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Abstract

In the setting of the lattice Z" we consider a pseudo-differential operator A whose
symbol belongs to a class defined on Z" x T", where T" is the n-torus. We realize A
as an operator acting between the discrete Sobolev spaces H*/ (Z"),s; € R, j = 1,2,
with the discrete Schwartz space serving as the domain of A. We provide a sufficient
condition for the essential adjointness of the pair (A, AT), where AT is the formal
adjoint of A.
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1 Introduction

Difference equations and the corresponding pseudo-differential operators on the lat-
tice Z" play an important role in the discretization of continuous problems. In the last
fifteen years, a number of researchers have studied various questions concerning these
operators; see, for instance, the papers [5, 6, 11, 15, 24, 27-30]. In parallel with these
developments, based on the quantization described in [31], the authors of [16, 23, 25,
26] have investigated operators on the circle S! and, more generally, on the n-torus T”.
Furthermore, the authors of [7, 8, 17, 18] have studied various properties of (general-
ized) pseudo-differential operators (the so-called Z-operators and S-operators) related
to a finite measure space S such that L>(S) is a separable Hilbert space.

A few years ago the authors of [4] developed a global symbol calculus for pseudo-
differential operators on Z". In this calculus, Z" x T" plays the role of the phase
space, whereby the frequency component belongs to T". As the frequency space T”"
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is compact, there will be no improvement with respect to the decay of the frequency
variable if one tries to construct the symbol calculus by mimicking the definition of
the standard Hormander class on R”. In the article [4], the authors overcame this
difficulty by using a similar strategy as in [31] but with switched roles of the space and
frequency variables. It turns out that the symbol class S :f’ ;@' xT"), withm, p,§ € R,
introduced in [4] (see definition 2.1 below for the special case p = 1 and § = 0), bears
some resemblance to that of the so-called SG-operators discussed in [10]. Having
developed the appropriate symbol calculus, the authors of [4] were able to provide
the conditions for the ¢2(Z")-boundedness (here, £2(Z") denotes the space of square
summable complex-valued functions on Z"), compactness, and H* (Z")-boundedness
of the corresponding operators (here, H*(Z") indicates a discrete Sobolev space; see
Sect. 2.6 below). Additionally, the paper [4] contains, among other things, the proof
of weighted apriori estimates for difference equations, the proof of (sharp) Garding
inequality, and a discussion of the problem of unique solvability of parabolic equations
on Z".

Building on the paper [4], the authors of [9] studied, among other questions, the
relationship between the maximal and minimal realizations in £2(Z") of a pseudo-
differential operator A whose domain Dom(A) is the Schwartz space S(Z") (see
Sect. 2.3 below for the definition of S(Z")). Here, in analogy with the definitions in
chapter 13 of the book [33] (in the context of R"), the “minimal operator" Ap;, refers
to the closure of A|g(z) in 22(Z), while the “maximal operator" Amayx is defined as
follows: Let f and u be two functions in £2(Z"). One says that u € Dom(Apax) and
Apaxu = fif

(, ATv) = (f,v),

for all v € S(Z"), where (-, -) is the inner product in ¢>(Z") and AT is the formal
adjoint of A (see (2.1) and (2.4) below for the descriptions of (-, -) and AT). After
demonstrating various properties of the Sobolev spaces H*(Z") and establishing the
appropriate analogue of Agmon-Douglis—Nirenberg inequalities, the authors of [9]
proved (in their theorem 3.19) that if A is an elliptic operator whose symbol belongs
to the class S’I"O(Z" x T") with m > 0, then Apyin = Amax. Subsequent to the paper
[9], the authors of [19] considered weighted M " (2" x T™)-type symbols (analogous
to the class M] o A (R < R™) in [13, 14, 34]), and after developing the corresponding
calculus, estabhshed among other things, the coincidence of minimal and maximal
operators on £>(Z") (assuming M -ellipticity of the corresponding symbols).

The question about the equality of maximal and minimal realizations of a pseudo-
differential operator A whose symbol belongs to Si’fO(Z” x T"), m € R, and whose
domain is Dom(A) = S(Z") can be rephrased as follows: under what conditions
do A and its formal adjoint AT form an “essentially adjoint pair" in £2(Z™)? In this
context, the term “(A, AT) is an essentially adjoint pair" means that the following two
conditions are fulfilled: A = (AT* and AT A*, where G stands for the closure and
G* denotes the true adjoint (that is, the operator-theoretic adjoint) of an operator G.

In our paper we consider a more general version of this question, namely, we allow
the operators A (where the symbol of A is in Si’fO(Z” x T"), m € R) and AT to act
between Sobolev spaces:
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A: Dom(A) C H(Z") - H*(Z"), Dom(A) =S(Z"), si,s2 € R, (1.1)
and
A": Dom(A") € H™2(Z") - H™*'(Z"), Dom(A") =S8@Z". (1.2)

As A and AT map S(Z") into S(Z") (see proposition 3.15 in [9]) and S(Z") is dense
in H*(Z") for all s € R (see lemma 3.16 in [9]), we see that these two definitions
make sense and that the operators A and A" are densely defined.

