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Abstract

We call the solution of a kind of second order homogeneous partial differential equation
as real kernel a-harmonic mappings. In this paper, the representation theorem, the
Lipschitz continuity, the univalency and the related problems of the real kernel o-
harmonic mappings are explored.
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1 Introduction

Let D be the open unit disk and T the unit circle. For « € R and z € D, let

2
o o a _0 _
To=——7 (=)™ + (0 =)™ <z—z +z—_> +(1-z2H A

2 0 07

be the second order elliptic partial differential operator, where A is the usual complex
Laplacian operator
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The corresponding partial differential equation is
To(w) =0 inD. (1.1)
The associated Dirichlet boundary value problem is

To(u) =0 inD,
{u =u* onT. (1.2)
Here, the boundary data u* € ©'(T) is a distribution on the boundary of I, and the

boundary condition in (1.2) is interpreted in the distributional sense that u, — u* in
D'(T) asr — 17, where

ur(eig) = u(rem), el e T,
for r € [0, 1). In [24], Olofsson proved that, for the parameter « > —1, if a function

u € C2(D) satisfies (1.1) with lim,_, ;- u, = u* € ©'(T), then it has the form of
Poisson type integral

1 2w . )
u(z) = . Ky(ze "Hu*(e'M)dr, forz e D, (1.3)
T Jo
where
(1 _ |Z|2)a+1
Kq(2) = TR (1.4)

co = T @/24+ 1)/T(1 + ) and I'(s) = fooo t*~le~'dt for s > 0 is the standard
Gamma function. If « < —1, u € C*(D) satisfies (1.1), and the boundary limit
u* =lim,_, |- u, exists in ®'(T), then u(z) = 0 for all z € D. So, in the following of
this paper, we always assume that ¢ > —1.

Forc # 0, —1, =2, ..., the Gauss hypergeometric function is defined by the series

N (@)n (b X"
F(a,b;c;x) = E -
=0 (C)n n!

for |x| < 1, and has a continuation to the complex plane with branch points at 1 and
00, where (a)g = 1 and (@), = a(a+1)...(a+n—1)forn = 1,2,... are the
Pochhammer symbols. Obviously, forn = 0, 1,2, ..., (a), = T'(a +n)/'(a). Itis
easily to verified that

d ab
d—F(a,b; c;x)=—F@+1,b+1;c+1;x). (1.5)
X c
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Furthermore, it holds that (cf. [3])

lim F(a. b: c;x) = Q€ —a=5) (1.6)
x—1 I'c—a)'(c —b)

if Re(c —a — b) > 0.
The following Lemma 1.1 involves the determination of monotonicity of Gauss
hypergeometric functions.

Lemma 1.1 [24] Letc > 0,a < ¢, b < cand ab < 0 (ab > 0). Then the function
F(a, b; c; x) is decreasing (increasing) on x € (0, 1).

The following result of [24] is the homogeneous expansion of solutions of (1.1).

Theorem 1.2 [24] Leta € R and u € C*(D). Then u satisfies (1.1) if and only if it has
a series expansion of the form

oo
o o
—_E F(——,k——;k—i—l; 2)]‘
u(z) kzock > > lz|7) z

o0
o (07
+Zc_kF<—§,k—§;k+1;|z|2)2k, zeD, (1.7)
k=1

for some sequence {ci}>, of complex number satisfying

1

lim sup |cg|* < 1. (1.8)

|k|— o0

In particular, the expansion (1.7), subject to (1.8), converges in C°° (D), and every
solution u of (1.1) is C*°-smooth in D.

Let
o o
v(z) = chzk + Zc,kzk, z e D. (1.9)
k=0 k=1

It is obvious that v(z) is a harmonic mapping, i.e., Av = 0. We observe that u(z)
of (1.7) and v(z) have same coefficient sequence {cx}>, . Actually, if @ = 0, then
u(z) = v(2).

Observe that the kernel K, in (1.4) is real. We call u of (1.3) or (1.7) as real kernel
o-harmonic mappings. Furthermore, suppose #(z) and v(z) have the expansions of
(1.7) and (1.9), respectively. We call v(z) as the corresponding harmonic mapping
of u(z). Conversely, we call u(z) as the corresponding real kernel ¢-harmonic
mapping of v(z).

