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Abstract

This paper is devoted to the study of the S-eigenvalue of finite type of a bounded
right quaternionic linear operator acting in a right quaternionic Hilbert space. The
study is based on the different properties of the Riesz projection associated with the
connected part of the S-spectrum. Furthermore, we introduce the left and right Browder
S-resolvent operators. Inspired by the S-resolvent equation, we give the Browder’s S-
resolvent equation in quaternionic setting.
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1 Introduction

In the theory of complex Banach spaces, the search for the eigenvalues of finite type
of linear operator aroused the interest and attracted the attention of many researchers,
see for instance [7, 8, 11, 12, 25-29] and references therein. Sometimes this type
of eigenvalue is known as a Riesz point. In doing so, one can develop the spectral
theory of operators. An attractive characterization of eigenvalues of finite type by
using Riesz projection is discussed and determined in [25]. In particular, they show
that this part of the spectrum is only the set of isolated point of the spectrum such
that the corresponding Riesz projections are finite dimensional. Thus an extension of
the usual resolvent is studied in [29]. We refer to [15, 27] for the applications to the
Frobenius Schur factorization for 2 x 2 Matrices and to the transport operators.

In the quaternionic setting, there has long been an apparent problem in defining the
concept of spectrum of a quaternionic operator. In fact, the quaternionic multiplication
is not commutative. This makes it possible to observe three types of Banach spaces:
right, left and bilateral, according to the operation of the multiplication on the vectors.
It was only in 2006 that F. Colombo and I. Sabadini succeed in giving a new attractive
and useful concept for the study of quaternionic operators, namely the S-spectrum.
We refer to [18, Section 1.2.1], see also [19] for the precise history and motivation
of this new concept. Some years later, Alpay, Colombo and Kimsey in [5] gave the
spectral theorem for the bounded and unbounded quaternionic operator related to the
concept of S-spectrum. In the book [17], the authors have studied and discussed the
spectral theory for the Clifford operators. We refer to [ 14] for some results on operators
perturbation, to [20] for a version of functional calculus for bounded and unbounded
normal operators on a Clifford module, and to [21] for the study and discussion of
slice monogenic functions of a Clifford variable.

The first aim of this article is to study the S-eigenvalues of finite type of a bounded
right quaternionic linear operator acting in a right quaternionic Hilbert space. In fact,
if T e l”)’(VH_‘f[e ) (the set of all right bounded operator) and g € os(T) \ R (where
os(T) denote the S-spectrum of T'), then [¢] := {hgh™' : ¢ € H*} C o5(T)
since the S-spectrum of 7 is axially symmetric. In particular, g is never isolated in
os(T). However, we can speak of an isolated 2-sphere in o5(7). Doing so, we can
define the Riesz projector corresponding to [¢] C os(7T). Under these circumstances,
the S-eigenvalue of finite type will be considered as an isolated 2-sphere with an
associated Riesz projection P of finite rank. Especially, if T € B(V¢) (i.e. T is a
linear operator acting on complex Banach space) and A is in the complex spectrum of
T, then [A] = {A} and this gives the usual version of the Riesz point in the complex
case. We turn to the understanding of the S-eigenvalue of finite type. To begin with, let
T € B( Vﬁf) andg € o dS (T) (the set of S-eigenvalues of finite type), we refer to Sect. 3
for precise definition. The first result of this paper characterizes the range of the Riesz
projection P4 associated with the 2-sphere [¢] and the operator T'. Next, thank to
the S-spectral mapping theorem [18, Theorem 4.2.1], we show that if we perturb the
pseudo-resolvent Q, (T') := T2 —2Re(q)T +|q |2]Iv ® by the Riesz projection P,) we
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obtain an invertible operator. We end the first part of the paper with a discussion on the
localization of the S-eigenvalue of finite type of sequence of quaternionic operators.

The second aim of this article is to determine the quaternionic version of Browder’s
resolvent equation. Let 7' be a linear operator acting on a complex Banach space V.
The spectrum of T will be denoted by o (T) and the Riesz point will be denoted by
04(T) (the set of isolated point & € C in the spectrum such that the corresponding
Riesz projection Py, are finite dimensional). For A, pu € (C\ o(T)) U oy4(T), the
Browder’s resolvent equation is given by

Ry' (1, T) = Ry (u. T) = (4 — )Rp(A, T)Rg (. T) + Mr(h, ), (L.1)
where
R'0T) = (T - |P(;}1({0}))—1(1 — Ppy) + Py
and
M7 (O, ) = R L TYAT — (L + DIPpy — [T — (e + DIPR) Ry (. T).
We refer to [29] for a brief discussion and for a full proof. We turn to the quaternionic
case. Set T € B(Vﬂf) and g € 05 (T). Let P4 denote the corresponding Riesz

projector with range and kernel denoted by R(Pj4)) and N (P(4), respectively. Thanks
to the Riesz decomposition theorem [33, Theorem 6] in quaternionic setting, we have

os(T |rep,) = lgl and os(T |n(py))) = os(T) \ [g].
In this way, we can define the left Browder S—resolvent operator
SZ,119(‘1’ T) = —[Qy(T) In(p, ] (T — qlyr)(Iyr — Pig)) = Pig)
and the right Browder S—resolvent operator
SIEIB(CI, T):=—(T - C_Iﬂvﬁ)[Qq(T) |N(P[,1])]_1(HVH_IE — Py — Pg-

