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Abstract

Recently in Amri (Product formula for one-dimensional (k, a)-generalized Fourier
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the present paper, is to develop the harmonic analysis associated with (k, a) the gener-
alized Fourier transform. Firstly we study the (k, a)-generalized translation operator
associated with the (k, a)-generalized Fourier transform. By means of the generalized
translation operator, we define and we investigate the generalized convolution product
in the setting of the (k, a)-generalized Fourier transform. Nevertheless, significant
attention is also devoted to the time-frequency analysis by examining some applica-
tions on the wavelet transform in the (k, a)-generalized Fourier transform setting.
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1 Introduction

Harmonic analysis in R? is governed by the following three operators

d d d
. 2 2. 2 .
A= E ij, [|x|]” = E X5, E:= E xjox;,
j=1 j=1 j=1

where A is the Laplace operator and E is the Euler operator. As observed in [25], the
operators

I|x][? —A d
= , F=—, and H=E+ -
2 2

E
2

are invariant under O (d) and generate the Lie algebra sl5:
[H,E]l=2E, [H,F]=-2F, [E,F]=H.

Recently, there has been a lot of interest in other differential or difference operator
realizations of sl or other Lie (super) algebras. The focus is in particular on the gen-
eralized Fourier transforms that subsequently arise. We mention the Dunkl transform
[17], various discrete Fourier transforms [26], Fourier transforms in Clifford analysis
[15], etc. For a more detailed review, we refer the reader to [16].

A hard problem in this context is to find explicit closed formulas for the integral
kernel of the associated Fourier transforms.

The classical Fourier transform in R¢ can be defined in many ways. In its most
basic formulation, it is given by the integral transform

1 ,
F(HR) = . /R , e f(xydx.

(2m)2

Alternatively, one can rewrite the transform as

1
F(HR) = 7 /Rd K&, x) f(x)dx,

(2m)>2
where KC(X, x) is the unique solution to the system of partial differential equations

0, KA, x) = —id;K(h,x), j=1,...4d,
K, 0 =1, ieR4

A third description was discovered by Howe [25],

F =exp (#) exp <%T(A - ||x||2)> :
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Both of the previous representations have their uses, and it is explained in the
overview paper [16] how to construct various extensions such as a fractional Fourier
transform and Clifford algebra-valued analogues.

Recently, Ben Said and all in [4], have given a foundation of the deformation
theory of the classical situation, by constructing a generalization F , of the Fourier
transform, and the holomorphic semigroup Zj ,(z) with infinitesimal generator

: 2—
Lia = lIx[I""*Ak = [Ixl|*, a >0,

acting on a concrete Hilbert space deforming L>(R?). Here Ay is the Dunkl Laplace
operator (see [17]). The authors have analyzed these operators Fj , and Zy ,(z) in the
context of integral operators as well as representation theory. The deformation param-
eters consist of areal parameter a coming from the interpolation of the minimal unitary
representations of two different reductive groups by keeping smaller symmetries (see
DIAGRAM 1), and a parameter k coming from Dunkl’s theory of differential-difference
operators associated with a finite Coxeter group; also the dimension d and the complex
variable z may be considered as a parameter of the theory. (See [4]).

A lot of attention has been given to various generalizations of the Fourier transform.
This paper focuses on the (k, a)-generalized Fourier transform associated with the
operator Ly 4.

As of now, the (k, a)-generalized Fourier transform Fj , has witnessed an ample
amount of research in the realm of harmonic analysis, which include study of the ker-
nel of the (k, a)-generalized Fourier transform [1, 12, 24], the generalized translation
operator [7, 10, 39], the generalized maximal function [6, 7, 9], the Flett potentials
[8], Pitt’s inequalities [23], uncertainty principles [23, 27], the (k, a)-Fourier mul-
tipliers [29], the (k, a)-generalized wavelet multipliers [33], the (k, a)-generalized
wavelet transform [34, 38], the (k, a)-generalized Gabor transform [36, 37], the (k, a)-
generalized Stockwell transform [39], the (k, a)-generalized Wigner transform [44],
Hardy inequalities for fractional (k, a)-generalized harmonic oscillator [47] and many
more.