If we take « = 2(p — 1), then a real kernel «-harmonic mapping u is polyharmonic
(or p-harmonic), where p € {1,2,...} (cf. [1, 2, 5, 6, 11, 13, 15, 27]). In particular,
if « = 0, then u is harmonic (cf. [10, 18-20]). Thus, the real kernel a-harmonic
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mapping is a kind of generalization of classical harmonic mapping. Furthermore, by
Olofsson [25], we know that it is related to standard weighted harmonic mappings.
For the related discussion on standard weighted harmonic mappings, see [8, 16, 17,
23].

For the real kernel «-harmonic mappings, the Schwarz—Pick type estimates and
coefficient estimates are obtained in [7]; the starlikeness, convexity and Landau type
theorem are studied in [22]; the sharp Heinz type inequality is established and the
extremal functions of Schwartz type lemma are explored in [21]; the Lipschitz conti-
nuity with respect to the distance ratio metric is proved in [14]. In [12], using the
properties of the real kernel w-harmonic mappings, the authors established some
Schwarz type lemmas for mappings satisfying a class of inhomogeneous biharmonic
Dirichlet problem.

In this paper, we continue to study the properties of the real kernel o-harmonic
mappings. The main idea of this paper is that by establishing the relationship between
harmonic mapping and the corresponding real kernel a-harmonic mapping, we use
the harmonic mapping to characterize the corresponding real kernel «-harmonic map-
ping. In Sect. 2, for a nonnegative even number o, we get an explicit representation
theorem which determines the relation between the real kernel o-harmonic mapping
and the corresponding harmonic mapping. As its application, in Sect. 3, we show
that the Lipschitz continuity of a real kernel «-harmonic mapping is determined by
the corresponding harmonic mapping. In Sect. 4, for a subclass of the real kernel «-
harmonic mappings, we discuss its univalency and explore its Radé—Kneser—Choquet
type theorem. In Sect. 5, we explore the influence of parameters « on the image area
of the real kernel a-harmonic mappings.

2 Representation Theorem
Theorem 2.1 Let v(z) = h(z) + g(z) = Y jogckzk + Y po; c—kZ* be a harmonic

mapping defined on the unit disk D. If § = p — 1 is a nonnegative integer, then the
corresponding real kernel a-harmonic mapping of v(z) can be represented by

=) _
u(z) = nzz;)mz"T” (I, + 7)., @2.1)

where I, and J, satisfy the recurrence formulas

foz ", idz
p 9

In=1I-1— o (2.2)
Z _n—1
2" I 1dz
Jn:Jn_l—pfO—nnl n=1,2,....p—1, (2.3)
Z

Iy = h(2), and Jo = g(2).
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Proof Let H(z) = Y pogckF(—%.k — %1k + 1;|z/)zF and G(2) = Y20«
F(=5.k—5k+1; 1z|?)z¥. Then by the assumption and (1.7), we have

u(z) = H@) + G(2). (2.4)

When § = p — 1, rewrite H(z) as

o
H() =) aF(1—pk+1—pik+1;|z)*

k=0
k + 1 — 2n
_ Zcu Z — Pn( Pn Izl'
= k+1), n!
-1
_ i%zk ”Z (1= pnk+ 1= pln 2"
= k+ 1), n!
p—1
(I—p)
= lelz"—n,p " L, 2.5)
where
i (k41 —p),,Cka
Sk + 1),
Because
(k+1—=p), _ (k+1—=pu_1tk+n—p)
(k+ l)n (k+ l)n—l(k+n)
:(k+l_p)n—l_ p (k+1—=ph
k+ 1Dy k+n (k41,1
we can get
o 0
k+1—p)_ k+1—p)_
In:Z( 4]; Pn Lok — p (k+1—=ph L
k=0 ( + 1)n—l k=0 k+n (k + 1)n—l
fz n— l] le
= Ip—-1 — Z—n.
This is (2.2).
Similarly, we can get
& = p)
G@) =)l ——="n, (2.6)

n=0
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where J, is defined as in (2.3). Therefore, Eq. (2.1) follows from Egs. (2.4)—(2.6). O

Example 2.1 From the recurrence formula (2.1), we have the following:
(i)Whenao =0,1.e. p =1,

u(z) = v(2);

(il)Whena = 2,i.e. p = 2,

w@ = h+ g~ 1ef (h2m+2u)

k—1 k—1
k -k 2 k -k
= E + E _ — E + E _ ; 2.7
CkZ C_kZ |Z| (k OCkk IZ C kk 1Z> ( )

