX®,[p)-X®) +BoX(®),[p])-u()+H, - [ex]
+PLCL& @), [p)) - H - sign(ey + [Aynm]) (3.20)
Ym = Co& (@), [p]) - X (1) (3.21)

with the component-wise defined measurement error interval vector e, (t) € [e;] and the interval matrices A,
Bo and Cp denoting the interval evaluations of Ap (X (7), [p]), Bo (X (¢), [p]) and Co (X (), [p]), resp. The error
interval [e,, ] accounts for deviations due to bounded uncertainty between the measured and estimated system outputs
with [e,,] = Y (1) — ¥m (t) + [AYn]. Moreover, the matrix G contains the standard deviation of both process as
well as measurement noise according to G = [G,, —H,G,, ] in combination with the observer gain H, of the linear
part.
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As for the sliding mode control, where the system states are assumed to follow desired trajectories, the estimated
states of the observer should coincide with the corresponding true ones: here, an estimation error interval [Ax,]
is included to prevent the observer from switching in regions near zero, where the positive or negative sign of

e, cannot be determined, see [16]. The underlying stabilizing observer gain H,, and the matrix Po in f can be
calculated by pole assignment, minimizing a quadratic cost function or by LMIs.

The advantage of using LMIs, for control and estimation tasks, is the calculation of matrices H,, K, Pc, and
P, that guarantee stability for parameter intervals whereas—for pole assignment—point values are necessary for
the system, input, and output matrices. Hence, the gains obtained by pole assignment do not necessarily guarantee
robust stability for large operating regions of the system without the variable structure part.

The switching amplitude of the sliding mode observer which accounts for interval variables and stochastic
disturbances, can be calculated by a user-defined stability margin qo (element-wise non-negative) with

LVo(®) < —q5 llen]] . (3.22)

Then, the switching amplitude matrix Hy follows as a diagonal matrix from the vector of switching amplitudes
according to Hy = diag(hy) € R™*" (number of measured states 7,). As a stability criterion for the Lyapunov
function, the condition

%V
de?

) 1
[%Mﬂ—{ﬂT-POPgCgHSsgnq&ﬂ)+§ume[GT (4«<—qgu%J| (3.23)

with [e] = ([x] - [f(]), where [x] = x + [AXx,] and [X] = X + [AX,], as well as
[Vaol=1[el"Po - (AC [x]+Bc-u—Ap-[X] -Bp -u—H, - (Ym —¥m + [AYm])) (3.24)

hold (time arguments are omitted). As already explained for the sliding mode control design, the switching ampli-
tudes are determined component-wise using the following cases to prevent a division by zero, where [§p ] is a small
interval around zero [17], according to

{0, if [80] C [em]” [en]
= (3.25)

sup (I[em]|+ . ([Va’g] + % - trace {GT%G}) + q(T)) , else.

. . . -1 .
The interval pseudo inverse is computed as [en]IT = (|[em]|T |[em]|) . |[em]|T with the absolute value of the
difference between measured and estimated states |[e;, ]| of the corresponding interval [e,,] for each component i

[_Em,i N _gm,i] for Em,i <0
|[em,i]| = [gm,i ; E’"si] fOrgm,i = 0 (3'26)

[0 max{le,, ;. emil}]  else.

As already described for the dual task of control in the ISMC, the interval [ o ] in the ISMO is taken into consideration
to reduce chattering and the calculated switching amplitude.

The following section illustrates the presented procedure for a cascaded sliding mode observer structure esti-
mating not only non-measurable system states but also uncertain system parameters in combination with trajectory
tracking by the ISMC.
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4 Application Scenario: Simplified Model for the Longitudinal Dynamics of a Vehicle

The presented interval sliding mode controller and observer are used in the following for trajectory tracking and
state as well as parameter estimation of a simplified model for the longitudinal dynamics of a vehicle. Assume this

system is given by the state-space model f(x(¢) , [p], u(z)) = x(t) = [)'cl ), J&z(t)]T according to

X(t) =A-x(t) +b-u(t) = |:8 (ii| [28} * [2} "

y() = x1(1). (4.1)

Two not a-priori known parameters ¢ = — % € [a]and B = n—11 € [B] with the mass m and the velocity-proportional
friction coefficient d are included. Both parameters have a large influence on the system dynamics of the nonlinear
model since they are coupled multiplicatively with the time-varying system states and the input. This is the reason,
why it is important to estimate states and parameters both in a robust way. In general, it is assumed that the system
parameters are located in the intervals o € [a] = —0.2 - [—1; 1] and B8 € [B] = [0.9; 1.1].