Yet there are still several gaps in our knowledge of the harmonic analysis asso-
ciated with the (k, a)-generalized Fourier transform. One of the main reasons is the
lack of tools related to the generalized translation operator. Unfortunately, the L?-
boundedness and the positivity of this generalised translation operator are not obtained
in general. At the moment an explicit formula for the generalised translation operator
is known only in the following cases:

ea =2 d>1, k= 0. The generalized translation operator is the Euclidean

translation operator. (See [45]).

a=2,d=1, k> 0. Then we recover the Dunkl translation (see [42]).

a=1, d > 1, k=0. Then the generalized translation operator is the multivari-

able Bessel translation. (See [11, 32]).

ea =1, d =1, k > 0. The generalized translation operator is the k-Hankel
translz;tion studied in [5].

ea == d=1, k> 0. The generalized translation operator is the deformed

Hankel translation studied in [10, 39].
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We note that when d > 1, the generalized translation operators are defined for the
suitable radial functions only in the spacial cases a = 1 and a = 2 (see [7, 46]).

This paper is a continuation of the papers [34, 39] on the study of the generalized
translation operators and its applications. Indeed, we note that in [34], we have defined
the generalized translation operators on the Lebesgue space L,%’ 4 (R9), next we defined
and studied the generalized wavelet transform in the setting of the (k, a)-generalized
Fourier transform, and we gave many applications on this transformation. Also, in
[39], we have studied the positivity of the generalized translation operators in the
special case a = %, n € Nand d = 1, next we defined and study the generalized
Stockwell transform in the setting of the (k, a)-generalized Fourier transform and we
give many applications on this transformation.

In this paper, we consider the case a > 0 and d = 1. The purpose of this document
is twofold. On one hand and profiting from the product formula proved in [1], we
want to develop the harmonic analysis associated with the (k, a)-generalized Fourier
transform. In particular, we introduce and we study the generalized translation operator
on the (k, a)-generalized Fourier transform setting. Next, we introduce the generalized
convolution operator and we prove its fundamental properties. The inversion theorem
for the (k, a)-generalized Fourier transform is also proven. Profiting of the harmonic
analysis associated with the (k, a)-generalized Fourier transform, the aim of the second
part of this paper is to consider the generalized wavelet transform in the setting of the
(k, a)-generalized Fourier transform, study its harmonic analysis and to give many
applications for this transformation. The applications on the wavelet transforms have
been studied by many authors for various Fourier transforms, for examples (cf. [3, 13,
14, 20-22, 43, 48, 49]) and others.

The main contributions of this article are as follows:

e To study the generalized translation operator on the Lebesgue spaces L,’; B).

e To define and to study the generalized convolution operator on the Lebesgue spaces
L,f’a (R).

e To prove the inversion and Plancherel’s formulas for the (k, a)-generalized Fourier
transform.

e To study the harmonic analysis associated with the (k, a)-generalized wavelet
transform.

e To introduce and to study the (k, a)-generalized Hardy operator.

The remainder of this paper is arranged as follows.

In Sect. 2, we recall the main results about the (k, a)-generalized Fourier transform.
Section 3 is exclusively dedicated to study the generalized convolution operator. In
Sect. 4, we give many applications for the generalized wavelet transform. Firstly, we
prove the inversion, Plancherel’s and Lieb’s formulas. Next we develop the concept
of the generalized wavelet transform in L”-space and we derive the Parseval’s and
the inversion formulas. We define the composition of the (k, a)-generalized wavelet
transforms and we obtain its Parseval’s identity. Further, we discuss the generalized
convolution operator and (k, a)-generalized wavelet transform as time-invariant filters.
Finally, the (k, a)-generalized Hardy operator is investigated.
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‘ (k, a)-generalized Fourier transform % ,

N
]\~_>2

‘ (k, a)-generalized Laguerre semigroup Jy 4(z) ‘

a=2 RA

= ”7’/ \ﬂ() kﬁy xﬁ i

Dunkl transform Oy | | Hermite semigroup /(z) Laguerre semigroup Hie
(18] [25] (2 (see [5,71)

8]
kﬁN ‘/74) % Z‘?A /]{4)0

Hankel transform

& ‘unitary inversion operator’ =

ol

the Weil representation of the minimal representation of
the metaplectic group M p(d,R) the conformal group O(d + 1,2)

Fig. 1 Special values of holomorphic semigroup Z ,(z)

2 Preliminaries

We shall take a survey of the (k, a)-generalized Fourier transform together with the
fundamental properties. Main references are [4, 24]. To facilitate the narrative, we set
some notations as under:

e For p € [1, 00], p’ denotes as in all that follows, the conjugate exponent of p.
1

o My := %L oy 10
zaTF(2k+aafl)

o dypa(x) i= My o|x[* T 2dx, k > 354,
® L/f,a(R), I < p < oo, denotes the space of measurable functions f on R satisfying

1/p
Iy @ = (/R !f(x)!”dyk,am) <oo, if 1<p<oo,

fl; :=-ess sup | f(x)] < oo.
1, = e s
In case p = 2, the inner product on the space L,f . (R) is given by

(fs g>L%,a(R) = Af(x)@dyk,a(x)
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Cp(R) the space of bounded continuous functions on R.

