Complex Analysis and Operator Theory (2024) 18:148 Complex Analysis
https://doi.org/10.1007/s11785-024-01594-2 and Operator Theory

n

Check for
updates

Strong b-Suprametric Spaces and Fixed Point Principles

Mabher Berzig'

Received: 8 April 2024 / Accepted: 25 August 2024 / Published online: 4 September 2024
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2024

Abstract

In this paper, we introduce the strong b-suprametric spaces in which we prove the fixed
point principles of Banach and Edelstein. Moreover, we prove a variational principle
of Ekeland and deduce a Caristi fixed point theorem. Furthermore, we introduce the
strong b-supranormed linear spaces in which we establish the fixed point principles
of Brouwer and Schauder. As applications, we study the existence of solutions to an
integral equation and to a third-order boundary value problem.

Keywords sb-Suprametric space - sb-Supranormed space - Fixed point theorem -
Variational principle
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Introduction

Let X be anonempty set and R be the set of all nonnegative real numbers. A semimet-
ric is a distance function d: X x X — R that satisfies two axioms: (d): d(x, y) =0
if and only if x =y; (d2): d(x, y)=d(y, x) for all x, y € X. It is well known that
by adding the triangle inequality to the axioms of d it becomes continuous. In 1993,
Czerwik [8] investigated a semimetric called b-metric, which satisfies the inequality:
d(x,y) < b(d(x,z) +d(z,y)), where b is a constant in [1, +00) and x, y, z € X.
This notion has been studied previously by different authors, for the latest and rather
complete bibliography, we refer the reader to the surveys of Berinde and Pécurar [2]
and Karapinar [14]. Despite the b-metric is very useful in applications [7, 15, 27],
it has a major drawback due to its lack of continuity [26]. In order to overcome this
limitation, Kirk and Shahzad proposed a slight modification in the third axiom, see
[16, 17].
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The suprametric, which was introduced by the author in [3], is a semimetric that
fulfill d(x,y) < d(x,z) +d(z,y) + pd(x,z)d(z,y), where p is a constant in R
and x, y, z € X. This distance function is very useful to construct projective metrics
of Thompson’s type [25], and to prove the existence of solutions to various classes
of integral and matrix equations. Very recently, the suprametric has been utilized by
Panda et al. [21, 22] to analyze complex valued fractional order neural networks and
the existence of a solution of stochastic integral equations.

It is known that the space of p-integrable functions for p € (0, 1) is a b-metric
space, but it is unclear whether it is a suprametric space. The author introduced the b-
suprametric [4], which subsume such functional space. Note that the distance function
of the b-suprametric is not necessarily continuous [4, Example 2.10], although the
continuity is very useful. In order to overcome this drawback here we introduce the
strong b-suprametric distance function, a subfamily of the b-suprametric, and shows
its continuity.

The objectives of this work are fourfold: (1) To introduce the strong b-suprametric
space in which we establish fixed point theorems of Banach and Edelstein types. (2)
To prove a variational principle through the Cantor’s intersection theorem, then to
derive a Caristi fixed point result via this variational principle. (3) To introduce the
strong b-supranormed linear space and to provide the fixed point principles of Brouwer
and Schauder in such linear space. (4) To provide new sufficient conditions for the
existence of a solution to an integral equation, via a Chebyshev type inequality, where
the integral operator involved is not necessarily Lipschitzian with respect to a metric.
Then, we show the existence of a unique solution to a third-order boundary value
problem.

1 Strong b-Suprametric Spaces

Here and below, the symbols R and N will denote respectively the set of all real numbers
and all nonnegative natural numbers. The symbol cl(A) stands for the closure of a set
A. We first need to recall the b-suprametric spaces from [4].

Definition 1.1 Let (X, d) be a semimetric space and b > 1, p > 0 be two real constants.
The function d is called b-suprametric if:

(d3)d(x,y) <b(d(x,z)+d(z,y)) + pd(x,z2)d(z, y) forallx, y, z € X.

A pair (X, d) is called b-suprametric space if X is a nonempty set and d is a
b-suprametric.

In the previous definition, if p =0 we obtain the b-metric [8] and if b = 1 we obtain
the suprametric [3]. In the sequel, we focus on the following subclass of b-suprametric
space.

Definition 1.2 Let (X, d) be a semimetric space and b > 1, p > 0 be two real constants.
The function d is called strong b-suprametric (sb-suprametric space) if:

(dy) d(x,y) <bd(x,z) +d(z,y) + pd(x,2)d(z, y) forall x, y,z € X.

A pair (X, d) is called sb-suprametric space if X is a nonempty set and d is an
sb-suprametric.
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Remark 1.3 From (d), it follows that we also have
dy d(x,y) <d(x,2) +bd(z,y) + pd(x,2)d(z, y), forall x, y, z € X.

Examples 1.4 e All suprametric spaces of [3] are sh-suprametric spaces.
e Let X ={1,2,3}andletd: X x X — Ry be a function defined by:

0, x=y,
dx,y) =13, (x,»ef{d,2,2 D},
%, otherwise.

Then (X, d) is an sb-suprametric space with coefficient b = % and p = 8.
e Let X = C[0, 1] of continuous nonnegative functions endowed with

S(x,y) = s[l(l)pl] lx(@®) — y@®)|(|x@) — y(@®)] + %), forall x,y € X.
tell,

Then (X, §) is an sb-suprametric space for b = p = 2.

Proposition 1.5 Let (X, d) be an sb-suprametric space, then for all p, q,s,t € X

d(p,q) —d(s, 1))?
T i(p;’zpq)q) +Efd(ts))t))2 < 2(d(p. 1) +d(s, ) + pd(p,Dd(s, ). ()

Proof Let (X, d) be an sb-suprametric space with p > 0 (the case p =0 is trivial).
Then,

d(p,q) <d(p,s)+bd(s,q)+pd(p,s)d(s,q)
<d(s,t)+bd(p,t)+pd(s,t)d(p,t) +bd(s,q)
+p(d(s,t) +bd(p, 1)+ pd(s,1)d(p,1))d(s, q)
<d(s.0)+ (b+pd(s.0))(d(p.1) +d(s.q) + pd(p,1)d(s.q)).

which implies

d(p,q) —d(s,1)

b+ pd(s, 1)) =d(p.t) +d(s,q) +pd(p,1)d(s, q). )

A similar argument shows that

d(s,t) —d(p,q)
b+pd(p,q)) =d(p,n)+d(s,q)+pd(p,1)d(s, q). 3)

Adding (2) to (3), we obtain

pd(p,q) —d(s,1))*
b+ pd(p. )b + pdG.1) <2(d(p,t)+d(s,q)+ pd(p,1)d(s,q)),

which implies (1). O
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Remark 1.6 Let u >0 and p > 0. Assume that a sequence {u,} C R satisfies

li o Uy — M)z
m
n=00 (b + puy + pu)?