Motivated by this, we obtain a generalization of the classical Browder’s resolvent
equation (1.1). Precisely, we have

Splp(s. T)S; % (p. T)Qu(p)

= [Sgp(s. T) = S 5 (p. Dp + 5[5, 5 (p. T) — Sg (5. T)]
+[Sgp(s. YT = (p+ DIym) Py — (T = (s + DIyw) Py Sy g (p, Dp
+50(T — (s + I)HVEIE)P[S]SL_,&;(p, T) = Sglp(s. YT — (p+ DILyz) Prpl,
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where p, s € (H\os(T)) Uo; (T) and Qs(p) = p> —2Re(s)p + |s|?. The technique
of the proof is inspired from the proof of [18, Theorem 3.1.15]. It is remarkable that
the Browder’s resolvent equation extend [ 18, Theorem 3.1.15] to (H\ o5(T)) UO’dS (T).
Indeed, if ¢ € H \ o5(T") with the convention Py, = 0, then

Sp.p@-T)=S;'(q.T) = —(T? = 2Re(@)T + |’ L)~ (T — gllyz)
and

Spp(@ T) = Sg'(q.T) = ~(T = qlyp)(T* = 2Re()T + |q"Lyp) "
As for the rest of this paper, it is structured as follows. The next Section is devoted
to some basic notions of operator theory and slice functional calculus. In Sect. 3, we

discuss some properties of the S-eigenvalue of finite type. Finally, in Sect. 4, we give
and provide the Browder’s S-resolvent equation in quaternionic setting.

2 Mathematical Preliminaries
In order to make the paper detailed, we collect some definitions and recall some results

needed in the rest of the paper. We refer to 1,4, 5,9, 16, 18, 19, 22, 24, 31] for surveys
on the matter.

2.1 Quaternions

We denote by H the Hamiltonian skew field of quaternions with the standard basis
{1,1, j, k}. Formally, we have

H:{q:xo+x1i+x2j+x3k: xi €R, i=0,1,2,3}.
The three imaginary units i, j, k satisfy the relations
P=j2=kK=ijk=—1,ij=—ji =k, ki = —ik=j, jk=—kj=1i.
Let g = xo + x1i + x2j + x3k € H. The real part of ¢ is given by Re(¢) = x¢ and

its imaginary part is defined as Im(g) = x1i + x2j + x3k, then the conjugate and the
usual norm of g are defined, respectively, by

7 = Re(g) — Im(q) and |¢| = /xg +x7 +x3 +x2.
The unit sphere of purely imaginary quaternions is given by

S = {q € H: Re(q) = 0and g = 1}.
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It is remarkable that S is a two-dimensional sphere in R*. If ¢ € H \ R, then

q = Re(q) + I;|Im(q)|,

where I, = IEEZ;I € S. In this way we can associated to g a two-dimensional sphere

defined by

[¢] = Re(g) + S[Im(g)].
Note that [¢] has center at the real point Re(q) and has radius |Im(qg)|. This sphere [¢]

coincides with the set {hgh~! : h € H*}, where H* = H\{0}. We refer the reader to
[6] for the full proof. For I € S, we set

Cr =R+ IR.

In this case, we have

H:Ucc,.

IeS

2.2 Operators Acting on Right Quaternionic Hilbert Space

Let Vﬁf be a right quaternionic Hilbert space and O = {¢y : k € N} be a Hilbert basis
of Vﬁf . The left scalar multiplication on VHIf induced by O is defined as the map

HXVH§—>VE§

(G, ¢) — 46 =) _ dxq(dx. ).

keN

A function T : V¥ — V¥ is said to be quaternionic right linear if
To+vq) =T@) +TW)q,
for all ¢, Y € Vﬁ? and g € H. We call a quaternionic right operator 7 bounded if

T
iTi= sup 120

¢€VH§\{O} ||¢||

The set of all bounded right operators on Vﬁf is denoted by B( Vﬁf ) and the identity
operator on Vﬁf will be denoted by HVE{f' IfTeB (V]Hfe ), then we write N(T') and R(T),
respectively, for the null space and range of 7. We set

o(T) =dim N(T) and B(T) = codim R(T).
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Definition 2.1 [30, 32] Let T € B(V{¥), then

(1) T is a Fredholm operator if both «(7") and B(T') are finite.

(2) If T is a Fredholm operator, then the index of 7T is the number
i(T) =a(T) — B(T).

(3) T is a Weyl operator if T is a Fredholm operator and i (7)) = 0.

Let QD(Vﬂf ) denote the set of Fredholm operators and W(V]H’f ) be the set of Weyl
operators.

Definition 2.2 [30, 32] Let T € B(V{¥).