Cy..(R) the space of even bounded continuous functions on R.

C?(R) the space of functions of class C” on R.

S(R) the Schwartz space of rapidly decreasing functions on R.

Se(R) the Schwartz space of even rapidly decreasing functions on R.

Let E be a measurable subset of R, g denotes the characteristic function of the
set E.

The Dunkl operator Ty, on R is given for f in C'(R) by

Tif(x) == f(x) + ZkM. 2.1
We define the Dunkl Laplace operator A on R for f in C*(R), by
ALf(x) = TRF(x) = /(%) +2k(f &) _ 1) _Zf(_x)).
X X
Consider the operator
Apa = x40 — |x]°. (2.2)

In the following we recall some spectral properties of the operator Ay ,.

Proposition 2.1 Let a and k be as above.
(1) The differential-difference operator Ay 4 is an essentially self-adjoint operator

on Li’a(R).
(2) There is no continuous spectrum of Ay q4.
(3) The discrete spectrum of — Ay , is given by
{2ma +2k+a=+1:meN}.

For k > max(z%“, 0), the (k, a)-generalized kernel By , (A, x) is given by

2 a
B a(x,y) = J%(;Wﬂ 7)

F(Zktl—a_l) Xy 2 a
J2k1 (—xy|Z). (2.3)
F(2k+aa+1)(ia)% 7 a

Here j, is the normalized Bessel function given by

(_l)nt2n
22 Tn+v+1)

pO=Te+1DY" 2.4)
n=0

Let n € Z, we denote by X,, , the set defined by
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Itis clear that Xo , = R, X, 1 = Rand X, » = iR.
We extend the definition of the (k, a)-generalized kernel By , on X, , as follow:

a

inm inm 2
Vx,y €R, Brale e x,y) = ju <62—|xy|2>
a a

F(2k+—a_l) einTn)Cy int 2 a
+ 4 J 2k41 (62—|xy|2>. (2.5)
F(2k+aa+]) (la)% a a

In the following result, we present some important properties of the (k,a)-
generalized kernel By .

Proposition 2.2 [4, 24] (i) For x, y € R, we have

Bk,a(x»y) = Bk,a(yax)v Bk,a(x»o) =1,

and By, o (Ax,y) = Bk, o (x, Ay) forall A € R.

i) Ifa = %, neNandk > % then for all x, y € R, we have

[Bi.a(x, y)I = 1. (2.6)

iii) The conditions

, or a>2, k>0, 2.7

N =
NI

O<a<2, k>

are necessary and sufficient for boundedness of the kernel By ,(x, y).
iv) If k and a satisfying (2.7), there exists a finite positive constant C only depends
on a and k, such that

Vx,yeR, [Bra(x,y)|=C. (2.8)

v) The distribution By 4(., .) solves the following differential-difference equations
onR xR

2—a A X — a
{I?vl A Br,a (A, x) = —=|x|“ Bi,a (X, x), 2.9)

P74 AF Br,a (L x) = —[A]1 Bya (3, ).
Here, the superscript in A}, etc indicates the relevant variable.
Remark 2.1 (i) Gorbachev and all in [24], proved that in either of the following cases

, or

e0<a<landk=1-4¢
k>0,

e ac(1,2)U(2,00), and

we have

[|1Bk,alloo := sup [Bga(x,y)| > 1.

x,yeR
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(i) For x,y € R, we have

r(2kta=ly iy

Bra(¥.3) = y2a (Z1xy17) + pamimmye « =y yan (G1017)
a a a)a a

_ 2imw
(ol & L) e Xy
(%k+a+l 2

( aa ) (i a) a

= Ja1 (Glayl D) + s (G lxyl ).