(ili)) When o = 4,1i.e. p = 3,

Sh(dz e edz
uz) =h+g—2z? (h 3—f0 iz) Z+g_3fo giz) Z)

e (h ~ 3/5 h()dz 3/5 h@dz 9[5 Iy h(zz)dzdz
Z Z Z

+g—3

z 72

Jog@dz _ Jy z8(2)dz o NS g(z)dzdz)
Z

o0
:,;Ckz +Zc kZF =2z (chk+lz +Zc k 1 )

sfen k=D(k=2) y o k=Dk=2),
o (Zc(k+1)(k+2) L e )

k=1

3 Lipschitz Continuity

Theorem 3.1 Letu(z) be the corresponding real kernel a-harmonic mapping of v(z) =
h+ g onthe unit disk D. If v(z) is Lipschitz continuous on the unit diskDand % = p—1
is a nonnegative integer, then u is Lipschitz continuous on the unit disk D as well.

Proof By the assumption and (2.1), it is sufficient to prove that I, and J,, are Lipschitz
continuous on the unit disk D forn = 0, 1,2, ..., p — 1. In the following, we just
prove the Lipschitz continuity of 7,. The case of J, is similar.

Observe that Iy = h(z) is holomorphic on . Then by the recurrence formula (2.2),
it is easy to see that all 7,, are holomorphic on ID. It follows that all 1, are holomorphic
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on D too, where

Z —
oy —n f§ " odz

’ ’
L =1_,—p prEs) s

n=12...,p—1. 3.1)

Taking account of the maximum modulus principle of holomorphic functions, from
Egs. (2.2) and (3.1), we get

sup [I| < sup [Iy—1| + psup |[I—1| = (p + D) sup [[,—1]
zeD zeD zeD zeD

and

sup |Z,| < sup|I, | + psup |Ly—1| +np sup | L]

zeD zeD zeD zeD
=sup I, ;| + (n + ) psup|L_i].
zeD zeD

respectively. It follows that

sup |I,| < (p + 1)" sup [Io]
zeD zeD

and

sup |[1,| < sup 1, _| + (n + D)psup |1,—1]

zeD zeD zeD
<sup I, | +npsup|ly—a|+ (n+1)psup|l—i|
zeD zeD zeD
S [P

n
<sup|lgl+p Y G+ Dsup |l
zeD i=1 zeD

n
<sup|lgl+p Y G+ D(p+ 1)~ sup|hl. 32)
zeD zeD

i=1
Because v = h + g is Lipschitz, there exists a constant M such that
W =10ol = M (3.3)
for z € D. It follows that

sup [lo| = sup |h| < M. (3.4)
zeD zeD



62 Page8of17 B.-Y.Long, Q.-H. Wang

Therefore, by inequalities (3.2)—(3.4), we get that there exists a constant C =

C(M, p, n), such that

n
sup || < (1 + pZ(i +D(p+ l)i_l) M=:C
zeD

i=1

forn =1,2,..., p— 1. It means that I, is Lipschitz continuous on D.

4 Univalency of a Subclass of Real Kernel a-Harmonic Mappings

In the rest of this paper, we use the following notations. Let @ > —1, z = ré’

t=|z|2=r2,
o o
F:F:F(——,k——;k 1;t), k=1,2,...,
k ) 3 +
o o dF, dF
Fi=F, =F (——,k——;k 1;:):—:—.
A A iR dt dt

Furthermore, let

Fu)) = lim F(=3.k=Sik+ 1)

Then by (1.6), we have

Ftk+DHI'A + o)
(k+1+9)T(1+%2)

Fi(1) = T

, and

.1

Lemma4.1 Letr, ands, (n =0, 1,2,...) be real numbers, and let the power series

R(x) = Zr,,x” and S(x) = Zs,,x”

n=0 n=0

be convergent for |x| < r, (r > 0) with s, > 0 for all n. If the non-constant sequence
{rn/sn} is increasing (decreasing) for all n, then the function x +— R(x)/S(x) is

strictly increasing (resp. decreasing) on (0, r).

Lemma 4.1 is basically due to [4] (see also [28]) and in this form with a general
setting was stated in [26] along with many applications which were later adopted by

a number of researchers.

Lemma4.2 [22] Let 5 € (0, 1]. Then it holds that

F
(1) Fk <lfork=1,2,3,...andt € [0, 1);
1
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|Feal _ (k= $5)Tk+ DI (2+5)

2
@ 2r (k+14%)

fork=1,2,3,... andt € (0, 1).