)

then u,, tends to u as n — o00. Otherwise, if u, does not tends to u there exists ¢ > 0
such that for all integer k > 0, n(k) > k and |u, ) — u| > €. Then,

Joe - P @y — ul

— 0ask — oo,
b+ puny+pu b+ puney+pu

which implies that u,, () tends to infinity as k — oo, and hence

. plngy —w?* 1
k—oco (b4 pupgy +pu)?  p’

yields a contradiction.

Remark 1.7 Let {p,} and {g,} be sequences in X such that lim,_, o, d(py, t) =0 and
lim,,_, 5 d(gn, s) =0, then by (1) and Remark 1.6, lirr;O d(pn, qn) = d(s,t), and this
n—

means that d is continuous.

Let (X, d) be an sb-suprametric space. An open ball and a closed ball centered at
a € X and of radius r > 0, are respectively given by

B(a,r):={xeX:d(a,x) <r}and Bla,r]:={x € X : d(a,x) <r}.

Proposition 1.8 Let (X, d) be an sb-suprametric space. Then

(i) every open ball is an open set.
(ii) every closed ball is a closed set.

Proof To see (i),letr > Oanda € X.Fory € B(a,r) let

r—d(y,a)
rpi=
" b+ pd(y,a)

thenif x € B(y, r1),

d(x,a) <bd(x,y)+d(y,a) + pd(x,y)d(y,a)
<bri+d(y,a)+ prid(y,a) =r.

Thus, B(y,r1) € B(a,r), and B(a, r) is open.
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Now, to see (ii), let > 0 and @ € X and take a sequence {x,} in B[a, r] convergent
to some x with respect to d. Then

d(a,x) <d(a,x,)+bd(x,, x)+ pd(a, x,)d(x,, x)
S r + (b+10r)d(xn7x)a

and as n — 0o, we get x € B[a, r] which proves that Bla, r] is closed. O

As a consequence, we obtain the following propositions.

Proposition 1.9 Ler (X, d) be an sb-suprametric space. The family of open balls form
a base of a topology on X.

Proof Letu € B(x, s), B(y, ¢') and choose r > 0 so that (b + pr)d(x,u) +r < ¢
and (b + pr)d(y, u) +r < &'. Then by taking a point v € B(u, r), we obtain

d(x,v) <bd(x,u) +du,v)+ pd(x,u)du,v) < b+ pr)d(x,u)+r <e,
d(y,v) < bd(y,u) +d(x,u) + pd(y, u)dwu,v) < b+ pr)d(y,u) +r < ¢,

which implies that B(u, r) C B(x, &) N B(y, &’). Finally, we conclude by using [10,
Lemma [.4.7] and the fact that every x € X is also in B(x, t) for some 7 > 0. O

Proposition 1.10 An sb-suprametric space is normal.

Proof Let (X,d) be an sb-suprametric space. If x,ye€ X such x#y, then
U:=B(x, @) and V:=B(y, %) are disjoint neighborhoods of x and y
respectively. Otherwise, assume that U NV # @, so there exists z € U N V. Thus,
using that d(x, z) < 5 and d(y, z) < ZIJrﬁ where r = d(x, y), we obtain
r=dx,y) <dx,z)+d(z,y)+pdx,2)d(z,y)

r+ r r r
< -
2

2b+pr+p§2b+pr B

bl

a contradiction, so our claim holds. We conclude therefore that X is Hausdorff.
Let now U and V be disjoint closed sets and let

d(x,U):= inf d(x,u) and d(x, V):= inf d(x, v).
uel veV

Define the sets
U’::{x eX:dx,U) <d(x, V)} and V/:={x eX:dx,V)<dx, U)}.

Then U’ and V' are disjoint neighborhoods of U and V respectively. O
Proposition 1.11 In an sb-suprametric space, if a sequence has a limit it is unique.

Proposition 1.12 The strong b-metric space [16] is normal.
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Definition 1.13 Let (X, d) be an sb-suprametric space.
(1) The sequence {x,},eN converges to x € X iff lim d(x,, x)=0.
n—od
(i) The sequence {x,},enN is Cauchy iff lim d(x,, x,)=0.
n,m— o0
(iii) (X, d) is complete iff any Cauchy sequence in X is convergent.
Remark 1.14 Let X=C,[0, 1] be the set of continuous functions x: [0, 1] >R,

endowed with § the sb-suprametric of Examples 1.4. The completeness of (X, §)

follows from that of (X, d) with d(x, y)= sup [x(t)—y(¢)|forx,y € X.
1€f0,1]

The next lemma is a direct consequence of Definition 1.13.
Lemma 1.15 In an sb-suprametric space, we have:

(i) A convergent sequence is a Cauchy sequence.
(ii) A Cauchy sequence converges iff it has a convergent subsequence.
(iii) A point u € cl(U) iff there is a sequence {u,} C U converging to u.

Remark 1.16 1If a sequence {x,},cn is Cauchy in a complete sb-suprametric (X, d),
then there exists x, € X such that lim d(x,,x,) = 0. By dé follows that every

n—oo
subsequence {xy (k) }py CONVErges to Xy.

Remark 1.17 Let (X, d) be an sh-suprametric space. By d, we have:

n
d(x()a xn) S bmax{la lOn} Z ei(d07 R dnfl)a
i=1

foralln € N, xq,...,x, € X, where d; _1:=d(x;_1, x;) and e; is the it elementary
symmetric polynomial in n variables, that is,

i
ei(do""vdﬂfl) = Z 1_[ d]ls

0<ji<jp<--<ji<n—1 k=1

It is easy to see that these polynomials possess the following properties:

Proposition 1.18 Let n € N and e;(xg,...,x,—1) be an elementary symmetric
polynomial of index 0 < i <n. Then,

(i) xx +—> e;j(xq, ..., Xk, ..., Xn—1) is a nondecreasing function for 0 <k <n.

