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Abstract

Fora > —1 and 0 < p < oo, we study weighted Bergman spaces 35 of harmonic
functions on the real hyperbolic ball. We obtain an atomic decomposition of Bergman
functions in terms of reproducing kernels. We show that an r-separated sequence {a,, }
with sufficiently large r is an interpolating sequence for 35 . Using these we determine
precisely when a Bergman space B is included in another Bergman space Bg.
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1 Introduction

For x,y € R", let (x,y) = x1y1 + - - - + X, y» be the Euclidean inner product and
|x] = J/{x, x) be the corresponding norm. Let B = {x € R" : |x| < 1} be the unit ball
and S = 9B be the unit sphere. The hyperbolic ball is B endowed with the hyperbolic
metric

4 n

2 4 2

ds® = TSTBE E dxj.
i=1
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The Laplacian Aj, and the gradient V/ with respect to the hyperbolic metric are given
by (see [13, Chapter 3] for more details)

(Anf)@) = A(fopa)(0)  (f € CH(B)),

and

(V' f)@) ==V (fop)0) (f € C (B)),

where A = 9%/3x? 4+ --- 4+ 3%/3x2 and V = (9/9x1,...,9/0x,) are the usual
Euclidean Laplacian and gradient. Here ¢, is the canonical Mobius transformation
mapping B to B and exchanging a and O given in (9). It is easy to show that

Apf(a) = (1 —lal»H*Af@) +20n —2)(1 — |al*)a, V f(a)),
and

V" f(a) = (1 —1al)V f(a). (1)

A twice continuously differentiable function f: B — Cis called hyperbolic harmonic
or H-harmonic on B if A, f(x) = 0 for every x € B. We denote the set of all H-
harmonic functions by H(B).

Let v be the Lebesgue measure on R"” normalized so that v(B) = 1. For o > —1,
define the weighted measure dv, (x) by

dvg(x) = (1 — [x[H)* dv(x),

andfor0 < p < oo, denote the Lebesgue space with respect to dv, by LY = LP(dvy).
The subspace of LY consisting of -harmonic functions is called the weighted H-
harmonic Bergman space and is denoted by B,

B = en®: 117, = [|f<x>|1’dva<x> < oo.
o B

These are Banach spaces when 1 < p < o0, and complete metric spaces with respect
to the metric d(f, g) = || f — g||£p when0 < p < 1.

Point evaluation functionals are bounded on all B and, in particular, Bﬁ is a repro-
ducing kernel Hilbert space. Therefore, for every x € B, there exists Ry (x, ) € Bg
such that

fx) = fB FOVRa(x, ) dve(y)  (f € BY). )

The reproducing kernel R (-, -) is symmetric in its variables, is real valued (so con-
jugation in (2) can be deleted) and is H-harmonic with respect to each variable.
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For a,b € B, let p(a,b) = |p,(b)| be the pseudo-hyperbolic metric, and for
0<r<lletE-(a) ={x € B: p(x,a) < r}be the pseudo-hyperbolic ball of radius
r centered at a. For 0 < r < 1, a sequence {a,,} of points of B is called r-separated
if p(ak, an) > r when k # m. An r-separated sequence {a,,} is called an r-lattice if
Uy Er(am) = B, that is, if {a,,} is maximal.

In [6, Theorem 2], it is shown by Coifman and Rochberg that if {a,,} is an r-lattice
with r sufficiently small, then every holomorphic Bergman function f € A” on the
unit ball of C" (more generally on a symmetric Siegel domain of type two) can be
represented in the form f(z) = Z 1)LmB(z am), where {)\,,} € ¢F and B(z, am)
is determined by B(-, a;, ), the reproducing kernel at the point a,,. This representation
is called atomic decomposition, B(:, a,,) being the atoms. They further showed that
a similar decomposition holds for (Euclidean) harmonic functions on the unit ball of
R”". This last result is extended in [14, 15] to harmonic Bergman spaces on bounded
symmetric domains of R”.

Our first aim in this work is to show that if {a,, } is an r-lattice with small enough r,
then an analogous series representation in terms of the reproducing kernels holds also
for H-harmonic Bergman spaces BY. Atomic decomposition of H-harmonic Hardy
spaces on the real hyperbolic ball has been obtained in [7].

Theorem 1.1 Let o > —1 and 0 < p < oo. Pick s large enough to satisfy

a+1l<pis+1), ifp=>1

3
a+n<ps+n), f0<p<l S

Thereis anrg < 1/8 depending only onn, a, p, s such that if {a,,} is an r-lattice with
r < ro, then for every f € BY, there exists {Ay} € £P such that

Rs(x, ay)
fx) = Z "R ) g (x €B), )

where the series converges absolutely and uniformly on compact subsets of B and in
Il - ”Bc’,” and the norm ||[{A,}||er is equivalent to the norm ||f||B/{~

The decomposition above can be written in other forms. By Lemma 2.10 below, the
estimate || Ry (-, ap)llgp ~ (1 = lan|*)©@F™/P=6+m holds and Theorem 1.1 remains
true if (4) is replaced with (see Remark 3.8)

fE) =) dn(l = lan T CPR(x, ay)  (x €B). )
m=1

Also, Ry (am, am) ~ (1 = |an|>) = by (17), and (4) can be replaced with

_ Rs(x, an)
— _ 2\—(a+n)/p
fx) = § Am (L = lam|7) —Rs(armam) (x € B).

m=1
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We next consider the interpolation problem. If {a,,} is r-separated and f € B,
then the sequence (see Proposition 3.3)

{flam) (1 - Iam|2)(°‘+")/p}

is in £7. If the converse holds, that is, if for every {A,,} € €7, one can find an f € BE
such that f (ay)(1—|a,|?)@T/P = j,,, then {a,,} is called an interpolating sequence
for BL. We show that if the separation constant r is large enough, then {a,,} is an
interpolating sequence.