In the main result of our article (theorem 2.7) we show that if A is an elliptic operator
of order m and if m > s1 —s7, then A and AT form an essentially adjoint pair. As A and
AT act between two (generally different) Hilbert spaces, in definition 2.6 below we
describe the term “essentially adjoint pair" more broadly than we indicated at end of
the third paragraph of this section. Here, it is worth pointing out that in definition 2.6,
one of the members of the pair acts between the anti-duals of those Hilbert spaces that
serve as the “origin" and the “final destination" for the action of the other member of
the pair. As we showed in the appendix A, the mentioned definition is applicable to the
context of (1.1) and (1.2) because the anti-dual of H¥(Z") can be identified suitably
with the space H *(Z"). We mention that in the case s; = s = 0 our theorem 2.7
reduces to theorem 3.19 from [9], that is, we recover the result about the equality of
minimal and maximal realizations of A|gs(z») in £2(Z™) (as described earlier in this
section). If we assume s; = s = O and A = AT (see corollary 2.9), we get the
essential self-adjointness of A on S(Z").

We note that the special case s = s = 0 of our theorem 2.7 can be obtained
quickly from the following two observations: (i) by theorem 4.1 in [4] our operator A
is unitarily equivalent to the formal adjoint of a toroidal pseudo-differential operator
B whose symbol b is related to the symbol a of A as follows: b(x, k) = a(—k, x),
where x € T" and k € Z" (here T" is the n-torus) and (ii) the minimal and maximal
realizations in the space L?(T") of an elliptic operator Blcoo(rny of order m > 0
coincide (see theorem 3.5 in [26] for the case n = 1 and theorem 4.8 in [16] for
the general case n € N). (Although the authors of [16, 26] work in the L”-setting,
1 < p < oo, in our discussion we stress the Hilbert space case.) However, the
general case (see (1.1) and (1.2) above) of the problem considered in our article is
not covered in [16, 26], where the minimal and maximal realizations are operators
L%(T") — L*(T") (focusing on the Hilbert space case p = 2). Thus, our theorem 2.7
does not follow directly (via unitary equivalence) from the mentioned results of [16,
26]. The fact that the operators A and AT act between different Sobolev spaces as
in (1.1) and (1.2) complicates the situation, requiring a closer look at the Sobolev
scale { H*(Z")}scr and modifications of the approach used in [9, 16, 26].

We prove theorem 2.7 by employing the symbol calculus from [4, 9] and by reducing
the problem to the question of the essential self-adjointness of an operator acting in (a
single) Hilbert space H*! (Z™) & H**(Z"). We accomplish the latter task by using an
abstract device from the book [32] (recalled in lemma 3.9 below) and tailoring it to our
specific problem (see lemma 3.10 below). Our theorem 2.7 can be viewed as a discrete
analogue of the results of [2], where the author considered the essential adjointness
of the pair (A, A"), with the corresponding operators acting between Sobolev (or
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Sobolev-like) spaces and having hypoelliptic symbols of the following types: (i) the
usual (uniform) Hormander class, (ii) the symbol class defined in section IV.23 of the
book [32] (see the paper [3] for a weighted version of this class), and (iii) the (uniform)
Hormander class with the additional condition that its members are uniformly almost
periodic functions with respect to the space variable.

Lastly, we remark that it is possible to formulate an analogue of theorem 2.7 for
operators with M Z’ A(Z" x T")-type symbols from [19]. To keep our presentation
simpler, we chose to work in the setting of S (Z" x T")-type symbols from [4, 9].

Our paper consists of six sections and an appendix. In Sect. 2, after describing the
basic notations and recalling the definitions of the symbol class and the corresponding
pseudo-differential operator on Z", discrete Sobolev spaces, and the notion of an
essentially adjoint pair of operators, we state the main result of the paper (theorem 2.7).
Subsequently, in Sect. 3 we recall the needed elements of the symbol calculus from
[4], state and prove a couple of additional properties of elliptic operators on Z”", and
recall an abstract device from [32] mentioned in the previous paragraph. Finally, we
prove the main result (and its corollary) in Sects. 4 and 5. In Sect. 6 we describe
two applications of our result: well-posedness of initial-value problems for evolution
equations in £2(Z") and construction of an extended Hilbert scale on Z" generated by
an elliptic operator. In the appendix A we discuss the anti-duality between the discrete
Sobolev spaces H*(Z") and H*(Z"), s € R.

2 Notations and Results

2.1 Basic Notations

In this article, the symbols Z, N, and Ny refer to the sets of integers, positive integers,
and non-negative integers respectively. Forn € N, we denote the n-dimensional integer
lattice by Z". By an n-dimensional multiindex o we mean an element of Ng, that is,

a = (ag,02,...,0,) with a; € No. We define || := oy + a2 + -+ + oy, and
al:=ajay...a,. Fork € Z" and a € Njj, we define

kY= RSk

and

k| = \/kf+k§+~-~+k3.
By {e;}j_; we mean a collection of elements ¢; € Nj, where
ej :==1(0,0,...,1,0,...,0),

with 1 occupying the j-th slot and 0 occupying the remaining slots.



The essential adjointness... Page50f22 150

For a function u(ky, k2, . .., k,) of the input variable k = (ky, k2, ..., k,) € Z"
we define the first partial difference operator Ay; as

Apjuk) == u(k +ej) —u(k),

where k + e; is the usual addition of the n-tuplets k and e;. For a multiindex o € Njj
we define

o AU A2 on
AY = AYA AT

n

We will also need basic differential operators on the n-dimensional torus T" :=
R"/7Z". For x € T" and « € N" we define

1 0
DXj = 2_7”%, D;‘ = Dgll ng .. D?y’z,

where i is the imaginary unit. Additionally, for [ € Ny we define,

where “1" refers to the identity operator. For o € N7}, we define
D := DV DL . pem,
2.2 Symbol Classes
We now recall the definition of the symbol class S”(Z" x T") introduced by the

authors of [4].