(ii) e;j(axg,...,ax,—1) = a'ej(xq,...,x,—1) foralla € R;.

A covering of a set U in X is a family of open sets whose union contains U. A set
U C X is called compact if and only if every covering of U by open sets in X contains
a finite sub-covering. A subset U of a topological space X is sequentially compact,
if every sequence of points in U has a subsequence converging to a point of X. A
set N C X is called an e-net for aset U C X (¢ > 0), if there exists x, € N for
every x € U such that d(x, x;) < €. Next, we provide an extreme value theorem in
sb-suprametric spaces.
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Theorem 1.19 Let (X, d) be an sb-suprametric space. Let U be a compact subset of
X and f: U — R be a continuous function. Then,

(i) f is bounded on U,
(ii) f attains its supremum and its infimum.

Proof The proof is similar to that of [18, Chap. 5. Theorem 1] (see also [10, Lemma
1.5.8]). O

The compactness is discussed in the rest of this section.

Theorem 1.20 Foraset U in an sb-suprametric space X to be compact, it is necessary,
and in the case of completeness of X, sufficient that there is a finite e-net for the set
U for every ¢ > Q.

Proof The proof is similar to that of [18, Chap. 5. Theorem 3], except for the value of
the distance between any two points, which does not exceed ¢, (1 + b + pgp). m]

Corollary 1.21 A subset U of an sb-suprametric space is compact if and only if it is
closed and sequentially compact.

Proof The proof is exactly similar to that of [10, Theorem 1.6.13]. O

Corollary 1.22 Let (X, d) be a sb-suprametric space and U < X. If U is compact,
then it is bounded.

Proof Let S, = {x1,...,x,} bea l-netfor U.Leta € X, x € X and x; € S, for
i=1,...,n. Then,

d(x,a) < bd(x, x;) +d(xi,a) + pd(x, x;) d(x;, a)
< b(d(xxi) +d (i, @) + 5 (drx) +d (i, @)
= 0+ (1m0 < .

2 Banach and Edelstein Fixed Point Theorems

We start by presenting a Banach fixed point result in sb-suprametric spaces.

Theorem 2.1 Let (X, d) be a complete sb-suprametric space and f: X — X be a
given mapping. Assume that there exists ¢ € [0, b~1) such that for all x, y € X,

d(fx, fy) =cd(x,y). “

Then f has a unique fixed point and {f”)c}neN converges to it for all x € X.
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Proof Assume that p > 0, since the case p = 0 is treated in [8] (see also [13]). Let
xo € X and define the sequence {x,} by x, = f"xq for all n € N, where f" is n't
iterates of f. For simplification let us introduce the notation: d; j:=d(x;, x;), where
i, j € N. Now, from (4), we get

dn,n-i—l < Cdn—l,n < dn—l,n-
Hence, {d), ,+1} is decreasing sequence and for all k£ € N, we have

dons1 <" *dy iy, foralln > k. (5)

So lim d, »,+1 = 0, and therefore there exits k € N such that for all n > k,
n—oo

dn,n+l =< 1. (6)

Next, we shall prove that the sequence {x,} is Cauchy. Using d and (6), and for
sufficiently large integers p, g such that g > p > k it follow that

dpg <dpp+1+bdpiig+pdppridpirg
<P K1 Fbdpsr g+ pc? Fdiiikdpirg
<P b+ pc" Ndpiig,

where

dpti,g < dpi1,p2+bdpio g+ pdpsi pradpiag
k1 k1
<P MG+ bdpiag +p P dipikdpiag
<P L b+ pcP 0.

By combining the previous inequalities, we obtain
dyg <P * P bt peP™ My 4+ b+ pc” N0+ pcP ™ Ndyin,.
Using (6) in all terms of the sum, we obtain by induction

—p—1  i—

pi T p—k+j

dpg =5 T+ perty,
i=0 j=0

Now, since ¢ € [0, b_l), then

—p—1  i_
p_kq P i 1 j
dp,qfc Z c H(b+pc ).
i= j=0
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o0
Using d’Alembert’s criterion of convergence of real series, we deduce that ) u;

i=0
converges, where

ci—l .
up=c [+ pc).
Jj=0

We conclude dp, ; — Oas p, g — 00, so the sequence {x, } is Cauchy. Thus, it follows
that {x,} converges to some x, € X, say, since X is sb-complete, which proves that
o f(xp) is nonempty. We now shall show that x, is a fixed point of f. By using (4),
we get

d(fxn@), fx) < cdXng), Xx).

By letting k — oo, we obtain by Proposition 1.11 and Remark 1.16 that x,, = fx,.
Finally, the uniqueness of the fixed point follows immediately from (4). O

Remark 2.2 Theorem 2.1 generalizes [3, Theorem 2.1]. Note also that for the extended
suprametric, introduced by Panda et al. [22], an additional continuity assumption was
added to obtain the main fixed point theorem.

Proposition 2.3 Let (X, d) be an sb-suprametric space and let f: X — X be a
Lipschitz mapping, that is, there is a constant A € [0, co) such that forall x,y € X,

d(fx, fy) <id(x,y).

Then f is continuous.
Proof The proof is exactly the same as that of [3, Proposition 1.8]. O
Let X be a topological space and f : X — X be a mapping. For xo € X the w-limit

set is given by

wr(xo)= (N el ({fFxo: k = n}).

neN

The next result follows immediately from Remark 1.7, Proposition 2.3 and [19,
Theorem 1].

Theorem 2.4 Let (X, d) be an sb-suprametric space and let f: X — X be a
contractive mapping, that is, forall x, y € X with x # y,

d(fx, fy) <d(x,y).

If there exists xo € X such that w ¢ (xp) is nonempty, then f has a unique fixed point
and {f”x}nGN converges to this fixed point for all x € X.