(1) T is said a finite rank if dim R(T) < oo.
(2) T is said compact if T maps bounded set into precompact sets.

We denote by K(Vﬁ ) the set of all compact operators on VH_‘]?. In the sequel of the
paper, we equip Vﬁf with a Hilbert basis O. In this way, B (Vﬂ_ff ) is a two-sided ideal
quaternionic Banach algebras with respect to the two multiplications:

qT)¢ =D vq(y, To) and (Tq)p = Y T(Wq (¥, ¢).
ve® Yve®

forall ¢ V]Hlf . In the next proposition we will recall some well-known properties of
the compact and Fredholm-set, see [30, 32].

Proposition 2.3

(1) K(V{®) is a closed two-sided ideal of B(V{).
() IfAe ®(VE) and K € K(VE), then A+ K € (V) and i(A + K) = i(A).

2.3 The Quaternionic Functional Calculus

In this subsection, we recall some definitions and basic properties for the Sabadini
spectrum (S-spectrum), slice regular functions and Riesz projectors necessary for
development of this manuscript. For more details see [3, 5, 17-19].

ForT € B(V]}‘]'f)andq € H, we define the associated operator Q,, (T') : Vﬁf — VIHIf
by setting
Qy(T) := T? = 2Re()T + Iq[*Ly 5.

Definition 2.4 Let T € B(V{F).
(i) The S-spectrum of 7 is defined as

os(T) = [q € H: Qu(T) s not invertible in BVE) |
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(i1)) We define the S-resolvent set of T as
ps(T) =H\ o5(T).

The concept of S-spectrum is motivated by both the left Cauchy kernel series

+00
> T = —(I* = 2Re(q)T + |q|2HVH§)_1(T —qlyp). lgl > T |
n=0

and the right Cauchy kernel series
+o00
Yo" T = (T = qlyp)(T? = 2Re@T +1q"Tye) ™" lgl > T 1| -
n=0

We refer to [18] for a full explanation. Note that o5(7) is a non-empty compact set,
see [19]. If Tu = uq for some u € VEIf\{O} and g € H, then u is called eigenvector
of T with right eigenvalue ¢.

Definition 2.5 A set Q C H is called

(1) axially symmetric if {hgh=' : h e H} C Q for any g € Q and

(ii) a slice domain (or s-domain for short) if 2 is open, QR NR # Pand L NC; isa
domain in Cy, for any 7 € S.

Note that the S-spectrum os(7) and the S-resolvent set ps(7') are axially symmetric,
see [18].

Definition 2.6 [18, Definition 2.1.2] (Slice hyperholomorphic functions) Let 2 c H
be an axially symmetric open set and f : €2 —> H be a function. Set

Qpo = {(u, W eRY: u+IveQforalll S}.
We say that f is a left slice hyperholomorphic function if it is of the form
fl@)=Pu,v)+1,0u,v),forqg =u+ I,v € Q
with P,Q take value in H such that

P(u, —v) = P(u,v), Q@u, —v) = —Q(u,v) (2.1
and satisfy the Cauchy Riemann equation

0P _9Q _ 9P 30 _

_— = =0. 2.2
ov ou 2.2)

’

ou v

We say that f is a right slice hyperholomorphic function if it is of the form

f(g) =Pu,v)+ Qu,v)l;forg =u+ Iy € Q
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with P,Q : Q2 — H satisfy (2.1) and (2.2).
If f is left or right with P(u, v), Q(u, v) € R forall (u, v) € Qp2, then f is said
intrinsic function.

Let SH (2) (resp. SHg(2)) denote the set of left (resp. right) slice hyperholomorphic
functions on € and N () be the set of intrinsic functions. This class of functions is
a generalization of the set of holomorphic functions in the complex setting.

Definition 2.7 LetT € B(V]HIf) andq € ps(T). Theleft S-resolvent operatoris defined
by
-1 o 2 2 -1 —
Sy (g, T) i= =(T" = 2Re()T + |q|" Ty )™ (T — qlly),
and the right S-resolvent operator is given by

Sg' (@, T) = —(T = qlyn)(T* = 2Re(@)T + g’ Ty~

Proposition 2.8 [18, Lemma 3.1.11] The left S-resolvent operator g —— S;l (g, T)

is right slice hyperholomorphic and the right S-resolvent operator ¢ — SEI (q,T)
is left slice hyperholomorphic.

Let SH (os(T)), SHr(os(T)) and N (os(T)) denote, respectively, the set of all
left, right and intrinsic slice hyperholomorphic functions f such that o5(7) C D(f),
where D( f) denote the domain of f.

Definition 2.9 [19, Definition 2.1.30] (Slice Cauchy domain) An axially symmetric
open set Q2 C H is called a slice Cauchy domain, if 2 N C; is a Cauchy domain in
Cy for any I € S. More precisely, Q2 is a slice Cauchy domain if, for any / € S, the
boundary d(2 N Cy) of (2 N Cy) is the union of a finite number of non-intersecting
piecewise continuously differentiable Jordan curves in C;.