Definition 2.1 For m € R, the notation S$™(Z" x T") indicates the set of functions
a: Z" x T" — C satisfying the following properties:

(1) forall k € Z", we have a(k, -) € C*(T");

(i) foralla, B € Ng, there exists a constant Cy g > 0 such that

IDP A%a(k, x)| < Co.p(1 + k™1,

for all (k, x) € Z" x T".

Remark 2.2 The class S”(Z" x T") is not contained in the symbol classes introduced
in definition 2.1 and definition 4.1 of [28]. The symbol class of definition 2.1 (definition
4.1) of [28] is designed so that the corresponding operator is bounded in unweighted
(suitably weighted) £7-spaces on Z", 1 < p < oo. Lastly, we remark that our main
result (see theorem 2.7 below) does not follow from the boundedness results of [28].

We also recall the definition of an elliptic symbol from [4].
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Definition 2.3 For m € R, the elliptic symbol class ES™(Z" x T") refers to the set
of functions a € $™(Z" x T™") satisfying the following property: there exist constants
C > 0O and R > 0 such that

latk, x)] = C(1+ kD™,

for all x € T" and all k£ € Z" such that |k| > R.

2.3 Schwartz Space

Before discussing pseudo-differential operators on Z", we recall the definition of the
Schwartz space S(Z") from [4] and [9]: this space consists of the functions u: Z" — C
such that for all &, 8 € Njj we have

sup [k (AP u) (k)| < oo.
keZ"

The symbol S'(Z") indicates the space of tempered distributions, that is, continuous

linear functionals on S(Z").

2.4 Discrete Fourier Transform

For 1 < p < oo we define £7(Z") as the space of functions u: Z — C such that
lullp, < oo, where

lully =Y |uk)|P.

keZ

In particular for p = 2 we get a Hilbert space ¢>(Z") with the inner product

(u,v) = Z u(k)v(k). 2.1

keZ

To simplify the notation we will denote the corresponding norm in ¢2(Z") by || - ||.
For u € ¢1(Z"), its discrete Fourier transform 7 (x) is a function of x € T" defined
as

Ax) = Y e TRk,

keZ

where k- x := kyx; +kyxp+- - - +kyx,,. It turns out that the discrete Fourier transform
can be extended to ¢2(Z"), and by normalizing the Haar measure on Z" and T", the
Plancherel formula takes the following form:

> lutP = / 7| dox.

kezn T
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We also recall the following inversion formula:

uk) = / T (x)dx, ke Z". (2.2)

2.5 Pseudo-Differential Operator

For a symbol a € §™(Z" x T") we define the pseudo-differential operator 7, as
follows:

(Tau) (k) :=/ R gk, x)a(x) dx, u € S(ZM). (2.3)
’]Tﬂ

In proposition 3.15 of [9], the authors showed that the operator 7, maps S(Z") into
S(Z), and by a small modification of this argument, one can show that 7, : S(Z") —
S(Z™) is continuous.

For a continuous linear operator P: S(Z") — S(Z"), its formal adjoint PTis
defined using the following relation:

(Pu,v) = (u, PTv), (2.4)

for all u, v € S(Z"), where (-, -) is as in (2.1).
The operator T, : S(Z") — S(Z") extends to a continuous linear operator

T.: S'(Z" — S'(Z™")
defined as follows:

(T,F)@) := F (Tju . FeS @, uesS@h,
where TaT is the formal adjoint of 7,, and 7 is the conjugate of z € C.

2.6 Sobolev Spaces

To formulate the main result we will need the discrete Sobolev spaces, as defined in
[4] and [9]. For s € R define

As(k) = (1+ kD2, keZ 2.5)

Looking at the definition 2.1, it can be checked that Ay € ES*(Z" x T").
Next, for s € R we define

HS(Z") :={u € S'(Z"): Tr,u € £*(Z")) (2.6)

with the norm ||u||gs := ||Ta,ull, where || - || is the norm corresponding to the inner
product (2.1) in ¢£2(Z").
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Note that the spaces (2.6) are, in fact, polynomially weighted sequence spaces. An
important property, established in lemma 3.16 of [9], is the density of the space S(Z™)
in HS(Z™) for all s € R.

We will also use the following two notations:

H™®(Z") := UserH*(Z"),  H®(Z") := NserH*(Z").

As shown in lemma A.1 in the appendix, the inner product (2.1), considered as a
sesquilinear form on S(Z") x S(Z"), extends to a continuous sesquilinear pairing

() HY(Z") x H*(Z") — C, 2.7)

for all s € R. Relative to this pairing, the spaces H*(Z") and H~*(Z") are anti-dual
to each other.

2.7 Operators Acting Between Sobolev Spaces

We are now ready to describe the main operators studied in this paper. For sy, s, m € R
and a symbol a € §™(Z" x T") we define A: Dom(A) € H’'(Z") — H*2(Z") as
follows:

Au = T,u, Dom(A) = S(Z"). 2.8)
Next, we define AT: Dom(AY) € H=2(Z") - H~51(Z") as follows:
ATu = (T)'u, Dom(A") = SIZM). (2.9)

The operators A and A" make sense because 7, and (7)) map S(Z") into S(Z™"), and
S(Z™) € H*(Z") for all s € R. Furthermore, the operators are densely defined since
S(Z") is dense in HS(Z") for all s € R.