Thus involving (2.5), we derive that
Bia(x.y) = Brale' s x, ). 2.10)
(iii) For x, y € R, we have
Bia€,x), ifa=1 reN,
Bia(x,y) = (2.11)

Bk,a(_";:, x)v if a = ﬁ, r e NO

Convention: When & and a satisty (2.7), we shall replace dyx , by the rescaled
version dyy ,/C but continue to use the same symbol dy 4.

For k > max(2%a, 0),and f € L ,1( +(R), the (k, a)-generalized Fourier transform
is defined by

Fra(fHX) = / JFX)Bi.a(A, x)dykq(x), forall X e R. (2.12)
R

Remark 2.2 (i) We note that the previous Proposition implies that the (k, a)-
generalized Fourier transform is bounded on the space L ,i 4,R), and we have

1 Fka P e, = 1F1lL) @y, (2.13)

forall fin L} ,(R).
(i1) The (k, a)-generalized Fourier transform F; , provides a natural generalization of
the Hankel transform. Indeed, if we set

1
B{" (6, ) = 5 (Ba(x, ) + Bra(x, =)
2
= ja=1 (S lxy]2).
a - a

Then, the transform F; , of an even function f on the real line specializes to a
Hankel type transform on R .

The authors in [4] have proved the following.
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Proposition 2.3 (i) (Plancherel’s theorem for F 4). The (k, a)-generalized Fourier
transform f +— Fi o(f) is an isometric isomorphism on L,%) 4 (R) and we have

fR |f () Pdyia(x) = /R |Frea(HO)Pdye.a (). (2.14)

(i) (Parseval’s formula for Fy 4). Forall f, g in L]%’a (R), we have

/R F)gX)dyp.q(x) = /R Fra(F) N Fra(@Mdyean).  (2.15)

(iii) (Inversion formula). The (k,a)-generalized Fourier transform Fi 4 is of finite
order if and only ifa € Q. If a € Q is of the form a = 7, with s, t positive, then
]—'kz; = Id. In particular

Fra=Fo (2.16)
L}W (R), we

Proposition 2.4 Let f be in Ly ,(R), p € [1,2]. Then Fio(f) belongs to L,’j:a (R)
and we have

[FeaD Ly gy < 15 12g - 2.17)

3 Generalized Convolution Operator

On the follow we recall the definition and the properties of the (k, a)-generalized
translation operator.

Definition 3.1 ([34]) Let x € R. The (k, a)-generalized translation operator f >
7" f is defined on L7 (R) by

Fra(Ty 1)) = Bia€ ) Fa(f)E). (3.1

It is useful to have a class of functions in which (3.1) holds pointwise. One such
class is given by the generalized Wigner space W ,(R) given by

Wea®) = {1 € Li,®) : Fralf) € L, ®)].

On the follow we give several properties of the generalized translation operator.

Proposition 3.1 [34]
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(i) Let f bein L,%’a (R), we have
I Fllz @) < 1f 1z @ Vx €R. (3:2)

(ii) Forall f in Wi o(R) orforall f in L,%’a (R) such that Fi () belongs to L}(’a (R)
and x € R, we have for almost every y € R

T f(y) = /RBk,a(if, X)Bic.a(§, ) Fia(f)(E)dVi.a(§). (3.3)
(iii) Forall f in Wi «(R) and for all x, y € R, we have

T f () =T f (x). (3.4)

On the follow we give the (k, a)-generalized translation of the generalized Gaussian
(the generalized heat kernel associated with Ay 4):

Proposition 3.2 For every § > 0 and for every x € R, we have

foa . =B _x1% 4y X ir
T e sa?](y) =e a7 Bra|—F.eay].
(Ba)«

Before proving this proposition we need the following lemma:

Lemma3.1 Let§ > 0and x,y € R. Then

A‘{e—é\é\anya(x,g)Bk,a(y,g)d)/k,a(g)

e—(1/8a®) (x| * +]y|*)

2 —im
= 2k+a—1 Bk,a (x/(sa)jaeTy) (35)
(ba) a
Proof Involving the following formula
R pYE o ) ro+1 _ 20002y . .
f T RO OOV 0 () = — g T VIR iy 26)
0