Theorem 1.2 Let « > —1 and 0 < p < oo. There is an ro with 1/2 < rg < 1
depending only on n, o, p such that if {a,,} is an r-separated sequence with r > r,
then for every {A,} € £P, there exists f € BL such that

Fam)(1 = |ay|>) TP =),

and the norm ”f”B{,’ is equivalent to the norm |[{Ap, }lep.

The holomorphic analogue of the above theorem is proved in [2] for the unit ball
and polydisc, and in [11] for more general domains of C". For harmonic Bergman
spaces on the upper half-space of R”, an analogous result is proved in [5].

Finally, we determine precisely when a Bergman space 34 is contained in an another
Bergman space Bg.

Theorem 1.3 Leta, B > —1 and0 < p,q < <.
(a) If ¢ = p, then

a—l—nS,B—i—n
q

B C Bz if and only if

(b) If ¢ < p, then

1 1
B CBg if and only if atl < prl
p q

In both cases the inclusion i : BY — BZ is continuous.

For holomorphic Bergman spaces on the unit ball of C”, the counterpart of this
theorem has been proved in [8, Lemma 2.1]. However, this source uses gap series
formed by using the so-called Ryll-Wojtaszczyk polynomials (see [12]). We do not
know whether such type of H-harmonic functions exist on the real hyperbolic ball.
Our proof is based on the above atomic decomposition and interpolation theorems.

2 Preliminaries

In this section we collect some known facts about Mobius transformations and H-
harmonic Bergman spaces that will be used in the sequel.
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2.1 Notation

We denote positive constants whose exact values are inessential with C. The value
of C may differ from one occurrence to another. We write X < Y if X < CY, and
X ~YifbothX <CYandY < CX.

For x, y € R", we write

e, y1 = 1= 200, 3) + Xy,
which is symmetric in the variables x, y, and the following equality holds
Lr, v = e =y + (L= (A = [yP). ©)

If either of the variables is 0, then [x, 0] = [0, y] = 1; otherwise

y X
oyl = [Ike = 2] =[5 = by, )
v s
and so
=iyl <0yl < T+ lxllyl Gy €B). ®)

2.2 Mobius Transformations

For more details about the facts listed in this subsection we refer the reader to [1] or
[13].

A Mobius transformation of R” = R"” U {00} is a finite composition of reflections
(inversions) in spheres or planes. We denote the group of all Mobius transformations
mapping B to B by M (B). For a € B, the mapping

alx —al?> + (1 —lal*)(a — x)

e (xeB) ©

@a(x) =

is in M(B), exchanges a and 0, and satisfies ¢, o ¢, = Id. The group M(B) is
generated by {¢, : @ € B} and orthogonal transformations. A very useful identity
involving ¢, is ([13, Eqn. 2.1.7])

(I —la®H(A = |x?)

1— 2= 10

|pa(0)] or (10)
The Jacobian J, of ¢, satisfies ([13, Theorem 3.3.1])
(1 = ga(X)|?)"

g, ()] = P (11)

(1= |x?)

The following lemma is a special case of [10, Theorem 1.1].
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Lemma 2.1 Fora,x € B, the following equality holds

1—lal?
[x,a]

[Qoa(x)a a] =

Proof Replacing x in (10) with ¢, (x) and noting that ¢, o ¢, = Id shows

s (L=laH( = lga(0)*)
[(pa(-x)sa] - l o |.X|2

Applying (10) again, we obtain the desired result. O
For a, b € B, the pseudo-hyperbolic metric p(a, b) = |¢,(b)| satisfies

la — b

pla,b) = @bl

12)

by (10) and (6). It is Mobius invariant in the sense that p (¥ (a), ¥ (b)) = p(a, b) for
every ¥ € M(B). It satisfies not only the triangle inequality, but the following strong
triangle inequality (see [10, Theorem 1.2]).

Lemma 2.2 Fora, b, x € B, the following inequalities hold

[p(a,x) = p(b, x)| < paby < L@ Fpb.x)
1 _p(aax)p(bvx) 1 +10(aa~x)10(b7x)

Lemma23 Forx,y € B,

[x, y]

x|

l—p(x,y) < <1+px,y).

Proof The lemma clearly holds when x = 0. Otherwise, let x* := x/ |x|% be the
inversion of x with respect to the unit sphere S. Multiply the triangle inequality

IX* =yl =y —x] < |x* = x] < |x* = y[+ |y — x|
by |x|. Noting that |x||x* — y| = [x, y] by (7), and |x||x* — x| = 1 —|x|?, we deduce
e, y] = Ixlly — x| < 1= |x|* < [x, y] + Ix[ly — x].

The lemma follows from the facts that |y — x| = p(x, y)[x, y] by (12), and |x| < 1.
O

The following lemma is a slight modification of [3, Lemma 2.1] and immediately
follows from Lemma 2.3.
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Lemma24 Forx,y € B,

L=p0,y) _1=lxP _ 14p(x,y)
L4pG,y) T 1=y 7 1=plx.y)

The next lemma is proved in [3, Lemma 2.2].

Lemma 2.5 Fora,x,y € B,

1—p(x,y) - [x,a] - I+ p(x,y)
1+px,y) ~ [y,al = 1—p(x,y)

Let B, = {x € R"” : |x| < r}. The pseudo-hyperbolic ball E,(a) = {x € B :
p(x,a) <r}=q@,B,) is also a Euclidean ball with (see [13, Theorem 2.2.2])

1—r2 1 —|al?
center = g and radius = ( lalr

R 13
1 —l|a|?r? 1 —|a|?r? (13

2.3 Separated Sequences and Lattices

There exists an r-lattice for every 0 < r < 1 as explained in [6, p. 18], and every
r-separated sequence can be completed to an r-lattice. The following lemma follows
from an invariant volume argument.