2.8 Some Abstract Concepts

Before stating the main theorem, let us recall some abstra_ct notions. Let .74 and 7%
be Hilbert spaces with their anti-dual spaces (##)" and (%)’ (here, by “the anti-dual
space to JZ;” we mean the space of continuous anti-linear functionals on .7Z7). Let

(f, u)q; denote the action of a functional f € (%)’ onavectoru € ¢, j =1, 2.

DeﬁrLtion 24 We say that the (densely defined) operators Y: 7 — 4% and
Z: (s3) — (27) constitute a formally adjoint pair if

(fv Yu)dz = (va u)dl
forall u € Dom(Y) C 4 and f € Dom(Z) C (JB).

Remark 2.5 From the definition it follows that the operators ¥ and Z are closable.
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In what follows, the notation
G': () — () (2.10)

refers to the true adjoint (that is, the adjoint in the operator-theoretic sense) of an
operator G: i — 3.
Additionally, S stands for the closure of a (closable) operator S.

Definition 2.6 We say that (densely defined) operators
Y: [ - A, Z:(B) — () (2.11)

form an adjoint pair if Y = Z’ and Z = Y’. Similarly, we say that (densely defined)
operators Y and Z in (2.11) form an essentially adjoint pairif ¥ = Z’ and Z = Y.

2.9 Statement of the Result

In this section, we state the main result of our article.

Theorem 2.7 Let sy, sy € R. Assume that a € ES™(Z" x T"), where m € R satisfies
m > s; — so. Let A and A" be as in (2.8) and (2.9) respectively. Then, the operators
A and A" form an essentially adjoint pair.

Remark 2.8 The special case s; = sp = 0 of theorem 2.7 can be obtained quickly by
using unitary equivalence of A with an elliptic pseudo-differential operator of order
m > 0 on the torus T” and appealing to theorem 3.5 of [26] for » = 1 and theorem 4.8
of [16] for n € N. However, the general case of theorem 2.7 does not follow directly
via unitary equivalence from the mentioned results of [16, 26]. For more details, see
the fourth-to-last paragraph of Sect. 1 in our article.

As a consequence of theorem 2.7, we get the following corollary:

Corollary 2.9 Assume that a € ES™(Z" x T") with m > 0. Let A and AT be as
in (2.8) and (2.9) respectively, in both definitions with s1 = s = 0. Assume that A is
formally self-adjoint, that is, assume that A = AT, Then A, as an operator in £*(Z"),
is essentially self-adjoint on S(Z").

3 Preliminary Lemmas

We start this section by recalling the symbol calculus for S” (Z" x T") developed by
the authors of [4].

3.1 Symbol Calculus for S™(Z" x T").

The following properties of the class S”* (Z" x T") follow easily from definition 2.1:

Lemma 3.1 Formi, ma € R, we have
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(i) Ifmy < ma, then S™ (Z" x T") C §™2(Z" x T);
(ii) Ifa € S™(Z" x T") and b € S™(Z" x T"), then ab € S™ T2 (7" x T");
(iii) Ifa € S™ (Z" xT") then DY) A% (k, x) € S™~121(Z" xT"), foralla, B € N},

For the proof of the asymptotic sum formula given below, see lemma 3.4 in [4].

Lemma3.2 Let {m;};cN be a sequence of real numbers satisfying the following two
properties: mj > mjiq for all j and lim m; = —oo. Additionally, let {a;}jeN be
J—>00

a sequence of symbols such that a; € S™i(Z" x T"). Then, there exists a symbol
a € S™(Z" x T™) such that

a(k,x) ~ Y aj(k, x),
J
where the asymptotic relation is understood in the following sense:

atk.x) =Y ajlk,x) | € S"™(Z" x "),
Jj<N

forall N e N.

We now recall the composition rule and the adjoint rule from theorems 3.1 and 3.2
in [4], noting that the ordering of the difference (or differential) operators in the
composition rule is different from that of the analogous formula for the R”-setting.

Proposition 3.3 Assume thata € S™ (7' xT")andb € S™ (7" xT"), withm1, my €
R. Let T, = Opla] and T, = Op[b] be as in (2.3). Then, the following properties
hold:

(i) T,Ty, = Oplc] with c € S™F"2(Z" x T"), and

ctk,x)~ > %ch"‘)a(k,x)Agb(k,x), (3.1)

o

where the asymptotic relation is interpreted as

1
clk, x) — § : —‘Dy)a(k,xmzb(k,x) e §gmtm=Nzn ),
ol
|| <N

forall N € N.
(ii) (T,)" = Oplqg] with g € S™ (Z" x T"), and

1 E—
gk, x) ~ Y —ADVak,x), (3.2)
"~ o
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where 7 denotes the conjugate of z € C, and the asymptotic relation is interpreted
as

1 -
qle.x)— > aAgz)jfoa(k,x) e SMN@" x T,
le|<N ~°

forall N € N.

For the next proposition, which summarizes the continuity property, see corollary
5.6 in [4].

Proposition 3.4 Assume that a € S™(Z" x T") with m € R. Let T, = Opla] be
as in (2.3). Then, T,: S(Z") — S(Z") extends to a continuous linear operator
T,: H(Z") — H*7"™(Z") forall s € R.

Before going further we define
STZ x T™) := NyerS"(Z" x T™).

The statement of the next proposition, which describes the parametrix property of
an elliptic operator (that is, an operator whose symbol belongs to ES™(Z" x T")), is
contained in theorem 3.6 in [4].