Remark 2.5 Theorem 2.4 generalize [11, Theorem 1] and [3, Theorem 2.3]. In this
connection, see also [12, Chapter 1, Theorem 1.2] and [5, Section 6].
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3 Ekeland Variational Principle and Caristi Fixed Point Theorem

We first present a Cantor’s intersection theorem in sb-suprametric spaces.
Theorem 3.1 Let (X, d) be a complete sb-suprametric space, and let {Cy},cN be a
decreasing nested sequence of nonempty closed sets of X with

diam(C,):=sup{d(x,y) : x,y € C,} - Oasn — oo.

Then (,en Cn = {2} for some z € X.

Proof Since C,, is nonempty for all n, we take z, in every C,,. We then construct a
Cauchy sequence {z,} because d(z;,, z,) < diam(Cy) for all m, n greater than some
integer N and diam(Cy) — 0 as N — o0o. Now, by completeness of (X, d), we
deduce that {z,} converges to some z. Next, since z,, € Cy for alln > N and Cy is
closed, z € (),~ y Cn, which implies by the nestedness property that z € (1, oy Ca-
Assume now that there exists z' € (), Cn such that z # z, then d(z,z') > 0,
which implies that there exists m € N such that diam(C,) < d(z,7’) forall n > m.
Consequently, 7’ ¢ C, for all n > m and therefore z’ ¢ (1), Cn- This proves that

Mnen Cn = {2} O

We next present an Ekeland’s variational principle in the new spaces.

Theorem 3.2 Let (X, d) be a complete sb-suprametric space (b > 1) andlet¢p : X —
R U {00} be a lower semicontinuous function which is proper and lower bounded.
Then, for every xo € X and ¢ > 0 with

¢ (xo) < inf ¢(x) + ¢,
xeX

there exist x, € X and a sequence {x;}ieN in X such that:

(1) lim; 00 d(x;, x¢) = 0.
(ii) d(x;, x¢) < 27", foralli € N.
o

(iii) ¢ (x¢) +i§)b‘id(xe,xi) < ¢(x0).
(iv) ¢(xe) + io%)b’id(xs,xi) <o)+ i)b*id(x,xi)foranx # Xe.
Proof Let xo € X and £ > 0 and define the set
Co={x € X : ¢(x) + d(x,x0) < ¢p(x0)}.

Clearly, C¢ is nonempty and closed since it contains xg, d is continuous and ¢ is lower
semi-continuous. Now, for all y € Cp, we have

d(x, x0) = ¢ (x0) = ¢(¥) = ¢(x0) — inf $(x) <. @)
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Choose x; € Cp such that

¢ (x1) +d(x1,x0) < ian {p(x) +d(x, x0)} + 2b) e,
xely

and consider the set
Ci:={x € Co: ¢p(x) +d(x,x0) + b~ 'd(x,x1) < p(x1) +d(x1, x0)}.

By induction, we choose x,_1 € C,,—2 (n > 2) and consider

n—1 . n-2 .
Ch_1 = {x €Cr:p(x)+ Z b7'd(x,x;) < ¢ (xp—1) + Z b_ld(xnfl’xi)}-
i=0 i=0

Then, we choose x,, € C,_1 such that

n—1 n—1
G(xn) + 3 b, xp) < inf {¢(X) + b_id(xn—l,xi)} +(2b)"e. (3)

i=0 xelp—1 i=0
Define again a set

n—1

C, = {x €Chy:0p(x)+ i b~id(x, xi) < ¢ (xn) +

i=0 i=0

b_id(x,,,xi)} .9

Clearly, C,, is nonempty and closed since it contains x;,, d is continuous and ¢ is lower
semicontinuous. Next, for all y € C,,, we deduce from (8) and (9) that

n—1 . n—1 ,
b"d(y, x) < [¢(xn) + > b_’d(xn,xz')} - [¢(y) + ;)b_’d(y,xi)}

i=0
n—1 n—1

= [‘P(Xn) + X b_id(xn»xi)i|_ ilclf [fﬁ(x) + > b_id(xn’xi):|
i=0 xelp—1 i=0

< (2b)"e.
Hence, for all y € C,,, we have
d(y, x,) <27 "e. (10)

this implies that (i) holds. Consequently, lim,,_, o, diam(C,) = 0 and the sequence
{Cp}nen is decreasing nested sequence of nonempty closed sets of X. So, by Theorem
3.1 it follows that ﬂneN C, = {x.} for some x, € X. Note that (ii) follows from (7)
and (10). Now, since for all x # x¢, x ¢ [ y Cn, thus there exists m € N such that
x ¢ Cpy, then

ne

m—1 m

¢Cem) + 3 bl d(xm, xi) < ¢(x) + ) b~ d(x, x;).

i=0 i=0
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But x ¢ C,, means that x ¢ Cy for all k > m, so from the previous inequalities we
conclude that for all kK > m, we have

k ) k=1 .
¢ (xe) + 2 b7 d(xe, xi) < p(xx) + D b7 d(xk, xi)
i=0 i=0

m—1 .
< ¢(xm) + ;} b~ d (xm, xi) < ¢(x0).

Consequently (iii) and (iii) hold. O
Remark 3.3 Theorem 3.2 generalizes [6, Theorem 2.2].

Corollary 3.4 Let (X, d) be a complete sb-suprametric space (b > 1) andlet ¢ : X —
R U {£o00} be a lower semi-continuous function which is proper and lower bounded.
Then, for every ¢ > O there exist x, € X and a sequence {x;}ieN in X such that:

(i) lim; 500 d(x;, xg) = 0.
00

(i) ¢(xo) + Y. b7id(xe, x;) < infrex (x) + e

i=0
(iii) ¢ (x,) + fj b7id(xe, xi) < p(x) + fj b~'d(x, x;) forall x € X.
i=0 i=0

We next present a fixed point theorem in sb-suprametric spaces.

Theorem 3.5 Let (X, d) be a complete sb-suprametric space (b >1). Let f: X — X
be a mapping for which there exists a proper, lower semicontinuous and lower bounded
Sfunction ¢: X — R U {00} such that for all x € X,

b2
L, £00) 2 600 — (). an

Then f has a fixed point.