Theorem4.3 If o € (0,2], c_; € (—N, N), where

o
N= 2((k—%)r<k+1)r(z+%) +k)’ @2)
T(k+1+%)
then the real kernel a-harmonic mapping
uz)=Fiz+c R, k=1,23..., 4.3)

is sense-preserving univalent in .
Proof We divide the proof into two steps.
First step: Formula (4.3) implies that

Uz = Fi + Fit + ek Fe, 2t uz = Fiuz + oy (Fk,rZik + kaZk_l) '

It follows that

—k+1
luz| — |uz|l > F1 — |F1t| — [c—k Fy 2 + |

- )Fl,tlz‘ — ‘c—ka,zsz‘ —k ‘C—kaZk”‘

> F1 — [Fi| — el Fiel = [ Fr,el = lc—xl | Fe| — kle—k || Fkl
2|F 2| F Fi
_F [1 3 |F1,z| 3 |C_k|< | o] _i_kﬂﬂ
1

Fi Fi
L@y (k—%)Tk+Dr (2+%)
>Fl[] <1 2) lc_kl( F(k+1+9%) A

for c_x € (=N, N). The third inequality of the above holds because of Lemma 4.2.
Therefore, u(z) is sense-preserving.

Second step: Letc_; = |c_i|e'?. By assumption, wehave 8 = Oorz.Letz = re!
and u(z) = Re'?. Rewrite u(z) of (4.3) as

0

u(z) = Flreie + |c_k|Fkrkei(ﬂ7k9)
= Fircos6 + |c_i| Fr* cos(B — k0) + i (Fir sinf + |c_ | Fyr* sin(8 — k6)).
(4.4)

Then

Firsin® + |c_| Fyr¥ sin(B — k0)
tang = , (4.5)
Fircosf + |c_g| Fxrk cos(B — k6)
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where ¢ is the argument of u(z). It follows that

d d ( Firsin® + |c_g|Fer¥ sin( — k6)
—(tan Q) =

d9 Fircosf + |c_i| Fxrk cos(B — k6)
— ek PFAr?* Dk — (k — D|c—k| Fy Fer* = cos(B — (k + 1)0)
[Ficos® + |cx| Fxr* =1 cos(B — k9)]2
— ek PFEr** =Dk — (k — D)|c_g | Fy Fr*~!
[Ficos6 + |c_g| Frk=1 cos(B — k0)]°
_ (Aot lewlBert ™) (A1 — ek Frt™!) 0
B [F1cos6 + |c_k| Ferk—! cos(B — ké’)]2

(4.6)

for [c_i| < % The last inequality of the above holds because of Lemma 4.2(1). That
is to say, tan ¢ is strictly increasing with respect to 6. So is ¢, too.

In the following we divide into two cases to discuss.

Case 1 g = 0. It follows from (4.5) that

cos 6 + | & " rk=1 cos kO
coty = 4.7
sin@ — |c_ k| r" Usink6

Let’s take a close look at the changes in the value of the function cot ¢. Firstly, as is
well-known, it is easy to verify by mathematical induction that

4.8)

51.nk9‘ -k
sinf | —

fork = 1,2,...and 6 € [0,2m). If |c_¢| < %,a € (0,2] and sin® # 0, then

Lemma 4. 2(1) and inequality (4.8) imply that |sin€| > |c_g|5: F" r*=1sink6|. So,

sin® # 0 implies sin6 — |c_|F* F" rk¥=1sink6® # 0. In another Words, the zero of the

denominator of the right side of equation (4.7) comes only from the zero of sinf.
Secondly, sin 6 only have two zeros in the intervals [0, 27r). That is 6 = 0 and .
By (4.7), we have that if 6 = 07T, then cot ¢ = +o0;if @ = 7, then cot ¢ = —oo; if
0 = ", then cot ¢ = +o00;if @ = 27—, then cot ¢ = —oo. Therefore, considering
the continuity and monotonicity of cot ¢, we can get that the u (re’?) maps every circle
|z] = r < 1in a one-to-one manner onto a closed Jordan curve.

Case 2 8 = m. Considering (4.5), we have

cosf — |c_ k|F" k=1 cos k6
coty =

$in6 + |c_x| Ferk=sin ko

Follow the discussion of Case 1. We omit the further details.
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It is easy to see that N < %, where N defined by (4.2). Therefore, considering the
above two steps of the proof, by degree principle [9], we can get that u(z) is univalent
in D. O

The following is the well known Radé—Kneser—Choquet theorem, which can be
seen in the page 29 of [10].