Proposition 3.5 Assume that p € ES™(Z" x T") with m € R. Let T, = Op|[p] be
as in (2.3). Then, there exists an operator Q = Oplq] with g € ST"(Z" x T"), such
that

QP=1+V, PQ=1+V,,

where 1 is the identity operator and V; = Oplv;]withvj € ST(Z" xT"), j =1, 2.

As a consequence of propositions 3.4 and 3.5, one easily gets the following elliptic
regularity property:

Proposition 3.6 Assume that a € ES™(Z" x T") with m € R. Let T, be as in (2.3).
Additionally, assume that u € H=*°(Z") and T,u € HS(Z"), for some s € R. Then,
uc Hs+n1(Zn)_

3.2 Further Properties of the Class ES™ (Z" x T").

In this section we describe two additional features of the class ES™ (Z" x T").

Lemma 3.7 Assumethata € ES™ (Z"xT"),b € ES™(Z" xT™"), andc € S™3 (7" x
T, withmj € R, j =1,2,3.

(i) Then ab € ES™ M2 (Z" x T").
(ii) If m3 < my, then (a +c) € ES™ (7" x T").
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Proof Property (i) is easily verified by using the equality |ab| = |a||b| and defini-
tion 2.3. To verify the property (ii), we use the hypothesis ¢ € $™3(Z" x T"), which
tells us

ek, )| < Ci(1+ kD™,
where C is a constant independent of x. We also use the absolute value inequality
la(k, x) + c(k, x)| = |a(k, x)| — |c(k, x)]|
and definition 2.3, which tells us
latk, x)| = Co(1 + kD™, k| > R,

where C, and R are constants. Combining the mentioned three inequalities together
with the assumption m3 < m, we obtain (a +c) € ES™(Z" x T"). ]

We now record two properties of the operators whose symbols belong to the class
ES™Z" x T").

Lemma 3.8 Assume that T, = Opla] and T, = Op[b] with a € ES™ (Z" x T"),
be ES™(Z" xT"), withmj € R, j =1,2. Then

(i) T,Ty = Oplc] with c € ES™*M2(Z" x T");
(ii) (T,)" = Op[c] with c € ES™ (Z" x T™).

Proof Let us verify the property (i). From (3.1) we get

1
c~ab+ Y —DPa(k, x)Afb(k, x). (3.3)
o

la|>1 "

By lemma 3.7(i) we have ab € ES™ T2 (Z" x T"). Turning to the expression after the
summation symbol, using the parts (iii) and (ii) of lemma 3.1, we get [D)(Ca)a Azb] €
smitma—lel(zn « T, Therefore, referring to lemma 3.2, we see that the term after
+ on the right hand side of (3.3) leads to a symbol belonging to §™1 2= 1(Z" x T™),
Since ab € ES™™"2(Z" x T") we can use part (i) of lemma 3.7 to infer ¢ €
ES™i+m2(71 x T"), The property (ii) can be proved in the same way after starting
from the expansion (3.2). O

3.3 Two Abstract Results

We recall that if 77 and 5% are Hilbert spaces with inner products (-, .)%} ,j=1,2,
then 4 @ 77 is a Hilbert space whose inner product is defined as follows: For

u:(”‘)e%@ffz, v:(vl)e%ﬁ@%
175 v2
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we have
(U, V) 0t = (U1, V1) 55 + (U2, v2).765. 3.4

Denote by E;: (%)’ — J;, j = 1,2, the isometric isomorphisms identifying
anti-linear functionals with vectors via Riesz theorem:

(fsda; = (Ejf. ) (3.5)

where (f, u)q; indicates the action of the functional f € (%)’ on the vector u € J7;.
For an operator G : 5] — %5, we define G*: 5 — 4 as

G*:= E\G'E; ", (3.6)

where G': (#5)' — (/) is the true adjoint of G introduced in (2.10).
For the following abstract result, we refer the reader to exercise IV.26.2 (and the
outline of its proof) in the book [32]:

Lemma 3.9 Let 54 and 5 be Hilbert spaces with inner products (-, ')jfj, j=1,2
Let P: 764 — 5% and Q: 56 — F4] be densely defined operators such that

(Pu,v) s = (u, Qv) 4, 3.7

forallu € Dom(P) C 54 and v € Dom(Q) C J. Let T : 74 ® 566 — 4 B 5
be an operator given by

_ (0 0 ur\ _ ( Qua
(9 ) e

with the domain Dom T = Dom(P) @ Dom(Q). (Here, 71 ® 56 is a Hilbert space
with the inner product (3.4).) Then the following are equivalent:

(i) The operators P and Q satisfy P= Q* and Q = P*.(Here, S refers to the closure
of an operator S and S* is as explained above the statement of this lemma.)
(ii) The operator T is essentially self-adjoint on Dom(P) @& Dom(Q).

Before stating the next lemma, which will help us apply the previous result to
our problem, we remind the reader that we use the terms “formally adjoint pair" and
“essentially adjoint pair" in the same sense as in definitions 2.4 and 2.6 above.

Lemma 3.10 Assume that Y : 74 — 5% and Z: (%)’ — (%)’ constitute a for-
mally adjoint pair. Let T be as in (3.8) with P = Y and Q = E12E2_1, with the
isometric isomorphisms Ej : (%)’ — J; as in Riesz theorem. Then the following
are equivalent:

(i) the operators Y and Z form an essentially adjoint pair;
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(ii) the operator T is essentially self-adjoint on Dom(Y) & E; Dom(Z).