Proof Assume that for all x € X, f(x) # x. By applying Corollary 3.4, we deduce
that for every ¢ > 0 there exist x, € X and a sequence {x;};en in X such that:

P(xe) + 3 b7'd(xe, xi) < p(x) + > b7d(x, xi),
i=0 i=0
for all x € X. By taking x = f(x,), where here x # x., we get
P(xe) — P (f(xe)) < 2 b7'd(f(xe), xi) — Y b7'd(xe, xi).
i=0 i=0
Now, by dj it follows that

¢ (xe) — o (f(xe)) < ;)bl_id(f(xs), xe) +p ;}b_id(.f(xs), xe)d (xe, X;).
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Since lim;_, o d(x¢, x;) = 0, then there exists an integer N > 0 such that for all
i > N, we have d(x., x;) < 1. Hence,

B (xe) = 9 (f () < (52 + maxozie {B7d ke, 20} ) (), x0):
Next, we take x = x, in (11), we obtain

b’ +p
b—1

d(xe, f(xe)) = @ (xe) — P (f (xe)),

and this inequality combined with the previous one yield a contradiction. We conclude
that f has a fixed point. O

The Caristi’s fixed point theorem in sb-suprametric spaces follows immediately by

taking ¥ = th:rlp ¢ in the previous theorem.

Corollary 3.6 Let (X, d) be a complete sb-suprametric space (b>1). Let f: X — X
be a mapping for which there exists a proper, lower semicontinuous and lower bounded
function ¥ : X — R U {£o00} such that for all x € X,

d(x, f(x)) =¥ (x) =¥ (f(x)).
Then f has a fixed point.

Proposition 3.7 Corollary 3.6 generalizes [17, Theorem 2.14].

4 Strong b-Supranormed Spaces

In this section, we introduce the concept of strong b-supranormed spaces and derive
some of its properties.

Definition 4.1 Let X be a nonempty linear space and b > 1, p >0 are two real con-
stants. A function || - ||: X — Ry is called b-supranorm if the following conditions
hold:

(n1) |lx|l = 0if and only if x = 0,
(n2) llAx]l = [Alllx]||, forallx € X and A € R
(n3) llx +yl < bUxl+ 1yl + pllxl Iyl forall x, y € X.

A pair (X, || - ||) is called a b-supranorm space if X is a nonempty set and || - || is a
b-supranorm. The pair (X, || - ||) is called a supranorm space if b = 1.

Definition 4.2 Let X be a nonempty linear space and b > 1, p >0 are two real con-
stants. A function || - ||: X — Ry is called strong b-supranorm (sb-supranorm) if it
satisfies (n1), (n») and

(n3) llx +yl < blixll + Iyl + pllxllllyll forall x, y € X.
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A pair (X, | - |)) is called a strong b-supranormed (sb-supranormed) linear space if
X is a nonempty set and || - || is a string b-supranorm. The pair (X, || - ||) is called a
strong supranormed linear space if b = 1.

Remark 4.3 Using (n,), it follows that

(n3) n§ llx + yll < lIxll + &1yl + pllxllllyll forall x, y € X.

Examples 4.4 e Clearly, strong b-normed spaces of [16] are sb-supranormed spaces.

e If || - || is an sb-supranorm linear space X, then the functiond: X x X — R4
given by d(x, y) = ||x — y|| is an sb-suprametric.
e Consider the set X = R? endowed with a function || - ||: X — R defined by

1Ge, M= x — y| 4+ min(|x], [y]).

It is not difficult to see that (X, || - ||) is an sb-supranormed space for b = p =2.
Remark 4.5 Let (X, || - ||) be an sb-supranormed linear space. If a sequence {x,}
converges simultaneously to x and y, thatis, lim ||x, — x| = lim ||x, — y|| =0,

n—oo n—o0

then x = y, and this follows from (1) and (n’3), since we have
Ix =yl < llx = xull + bllxp, — yll + pllx — xpllllxn — yll.

Moreover, we have the following inequality:

n n
> xi|| < bmax{l, p"} 3 ei(lxoll, ..., Ilxul),
i=0 i=1
foralln € Nand xq, ..., x, € X.
Lemma 4.6 Let (X, ||-||) be an sb-supranormed linear space. Then, ||-|| is a continuous

function.

Proof Assume that p > 0 and let x, y € X, then

Xl =1y + @ ==yl +blx =yl +pelylllx =yl

and consequently,

Xl — 1yl
—— = |lx =yl (12)
b+ pllyl
Similarly,
Iyl = llx]]
o ==yl 13)

b+plxll —
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Hence, from (12) and (13), one gets

plxll = llyh?
b+ pllxll + pllylD? ~

2lx =yl

Therefore, if ||x, — x| — 0 asn — o0, then

Pl = 11>
b+ pllaall + plxl)?

<2|lx, — x| > 0 as n — oo,

and using Remark 1.6 it follows that ||x, || — ||x]| asn — oo, which implies that || - ||

is a continuous function. ]
Let (X,,, d) be an n-dimensional sb-supranormed linear space and let {u1, ..., u,}
be a base of X,,. For every x € X there exist unique coefficients «1, ..., &, € R such
that
n
X =Y aju;,
i=1

and define || - [lo: X — R4 by

n

lxllo = > ei(lail, ... loanl).

i=1

Theorem 4.7 Let (X, || - ||) be an n-dimensional sb-supranormed linear space. Then,
there exists B > 0 such that

lxll < Blixllo, forallx € X. (14)
Proof Let x € X, and {uj,...,u,} be a base of X,. Then, there exist unique
coefficients ¢, ..., a, € R such that x = Z;’:l o;u;. Hence,
n
xll = | > aiu;
i=1
n
< bmax{l, p"} 3" e;(la] lurll, ..., || lunl)
i=1
i n
=bmax(l "} max [T Jugll) X erdlenl, o lanD
I=ji<jp<-<ji=n k=1 i=1
=B lixllo,
where
i
B = bmax{l,p”}( max  [] ||u,-k||). (15)

I=ji<jp<+<ji=n =]
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Theorem 4.8 Let (X, || - ||) be an n-dimensional sb-supranormed linear space. Then,
Il - Il and || - |lo are equivalent, that is, there exists o, § > 0 such that for all x € X

allxllo < [lx]l < Bllxllo-

Proof Let x € X, and {uy,...,u,} be a base of X,. Then, there exist unique
coefficients «y, ..., «, € R such that x = Z?zl a;u;. Define a set U by

U={xeX:|x|lo=1}

We first show that U is bounded. Let oc{, R (x,{ € Rfor j = 1,2 such that x; =
> olui € U. Then

n
lxr = xall = | D (o) — aP)e
i=1
g 1 2 1 2
n
< bmax({l, p"} > e;(Jla; —ajlllutll, ..., lo, — ol llunl)
i=1
< ) )
<B > e(a] —oajl,....,la, —a;])
i=1
< 1 2 1 2
i=1
<BK,

where g is given by (15) and K:=max {2 ({) : k = 1,..., n}, which proves that
U is bounded.