Figure 3 illustrates the implementation. The task of trajectory tracking of the system is fulfilled by the ISMC.
Since only the first state is measurable, it is necessary to estimate at least the second state as well which is done by the
ISMO in subsystem S7. Then, the estimates of S are used as virtual measurements in ISMO subsystem S, to estimate
the system parameters in a cascaded way. The approach is implemented using s-functions in Matlab/Simulink in
combination with the C++ library C-XSC [20] and INTLAB [14]. For the calculation of the controller gain matrices
of the linear model, additionally YALMIP [10] and SEDUMI [19] are used for solving LMIs according to Sect. 3.2
and [12].

Additionally, stochastic noise is considered which has different purposes. On the one hand, measurement noise
reproduces the inaccuracy of measured data of the real application. On the other hand, process noise can be
interpreted as a random disturbance to model for example discretization errors and friction, that influence a system
but cannot be quantified easily.

4.1 Cascaded Interval Sliding Mode Observer

The interval-based sliding mode observer has a cascaded structure. The reason is, that in general states change faster
than parameters, since the states are time-varying whereas parameters such as masses are assumed to be constant.

X
Trajectory planning 4y ISMC
Trajectory tracking " > S{:t%m
_1(3.6) = (3.9), (4.11) :
o Observer for
u,u,u,u estimating the - Vi

derivatives of the input -

ISMO S, ™ ISMO S, .
»{Estimation of states| ‘g ,| Estimation of | “c'fey
»| and derivatives system parameters

(4.2)- (4.4) (4.6) — (4.8)

Fig. 3 Block diagram of the illustrative example
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Typically, parameters and state variables are coupled, as for example the friction force that depends here on the
second state xp, which can be interpreted as velocity.

The subsystem S estimates the states up to the fourth time derivative of the position xj using an integrator chain
with the output x; in the parallel model. The model of the observer subsystem S is given by

' i x2,d + [Axc(,i”] ]
2 m]mﬂ+Pngq)+wm
(50 = | %3 | = [ (x2 + [ AxED]) + [llBlu + B (42)
o o (w2 + [AxEY]) + P8I + B + (Bl
ol (x2.0 + [AxD]) + (0P 1Bl + [ PLBYE + [l [Bli + [l |

with the output y,(,,s‘) = x and the desired trajectory for the second system state x 4, because the real state x; is not
directly measurable. The corresponding observer parallel model can be expressed by an integrator chain according
to

Xy + Ax;:gll)
A &3+ [Axl
X2 - -
f(Sl) = xA3 = )24 —+ Axe(‘%l) . (43)
i A - -
él 71 + Axii{)

0+ [ax]

The derivatives of the system input & = ii,ii = G and ¥ = # and the input u = u itself result from an observer
that represents an integrator chain for the system input (see Sect. 4.3) in order to provide smooth derivatives of the
input. The interval sliding mode observer for subsystem S is then given by

010007 %
s 0010015
7 =100010| [ &5 [ +HSY [0+ PEVTCHVHSY - sign([efV]) (4.4)
00001 |3
00000] |2
— e — —
A(Sl) 1D
o

with the definition of the sign function in analogy to Eq. (3.18) and [eWV] = ¢SV _ [Ay,,] with PICIRIRTE
The matrices for the stabilization of the linear part are H;,Sl) (determined by pole placement) and P(OSI). Note,
since subsystem 1 has only one output yV = x;, the matrix Hg,sl) becomes a vector and the switching term

H.gS‘) . sign([e,(,,sl)]) scalar. The matrix P(Osl) results from solving the associated Lyapunov equation according to
A(OS]) .Pgl) + Pgl) 'A(OSI)T + Q(Sl) =0 (4.5)

with RS = AGY _ ). 1),
Subsystem S, estimates the system parameters and states using integrator disturbance models for the parameters.
The model of subsystem S, is defined by
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(1ol (32 + [AxSP]) + 181 + (22 + [Ax{2]) ]

5 [ (x2 + [ AxEP]) + Ll + B
£ = oz3 = 0+ [Axﬁ?] (4.6)
e

0+ [axi?]