Theorem 4.4 [f Q2 € Cis a bounded convex domain whose boundary is a Jordan curve
y and f is a homeomorphism of the unit circle T onto y, then its harmonic extension

B 1 2 1—|Z|2 .
wo =5 [ e

|eit —
is univalent in D and defines a harmonic mapping of D onto S2.

Next, we want to explore the Radé—Kneser—Choquet type theorem for real kernel
a-harmonic mappings. We need the following Proposition at first.

Proposition 4.5 Suppose o > —1 and c_ € R. Let
F@ = Fi()e? + e B (e ™ k=1,2,3,.... (4.9)

Then f maps the unit circle T onto a convex Jordan curve if and only if c_; €
(—M, M), where

_ T(k+1+9)
KT+ DI 2+ %)

(4.10)

Proof Direct computation leads to

j—e <f(ei9)) = —Fi(1)sinf® — kc_; Fx (1) sink6 + i (F (1) cos @ — kc_y F. (1) coskB).

Lety =y () = arg{%f(eie)}. Then we have

(FI(1))? — k3 (e Fr(1)? + k(k — De_g Fi (1) Fi(1) cos((k + 1)6)
(F1(1)sin @ + kc_y Fy (1) sin k)2

_ (P = K (et Fi(1)? — kk = Dlex| Fi (1) Fie(1)

- (F1(1)sin @ + kc_y Fi (1) sin k6)2

_(Fi(D) + kle_ | Fe (D) (Fi (1) — K[| Fi (1))

- (F1(1) sin @ + kc_i Fy (1) sin k@)?

it (] —
2@ v (0)) =

F() _ T&+1+9) O
= R0 ~ RTG+DIe+9"

Hence, 4 75 (tan ¥ (0)) > O if and only if [c_¢| <

Now let f(eie) be defined as in (4.9) with @ € (Q, 2], c—k € (=L, L), where
L = min{M, N}. Observe that lim,_.| u(z) = u*(¢'?) = f(e'?), where u(z) are
defined by (4.3). Similar to the second step of the proof of Theorem 4.3, we can verify
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that f(e'?) maps unit circle T onto a closed Jordan curve in a one-to-one manner,
too. Therefore, considering Theorem 3.3 of [24] and Theorem 4.3 of the above, we
actually get a Rad6—Kneser—Choquet type theorem as follows:

Proposition 4.6 Let u*(e!?) = f(e') be defined by (4.9) withk = 1,2,3,..., a €
0,2], c_r € (=L, L), where L = min{M, N}, N and M are defined by (4.2) and
(4.10), respectively. Then u* (€'?) is a homeomorphism of the unit circle T onto a convex
Jordan curve y which is a boundary of a bounded convex domain 2 C C. Furthermore,

u(z) defined by (1.3) defines a univalent real kernel o-harmonic mapping of D onto
Q.

Let us have a look at some special cases of Theorem 4.3 or Proposition 4.6.

Example 4.1 Leta = 2. Then M = 1%21 and N = 18%% Formula (4.9) deduces to

. , 2 ]
0N _ i0 —ik6
f”)=e +—k+lc_ke .

Furthermore, let u*(e?) = f(¢'?). Then (1.3), or (2.7), implies that the corresponding
real kernel @-harmonic mapping is

_ k—1 _
(i) = Fiz+c i B = 7+ cx (1 T E |Z|2> - 4.11)

Actually, it is biharmonic.

(1) fk=1lork=2,thenL =M = N.Ifc_; € (—L, L), then Proposition 4.6 says
that the u(z) given by (4.11) is univalent, and u(ID) = 2 is a convex domain.

2) If k = 3,4,5, ..., then a direct computation leads to N > M. Taking c_j €
(M, N), Theorem 4.3 and Proposition 4.5 imply that the above u(z) is still univa-
lent, but u(ID) = 2 is not a convex domain.

5 Area S,

Let S, () denote the area of the Riemann surface of real kernel «-harmonic mapping
u. Then we have the following results.

Theorem 5.1 Let u be a sense-preserving real kernel o-harmonic mapping that has
the series expansion of the form (1.7) with ¢y = 0, continuous on D. Let v be the
corresponding sense-preserving harmonic mapping that has the series expansion of
the form (1.9), continuous on D. If |ck| > |c—i| fork = 1,2, ..., then

1) Sy(a) < S,(0) forx € (0,2) and S,, > S,(0) fora € (—1,0);
(2) S, (@) is strictly decreasing with respect to a € (—1, ag), where aq is the unique
solution of equation

I/f(1+a)—1/f(1+%)—2}ra=0
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in the interval (0.8, 1), V is the digamma function. Furthermore, the constant o
is sharp.