Define now a function ¢: X — R4 by ¢(x) = ||x]||. It follows by Lemma 4.6
that f is continuous. Note that U is strongly compact, since it is bounded and closed
subset of R". Using Theorem 1.19, we deduce that ¢ has an infimum « in U, which
is different from zero because ||x||o = 1 for every vector x € U. Hence,

o =inf{p(x) : x e U} =inf{|lx] : x e U} > 0.

Thus, from the fact m e U for all x € X, it follows that

>a >0, forallx € X,
llx1lo

which implies that
alxllo < [lx|l, forallx e X. (16)

Finally, combine (14) and (16), we obtain the result. m]
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Remark 4.9 As an immediate consequence of Theorem 4.8, any two sb-supranorms
on a finite-dimensional space are equivalent.

Lemma4.10 Let (X, | - ||) be an n-dimensional sb-supranormed linear space, let U
be a bounded set of X. Then, U is compact.

Proof Letx € X, and {uy, ..., u,} be a base of X,. Then, there exist unique coeffi-
cients &y, ..., o, € R such that x = ZLI oju;. Letx = (aq, ..., a,) € R". Define
the function ¢p: U — R" by ¢(x) = x forall x € U and let V = ¢ (U). Since the
function || - ||1: X — Ry by ||x]l1:=]l¢ (x)]|, is an sb-supranorm on X,,, where || - ||,

is an sbh-supranorm on R”. Hence, according to Remark 4.9, || - ||| is equivalent to the
sb-supranorm || - ||. We conclude that there exist «, 8 > 0 such that
alxll, = llxll = BlIxlx- (17)

As consequences of (17), U bounded in X if and only if U bounded in R”, and a
sequence {x,} is convergent in (X, || - ||) if and only if the corresponding sequence
{x,} is convergent in R". Consequently, the compactness of U bounded in X follows
from the compactness of U bounded in R”". O

5 Brouwer and Schauder Fixed Point Principles

We first recall the Brouwer fixed point principle in R”.

Theorem 5.1 (Brouwer) Let U be a bounded closed convex set of R". If a mapping
f: U — U is continuous, then it has a fixed point.

The Brouwer fixed point principle in sb-supranormed space is given next.

Theorem 5.2 Let (X, || - ||) be an n-dimensional sb-supranormed linear space and
let U be a bounded closed convex set of X,. If a mapping f: U — U is continuous,
then it has a fixed point.

Proof Letx € X, and {uy, ..., u,} be a base of X,. Then, there exist unique coeffi-
cients «y, ..., o, € R such that x = Z?:l oju;. Letx = (aq, ..., a,) € R". Define
the function ¢: U — R" by ¢(x) =X forall x € U and let V = ¢ (U). The function
¢: U — V is bijective, where the mapping ¢~ ': V — U is given by ¢~ (x) = x
for all ¥ € V. Next, we will prove several claims: O

Claim1 ¢: U — V is an homeomorphism. Indeed ¢ is continuous in U, since by
(16), we have

l$(x) — d(xo)llo = I¥ —Follo < @™ lx — xoll, forallx,xoeU,
Similarly, d)‘l is continuous in V, because by (14), we have
lp~' @) — ¢~ @o)ll = llx — xo0ll < BIX —Xollo, forall ¥, Xo e V.

Hence, Claim 1 holds.



148 Page 180f26 M. Berzig

Claim2 Visconvex.Letx = (aq,...,a,),y = (B1,..., Bn) € V,whereq;, B; € R
fori =1,...,n. Forall A € [0, 1], we obtain by convexity of U that

A+ =MNy= Qo+ —=2)B1, ..., a, + (1 —1)By)
=¢pAx+ (1 -1y eV,
which implies that Claim 2 holds.

Claim 3 V is bounded. Let X,y € V, then by the boundedness of U and Theorem 4.7
it follows that

IX = ¥llo <o lx — yll <o 'd(U),

where d(U):=max{||x — y|| : x, y € U}, which proves Claim 3.

Claim4 V isclosed. Let x = >/ | ojui, xo = > i Biui, X = (a1, ..., 0,) €V,
X0 = (B1,...,Bn), where o;, Bi € Rfori =1, ..., n. Assume that ||x — Xg||o tends
to zero. Now, by (16), we have

X = xoll = BlIX —Xollo.

so it follows that by closedness of U that xo € U, which implies that Xo € V and this
prove the claim.

Claim5 f has a fixed point. To show this, define the function F: V — V by F =
¢ f¢~'. By Theorem 5.1 and the previous claims, we deduce that there exists X € V
such that F'(x) = x, that is,

¢fo (x) =x,
which is equivalent to f@~ ' (x)) = ¢~ (x), and since ¢~ (x) € U, then f has a
fixed point in U. O
Before establishing the fixed point principle of Schauder type in sb-supranormed
spaces, we need to develop some auxiliary results. Let (E, || - ||) be an sb-supranormed
linear space and N:={cy, ..., ¢,} be a finite subset of E. For any fixed ¢ > 0, define
the set

(N.e) = U B(ci. o).
i=1

where
B(ci,e):={x € E:|x—cill<e}, i=1,...,n.
Define a mapping p;: (N, &) — R by

pi(x):=max[0,e — |x —¢ll], i=1,...,n.
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Consider the Schauder projection p.: (N, &) — conv(N) given by

n _l n
pe(x) = [;Mi(x)} 2#1‘ (x)ci,

Note that p.((N, €)) C conv(N) as a convex combination of {cy, ..., ¢,}. Moreover,
if x € (N, ¢), then there exists i such that x € B(C;, ¢), so Z?:l wi(x) # 0, which
means that p, is well defined.

Lemma5.3 Let (E, | - ||) be an sb-supranormed linear space, U be a convex subset
of Eand N = {cy1,...,cn} C U. Then for a sufficiently small ¢ > 0, we have

(i) llx — pe ()|l < nbe max{l, p"} forall x € (N, ¢),
(ii) pe: (N,g) — conv(N) C U is a continuous compact mapping.