Remark 2.10 [18, Remark 3.2.4] Let f € SH(os(T)) USHR(os(T)) UN (0s(T)),
then there exists a bounded slice Cauchy domain €2 such that

os(T) C Qand Q C D(f).
Now, we can give the version of the quaternionic functional calculus.

Definition 2.11 [18, Definition 3.2.5] Let T € B(V{X). We define

1
) =5 / S T)dar f(@), Vf € SHL@s(T)  (23)
s 3(Q2NCy)

and
1
FT) = — / F@darSg . T). Vf € SHr(os(T))  (2.4)
3(QNC))

where dq; = —dqgI and 2 is a slice Cauchy domain as in the Remark 2.10.
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Theorem 2.12 (Riesz’s projectors) [18, Theorem 4.1.5] Let T € B(Vﬂff) and assume
that o5(T) = o1 U oy with

dist(o1,02) > 0.

Let O be an open axially symmetric set with o1 C O and O N oy = B. We define
Xo1 (8) = 1 fors € O and x5,(s) = 0fors ¢ O, Then, x5, € N(os(T)), and

1 _
Py, = xo0,(T) = Efwmc ) S; (g, TYdqy.
1

Further, Py, is a continuous projection operator that commute with T and Py, Vﬂf is
a right linear subspace of V]Hlf that is invariant under T .

Theorem 2.13 [18, Lemma 4.1.1] Let T € B(V{¥), then
(D) If f, g € SHL(o5(T)) and g € H, then

(f+8)T) = f(T)+g(T)and (fq)(T) = f(T)q.
Q) If f, g € SHR(0os(T)) and q € H, then
(f+)(T)=f(T)+gT)and (qf)(T) = qf(T).

Theorem 2.14 (The spectral mapping theorem) [18, Theorem 4.2.1] Let T € B(Vﬁle )
and f € N(os(T)), then

os(f(T)) = f(as(T)).

Definition 2.15 Let T € B(Vﬁf). A subset 0 C og(T) is called an isolated part of
os(T) if both 0 and o5(T')\o are closed subsets of og(T).

Remark 2.16 Let P, be a Riesz projector associated to the isolated part o of o5(T),
then

qPs = Psq, forall g € H.
In particular R(P,) is a left linear subspace of Vﬁ?. Indeed,

@P)(T) =qPs(T) =qx5(T) = (o q)(T) = x5(T)q = Psq.

3 Eigenvalue of Finite Type
Let

R% = {(x,y) e R?: y e Ry}.
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We consider the following function
v H— Ri_
g —> (Re(q), [Im(q)]).

We refer to [23] for more properties of W. In particular, the author prove that W is
continuous, open, closed and

[Q] = v (W(Q)) forall Q C H,

see [23, Corollary 3.16 and Lemma 3.18].
We start with the following result:

Proposition3.1 Let T € B(V]HIf) and q € os(T), then [q] is an isolated part of o5(T)
if, and only if, there exist ¢ > O such that

[B(q.e)]Nos(T) = [q], 3.D
where B(q, €)denote the open ball of center q and radius ¢.

Proof If [¢] is an isolated 2-sphere of o5(T'), then [¢] is an open set of o5(T'). Let U,
be an open set of H such that

[q] = os(T) N Ujy.
Since g € Uy, then there exists € > 0 such that B(g, &) C Uy. This implies that
[B(g,&e)]Nos(T) = [q].

Indeed, assume that there exists p € [B(g, )] N os(T)\[g]. So, p € [¢'] for some
q" € Ug\lq]. Since o5(T) is axially symmetric, then ¢" € o5(T), contradiction.
Conversely, if (3.1) is satisfied, then [¢] is open in os(7T) because [B(q, )] =
lIJ_l(\II(B(q, ¢))) and B(q, ¢) is open. Since [¢q], is closed, we deduce that [¢] is an
isolated part of o5(T'). O

We recall that in a complex setting, the eigenvalue of finite type is introduced and
studied in [25]. In particular, the authors gave a characterization of this type of spectrum
by using the Riesz projection. A version in the quaternionic case is introduced in [10]
in the following definition.

Definition3.2 Let T € B(Vﬁf). A point g € o5(T) is called a S-eigenvalue of finite
type if Vﬁf is a direct sum of 7 -invariant subspaces VIR]HI and VzRH such that

(H1) dim(V{Ry) < oo,

(H2) o5(T |y ) Nos(Tlyg ) =0,

(H3) o5(Tlyx ) = [q].
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We start by recalling the following decomposition theorem:

Theorem 3.3 [2, Theorem 4.4] Let T € B(VH]f). Suppose that Py is a projector in
B(Vﬁf) commuting with T and set Py = Hvﬁ — P LetV; = Pj(Vﬁf), j=1,2,and
define the operators Tj = T P; = P;T. Denote by T"J =T;jlv;, j = 1,2, then

os(T) = as(T1) Uos (D).

Remark3.4 LetT € B (Vﬁf) and assume that [¢] is an isolated part of o5(T). By using
Theorem 3.3 and [19, Theorem 3.7.8], we have

os(T) = [qlUas(T{yx — Pg) and [g] N os(T (Iyr — Pigp)) =9,

where Py, is the Riesz projection related to [¢] and T.