Lemma2.6 LetO <r,§ < 1 and{ay} be r-separated. There exists N depending only
onn,r,d such that every x € B belongs to at most N of the balls Es(ay,).

Lemma 2.7 Let {a,,} be an r-lattice. There exists a sequence {Ey,} of disjoint sets such
that \J,_y Em = B and

Er/Z(am) C En C Er(am). (14)
Proof Let Ey = E,(a)\U,,—, Erj2(ay) and given Ey, ..., E;_1, let

U Er/z(di))-

i=m+1

m—1
En = Er<am)\(U E
i=1

Lemma28 Lety e Rand0 <r < 1.

(a) If {an} is r-separated and y > n — 1, then anozl(l — lam|?)? < 0.

(b) If {an} is an r-lattice, then anozl(l — lam|?)Y < oo ifand only ify > n — 1.

Proof To see part (a), note that

/ (1= 1y " dv(y) ~ (1 — lan >, (15)
Er/Z(am)
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where the implied constants depend only on the fixed parameters n, y, r and are
independent of a,,. This is true because for y € E,2(ay), we have (1 — ly|?) ~
(1— |am|2) by Lemma 2.4 and v(E, 2 (amm)) ~ (1 — |am|2)” by (13). Thus

S —lanPy 5 [a= 1Py v,

m=1

since the balls E, 2(ay,) are disjoint. If y > n — 1, then the above integral is finite.
For part (b), let E,,, be as given in Lemma 2.7. By (14), we similarly have

/E (1= Iy~ dv(y) ~ (1 = lam ) (16)

and therefore

Do —lan?) ~ ZfE (1 =1y " dv(y) =/B(1 — [y " dv(y).
m=1 m=1" Fm

The last integral is finite if and only if y > n — 1. O

2.4 Reproducing Kernels and Bergman Projection

The following upper estimates of the reproducing kernels R, of 7{-harmonic Bergman
spaces have been obtained in [16, Theorem 1.2].

Lemma 2.9 For o > —1, there exists a constant C > O such that for all x, y € B,

C
(a) [Ra(x, y)| < W’

C
(b) IViRa(x, y)I < W-
Here V| means the gradient is taken with respect to the first variable.
More is true on the diagonal y = x and the two-sided estimate ([16, Lemma 6.1])

1

Rl ) ™ ey

7)

holds. The following lemma is part of [16, Theorem 1.3].
Lemma2.10 Ifa,s > —1,0 < p <oocand p(s +n) — (@ +n) > 0, then

1
(1 — |x|2)pG+m—(atn)

/|Rs<x,y>|”dua<y> ~
B

The implied constants depend only on n, «, s, p and are independent of x.
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For s > —1 and suitable f, we define the projection operator Py and the related
operator Qg by

Pyf(x) = fB FOIR (. y) dvs (),

f»

(18)
0, f(x) = /B L o,

Lemma2.11 Let 1 < p < oo and a, s > —1. The following are equivalent:

(a) Py: Ly — BY is bounded,
(b) Qg: LY — LE is bounded,
(c) a+1<p(s+1).

In case (c) holds, then Py f = f for every f € BL.

Proof (b) = (a) follows from Lemma 2.9 (a), (a) = (c) is proved in [16, Theorem
1.1], and (c) = (b) is well-known and included in the proof of [16, Theorem 1.1]. O

For a proof of the following estimates, see [9, Proposition 2.2].

Lemma2.12 Letb > —1 and c € R. For x € B, define

TN
1(x) ::/& and  Jpo(x) ;Z/wdw),
S B

lx — ;—|n—1+c [x, y]n+b+c

where o is the normalized surface measure on S. For all x € B,

1
_ ] 0;
(1= xP) o=
Ic(-x) ~ Jb,C(x) ~ 1+]0g—, ifCZO;
1 —|x|?
1, ifc <0,

where the implied constants depend only on n, b, c and are independent of x.

We record the following elementary facts about the sequence spaces ¢ for future
reference.

Lemma2.13 (i) For0 < p < g < 00, [[{Am}llea < {Am}ler-
(ii) Let 1 < p < oo and p’ be the conjugate exponent of p, 1/p +1/p' = 1. If
Yoo Amkcm| < 00 for every {kn} € £V, then {A,} € £F.

3 Atomic Decomposition
The purpose of this section is to prove Theorem 1.1. The main problem is to show

that under the assumptions of the theorem, the operator U : £7 — BL defined in (19)
below is onto. We do this through a couple of propositions.
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Proposition3.1 Fora > —1 and 0 < p < 00, choose s so that (3) holds. If {a;,} is
r-separated for some 0 < r < 1, then the operator U : £ — BL mapping . = {A,}
to

Rs (x am)
Ur(x) = Zx TRC ol e (x € B) (19)

is bounded. The above series converges absolutely and uniformly on compact subsets
of B, and also in || - ||35.

Proof Throughout the proof we suppress the constants that depend on the fixed param-
eters n, «, p, s and r. Note that, by Lemma 2.10 and (3), for every 0 < p < oo,

1R Cam)li g ~ (1= lay [y T/P=6Hm, (20)

since in (3), the inequality p(s + n) > (o + n) holds also in the case p > 1.