Proof Let ¢ € (0, 1] be sufficiently small such that for every 1 <i <n and any x in
(N, &), Pi(x) < Pi1(x), where P;(x):=€; (t1(x), ..., un(x)). Then,

< bmax{l, p"}(PL ()7L Y e (ui)llx —cill -y wn GO llx — call)
i=1

< bmax{l, p"}(P1(x) 7' Y ei(ui(x)e, ..., ma(x)e)

i=1

" —1
Ix — pe ()l = [; Mi(X)}

_Zl wi (X)(x —ci)

< be max{L, pP"}(PL(x)"L Y Pix)
i=1

<nbe max{l, p"}.

Now, since p; is a finite sum of continuous functions and || - || is continuous according
to Lemma 4.6, then p. is continuous. The compactness of p. follows from Lemma
4.10, since its codomain is with finite-dimension. O

Lemma 5.4 Let X be a topological space and E be an sb-supranormed linear space.
Let U be a convex set of E and f: X — U be a compact mapping. Then for a
sufficiently small ¢ > 0, there exists a finite set

N={ct,...,en}C f(X) CU,

and a finite-dimensional mapping f.: X — U such that:
(i) I fe(x) = f)|l <nbe max{l, p"} forall x € X,
(ii) fe(X) Cconv(N) C U.

Proof (i): By Theorem 1.20 and for sufficiently small ¢ € (0, 1) there exists a finite
e-net {c1,...,cp} C f(X) because f(X) is compact in E. Now, if y € f(X),
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then d(y,c;) < e forsomei € {1,...,n}, thus y € B(cj,€),s0y € (N, ¢) and
this proves that f(X) C (N, €). Let f = p, f. We deduce by Lemma 5.3 that

I1fe(x) = fFQOII = llpey — ¥l < nbe max{l, p"},

where y = f(x) € (N, ¢), forall x € X.
(ii): Let y € f.(X). Thus, there is z = f(x) € (N, ¢) for some x € X such that
y = p(2). Consider

n n
y=p:(2) = > Aici, Y ri=1, eR, i=1,...,n.
i=1 i=1

Thus, y € conv(N) C U, and by convexity of U it follows that f, C
conv(N) C U. O

Let (X, d) be an sb-suprametric space, U be a nonempty setof X and f: U — X
be a given mapping. If for a given ¢ > 0, there exists a point x € U such that
d(x, f(x)) < ¢, then we say that x is an e-fixed point for f.

Theorem 5.5 Let (X, d) be an sb-suprametric space and U be a closed set of X. If a
mapping f: U — X is compact, then f has a fixed point if and only if for each ¢ > 0
it has an e-fixed point.

Proof The necessary condition is trivial, so we only show the sufficient condition. Let
& = }l, n € N. Assume there exists u,, € U for all n € N such that u,, are g, -fixed
point, that is,

d(un, f(un)) < 2, foralln e N. (18)

The mapping f is compact, so there exists a compact K such that f(X) € K. Thus,
there exists a subsequence {u,, } such that f(u,,) converges to some u € X as k tends
to infinity. Now, using (18), it follows that for any ¢ > 0 there exists kg € N such that
for k > k¢, we have

d(upy, u) < bdup, fun)) +d(f(up), u) + pd@n, fu)d(f @), u)
<b pet 28 ce(bt1+e),

— ng ny
which implies that {u,,} converges to u in U because U is closed. Observe that
{f (un,)} converges to u and by continuity of f it converges also to f(u), which
means by Proposition 1.11 that u = f (u). O

Remark 5.6 In Theorem 5.5, if f: U — U is compact, the assumption of closeness
of U may be dropped, since the sequence f (u,,) converges to some u € cl(f(U))
which is a subset of U.

Finally, we present a Schauder fixed point principle.
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Theorem 5.7 Let (X, || - ||) be an sb-supranormed linear space and U be a convex set
(not necessarily closed) of X. If a mapping f: U — U is compact, then it has a fixed
point.

Proof 1t suffice to show that f has an e-fixed point. By Lemma 5.4 it follows that for
a sufficiently small ¢ > 0 there exists f; : U — U such that

@) Nfe(x)— f)| <nbe max{l, p"} forall x € U,

(i) fe(U) Cconv(N)C U.

Since conv(N) C U, we get fe(conv(N)) C f:(U) C conv(N), which implies
that f. : conv(N) — conv(N) is well defined. Since conv(N) is bounded closed
convex (see also [24, Propositions C.2 and C5]), we deduce by Theorem 5.2 that there
exists x, € conv(N) C U such that f,x, = x, so by (i), we obtain

I1f (xe) = xell = [1f (xe) — fe(xe) |l < nbe max{l, p"},

and by letting ¢ tends to zero together with the continuity of f, we obtain the result
by Theorem 5.5 and Remark 5.6. O

Remark 5.8 Observe that U is not necessary closed, since Theorem 5.2 is applied to
the selfmap f, defined on the closed set conv(/NV). Moreover and according to Remark
5.6, Theorem 5.5 can be applied without requiring the closeness of U. This answer
the question in [9, Remark 13].

6 Applications

In this section, we study the existence of a unique solution to an integral equation as
well as to a boundary value problem, as applications to the fixed point theorem proved
in Section 2. We consider the integral equation:

1
x(t) = A1) +[ G(t,s)h(s, x(s))ds, t €]0,1]. (19)
0

The problem of existence of a solution for the integral equation (19) will be discussed

under the following assumptions:

(a1) A: [0, 1] - R, is a continuous function.

(a2) h: [0,1] x Ry — R, is a continuous function and there exists a continuous
function u: R% — Ry such that for all (s, p, ¢) € [0, 1] x R%,

u(p, p) =0, (20a)
lh(s, p) — h(s, )| < u(p,q), (20b)
u(p, )* +Yup,q) <lp—q* + 1lp —ql. (20c)

(a3) G: [0, 1]2 — R is a continuous function such that

c:= max G(s,t) < 1.
s,t€0,1]
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Before presenting the main result of this section, we derive an inequality of Chebyshev
type. For more details on Chebyshev inequalities, we refer to Chapter IX of [20] and
for more recent references, see for instance [1, 23].