(3.6)

and the fact that

r(Ztazly 2
“ Y e (—xyl ),

2 a
B a (x,y) = a1 (—Ixy|?) +
T a P (jgya ™ e a

we derive that the left term of the equation (3.5) takes when § > 0 the following form:
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A;e*fﬂfl“ Bi,a (x, &) By o (v, )dyi, a ()

a 2 a 2 a
= f e OB o (S 1xE1 ) jou (S 1¥E] T )d vk, a (6)
R a a a a

2k+a—1
Xy r( a ) 2/ 2 —8|g|@ 2 a 2 a
£%e Jaeet (— X812 )yt (— 1817 )dyi,a (§).
(la)%(r(2k+;+])) R : (Cl ) a+ (a ) a
3.7
After the change of variables & = t% the relation (3.6), implies that
_ a 2 a 2 a4
/ e pact (S 1xE1F) ot (1961 2 )d e a 5)
R a a a a
1 a a a
= e e PO o iyl $/ a%5)
(8 a) a a
and
2,561 2 g% 2, e
§7e Jae (—1xE17) jun (—1YE1 7 )dyi,a (§)
R a a a a
[(2ktltay P ;
= e PO o iy B0 %),
T (A=) 5a)™ ‘
Thus involving equation (3.7) and (2.5), we derive the result. ]
Proof of Proposition 3.2. Using (3.3) and the identity
e b
Froale” a)) =e o,
we derive that for every é > 0 and for every x € R, we have
kap,~ 2y Zitg- —sl¢l
T e 2t l(y) =(8a) @ Bi o (§,x)By,a (&, y)e dyk,a (§).
R
Thus, the result is obtained by using Lemma 3.1 and the formula (2.5). O

Recently, the author in [1] has obtained the product formula for the one-dimensional
(k, a)-generalized Fourier kernel, his result extending the special case of [10] when
a = %, n € N. More precisely, the author has proved the following:

Theorem 3.1 The (k, a)-generalized kernel By, satisfies the product formula

Bia(ho X)Bra(h, y) = /R Bia(h. 0dgE (2), (3.8)
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where
Ak,u(X, y, Z)de,a () if Xy ;é 0
dgfi(z) = { 8:(2) if y =0 3.9)
3y (2) if x = 0.
Here
derie setea 2k 1 Ryt nir (%12, 1312, 2]9)
Aka(x,y,2):=a « 27 a (r(_+1)) > a L
lxyz| 2
aix Ract zn ([x[2, [y[2, J2[2)
+e o sgn(xy) ———+= ST
lxyz| 2"
RM,M(|X|%7|Z|%,|)’|%)
+sgn(xz) ———~= ST
lxyz| 2
Rot e (|y12, 1212, [x[9)
+ sgn(yz) ———+ ST , (3.10)

lxyz| "2

and Ry, is the Macdonal integral, given by

1
T 22T+ D)2 (e + 1)

o0
/ Jo @) () g et dr,
0

Vx,y,2>0, Ryv(x,y,2) :

provided Re © > = =L and Rev > _71

Corollary 3.1 Forall f in Wi o (R) or forall f in L,%’a (R) such that Fi 4 (f) belongs
to L,La (R) and x € R, we have for almost every y € R

thaf(y) = / F@deE Q).

Proof When x = 0 or y = 0, the result is trivial from the definition of the measure
d ;f}“ . Let x, y € R*, involving the relations (3.3), (3.8), Fubini’s theorem and the
inversion formula, we derive that

50 = [ B a)( [ Bra 9Fa D7 © )y
R R
— [ AL Ol

Thus, the proof is finished. O
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Profiting the fact that for all x, y € R, / |d ;“f;‘ (z)] is finite and uniformly bounded,
R

we extend the (k, a)-generalized translation operator on the space of functions locally
integrable as follow:

Definition3.2 Let x € Rand f € Lloc(de a). For k > max(z%“, 0), we define the
(k, a)-generalized translation operator 7’ k.a by

hafy) = f F@dcki ). (3.11)

Remark 3.1 For all x, y, A € R, we have the product formula

5B o, ¥) = Bra(h, X)Bra (A, y). (3.12)

Notation. We denote by P;‘ and QY the Legendre functions given in term of hyper-
geometric function as follow

PO = (P 2 A+ Lv D= 1585, —T<x <1,

Wy imp AT =) T 1+4x v+u+2 vutl 5
Qv (x) = 7" 2H LT (3 (= )2 2P T ”+ ), 1<x

On the follows we will prove the “trigonometric-hyperbolic” form of the (k, a)-
generalized translation operator.