We begin with the case 0 < p < 1. We first show that for A € £, the series in (19)
converges absolutely and uniformly on compact subsets of B which implies that U A
is H-harmonic on B since so is each R (-, ay,). If |x| < R < 1, then |R(x, ap)| S 1
by Lemma 2.9 (a), since [x, a;;] > 1 — |x| by (8). Thus, using also (20), the fact that
(s+n)—(e+n)/p>0by(3),and Lemma 2.13 (i) we obtain

[Rs(x, am)| < - 2\ (s+n)—(a+n)/p -
D R i D (1 = lam]?) <Dl < IMler,s
m) 1 BY

m=1 m=1
which proves the assertion. The inequality ||U )‘”65 < ||Aller immediately follows
from Lemma 2.13 (i) and shows also that the series in (19) converges in || - || BE-

We next consider the case 1 < p < co. Let p’ be the conjugate exponent of p. The
series in (19) converges absolutely and uniformly on compact subsets of B because
we again have |R;(x, a,;)| < 1, and by (20) and Holder’s inequality,

Z|xm| Rl $™ 11 = fay ey
1Rs (-, am)”BP s

m=1
= 2\ p' (s+n—(a+n)/p) /v
< Ialler (3001 = lanl) )
m=1

The last sum is finite by Lemma 2.8 (a) since the inequality p'(s +n — (e +n)/p) >
n — 11is equivalent to (3). Thus U X is H-harmonic on B.

To show ||U)»||B§ < ||Aller, following [4, 6, 15], we use the projection theorem.
Denote by x4 the characteristic function of a set A. For A € £7, let

o
g) = Al = anH) " yp @ (¥)  (x €B).

m=1
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We have ||g||Lg ~ |[All¢r, since the balls E; 2(ay,) are disjoint and

o0 o0
181, = D 1?4 = lam )~ va (Erplam) ~ D1l

m=1 m=1
by (15). Next, with Q; as in (18),

e 1— 2\s
0s8(0) = 3 Ihnl(1 — [a )~/ f Q=D )

m=1 Er/Z(am) [x’ y]é*‘r”l

N N [(1 = Ja [2)sHn—(@tm/p
Z [x, am]s+n ’
m=1

where in the last line we first use the fact that [x, y] ~ [x, a,,] for y € E,/2(ay) by
Lemma 2.5, and then use (15). This shows that |[UA(x)| < Qsg(x) by Lemma 2.9 (a)
and (20). Since Qy is bounded by Lemma 2.11 and (3), we conclude

UM S 1Qsglle S Nglye ~ IAller
[m}

To verify that the above operator U : £ — 3} is onto under the additional assump-
tion that {a,, } is an r-lattice with  small enough, we need to consider a second operator.
We first recall the following sub-mean value inequality for H-harmonic functions. For
aproofsee [13, Section4.7]. Here,dt(x) = (1—|x |2) “dv(x) is the invariant measure
on B.

Lemma3.2 Let f € H(B) and0 < p < oc. Foralla e Band all0 < § < 1,

C

f@r =5 [ irord.
Es(a)

where C = 1ifp>1and C =2"? if0 < p < 1.

Proposition3.3 Leto > —1,0 < p < oo and {a,,} be r-separated for some 0 < r <
1. Then the operator T : BY — P defined by

Tf = {f(an)( = |an|HeT/7} 1)
is bounded.
Proof Applying Lemma 3.2 with § = r/2 and noting that (1 — |y|?) ~ (1 — |a,|*)

for y € E,2(an) by Lemma 2.4, we obtain

| f @m)? (1 = Jan )" 5/ |fODIP dva(y).

Er/2 (am)
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Since the balls E, 2 (ay,) are disjoint, we deduce

T, =D 1 @)|P (= lanH*H" < ZfE ( )If(y)l”dva(y) <1 flg-
m=1 r/2\dm

m=1

We need a slightly modified version of the above operator 7.

Proposition3.4 For @« > —1 and 0 < p < oo, choose s so that (3) holds. If {a,,}
is an r-lattice for some 0 < r < 1 and {E} is the associated sequence as given in
Lemma 2.7, then the operator T : By — €P defined by

7 f = { £ am) IRsCam) g vs (En) .
is bounded.

Proof Since || Ry (-, am)ll g vs(Em) ~ (1 = |an|*) /P by (16) and (20), the result
follows from Proposition 3.3. O

Proposition 3.5 Fora > —1and 0 < p < oo, choose s so that (3) holds. There exists
a constant C > 0 depending only on n, «, p, s such that if {ay} is an r-lattice with
r < 1/8, then ||I — UT”B&’—»Bg <Cr.

In the proofs of the previous propositions we allowed the constants to depend on the
separation constant r. This time we need to be careful that the suppressed constants
are independent of r. We prove the cases p > 1 and 0 < p < 1 separately.

Proof of Proposition 3.5 when p > 1 By (19) and (22),
o
UTF@ =Y [ fanRotran) dn).
m=1 m
and by (3) and Lemma 2.11 we have Py f = f and so
o0
fo=y" f FOIRs(x, y) dvg ().
m=1 En
Therefore

1=V =3 [ (Ralr.) = Rtr ) ) dus(y)
m=1 m

Y /E R (s am) (f ) — F@m)) dvy ()
m=1 m

=:h1(x) + ha(x). (23)
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We first estimate #1. Let y € E,,,. By the mean value theorem of calculus, there exists
y lying on the line segment joining a,, and y such that

Rs(x, y) — Rs(x, am) = (y —am, V2Rs(x,y) >,

where V, means the gradient is taken with respect to the second variable. Observe that
because r is bounded above by 1/8, there are constants independent of » such that for
y € E, C E (an), we have [y,an] ~ [y, y] =1— |y|2 by Lemma 2.5. Thus, by
(12),

1y = am| = p(y, @)y, aml < rly, aml S r(l = |y[?).