0+ [AxiSSZ)]

2

with the point-valued parameter estimates o, and S, that are estimated by this subsystem. The state x» is now
the second state provided by subsystem Si. The output vector is defined as y,(ns R [x2, x3, z2]7. Under the
assumption that the model error is slowly varying for S», the parallel model is described by

[ 8] (3?2 + [Axi,sf)]) +[oplu+ (32 + [A"SSZ)])_
2 (8P (82 + [ Ax{%]) + 186108510 + 1841
x3
50 _ | &, | = 0+[ax?] 0
i o+ 2]
22
0+ [Axé?]

with the enlarged intervals for the two estimated parameters [§, ] = ([a] + [Axé%)]) and [dg] = ([,8] + [Axé!sj)]).
The interval sliding mode observer for the subsystem S, follows as

0 0x20 0 172 B,
5 a0 0 iy, 0| | %3 - Pe St (S
X={000 00]||&]|+| 0 w+H - [ef)] + PEYTCHVH - sign((el2)]) (4.8)
000 00]|]|A 0
000 00]]2 0
—_—— ——
A(Osz) 152 b(osz)

with [e52] = e85 + [AyS)] and €5 = (y&2) — 332y = [x2 — %2, x3 — %3, 0— 22]T. The matrices HE,SZ) and
P(OSZ) stabilize the linear part of the observer ordinary differential equations. For subsystem S, the switching term
H§S2) . sign(eﬁ,,s 2 + [Ayf,,s 2) 1) has three components. The working set point is defined as x2 ., = 4, 1, = 5, and
ap = —0.15 € [«].

Note, that the switching amplitudes for both subsystems are calculated separately according to Sect. 3.4. For that
purpose, the definition of the continuous part of the time derivative of the Lyapunov function candidates for both
subsystems introduced in (3.24), needs to be slightly adapted, since the models of both observers (4.2) and (4.6)
are nonlinear. Therefore, the expression (3.24) is reformulated according to

[Va.04] = [e]- PG - ((f®1 - [F9] - HP - ¢, (4.9)

with k € {S1, $2}.

In subsystem Sj, it is assumed that the measurement of the state x; is corrupted by measurement noise with
a standard deviation of Gg,f D — G,(,f') = 0.05, where the process noise is taken into consideration only in the
calculation of the trace with GE,SI) =[00000.5]". Subsystem S, contains the stochastic disturbances of process
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and measurement noise according to

00 0o 0 O
00 0o 0 O 05 0 O
G™=10002 0 0| ad Gy*=]0 02 0 (4.10)
00 0 03 O 0 0 07
00 0 0 05
in the corresponding calculation of the trace 7. The stability margins are defined as qg)sl) = 0 and q(OSZ) =

[50, 50, 50]7. The control and estimation intervals are chosen as [Axif})] =[-0.5; 0.5], [Axéi!)] =[-2; 2],
component-wise, for S; and [Axc(,sj?)] =[-1; 1], [Axisf)] = [-5; 5],component-wise, for S and all j € {1, ..., 5}.

The measurement error intervals are defined by [Ay,(nsl)] =[—0.05; 0.05] and[Ay,(ﬂSZ)] =[[-0.1; 0.1],[-0.1;
0.1],[—107%; 1077

4.2 Interval Sliding Mode Controller

The purpose of the sliding mode controller is to obtain perfect trajectory tracking in the optimal case. Therefore,
desired trajectories for x; 4, x2 4 and x3 4 are specified. The task of the controller is to minimize the difference
between the first two components of the desired trajectory and the corresponding estimated states from the observer
subsystem S according to X = x; — X = 0. Selecting these two components coincides with the fact that the system
is described by the state-space representation (4.1) of order n = 2. The ISMC can be described using the following
definitions

01 0
Ac = ,Bc = ,Cc=[10 4.11
c |:Oocc:| c [ﬂc] c=[10] (4.11)
with the point-valued parameters ac = —0.2 € [a] and Bc = 1 € [B] and the covariance matrices G, =
|:0'(()) ! 007i|, G, =: G,, = 0.05 as well as the stability margin q¢c = [10 , 1017 for both states. Moreover, the

control error interval vector is defined by [Ax.] = [[-0.5; 0.5], [-0.5; 0.5]]7. The matrices K and P¢ for the
stabilization of the linear part of the system are defined by LMIs, see Sect. 3.2.