Proof Using the property (3.5) together with the assumption that ¥ and Z constitute
a formally adjoint pair, we obtain

(v, Pu) s = (v, Yu) 3 = (Ey ', Yu)a, = (ZE5 v, u)a,
= (E1ZE; v, u) 5 = (Qu, u) 4, 3.9)

for all u € Dom(P) C 474 and v € Dom(Q) C 4.

This shows that (3.7) is satisfied. Therefore, P = Y and Q = E|ZE, ! satisfy the
hypotheses of lemma 3.9.

By definition 2.6, the operators Y and Z form an essentially adjoint pair if and
only if Y =2 and Z = Y'. This is equivalent to the fulfillment of the following two
equalities: P = Q* and @ = P*. This, in turn, is equivalent (in view of lemma 3.9)
to the essential self-adjointness of 7 on Dom(Y) & E> Dom(Z). O

4 Proof of Theorem 2.7

To simplify the notations, in this section we will write S™, ES™, H®, and ¢% instead
of S™(Z" x T"), ES™(Z" x T"), H*(Z"), and ¢>(Z"). Additionally, F denotes the
closure of an operator F, and F’ indicates the (operator) adjoint of F.
Leta € ES™ withm € R, let A and A" be as in (2.8) and (2.9), and let 51, 52 € R.
Using the isomorphisms H % (Z") = (HS(Z")), j = 1,2, established
lemma A.1, we see that

(f, Auya, = (f, Au) = (AT fu) = (AT f,u)a,, (4.1)

forall f € S(Z") and u € S(Z"), where in the second equality we the used the defi-
nition (2.4). Here, (-, -)4; indicate the action of a functional belonging to (H*J (Zry)y'
on a vector belonging to H% (Z").

From (4.1) we see that A and AT constitute a formally adjoint pair in the sense
of definition 2.4 above. For the remainder of the proof we will use the hypothesis
m > sg — 2.

Recalling the definition of H*, we see that operator Ta,: H® — H ', 1, s € R,
is an isometric isomorphism with the inverse (TA,)_I = Ta_,. In particular, consider
the isometric isomorphisms E; := TAsz,j : H™% — H¥, j =1, 2, with the inverses
E7' = Ths,-

As A and AT constitute a formally adjoint pair, it follows that the hypotheses of
lemma 3.10 are satisfied for 7} = H*,Y = A,and Z = AT, where A and AT are
as in (2.8) and (2.9). Therefore, showing that A and A" form an essentially adjoint

pair is equivalent to demonstrating that the operator 7 in (3.8), with P = A and
Q=EA"E; s essentially self-adjoint on S(Z") & TA—zszs zm).
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We now transfer the problem to the context of the (more convenient) space £2 @ £2.
To this end, we define

. Th, 0 L Th_, 0
Ty = < 01 TASZ ) J_ = ( 0 1 TA_Q ) , “4.2)

and observe that
Je: H'Y O H? > 02 02

is an isometric isomorphism.
Asin (2.10),

(T (2@ 3 — (H' @ H2)
denotes the true adjoint of 7.
Using lemma A.1, we identify (¢2 @ €2)’ with ¢> @ ¢ and (H*' @ H*2)' with
H™*' @ H 2. Having done this, we define (as in (3.6))

(j+)* = 5(J+)/,

where

Th_,. 0
&= 1 )
(" 1)

With these definitions in place, a computation shows that

T =T~ =7-.
Therefore, the essential self-adjointness of 7', considered as an operator in H*! & H*?
with Dom(7) = S(Z™") ® TA%,ZS (Z™), is equivalent to the essential self-adjointness
of the operator

G:=TJ.TJ.,

considered as an operator in £2 @ £2 with Dom(G) = S(Z") & S(Z").
Remembering that £; = TA_2_Y]_ : H™% — H%, j =1, 2, and computing

g (T 0 0 E\ATE;'\(Ta,, O
Lo 7, )\a o 0 Ta,

B 0 Ta_, AT,
- TAS2 ATAﬂI 0 ’
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we note that G can be written as

0 Bf
gz(B 0)’ 4.3)

where B := TAS2 ATAﬂ,1 is elliptic of order r := m + 53 — 51, as granted by lemma 3.7.
(Furthermore, note that » > 0 in view of the hypothesis m > s; — 57.)

Using (4.3) and the definition of (-, -) 24,2 from (3.4), we see that G is a symmetric
operator with Dom(G) = S(Z") & S(Z™). In other words, we have G C G*, where G*
is the true adjoint of G. (Here, we used lemma A.1 to identify (¢2 @ ¢2) with £2 @ £2.)
Since (by an abstract fact) G* is a closed operator, we have

G cg, 4.4)
where G is the closure of G. ~
Our goal is to establish the equality G = G*.
To reach this goal, we first note that proposition 3.4 (applied to the block-operators
B and BT in (4.3) of order r = m + 55 — 51 > 0) yields
H" @& H" C Dom(G). 4.5)

(This step uses the assumption > 0, ensuring that H™ @ H" C £> @ £2.)
Furthermore, looking at (4.4) and (4.5), we see that it remains to show the inclusion

Dom(G*) Cc H  ® H". (4.6)
Using the definition of G* and looking at (4.3), the inclusion v = ( 5; ) € Dom(G*)

means the following: v; € 2, j = 1,2, and there exists f = <§1 ) € 02 @ ¢2 such
2
that

(v, G) g2 = (f» )22, A7)

forall u = <Z;) € Dom(G) = S(Z") & S(Z").
Using (4.3) and the definition of (-, -) 24,2 from (3.4), we can rewrite (4.7) as
(1, Buz) + (v2, Bur) = (fi, ur) + (f2, u2), 4.8)
where (-, -) is the inner product in 02,

As (4.8) holds for all u; € S(Z") and all uy € S(Z"), putting u; = 0 first, and,
after that, uy = 0, we get

(1, B'u2) = (fo,u2),  (v2, Buy) = (f1, u1),
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where (-, -) is the inner product in 22,
Keeping in mind that v; € £? and taking into account lemma A.1, the latter two
equalities lead to

Bvi = fo, Blvy=f.