We recall:

Theorem 3.5 [10, Theorem 3.10] Let T € B(V]Hlf) and [q] be anisolated part of o5(T),
then q is a right eigenvalue of finite type if and only if dim R(Pj4)) < oo.

We turn to the pseudo S-resolvent operator
Qq(1)™ 1= (T? = 2Re()T + |qP"Iyx) ™", q € ps(T).

As in complex case, one generalizes this concept by using the Riesz projection. Let
05 (T) be denote the set of all S-eigenvalues of T € B(V]HIIe ) of finite type. By using
[19, Theorem 3.7.8], we have

os(T |r(pyp) = gl and o5(T |n(py;)) = os(T)\[g]

forall ¢ € odS(T). Thus, g € ps(T |N(p[q])) for every g € aj(T). This allows us to
extend the pseudo S-resolvent operator. More precisely, set

pp.s(T) = ps(T) Uoy (T).
If g € pp s(T), then the operator
PQ(T) := (T* — 2Re(q)T + |q|2HV}§)(HVE§ — Py + Py
is invertible and its inverse is given by
PRp.s(q. T) = (T = 2Re(@)T + |q|*Tyz) [n(p,) "~ Ayr = Pig) + Pigy.

Using this new concept, we prove the following result.
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Proposition 3.6 Let T € B(ViX). If g € o (T) and x € Vi, then
x € R(Py)) ifand only if  lim ||(Qq(T))"x||% =0,
n—> 400
where P is the Riesz projection related to [q] and T.
Proof Using the Riesz decomposition [33, Theorem 6], we have
os(T Pigilrpy)) = [l and o5 (T (Iyr = Pig)Inep,y) = os(T\Ig]-
Set
Q;(X) = X* = 2Re(@)X + l¢I*.
Observe that X — Q,(X) € N(os(T Pg1 IR p[q]))). On the other hand, the polyno-
mial @, vanishes exactly at [¢g], see [6, Lemma 4.2.3]. Now, by the S-spectral mapping
Theorem 2.14, we have
05(Q¢(T) Pig1 |r(Pyp) = Lq(os(T Pigy Ir(P,))) = 2q([g]) = {0}
In particular, for 0 # x € R(P,)), we have
. 1 . 1
niﬁ}roo 1(Qq(T))"x||» = nﬂ)ﬁ}roo 1(Q4(T))" Pig |R(py) XII7
. 1 1
< Jim 1(Qq(T))" Pigy IRy I Il
=rs(Qq(T)Pg) r(Py)) = 0.
Conversely, set 0 # x € V]Hf? such that lim,,—, | ||(Qq(T))"x||% = 0. Take
X 1= Plg1(Qq(T))"x = (Qq(T))”(HVH%e — Pig)x + Pgyx.
It is clear that
1 1
Ly r = Pgpanll™ < lI(Tyx — P II(Qq(T)) x|

In this way, we say that

. 1
ngn-}—oo ”(Hv]}llf = PgpDxnll® = 0.

Since g € pg(T), then

x = PRy 5(q, T)xn = (Qq(T) Incry) ™" Ulyr = Pig)Xn + Pig1xn-
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Finally, we obtain
1 1 _
II(]Ivﬂg — Pgpx|n < ”(]IV]H’f = Pgpxnlln x 1(Qq(T) Pig1lncey,)) .

This implies that lim,—, 4 o ||(I[VH§ - P[q])x||% =0and sox € R(Py)). O
We recall that T is quasi-nilpotent if o5(7T) = {0}.

Proposition3.7 Let T € B(V]Hlf) and [q] be an isolated 2-sphere of as(T). Then,

(1) Qu(T)+ Pygyand Qu(T) + [2T + (1 — 2Re(q))HV]§]P[q] are invertible,
(2) Qu(T) Py and Qu(T)[2T + (1 — 2Re(q))]IVH§]P[q] are quasi-nilpotent.

PLoof (1) Since [¢] is an isolated 2-sphere of og(T'), then there exist & > 0 such that
[B(g, &) Nos(T) = [q]. Set

U :=[B(q,¢)] and V := H\[B(q, ¢)].
Observe that U and V are two axially symmetric open sets,
UNV =40, [qlcUandos(T)\[g] C V.

Let us define the functions

1forpeU,
g(p) =
OforpeV.
and
h(p) := p> —2Re(q)p + 1¢qI*, p € H.
Then

g(T) = P[q] and h(T) = Qq(T).

Recall that 4 (p) = 0if, and only, if p € [g], see [6, Lemma 4.2.3]. So, (g+h)(p) # 0
for all p € og(T). Indeed, if p € [¢q] € U, then g(p) = 1 and h(p) = 0. If
p € os(T)\[q], then g(p) = 0 and h(p) # 0. Now, by using the algebraic properties
of the quaternionic functional calculus [18, Lemma 4.1.1], we have

Qqy(T) + Pig) = (g + (D).