Lemma 6.1 Let a and b be real numbers such that a < b, and let w(t, -) be a nonneg-
ative measurable function for every t € [a, b]. Let x(s) = (x1(s), x2(5), ..., Xn(5))
such that {x;}1<i<n are nonnegative functions defined on [a, b, and let u be a non-
negative function defined on [a, b] x R} such that s > u(s, x(s)) is integrable with
respect to w(t, s) for every t € [a, b]. Then

2

b b b
(/ u(s,x(s))w(t,s)ds) 5/ u(s,x(s))zw(t,s)ds/ w(t, s)ds, t € [a, b].
a a a
Proof We have
b b )
05/ / (u(r, x(r)) — u(s, x(5))) " w(t, s)w(t, r)dsdr
b b
:f f (u(r,x(r))2 —2u(r, x(r))u(s, x(s)) +u(s,x(s))2)w(t,s)w(t,r)dsdr
b b b
=/ (u(r,x(r))Z/ w(t,s)ds72u(r,x(r))/ u(s, x(s)w(t, s)ds
b
+/ us, x()2w(t, $)ds)w(r, rydr

b b b 2
= 2/ u(s,x(s))2w(t, s)ds/ w(t, s)ds — 2 (/ u(s,x(s))w(t,s)dx) .

O

Theorem 6.2 Under assumptions (ay)—(as), the integral equation (19) has a unique
solution in C ([0, 1]).

Proof Let X = C4([0,1]) be the set of continuous functions x: [0, 1] — R4,
endowed with the suprametric § of Examples 1.4. First, by Remark 1.14, (X, §) is
a complete. Consider the operator T: X — X defined by

1
Tx(t) = A1) —+—/ G(t,s)h(s, x(s))ds, t €[O0,1].
0

Observe first that 7 is well defined. Let x, y € X, then by using the assumptions
(a1)—(a3) and Lemma 6.1, we get
+21,)

1 1
5/0 G(t, $)|h(s, x(s)) — h(s, y(s))|ds (fo G(r,s)|h(s,x(s))—h(s,y(s))|ds+§)

ITx(t) = TyO)|(ITx(t) = Ty(®)| + §)

1 1
= /0 G(t,5)(h(s, x(s))—h(s, y(s)))ds ('/0 G(t,5)(h(s, x(s))—h(s, y(s)))ds

1 1
< / G(t, s)u(x(s), y(s))ds (/ G(t, s)u(x(s), y(S))deré)
0 0
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1 1 1
5/ G(t,s)ds/ G(t,s)u(x(s),y(s))zds—i-%/ G(t, s)u(x(s), y(s))ds
0 0 0
1
< fo Gt 9)(u((s), y)? + Sulx(s), y(5)))ds

1
5/0 G(t,9)lx(s) = y(©)I(Ix(s) = y()] + §)ds

<céx, y),
and this implies
8(Tx,Ty) < cd(x,y).

By Theorem 2.1, we conclude that the integral equation (19) has a unique solution in
X. O

Next by Theorem 6.2, we show the existence of a unique solution in C[0, 1] to the
following nonlinear third-order boundary value problem:

() +Vix) + 11— e X0y =0, te]0, 1], (22a)
x(0) = x'(1) = 0 and x(1) = 1. (22b)

Proposition 6.3 The boundary value problem (22) has a unique solution in C,[0, 1].

Proof The boundary value problem (22) has a solution x € C4[0, 1] if and only if the
operator T: C4[0, 1] — C4[0, 1] defined by

1
Tx(t):/ G(t,s)y/sx(s) +1(1 —e**)ds, €0, 1],
0

has a fixed point in C4[0, 1], where the Green’s function associated to the homo-
geneous problem x”’(f) = 0 that satisfies the boundary condition (22b) is given
by

IA

t <1,

1.

N

IA
IA

152 — 12, 0
0

G(t,s) =
9 {%t(s—l)(s(t—2)+t)),

=I=s

A

Firstly, observe that T is well defined and (a;) holds, where A = 0. Moreover, it is
easy to see that G is continuous and satisfies (a3), since we have

0<G(ts) <1, forallt,s €[0,1].

Consider now the functions z: [0, 1] x Ry — R4 and u: IR{%_ — R given by

h(s,p) =+/sp+1(1—e*P) and u(p,q) =/|p —ql+ 1(1 — e P74,
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In order to use Theorem 6.2 and conclude that 7 has a unique solution in C, [0, 1],
we have to check (ay). Note that 4 and u are continuous and it is not difficult to see
that (20b) and (20c) follow from the next lemma. ]

Lemma 6.4 Forall (p,q,s) € Ri x [0, 1], we have A > 0 and B > 0, where

=VIp—ql+ 11 — e P=0h) — | /pF 11 —eP) = g+ 1(1 —e79)|.
B=p +3p—(p+H1—e? PP —35p I —e).

Proof Suppose, without loss of generality, that p > g. Then,
=Vr—qg+10—e?P)—/p+11—eP)+ g+ 1(1 —e9)

Using the mean value theorem twice, it follows that there exists ¢ € (g, p) such that

=Jp—q+ 1(1 —e™ [’)_2(p q)l+c +2ce f’

and also there exists ¢’ € (p — ¢, p) such that

+2 (,',
= VAT — ) — Jg et e

e ' 42te!

Now, since the function 21 : Ry — R given by & (¢) = 1+ N is decreasing on

R4, we obtain
_ —q —q
Az p=qF1(1=etP) = 5(p—q) 22,

and

— l4e=P=D42(p—g)e—P—D
Az JGFI( =) = fglie gt

Hence, it suffice to know the sign of h2(p —q) — h1(g) and ho(g) —h1(p — q), where
the function 15 : Ry — Ris givenby ha(t) = 2t 7'/t + 1(1 — e7"). Itis not difficult
to see that /15 is decreasing, soif p—q < g, ha(p—q)—h1(q) = ha(p—q)—h1(p—q)
andif p —q > q, hao(qg) — h1(p — q) = ha(q) — h1(g). We conclude from the fact
that t — (ho — h1)(¢) is positive that A > 0. Finally, we have

B=p*+ip—(p+DU—eP2—fspFI(1—e*P)
>6pP+isp—Gp+l—spFDI—e*P)=0.
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