Proof By (1.7), direct computation leads to

N
I
M2

o0
o [ Rt + kP 4 3 ez
1 k=1

o0
Ck [F,rk+1 + kFrk_l] e k=ho + Zc,kF,rkHe_"(kH)e
k=1

w-
I

M

w-
I
-

and
00 00
Mz = ZCkFtZk-‘rl + Zc—k I:thzk +szk—l]
k=1 k=1
o0 ' oo .
= Zc—k I:FtrkJrl 4 kFrkfl] e—itk=10 | chFtrkJrlez(kJrl)e'
k=1 k=1
So,

27 1
Su(a) = / f Ju(z)rdrdf
0 0
1 2
= 271/ Z |:‘ck (F,rk+] + kFrkfl)‘ + )c_kF,rk“
0 k=1

2 2
— ’c_k (FtrkJrl + kFrk_l)’ — ‘ckF,rkH’ j|rdr

1 o
=2r /0 |:Z (le|2 _ |C—k|2) (kzerqu n 2kFFtr2k+1):| i

‘ 2

00 1
_ 2 _ 2 2 2k—1 2k+1
_2;1,; |:(|ck| e )k/o (kF Pkl L OFFyr )dr}

0 1
7). [(|ck|2 - |c_k|2) k/o d(Fzrz")}
k=1
Ml +a) — 5 N D2k +1)
e TY Ny o) ———T 7 5.1
nF2(1+%)]§|: (lexl? = 1e k|)rz(k+l+%) 5.1)

The last equality holds because of (1.6).
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Particularly, we have

Su© = Yk (Il = le?). (5:2)

k=1

(1) Recall that the digamma function is defined as ¥ (x) = I''(x)/ '(x). It is well
known that (cf. [3]) ¥ (x) is strictly increasing on (0, +00).
Let

Frl+ao)l(x+1)
I+ (x+1+%)

f(X)=F

Then we have

r_ _ ot
(og F(x)) = ¥(x + 1) Ip(x+1+2).

It follows that (log f (x))" < 0 provided o > 0, and (log f (x))’ > 0 provided a < O.
Observe that

fla/2) =1.

Therefore, for k = 1,2,..., we have f(k) < lif ¢ € (0,2) as well as f(k) > 1if
o € (—1,0). Taking account of (5.1) and (5.2), we can get Theorem 5.1(1).
(2) As to digamma function 1 (x), we have (cf. [3])

1
v(l+x) = 1 V(x), (5.3)
ad 1 1
w(x)=—y+r§)(n+l—n+x), (5.4)
and
> 1
vy =)y —— (5.5)
nX::O (x +n)?

for any x € (0, +00), where y is the Euler—Mascheroni constant.
Let

1
h(a)=w(1+a)—w(1+g)—2+a.

Using (5.4), direct computation or numerical computation lead to

3 1
h) =¥ Q) -y - 3
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e ) [ B

n=0
1 1 1
] 2N+1 2N +2 3

1 1
=2(log2—=)—=>0
2 3

and
h(0.8) = —0.0108 < 0.

Furthermore, (5.5) implies that

o L a
W) =v'(1+a) 1/f(1+2)+—(2+0[)2

1 1
((l+a+n)2 2(1+%+n)2)+(2+a)2
n+12-% 1
+ 5 >
2(14+%+n) U +atn? QC+ao

ot

for o € (—1, 1]. Thus, there exists a unique g € (0.8, 1), such that 2(xp) = 0 and
h(a) < Ofora € (—1, agp). Let

'l +a)
g() = a —, k=1,2,....
FraA+3)rk+1+3%)

Then it follows that

%=1/f(1+oz)—%w(1+%)—%w(k+1+%)
1 o 1 o
<Vt =y (14+5) =5 (2+3)

= h(x).

That is to say g(«) is strictly decreasing on (—1, «tg). Therefore, (5.1) implies that
Sy (@) is strictly decreasing with respect to o € (—1, «g).
Let

o 2
u(z):F(— ,I—E;Z;IZI )z.

o
2
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Obviously, it satisfies the conditions of Theorem 5.1. Thus

5, (@) I'(l+a)
W) =1
r+4$)re+%)
It follows that ””Lg“(a) = h(«). Considering the positivity and negativity of function

h(a), we have that S, (o) is strictly decreasing with respectto « in (—1, ) and strictly
increasing in (&g, 1). Therefore, the constant « is sharp. O
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