Finally, since g +h € N(os(T)), then thanks to the S-spectral mapping Theorem
2.14, we conclude that Q,(T) + Py, is an invertible operator.
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We turn to the operator Q, (T)+[27 +(1— 2Re(q))HVH1{e 1P(4). We consider the function

2p+1—-2Re(q) ifpelU,
k(p) ==
0 if peV.

A similar argument as before, we have

kK(T)=[2T + (1 — zRe(Q))Hvﬁ]quJ
and

(h+K)(T) = Qq(T) + 2T + (1 — 2Re(g)£1 Py

On the other hand, we have (k 4+ h)(p) # 0 for all p € og5(T). Indeed, if p =
Re(g) + I,|Im(g)| for some I, € S (i.e, p € [g]), then h(p) = 0 (by using [6,
Lemma 4.2.3]) and

k(p) :=1—2Re(q) +2p
=1+ 21,|Im(q)| # 0.

Now, if p € o5(T)\[¢q], then we have easily 4 (p) # 0 and k(p) = 0. Finally, we can
conclude that Q,(T) + [1 — 2Re(T) + 2T | P4 is an invertible operator.

(2) Since (hg)(p) = h(p)g(p) = O0and (hk)(p) = Oforall p € o5(T), then by using
[18, Lemma 3.2.8] and the S-spectral mapping Theorem 2.14, we have

05(Qy(T) Pq)) = os(h(T)g(T)) = {0}
and
os(Qy(M2T + (1 — 2R8(q))HV§]P[q]) = os(h(T)k(T)) = {0}.

This completes the proof. O
Proposition3.8 Let T € B(Vﬁ) and [q] be an isolated 2-sphere of os(T). Then,

q € adS(T) if and only if Q4 (T) € W(V]Hlf).
Proof Suppose that ¢ € UdS (T). By using the previous Proposition 3.7, we have

Q4 (T)+ Pyg)is an invertible operator. In this way, we see that Q, (T) + Pig; € W(VE).
Since Py € K (Vﬁf), then thanks to Proposition 2.3 we deduce that Q,(T') € W(V]HIf ).



Browder S-Resolvent Equation... Page 150f23 60

Conversely, Let ¢ > 0 such that o5(T) N[B(q, €)] = [q], then the Riesz projection
P4 associated with 7" and ¢ is given by

Pgp=5— Q, N (T)(T — Pl r)dpr.
21 Jyaqenncy P Vi

Now, denote by s the natural quotient map into the Calkin algebra C (Vﬁf) =
B(Vﬁf)/lC(Vﬁf), then ¢ € ps(mw(T)) and, by Cauchy’s integral theorem [19, Theo-
rem 2.1.20],

-1

n(Pg) = 5=

O (A (T)((T) — Plev.py)dpr = 0.
2n /an(q,s)m,) P Vuk)

So, Pig1 € K(V{¥). This implies that Igp,)) : R(Piq)) —> R(Plg)) is compact, we
deduce that dim(R(Pj4))) < oo. O

Remark 3.9 As in the complex setting, we have if 7' € l’)’(VH_é[e ) is invertible and N is a
nilpotent operator that commute with 7', then 7 + N is also invertible. Indeed, let
m € N* such that N* = 0. Then, Hvﬂﬁ + N is invertible and its inverse is given by

m—1
I+ N~ =Y (=D

k=0

Since TN = NT,then TN is nilpotent. In this way, we see that T + N = T(Hvﬁf +
T—1'N) is invertible.
Theorem 3.10 Let T,, and T belong to B(VEIE) withn € Nand |T,, — T|| — 0. We

suppose that 0 € UdS (T). For an axially symmetric V C H, we set

EYN7D = (v nos(T))) =,

where p = q if, and only, if p € [q], then there exist N € N and an open axially

symmetric Vo C H such that ﬂEx?mS(T”) < oo and Vo (os(T,) C adS(Tn)for all

n>N.
To prove this theorem, we first need to show the following results.

Lemma3.11 Let T and S € Inv(B(V]H’f)) (i.e.0 € ps(T) N ps(S)). We assume that
1T = SIl < IS, then

17" =S~ <2157 AT - S|

Proof The proof is exactly similar to the proof of [13, Lemma 5, p.11] in the complex
setting.
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Definition 3.12 [13, Definition 15, p.25] Let X, Y be two topological spaces and let
¢ be a function defined on the space X and whose values are subsets of the space Y.
The mapping ¢ is upper semi-continuous on x if for each neighborhood V) of
¢ (x0), there exist a neighborhood Uy, of xq such that

@ (x) C Vp(xp)s X € Uy,

¢ 1is said to be upper semi-continuous if X is a point of upper semi-continuity for ¢ for
each x € X.

Lemma 3.13 [13, Lemma 16, p.25] Let X, Y be metric spaces, let Y be compact and
let ¢ be a mapping of X into the closed subsets of Y, then ¢ is upper semi-continuous
if and only if the following conditions holds

xpn€X, ynep(xy), x= lim x, y= lim y, = ye€dpX).
n—s 400 o0

n—--+

Proposition 3.14 Let wB(Vﬁf): T —> os(T) be the function defined on the space

B(V]Hlf) and whose values are in the compact subset of H. Then, l/fB(Vﬁe) is upper
Semi-continuous.