Theorem 3.2 For all f in Cp (R), we have

a fy) = /0 £ Y .0)

1)+a

- /0 F((x )% @) My a (x. v, ¢)(sinh ¢) ™ do,

where

2k—1

al (=L 41) 2p -4t kD) i (xy) 2l
Nia(x,y,¢) = ST (sing) +%P22k+1 %(Cos‘ﬁ) ’

Jax | TETD)
2k—1 f(j—)m 2;1 72k—1
Mk a(x Vv, ¢) ar(l 21< T Sm( )Sgn(xy)Qﬂ l(COSh(ﬁ),
Jdmy :
= (119 + || = 2/xy|?/ e 3.13
(. 3Dg,a = (1x17 + 1yl lxy|®/* cos (3.13)

and

1/a
(@) = (131 4 1917 + 20y P ooshg) T (3.14)
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Proof By (3.10), the even and odd parts of the function Ax_, (x, y, -) are given respec-
tively by

2%—lt+a 2k—l-a 2k —1 2 Rz"a—’l,%qx'j’ 12, 12]2)
Ak aex,y,2):=a @« 2 a [(——+1 T
a lxyz| 2~
i Rat o (%17, 1317, 121 2)
+e a sgn(xy)—+—~ T },
lxyz| 2+
dtta dla 2 —1 5 Raicr e (Ix12. 1212 1y12)
Ak aox,y,2)i=a « 27 a (I( +1))7{ sen(xz) %1
lxyz| 2
a a a
Ro—1 2k41 (1y12, 1212, [x]2)
+sgn(yz) ———"—— }

lxyz| 2

Hence, equation (3.11) turns into

‘o al (3= 4+ 1) | Racr (1312, 17, 1212)
o= e / f @ pTan
27 lxyz| 2
. Ryt e (%12, 1y12, 29)
+ea sgn(xy) ————— dz
lxyz| 2

Noting that the Macdonal integral can be written as

Vx,y,z>0, RM,V(X,)’,Z)

0. ifz<lo—y
_1 1
) sin" "2 ¢ 3R L
= NoZ PU_% (COS¢)7 if |x y| <z < |x+y|
i -1
e(ﬂ_%)m sin((v—p)7r) (xy)*—! sinh "z é

1_
Qj_g(cosh@, ifx+y<z,

\/(%ﬂ)%“

where [x|> 4+ |y[* — |z]* = 2xycos ¢ if [x — y| < z < [x+y|and |z]> — |x|* — |y]* =
2xycoshgifx +y < z.
Moreover, that if v — ; = n is a nonnegative integer we have for all x, y, z > 0,

Ru,v(x» ¥, 2)
1
227" r@unl(xy)* ! sin?#! .
R Al (cosg). i bl <2 < ]
2
0, ifx4+y<z orz<|x—yl,

where C}' is the Gegenbauer polynomial.
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Involving these properties of the Macdonal integral, we will derive the
"trigonometric-hyperbolic" form of the (k, a)-generalized translation operator. Indeed,
for

a a a a a
Hx[2 = [yl2 [ <z2 < Ix|2 +]y]2,

we substitute

X[ 4+ Iy[* — 1z

cos ¢ := - (3.15)
2xy|z
with ¢ € [0, r].
For
X2+ 1yl <23,
we may substitute
a __ a __ a
cosh g = - = X7 = Y] (3.16)

2lxy|?

with ¢ € [0, 00). Using, for z > 0, sgn(xz) = sgn(x) and sgn(yz) = sgn(y), the
(k, a)-generalized translation operator takes the desired form. O

Involving the previous Theorem, we infer the following expression for the generalized
heat kernel associated with Ay 4:

Lemma 3.2 For every A > 0 and for every x € R, we have

ha (@MY (y) = M) Y x ),

where

b1 a lta
ViaOuix,y) 1= / QPRI COSONL (. y, ) (sing) 2a dp
0

2k—1+a

o0 a
+ /0 e 2RI eoshe \ () sinh ) 275 dop.

Remark 3.2 Involving the previous lemma, the properties of the Gegenbauer polyno-
mials and by simple calculations we infer that there exist a positive constant €(k, a )
such that

a a2
ehe @] < €k, @ye DI
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Proposition 3.3 (i) For all x, y € R*, we have

[ cateoy e = 1. (3.17)

(ii) For all x, y, z € R*, we have
Aa(x,y,2) = Agaly, X, 2). (3.18)

(iii) For all x, y, z € R*, we have
Ata(x.y.2) = Apale’d x,2.y). (3.19)

(iv) There exist a positive constant C(k, a) independent of x, y such that

/RIAk,a(x, Y, DN dyia(z) = Clk, a). (3.20)

Proof (i) By taking A = 0 in the product formula (3.8), we derive the result.