Next, since a,, and y are both in the ball E; (a,,), sois y. Hence p(y, y) < 1/4 and by
Lemma 2.5, [x, y] ~ [x, y] for every x € B with the constants again not depending
on r. Therefore, by Lemma 2.9 (b) and the symmetry of R (-, -),

1 1
I,y

iV2RS(-x’ y)| S
[x

Combining these we see that for y € E,,;, and x € B,

( IyI) r

[Rs(x, y) = Rs(x, am)| S X, yprnH [xyy]s_‘_”’

(24)

where in the last inequality we use [x, y] > 1 — |y]| by (8). Thus

|h1<x)|<r2/ 'f(]ysl'n dvy(y) =7 /R[|f(]ys)+|ndvx(y)—rQs(IfI)(x)

and since Qj is bounded on L% by Lemma 2.11, we obtain ||/} ||Lg < r||f||B£.
We now estimate /5. Let y € E,,. As above, we have P f = f, and so

FO) = flam) = /B (Re(r. 2) = Relam. 2)) £ ) dvs (2).
Since R (-, -) is symmetric, by (24),

IRs(y, 2) — Rslam, 2| S TR

for all z € B with the constants not depending on r. Thus

10 = fani 57 [ TEC an@ =rousne)
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and so
|h2(x)|SrmX:/Emle(x,am)lQs(lfl)(y)dvs(y)irn; % dvs(y),

where in the last inequality we use Lemma 2.9 (a). By Lemma 2.4 again, we have
[x,an] ~ [x, y]fory € E,, C E,(a;,) since r < 1/8. Hence

|h2(x)|<r2/ quf?g) dvy(y) = r /QS(WY)S) be(y)

m=1

=rQs(0s(1f1) (),

and since Qj is bounded on LY we obtain that ||h2||Lg < ”||f||35~

We conclude that ||[(I — Uf)f||85 < Cr||f||35, with C depending only on
n, o, p, s. This finishes the proof when p > 1. O

In order to prove the case 0 < p < 1, we need to do some preparation. The
following inequality is proved in [13, Theorem 4.7.4 part (b)].

Lemma3.6 Let0 < p < coand 0 < § < 1/2. There exists a constant C > 0
depending only on n, p, § such that for all a € B and f € H(B),

C
V@) < 8—,,/ O de(y).

The next lemma is a special case of Theorem 1.3 part (a).

Lemma3.7 LetO < p < land o > —1. Then BY c B! and the inclusion is

continuous.

(+n)/p—n

Proof By [13, Eqn. (10.1.5)], there exists a constant C > 0 depending only on n, &, p
such that

C
[f(0)] < W”f”zgg, (25)

forall x € Band f € B.. In the integral below writing | £ (x)| = | f(x)|?]f(x)|'~P
and applying (25) to the factor | f (x)|' 7, we deduce

flf(x)l(l )P du(x) < € f ) g /If(x)l”(l—lxl )% dv(x)

=C'” pIIfIIBg-
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Proof of Proposition 3.5 when 0 < p < 1 In this part of the proof we can not use the
projection theorem which requires p > 1. Instead, we follow [6, p. 19] and use a
suitable rearrangement of the sequence {a,,} as described below.

Pick a 1/2-lattice {b,,} and fix it throughout the proof. Denote the sequence of sets
associated to the lattice {b,,} as described in Lemma 2.7 by {D,,}. That is, the sets D,,
are disjoint with ;. D,y = B and

E1/4(by) C Dy C Evp2(byy)  (m=1,2,...).
Given an r-lattice {a,, } withr < 1/8, renumber {a,, } in the following way. Call the ele-
ments of {a,,} thatare in Dy asay1, ai2, . .., ai,, and in general call the points of {a,, }
thatarein D,, as a1, a2, - . ., Aux,, - Denote the sets given in Lemma 2.7 correspond-
ing to this renumbering by E,. Thus, the sets E,, are disjoint, [ ;" UZ’L LEmk =B
and

Er/2(amk) C Enk C Er(ami) m=1,2,..., k=1,2,...,kp).

By the above construction, since @i € Dy, C E1/2(by), we have

0@ bm) < 1/2 m=1,2,..., k=1,2,...,km), (26)

and by the triangle inequality and the fact that r < 1/8,

Emi C Es5/8(by). (27)
Suppose now f € B%. We claim that Ps f = f. This is true because by Lemma 3.7,
f isin B(la +n)/p—n and for this space the required condition in Lemma 2.11 (c) is

s > (o +n)/p — n which holds by (3). Therefore

fo) = /B FOR @ v =33 /E FOIR(x, ¥) dvy ().
mk

m=1 k=1

Next, with the above rearrangement, by (19) and (22),

UTF) =YY fam)vs(Em) Ry (x, amk)

m=1 k=1

and so, similar to (23), we have

I-ub =33 /E (Rs () 3) = Ry (%, ami)) £ (1) ds (7)
m=1 k=1 " Fmk

Yy fE Ry, amd) (FO) = £ @ni)) dvs ()

m=1k=1" Emk

=: hi(x) + ha(x).
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We first estimate 7. We will again be careful that in the estimates below the
suppressed constants are independent of the separation constant 7. Let y € E,,. First,
as is shown in (24), for all x € B,

r r
RY ) _Rv s Um < S ’ 28
IRy (x, y) s (X, am)| S Ly~ [ by (28)

where in the last inequality we use Lemma 2.5 with (27). Next, applying Lemma 3.2
with § = 1/8 and noting that E,8(y) C E34(bs), we obtain

lf(y)l”S/

E18(y)

F @I de(2) Sf f @I de ()

E3/4 (bm)