Proof Let (T,), be a sequence of operators in B(Vﬂf ), qn € as(Ty),

lim |7, —T||=0and lim |g,—g¢q|=0.
n—s+00 n—s+00

We have to show that ¢ € o5(T). Indeed, we assume that Q,(T) € Inv(B(Vﬂf)),
then

Q)= lim_Qy(T,).
In fact,
1Q¢(T) — Qq, (Tl < IT;} — T?|| + 2Re(gn) Ty — 2Re(@)T | + l1gnl* — 1.
In this way, we see that
1Q,(T) — Q, (Ty)|| —> 0since T —> T2 is continuous.

Let & > 0 be such that B(Q,(T), ¢) C Inv(B(VH’f)). Then, there exist N, € N such
that Q,, (T,) € B(Q,(T), ¢) foralln > N,. This is a contradiction since g, € os(T;)
foralln € N. ]

Lemma 3.15 Let P and Q be two projections in B(Vﬁf). We assume that ||P — Q] < 1,
then

(1) R(P) = R(Q).
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(2) The operator T = QP + (Hvﬁf — Q)(]Ivﬁf — P) is bijective.
(3) T(R(P)) C R(Q)and T(N(P)) C N(Q).

Proof The proof is exactly similar to the proof of [34, Theorem 12.4] in the complex
setting. O

Lemma3.16 [19, Lemma 3.1.3] Let T € B(VX). The functions ¢ —> Qu(T)™!

and g — TQ,I(T)_l which are defined on ps(T) and take values in B(V]Hlf) are
continuous.

Proof of Theorem 3.10. Let ¢ €]0, 1[ and U C H be an open axially symmetric subset
with U N B(0, &) = ¥ and o5(T)\{0} C U. By using Lemma 3.16 for all I € S, there
is M; > 1 such that

sup 19, (T) M| < M.
qe€d(Cr (N B(0,8))

On the other hand, U U B(0, ¢) is a neighborhood of o5(7T"). By using Proposition
3.14, there exist N, > 0 such that

os(Ty) C B(0,e) UU

for all k > N.. We choose N, large enough such that

1
2 _ 2 _
IT¢ = T7 +2Re(q) (T = DINT — glyell +IT = Tell = M

forallg € 3(C; () B(0, ¢)).
In view of Lemma 3.11, we have

1Q,(T) ™" = Qu(T) ™" < 2MFTE — T? + 2Re(q) (T — T)I,
q € 3(C; () B(0, ¢)). In this way, we see that

152", T) = S, @, TOll < MUIT = Tl +1Q; " (T) = @ (TIINT — Gzl

§2M12x =—-<1.

aM; 2

Let Py be the Riesz projection associated to 0 and 7. Set

1
P i

- S s, Todsy,
Ne T 27 Jysooncy

where allf,e := B(0, &) () os(Tk).
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By using Lemma 3.15, we have
R(Py) = R(P“ff/ ).

In particular, dim R(PUI/@ ) < oo for all k > N,. Applying [10, Theorem 3.17], we
have ’

k
o
Ne
ijTk < 00,

q € oj(Tk) forallk > N;and g € allf,s. O

4 Browder S-Resolvent Equation in Quaternionic Setting

LetT € B(Vﬁf). For s € pg(T) = ps(T) U adS(T), we define the left Browder
S-resolvent operator as

St 1) = ~1Q(Dlnpg]™ (T =5Lyp) Ayx — Pi)) — Piy)-
and the right Browder S-resolvent operator as
SIEIB(S, T)y=—(T- EHvﬁ)[QS(TﬂN(P[S])]i](Hvﬂg — Pi5) — Ps)-

Remark 4.1 The Browder S-resolvent operator extend the S-resolvent operator to
ps(T) U odS(T). Indeed, if ¢ € ps(T) with the convention Pj,;) = 0, we have

Sx'p@. T)=Sz'(q.T) and S;'(q.T) = S;"'(q. 7).

Theorem4.2 Let T € B(V{¥) and q € p3(T) = 0 (T) U ps(T). Then, the left
Browder S-resolvent operator satisfy the left Browder S-resolvent equation

S1.5@ T)Ayx = Pigg — Ty — Py Sz p(q. T) + Pigy = Iye.

and the right Browder S-resolvent operator satisfy the right Browder S-resolvent
equation

q(lyx ~ PyDSx'p(a. T) — Sgls(q. D) Iyr = PigPT + Plg) = Iy x.
Proof letq € pf} (T). It is clear that,

(Ayr = PgDg = qyr = Pgps Pgidye = Pg) = (dye = Pg) Pgy =0
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and
T(Q(,(T)IN(P[,,]))_1 = (Qq(T)|N(P[q]))_1T NPy -
We obtain
S1.5@. T)Ayx — Piyq — T Ayx — Py Sz p(q. T)
= —[Qy (D))~ (Tq = lqPTym) Ay — Py
+1Qy(Dneppl ™ (T2 = TP Ayx — Pgp)

= [Q(DInppl ™' Qo (D) Iy Tyx — Pig))

= ]Ivﬁ" — Pg1-
The right S-resolvent equation follows by similar computations. O
Remark 4.3 (1) The left and the right S-resolvent equation implies,
S8@ T)g = TSpp(a. T) = (T = (g + Dlyp) Plgy =Ty
and
qSx'5(@. T) = Sg's(a, TIT = (T = (q + Dlyx) Py = Lyz.