As B and BT are elliptic (of order r = m + s, — s1) and as f; € 22, j =12,
proposition 3.6 tells us that v; € H", j = 1, 2. This shows the inclusion (4.6).

5 Proof of Corollary 2.9

In this corollary A is an operator £2(Z") with domain S(Z"). Using theorem 2.7
with s; = 5o = 0, we infer that A and AT form an essentially adjoint pair. After
identifying (£2(Z)) with €2(Z"), the latter means (by definition 2.6) that A= (AT)*
and AT = A* where G indicates the closure of an operator G and G* indicates the
true adjoint of G. Now the hypothesis of the corollary tells us A = A, which in
combination with the preceding sentence leads to A = A*. This means that A is
essentially self-adjoint on Dom(A) = S(Z"). (]

Remark 5.1 The proof of theorem 2.7 in th~e case s;1 = s = O tells us that under the
hypotheses of corollary 2.9 we have Dom(A) = Dom(A*) = H™(Z"). This property
was established earlier in proposition 3.18 of [9].

6 Two Applications

In this section we illustrate the importance of corollary 2.9 for well-posedness of initial-
value problems for evolution equations in £2(Z") and for constructing an extended
Hilbert scale on Z" corresponding to an elliptic operator.

6.1 Evolution Equations

Let G be an operator (with domain Dom(G)) on a Hilbert space 7. The problem

d
d—l;zGu(t), t>0, u@ =uy, upeH, (6.1)

is called an abstract Cauchy problem (ACP) associated with G and initial value ug €
F.

We say u € [0,00) — JZ is a solution of the ACP (6.1) if u(-) is continuously
differentiable, u(¢) € Dom(G) for all t > 0 and u satisfies (6.1).

We recall the following property from proposition I11.6.2 in [12]:

(P) Assume that G is a generator of a strongly continuous (not necessarily contractive)
semigroup {V (¢)};>0 of bounded linear operators on a Hilbert space .. Then for
every ug € Dom(G), the function
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t— u(t) :=V(t)ug,

is the unique solution to the ACP (6.1).

We now consider 77 = ¢>(Z") and an operator A := Opl[a], such that a €
ES™(Z" xT"), withm > 0, where ES™ (Z" x T") is as in definition 2.3. Furthermore,
we assume that A is lower semi-bounded:

(Au, u) > Cllull?, (6.2)

forallu € S(Z™), where C € R, (-, -)isasin (2.1) and || - || is the corresponding norm
in £2(Z").

It is well known that (6.2) implies that A = AT. Thus, by corollary 2.9, the closure A
of Als(z) is a lower semi-bounded self-adjoint operator in 02(Z") (with Dom(Z) =
H™(Z™), as indicated in remark 5.1. Therefore, by theorem I11.3.15 from [12] the
operator —A generates a strongly continuous (quasi-contractive) semigroup on £2(Z").
This, together with (P), yields the following property:

Under the above assumptions onA = Oplal, the ACP (6.1) with 7€ = I2IV/0
G = —Z, and ug € Dom(Z) = H™(Z") has a unique solution.

6.2 Extended Hilbert Scale on Z"

We now use corollary 2.9 to construct an extended Hilbert scale on Z" generated by
an elliptic operator. It turns out that this (and related) scale(s) have attracted quite a
bit of interest in the last two decades; see the monograph [20], the paper [21], and the
references therein.

We begin with abstract terminology from Sect. 2 of [21]. Let .7 be a separable
complex Hilbert space with inner product (-, -) s and norm | - || ;». Let A be a self-
adjoint operator in 7 such that (Au, u) 5 > ||u||2%o for all u € Dom(A).

Applying spectral calculus we get the operator A® for each s € R. Note that
Dom(A?) is dense in 7’; in particular, if s < 0 we have Dom(A*) = JZ. We define
ngs) as the completion of Dom(A*) with respect to the inner product

(u, v)s := (A’u, A%v) 4, u,v € Dom(A*).

It turns out that HIE‘S) is a separable Hilbert space. In the sequel, we use the symbols
(-, +)s and || - ||s to indicate the inner product and norm of HIE“Y).

The family {H}f\‘v) 1 s € R} is called Hilbert scale generated by A or, in abbreviated
form, A-scale. According to Sect. 2 of [21], for s > 0 we have HX) = Dom(AY%),
while for s < O we have HE) D .

Asindicated in Sect. 2 of [21], forall so < s1, [Hf(f"), Hlf‘s' )is an admissible pair (in
the sense of Sections 1.1.1-1.1.2 of [20]). In what follows, the term extended Hilbert
scale generated by A or extended A-scale refers to the set of all Hilbert spaces that
serve as interpolation spaces with respect to pairs of the form [HXO), H/(fl)], S0 < §1.
(Here we use the term interpolation space in the sense of Sections 1.1.1-1.1.2 of [20].)
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Applying spectral calculus, for a Borel measurable function ¢: [1, 00) — (0, 00),
we define a (positive self-adjoint) operator ¢(A) in 7. Furthermore, we define HX
as the completion of Dom(¢(A)) with respect to the inner product

(u, v)g = (@(Au, p(A)v) s, u,v € Dom(p(A)).