S (1= |by[H ™™ / |f ()P dve (2),

E3/4(bm)
(29)

where in the last inequality we use (1 — |z|2) ~ (1-— |bm|2) for z € E3/4(by) by
Lemma 2.4. Combining (28) and (29) we deduce

o (1= [y [~/ » e
Sy [x, by 157 (/153/4(bm)|f(Z)| dva(z)) sz(Emk)

m=1

(30)
Since the sets E, are disjoint and E;,x C Es/8(by) forevery k =1, ...,k by (27),
we have Y 3" v (Emk) < vs(Es/g(bm)). Also vs(Esjg(bn)) ~ (1 = |bn|*)*t" by
Lemma 2.4 and (13). Using this and then Lemma 2.13 (i) yields

o _ 2\ p(s+n)—(a+n)
(1 — |bm|")?
| ()P S r? / |f (@)IF dvy(2).
mZ=1 [.X, bm]p(s+n) E3/4(bm) “

Integrating over B with respect to dv,, applying Fubini’s theorem, and noting that

s

_ dve (x)
_ 2\p(s+n)—(a+n) _ Hra\A)
(1 — b ) /B AT

by Lemma 2.12 and (3), we obtain

Iy, < r? Z/ 1F @7 dva(z). (31)

E3/4(bm)

Finally, by Lemma 2.6, there exists N such that every z € B belongs at most N of
the balls E3/4(by), and so Y ", fE3/4(bm)|f(z)|P dvy(z) < N [l f(IF dve(z). We
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conclude that
||hl||€ N "”IIfII’7 (32)

We next estimate hjy. Let y € E ;. By the mean-value theorem of calculus, there
exists y lying on the line segment joining a,,x and y such that

Vi f (5
1500 = Famo)) =1 = a1V £ G = (3. amo Ly, ame] 0]
PG

where we also use (1), (12) and the fact that p(y, ani) < r because E C Er(ami).
Since the point y is also in the ball E, (a,,x) and r < 1/8, we have

p (¥, ami) < 1/8, (33)

and therefore (1 — |5|2) ~ (1 — |amk|?) by Lemma 2.4. Similarly, since p(y, aux) <
1/8, we have [y, amk] ~ [amk, ami] = (1 — |amk|2) by Lemma 2.5 and we conclude

1fO) = fam)] S IV FG)I.

Next, applying Lemma 3.6 with § = 1/8 and then using Ey/3(y) C E3/4(b,,) which
follows from (33) and (26), we obtain

Viers [ ireraos [ rerde
E1/8(3) E3/4(bim)
S (1= b )~ / | £ @)I7 dva(2).
E3/4(bm)
similar to (29). Using also that
1 1
IR (X, ami)| Sj ~

[x’ mk]g—‘rn [xa bm]s+n '
which follows from Lemma 2.9 (a) and Lemma 2.5 with (26), we conclude that

— Km

o~ (- |bm|2)—<“+">/f’( f )
ha(0)] S Pdv, S(Ep
)| Sr ) PRMEE E3/4(bm)|f(z)| v (2) Zv( 0.

m=1

This estimate is same as (30). Thus we again have ||h2||i,, < rPfIP B and hence
o

7 — Uf)fllfg < IIhllle + Ilhzllzg N r”llfllgg-We conclude that ||(1 -UD)| <
Cr, where C depends only onn, p,a,s. |

Proposition 3.5 immediately implies Theorem 1.1.
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Proof of Theorem 1.1 By Proposition 3.5, if r is small enough, then || — U T I <1,
and so UT has bounded inverse. Given feBl letr = YA"(UYA")’lf. Then A € €7,
Ur = f,and [[Allep ~ || flgr. We note that in the equivalence [|Aller ~ || £l 57, the
suppressed constants depend also on r. O

Remark 3.8 One can replace (4) in Theorem 1.1 with (5) because of Lemma 2.10. The
only change needed in the above proof is to replace U A in (19) with

o0
UL(x) =Y dn(1 = |aw D= R (x, ay).

m=1
and 7 f in (22) with
Tf = {f(am)(1 — lay > @rV/P=6F0 0y (B,)).

Then U7 remains the same and so does Proposition 3.5. In the proofs of Proposi-
tions 3.1 and 3.4 we omit the references to (20).

4 Interpolation

To prove Theorem 1.2 we again consider two operators. One is U:¢’— BL.a slightly
modified version of U given in (19) and the other is 7 : BY — ¢P,

Tf = {f(am)(1 — |anH /P,

given in (21). Our main purpose is to show that the composition TU : P — ¢ is
invertible when the separation constant is large enough.

Proposition4.1 Fora > —1 and 0 < p < o9, choqse s so that (3) holds. If {a,,} is
r-separated for some 0 < r < 1, then the operator U : £ — BL mapping A = {A,}
to

o
A — RS (x I am)
Ur(x) = A (1 = |ap |y~ @m/p 222 Bm) o o) (34)
mzz:l " " Rs(am, am)
is bounded. The above series converges absolutely and uniformly on compact subsets
of B, and also in || - ||35.

We have R (dm, am)(1 — |apy |2)@t/P ~ | Ry (-, am) |l gp by (17) and Lemma 2.10,
and this proposition can be proved in the same way as Proposition 3.1. The minor
changes required are omitted.

Proposition4.2 For « > —1 and 0 < p < oo, choose s so that (3) holds. There
exists 1/2 < ro < 1 depending only onn, a, p, s such that if {an} is r-separated with
r>ro, then |TU — I||gp—¢r < 1.
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This proposition immediately implies Theorem 1.2, similar to the proof of Theo-
rem 1.1 above.

To verify Proposition 4.2, let . = {A,,} € £”. Then the m-th term of the sequence
(TU — D is given by

o
A R bl
(TT = Dby = (1 = lan D@ S 31 — g Py larm/p Kol @)
P R (ax, ax)
k#m

and by Lemma 2.9 (a) and (17), we have

(1 _ |ak |2)S+n—(a+n)/p

[am, ar 1S+

HTU = DiYn| < CA = |awH TP "] . (35)
k=1

k;m

where the constant C depends only on n, ¢, p and s.