(2) If g € ps(T), then Py = 0. In this case, we obtain the two equations in [18,
Theorem 3.1.14]:

S;'@. T =TS, (¢, T) =Ty
and

45%' (@, T) = Sg'(¢. T)T =Iyp.

Now, we give the Browder S-resolvent equation in quaternionic setting.
Theorem4.4 Let T € B(VH_IE) and let s, p € o(f(T) U ps(T) with p ¢ [s], then the
left and right Browder S—resolvent operators satisfies the following equation

Selp(s. TS, 5 (p. T)Qs(p) = [Sg (5. T) — Sl (p. Dlp
+5S. 5 (p. T) = Splp(s. T
+ [Sg 5 (s, TYT = (p + DIyg) Plpy = (T = (s + D) Py Sy (p, Tp
+ 51T = (s + 1)11V£)P[S]S;,g(p, T) = Sglp(s. YT — (p + DLy ) Pip)l-
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Proof In Remark 4.3 it is stated that

SL(P TP = TSL (P, T) = (T = (p + DIyp) Py = Iy .1
and

sSRIp(s. T) = Sglp(s. YT — (T — (s + DILyx) Py = Iye. (4.2)

From this it follows that
Splp(s. TS (p. THp?
= Sy ) (TS (. T) + (T = (0 + DIy Py + Ty ) p

= (58506 1) = (T = s+ DIyp) Pl = Ly ) S (. Tp

+ Si . 1) ((T = (4 DIy Py + Ty ) p. (4.3)

where we used (4.1) in the first and (4.2) in the second equation. Analogously we get
Is1°Sg5 (s, T)S. 5 (p, T)
=5 (Splp(s. DT + (T = (s + DIyg) g + Tz ) ST (0. T)
=555, T (S (. Top = (T = (p + DIy Py — Ty )

+5 (T = (5 + DIy Py + Ty ) ST (0. 7). 4.4)

Shifting now the respective first terms of the right hand sides of (4.3) and (4.4) to the
left and adding these two equations, leads to

el ST (. TP = (5 +5)Sg s (5. TISL s (0. T p + 5P Sg (5. IS s (0. T)
= (SElys DT = (p+ DIy Py + ) = (T = 5 + DIy Py + 1) ST (0, ) ) p

+5 (7 = (5 + DIy Py +Lyg) S (0, T) = Selp 6 DT = (0 + DIys) Py + L) ) -

Since the left hand side obviously reduces to S,;}B (s, T)SI:IB (p, T)Qs(p), this is
exactly the stated resolvent equation. O

Remark 4.5 (1) Ifs, p € ps(T), then Pjs) = P,) = 0. Hence, we find the S-resolvent
equation, see [18, Theorem 3.1.15]:
Sg' (. T)S ' (p. T)

=[Sz . T) = S (p. THPp —5Sg 5. T) — S, (p. T)I(P? = 2Re(s)p + Is/H) L.
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(2) Let’s test the Browder S-resolvent equation in the commutative case, if Tq=qT
for all ¢ € H, then for s, g € ps(T), we have

M(s. p) = [Sg/p (s TIT = (p + DIye) Ppy = (T = (s + Dlly) Py Sy (. T)1p
+5U(T — (s + DIya) Py Sg ) (0. T) = Sy p(s. TT = (p + DIye) Ppy]
= pISgp(. THT = (p+ DIyr) Py = Sg s (p. THT — (s + DIyx) Pig]
+SISL 5 (P THT = (s + DIye) Py = Sg g (5. THT = (p + DIy ) Prpy]

=(p- 5)[5,;13(5, (T = (p+ DIyp) Ppy = SZ,IB (P, TYT = (s + DLyr) Psl-
In particular in the complex case, if T € B(V¢) then,
Skls(P.T) =Ry (p, T)and S (s, T) = Ry' (s, T).

Therefore, we obtain
M(s, p)

= (p =R (5. T ~ (p+ DIyr) Py
— Rp(s. T)(T = (s + DIyp) Py Ry (p. T)]
= (p = SRy (5. DT = (p+ Dlyr P Rp(p. T) = Rp(s. T)
(T — (s + DIy PR (p. 7).

Hence,

Py \Rp(p, T) = Ppyand Rp(s, T) P = Py).

So, we get

M(s.p) = (p =R (5. DT = (p+ DIyp) Plyy = (T = (s + DIy o) P IR (p. 7).

Thus, we obtain the classic Browder resolvent equation in the complex case.
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