Referring to Sect. 2 of [21], H‘Af) is a separable Hilbert space. We use the symbols (-, -),
and || - ||, to denote the inner product and norm of H;f. Furthermore, as mentioned in
Sect. 2 of [21], we have HX = Dom(¢(A)) if and only if O ¢ Spec(¢(A)).

We now switch to the setting of .7 = ¢>(Z"). We begin by listing the assumptions
on our operator A := Opla]:

(H1) a € ES"(Z" x T"), where ES'(Z" x T") is as in definition 2.3;
(H2) (Au,u) > |ju||?, for all u € S(Z"), where (-, ) is as in (2.1) and || - || is the
corresponding norm in £2(Z").

Under the hypotheses (H1)—-(H2), A|s(z») is a formally self-adjoint operator whose
symbol a belongs to the class ES'(Z" x T"). Thus, by corollary 2.9, A| S(zr) is an
essentially self-adjoint operator in ¢%(Z"). Moreover, remark 5.1 tells us that the
domain of the self-adjoint closure of A is the space H'(Z"). To keep our notations
simpler, for the remainder of this section, we denote the self-adjoint closure of A|szn)
again by A.

Specializing the abstract construction from the beginning of Sect. 6.2 to JZ =
02(Z"), for a Borel function ¢: [1,00) — (0, 00) we define the space HA‘”(Z”)
generated by an operator A satisfying (H1)—(H2).

Following section 2.4.1 in [20], we say that a function ¢: [1, 00) — (0, 00) is
R O-varying at infinity if

(i) ¢ is Borel measurable
(ii) there exist numbers @ > 1 and ¢ > 1 (depending on ¢) such that

<c, forallt > 1, A €[1,al. (6.3)

In the sequel, the inclusion ¢ € RO means that a function ¢: [1, c0) — (0, 00) is
R O-varying at infinity.

We end this section with a property established in theorem 2.7 of [22] (analogue of
theorem 5.1 in [21] for the R"-setting):
Assume that ¢ € RO. Additionally, assume that A := Opla] is an operator satisfying
(HI1)-(H2). Then, up to norm equivalence, we have

HY(Z") = HY (2", (6.4)

where HY (Z") is as in (2.6) with As(k) replaced by

o ((+1KkD7).
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Remark 6.1 The condition a € ES'(Z" x T") in (HI) can be replaced by a €
ES™(Z" x T™), with m > 0. In this case, the following variant of (6.4) holds:
HX(Z”) = H%(Z"), where @, (t) := (™), t > 1.

Appendix A Anti-duality Between Discrete Sobolev Spaces

In this section we adapt the proof of lemma 4.4.4 in [1] to discrete Sobolev spaces.

We begin with a brief review of terminology. Denote by V the conjugate of a
(complex) vector space V. Viewed as real vector spaces, V and V are the same. The
only difference is that the multiplication of a vector v € V by a scalar z € C is defined
as Zv, where 7 is the conjugate of z. The space of linear (respectively, anti-linear)
functionals on V will be denoted by V' (respectively, (V)).

Let Vj and V; be two topological (complex) vector spaces. By a pairing of V| and
V, we mean a continuous sesquilinear map B: V| x V, — C. (Here, “sesquilinear”
means linear in the first and anti-linear in the second slot.) The pairing B gives rise to
continuous linear maps t: Vi — (72)’ andk: Vo — V{ as follows:

t(u) == B(u,-) k() := B(-, v).

The pairing B is said to be perfect if T and « are (linear) isomorphisms.

LemmaA.1 Ler s € R. Then the (*-inner product (2.1), initially considered on
S(Z™) x S(ZM), extends to a (continuous sesquilinear) pairing

(-,): H(Z") x H*(Z") — C.
The pairing (-, -) is perfect and induces isometric (linear) isomorphisms H =S (Z") =
(H*(ZM)) and H*(Z"™) = (H—s(ZM))'.
Proof Let (-, -) be asin (2.1) and let A be as in (2.5). For all u, v € S(Z") we have

|(u, V)| = [(Agu, A_sv)| < | AsulllA—svll = lullps vl -, (A.D)

where we used Cauchy—Schwarz inequality in £%(Z"). The last equality is justified
because

[Asull = [Ta,ull, AVl = Ta_vll,

where the last two formulas follow from the definition (2.3) and the inversion
formula (2.2).

As S(Z") is dense in the spaces H™*(Z") (see lemma 3.16 in [9]), from (A.1)
we infer that the ¢?-inner product extends to a (continuous sesquilinear) pairing
(-,): HS(Z")y x H=S(Z") — C.

Additionally, from (A.1) we obtain

lull s = sup{l|(u, v)|: v € S(Z") and ||v| z— = 1}. (A2)
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Using the density of S(Z") in the space H °(Z"), observe that the right hand side
of (A.2) is equal to the norm of the functional 7(«) € (H~5(Z"))’ corresponding to
u € H*(Z") viat(u) := (u, -). Therefore, T: H*(Z") — (H—*(Z")) is an isometry.

In the same way, using (A.1) we can show that the map « : H=5(Z") — (H*(Z"))’
defined as « (v) := (-, v) is an isometry.

In particular, the maps t and « are injective. From the injectivity of x we infer
that the range of 7 is dense in (H~(Z"))’. As 7 is an isometry, it follows that t is
surjective. Therefore, T is an isometric isomorphism. In the same way, we can show
that « is an isometric isomorphism. O
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