To estimate the norm || (Tl} — I)All¢er, we need an estimate of the series on the
right of (35) (without the |1¢| term) as given in Lemma 4.4 below. We first prove this
lemma and complete the proof of Proposition 4.2 at the end of the section.

Observe that by Lemma 2.12, for b > —1 and ¢ > 0, there exists C > 0 (depending
only on n, b, ¢) such that

e [ A=y
(1 —lal®) /B—[a’y]ﬁbﬂdv(y)fc,

uniformly for all a € B. The next result will be needed in the proof of Lemma 4.4.

Lemma4.3 Letb > —1 and ¢ > 0. For ¢ > 0, there exists 0 < rg < 1 such that if
re <r <1, thenforall a € B,

_ 2\b
(1— |a|2)°‘/ A= 0 <o
B

\E(@) la, y]ribre
Proof Let

(1 = |y»Hbdv(y)
[a7 y]n+h+c

’

Fla,r):=(1— |a|2)"/

B\E,(a)

and in the integral make the change of variable y = ¢,(z). Since ¢, (B,) = E,(a) and
|Jy, | is as given in (11), we obtain

(1 = lga ()PP dv(z)
B\B, [a, @a ()] TEFe(1 — |72y

F(a,r) = (1 —la]»*
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Applying Lemma 2.1 and (10), and simplifying shows

—1-12y0 1
F(a,r) = / wdv(z) _ n/ tn_l(l _ tz)b/ do(¢) d,
B i S paTE —

\B, [a, Z]n+b7c lta — é«|n+b7c

where in the second equality we integrate in polar coordinates and use the fact that
[a,t¢] = |ta — ¢| by (7). By Lemma 2.12 and the inequality 1 — lal?t2 > 1 — 2,

1 .
do(¢) 1 = 2)lh=—c’ ifl4+b—c>0:
o
\tq — ¢ |ntb—c = 1 .
/Slta_§|n+b_cfcg(t)' Ilog—0ry, ifl+b—c=0;
L ifl4+b—c<0,

where the constant C depends only on n, b, ¢ and do not depend on a. Thus
1
F(a,r)<Cn f "N = )P g () dr.
r

In all the three cases the integral fol (1 = )b g(t) dt is finite because b > —1
and ¢ > 0 and hence, one can make F'(a, r) < ¢ by choosing r close to 1. O

The next lemma is an analogue of Lemma 3.1 of [11].

Lemmad4.4 Letb > n—1andc > 0. For 1/2 < r < 1, there exists C(r) > 0
(depending also on n, b and c) such that for every r-separated sequence {a,,} and for
everym=1,2,...,

& 2\b
(= laxl”)
1- mzc — < C(r).
(1= lan) k§=1 o e €0
k#m

Moreover, one can choose C(r) to be arbitrarily small by making r sufficiently close
to 1.

Proof By the Lemmas 2.4, 2.5 and (13), there exists C > 0 depending only on n, b, ¢
such that

dv(y),

1 12Yb y12\b—n
(1 Iabl ) SC/ (1 Iylb)

[xa a] +e Ejja(a) [xa )’] +c
for all a,x € B. If {a,,} is r-separated with r > 1/2, then the balls Ey/4(a;,) are
disjoint and therefore

> 2yb 2\b—n
o A= al?) 2e a—=1yP
(= lanl) 3 e S < €1 = Jan E=DH o).
! = lam, al”*e ; Uy Evstao  Lam. y1PFe
k#m k#m
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Set
r—1/4
Tl —r/4

Clearly, 0 < R < 1. We claim that | J3_; E1/4(ax) C B\Eg(an). To see this, let
k#m

z € Ey/4(ay) with k # m. Then, by the strong triangle inequality in Lemma 2.2,

0ty > p(am, ax) — p(z, ar) . r— p(z,ar) . r—1/4,
1 —pam,ap)p(z,ar) ~ 1 —=rp(z,a) ~ 1—r/4

where in the second and third inequalities we use p(a,,, ax) > r and p(z, ar) < 1/4,
and the elementary fact that for 0 < 7y < 1, the function f(t) = (t — #9) /(1 — tty) is
increasing on the interval 0 < ¢ < 1 and — f is decreasing. Thus

o 2\b 2\b—n
. (1 —lagl?) 2e (I=1y1%)
(1 — lam|®)* ———— < C(l — |an]")° —————dv(y),
! ]; [am’ ak]h+c " B\ER(am) [am ’ y]h+C
k#m
and since R — 1~ asr — 17, the desired result follows from Lemma 4.3. O

We now complete the proof of Proposition 4.2. We consider the cases 0 < p < 1
and p > 1 separately.