4.3 Observer for the System Input

The goal of this observer is to estimate the derivatives of the system input provided by the ISMC in such a way
that sufficiently smooth trajectories are obtained. These derivatives are necessary for the system descriptions of the
cascaded observer in the previous subsection. Currently, the observer relies on an integrator chain according to

i 0100 0] [a
i 0010 i
il=l00010 i | +Hy - =), (4.12)
@ 00001 i
2 0000 0] |z
Xu Ay, Xu

where the column vector H,, is computed by linear quadratic estimator design so that (4.12) has properties that are
similar to a continuous Kalman Filter. Then, the estimates of the vector X, are used as the input u and its three
derivatives #, ii and  within the observer models of Sy and S,.
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Fig. 4 Location of the eigenvalues A; of the controller and the observers
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Fig. 5 Estimation results of the system parameters &, and /36 for scenario 1 (without closed-loop control) and 2 (with closed-loop
control). a Estimate &, (scenario 1), b estimate &, (scenario 2), ¢ estimate 8, (scenario 1), d estimate S, (scenario 2)

4.4 Simulation Results of Control as well as State and Parameter Estimation

In the following, simulation results are shown for two scenarios. Scenario 1 includes only an open-loop control
for the cascaded observer without stochastic disturbances but with bounded parameter intervals. Scenario 2 is
implemented using the described closed-loop control (ISMC) as well as the cascaded observer structure with
stochastic and bounded disturbances. For the presented results, the real parts of the eigenvalues Re{A;} of all
components of the closed-loop control and estimation for the application scenario have been chosen according to
Fig. 4.

For the first scenario, the estimation results of the two system parameters according to [16] are depicted in Fig. 5
in comparison with the estimates that result from the closed-loop control in the second scenario. As it can be seen,
the estimate &, with closed-loop control is better although stochastic disturbances are considered. Especially, the
parameter &, in Scenario 1 changes the sign which might compromise the systems stability at the begin of the
simulation if the parameter was used in an adaptive closed-loop feedback control. The results show, that chattering
can be reduced to approx 50 % by using a closed-loop control considering stochastic disturbances. Therefore, all
following results represent scenario 2.

The standard deviation of the process noise with a value of 0 = G, 2> = 0.7, which can be interpreted as
additive uncertainty on the actor dynamics in the second system state, corresponds to a disturbance with the range
of approx.3-o-[—1; 1] =[-2.1; 2.1]. Asitcan be seen in Fig. 6, this is a large impact on the system dynamics in
the second equation of the state-space representation according to Eqs. (3.6) and (4.1). The corresponding control
and estimation errors for both system states are depicted in Fig. 7. Due to the large impact of the process noise, it
has to be pointed out that the presented procedure is robust against disturbances.

In Fig. 8, the dependencies between the switching amplitudes and the estimation error intervals for the position
(difference between the first system state and the first state of subsystem S;) and the velocity (difference between
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Fig. 6 Feedback control signal (3.9) and stochastic disturbance in the second state equation. a System input u provided by ISMC, b
process noise influencing the second system state in (4.1)
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Fig.7 Estimation errors (scenario 2). a Control error x; — x1 4, b control error x — x7 4, ¢ estimation error x; — X1, d estimation error
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Fig. 8 Relation between the switching amplitudes of the cascaded observer and the corresponding estimation errors. a Estimation error
X1 — X1, b estimation error x, — X»

the second system state and the first state of subsystem S,) are shown.? It can be seen that the switching amplitudes
at the begin of the simulation are not equal to zero. At these points, the corresponding variable structure components
are active, since the sign of the estimation error can be determined unambiguously. From 1 s (left) and 10 s (right),
resp., the estimation errors are too small to determine the sign of the estimation errors for the sliding mode observers.

3 Due to interval uncertainty, the sliding surface is generalized to a sliding area by the presented control and observer approaches.
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This is the reason, why the switching amplitudes are then set to zero in order to avoid a possible division by zero
according in Eq. (3.25). As it can be seen from Fig. 8, the switching amplitudes are significantly smaller in the near
surrounding area of the sliding surfaces of the sliding mode observer for both subsystems. This feature is realized
by the small interval [§p] in Sect. 3.4. In contrast to this effect, it is well known that in classical sliding mode
approaches the switching amplitude influences the system as long as the sliding surface is not exactly reached.

5 Conclusions and Outlook on Future Work

In this paper, sliding mode techniques have been extended such that intervals for bounded uncertainty as well as
stochastic disturbances are considered to develop robust control and estimation strategies guaranteeing asymptotic
stability of the system. In future work, the stabilization of the continuous parts for control and estimation will
be performed simultaneously to achieve a joint stability proof of the system using a single Lyapunov function.
Moreover, the dynamic feedforward control in the control law (3.9) needs to be adapted in order to use estimated
variations of the parameters. Additionally, a strategy should be considered, that prevents under all circumstances the
system parameters from changing their a-priori unknown sign as it occurred using the cascaded observer without a
closed-loop control. The most important point is, to validate the presented closed-loop control on a test rig, that is
available at the Chair of Mechatronics at the University of Rostock, as it has already been done for the open-loop
control in [15].
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