Proof of Proposition 4.2 when() < p < 1 For A = {),,} € ¢, by (35), Lemma 2.13
(i) and Fubini’s theorem,

o0 00 _ 2\s+n—(a+n)/p\ P
. (1 —lax|”)
I(TT = Dally, <CP Yy (11— Iamlz)‘”"( > IA]
k=1

— — [am. ar}+"
k#m
e e _ 2y p(s+n)—(a+n)
(I — lag]*)?
<CPY (= lawPH* Y al?
= (s+m)
P =1 [am, ar]Ps+n
k#£m

- 2y psim—Gtm 5 (= lan )t
_ P Pl p(s+n)—(a+n
= €73 a1 = ) Y
= m

m;_ék

By Lemma 4.4, there exists C () such that (note that  +n > n — 1 since ¢ > —1,
and p(s +n) — (¢ +n) > 0 by (3))

7T — DY, < P @)l

Since C(r) can be made arbitrarily small by making » close enough to 1, the proposition
follows. o
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We next deal with the case 1 < p < 0o. Let p’ be the conjugate exponent of p. We
employ Schur’s test which, for the sequence space ¢7, has the following form (see [11,
Lemma 3.2]): Let A = (A;uk) 1<m.k<oo b€ an infinite matrix with nonnegative entries
and L4 : €7 — P be the corresponding operator taking A = {A,,} to

oo
(LaMm =Y Amhi.  m=12,....
k=1

If there exists a constant C > 0 and a positive sequence {y;,} such that

0 ’ ’
ZAka/kPSC)/n'f, m=12,...,
k=1

and

o
S Amvk <Cyl. k=12,

m=1
then the operator L 4 : ¢7 — £7 is bounded and ||L 4] < C.

Proof of Proposition 4.2 when 1 < p < oo Without loss of generality we can assume
that the r-separated sequence {a,,} is maximal, that is {a,,} is an r-lattice and so is an
infinite sequence.

Form,k=1,2,...,let Ay = 0if k = m; and if k # m, let

R

(1-
At = (1= Jan ) 07—
no»

Let A = (Ajx) and L4 : £ — €P be the corresponding operator. Then by (35),
{(TT — Da\Ym| < C{LAM .

To estimate ||L || with the Schur’s test, we take {y;,} = {(1 — |am|2)("_1)/pp/}.
Then

00 o _ 2\s+n—(a+1)/p
' (1 = lax|”)
Amky) = (1= layH /P ,
k; "k " 1; [am, ax Pt
k#m

and by Lemma 4.4, there exists C () such that (we check thats+n—(a+1)/p > n—1
by (3), and (¢ + 1)/p > 0)

Ci(r)

— 4
(0= fag sy — 1O

o
D Amy! < (1= lanH
k=1
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Observe next that

(1 = |y |?)@+m/p+n=D/p’

[am, ar P+

(0.¢] o0
D Amkyim = (1= |ag [y H=etmiv 37
m=1 m=1
m#k
To apply Lemma 4.4 we check that (w+n)/p+(n—1)/p' = (a+1)/p+n—1 > n—1,

ands +n — ((oz—l—n)/p~|—(n— 1)/p’) =s+1—(a+1)/p > 0by (3). Thus there
exists C(r) such that

00
_ Ca(r)
p o 2\s+n—(a+n)/p 2 _ p
> lj Ay < (1= lax) ey = GO
m=

We conclude that L4 is bounded and |L4|| < max{C;(r), Co(r)}. Therefore
ITU — I|| < Cmax{C,(r), C2(r)} and since both C;(r) and C»(r) can be made
arbitrarily small by making r close enough to 1, we conclude that || TU — I|| can be
made small. This finishes the proof of Proposition 4.2. O

5 Inclusion Relations

In this section we prove Theorem 1.3.

Proof of Theorem 1.3 We first prove part (a). Suppose By C Bg. Since point evalu-
ations are bounded on {-harmonic Bergman spaces, the inclusion i: B — Bg is
continuous by the closed graph theorem. For every s > —1 and a € B, the reproduc-
ing kernel R;(a, ) is bounded on B by Lemma 2.9 (a) and (8), so belongs to every
Bergman space. By Lemma 2.10, for large enough s, we have

IRs (@ iz

— P ~1- |a|2)(/3+n)/4—(01+n)/l7’ (36)

IRs(@. g

and the right-hand side is bounded as |a| — 1~ only if (8 +n)/q > (¢ +n)/p.
Suppose now that

a—i—nS,B—i-n. 37)
p q

Pick s large enough so that (3) holds both for «, p and B, gq. Let ro be as asserted in
the atomic decomposition theorem for BY and let {a,,} be an r-lattice with r < rg.
Then for every f € By, there exists {i,} € €7 with [[{A}ller ~ || f]| g such that

o0

Rs(am) g~ R(xoam)
= )\m— = misS 5~
10 = 2R g~ 25" IR aml

m=1 m=1
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where

1Rs (-, am) ”B:é

= R am)
By (36) and (37), |km | ~ |Am|(1 —|ay|*)BTM/a=(@+m/p < |3 | and so the sequence
{km}isin €7, Thus, {k,} € €9 by Lemma 2.13 (i), and it follows from Proposition 3.1
that f € Bj with 113 S Hembles = HemHler S HAmbler S N flle-

We next prove part (b). Note first that in this case p/q > 1 and the conjugate
exponent of p/q is p/(p — g). To see the if part, suppose

1 1
erl A+l (38)
p q

By Holder’s inequality,

/|f<x>|qdvﬂ<x> < (f |f<x)|ﬁdva<x>)”(f<1 _ kb du(x))”,
B B B

and since the exponent (8 — oc%)p’%q > —1 by (38), we obtain ”f”BZ S fllge-
Suppose now that B, C BZ. Let ro be as asserted in the interpolation theorem for B2

and let {a,,} be an r-lattice with r > rq. Given {A,,} € £//9, we have {|A,,|'/4} € €P
and there exists a function f € BY such that

Fam) = Do V9Q0 — |ay,|?)~@T0/P,

Since f is also in B%, the sequence { f (a,,)(1 — lam|?)BTM/4} is in €2 by Proposi-
tion 3.3, and so

o0
D |1 = fay [P tmalr < oo,

m=1

By Lemma 2.13 (ii), this implies that the sequence {(1 — |a,,|>)#T—(@+m4/P} i5 in
¢P/(P=9) and by Lemma 2.8 (b) this holds only if

<(,3+n)—(a+n)%)pl_?

>n—1,

which is equivalent to (38). O
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