(i1) Involving the symmetry of the Macdonald function with respect to the first two
variables, the relation (3.18) is immediate.

(iii) For all x, y, z € R*, we write

Xy b ¥4 vz
sgn(xy) = my sgn(xz) = H and sgn(yz) = m

“2ix .
and as the modulus of the complex number ea s equal to 1, we write the term

. —2im .
=2in ) =2in
e a sgn(xy) as $<——2 where |¢e « xy|denote the modulus of the complex num-
le™a " xy|
ber which equal the absolute value of the real number xy. On the other hand as
—2in —2i a —2im 2k—1 .
le7a | = 1, we deduce that the modulus |eTﬁx|7 and |[e "« x| 2 are respectively

equal |x|% and |x|%. Thus by simple calculus we derive (3.19).
(iv) The result is proved in [1]. O

Remark 3.3 (i) When % € N, the authors in [10] have proved that C (k, a) < 4.
(ii) Involving the definition of the function Ay 4, it is easy to see that for any
x,y € R* we have

/R Aa(x. 2. V)| dyia(@) < Ck, @), (3.21)

where C(k, a) is the constant given by the formula (3.20).
(iii) Using (3.19) and proceeding as in [1], we prove that

. 2im
Bra O3 Bra (s y) = f BiaOo D0ra(e %, 2 Vdya@.  (3.22)
R
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Now, let us go back to the properties of the (k, a)-generalized translation product.
Theorem 3.3 Let k > max (%54, 0), then
(i) Forall f € Llloc(dyk,a) and for all x,y € R, we have
e f(y) =t f(x) and Tl f = f.
(ii) Foralll < p <ooand f € L,f’a(]R),
1T f iy @) = CROIf Ly ) (3.23)
with x € R and C(k, a) is the constant given by the formula (3.20).
(iii) If f € L} ,(R), and x € R, then Fio(tX £)(0) = BraCos ) Fia (£ for
every A € R.
(iv) If f € L} ,(R), and x € R, then Fio(tk* £)() = Br.aOos ) Fia(f) V) for

almost every A € R.
) If f e L,f,a(R), 1 <p<2andx €R, then

Fra@ Y = Bra O, ) Fi(f)(A), a.e. € R. (3.24)

(vi) Letx,y € R. Forall f in L,’:ﬂ(R), 1 < p < oo, we have
T (f) = Tt ). (3.25)

Proof (i) When x = 0 or y = 0, the result is trivial from the definition of the measure
d{f,’;. Let x, y € R*, we have

ok fy) = /R Ay D Qdvia ).

Involving (3.18), we derive the result.
(i) Using Holder’s inequality and (3.20), we obtain

| fR a3, 0 @dyia @) = (Ck )7 /R Ao v, D@17 dyia(2).

Thus by Fubini—Tonelli’s theorem and (3.21), we deduce that
L1 Bty s @ ana») < (€)1l .

(iii) The resultis trivial if x = 0. If f € L,i,a(R), and x € R*, we have

Froal@ £)(0) = fR 5 £(3) Bra (b Y)dyia(y).
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Using the relations (3.11), (3.19) and product formula (3.22), we get

Fra@* H0) = [ ([ Braty D @) B 9driay)
R R
_ /R fR Ata@ %, 2 9) F (D dYia(2) Bealh )dVia(y)
2w
=/f(z)</ Bk,a(/\,y)Ak,a(eTx,z,y)dyk,a(y))dyk,a(z)
R R

= /Rf(Z)Bk,a()\’ x)Bk,a()h Z)de,a(Z)

= Bk,u()\v x)}—k,a(f)()h)-
Thus the assertion is proved.

(iv) Using the fact that the mappings f —— Fi 4 (r)’f’a fand f — Br oA, X)Fr.a(f)
are continuous from L%’G(R) into itself, and from (iii) these mappings are equal
on L,l‘a ®N L,%’a (R), we derive the result by the density of L}W ®N L,%’a (R)
in L ,(R).

(v) The cases p = 1 and p = 2 are proved in above. For 1 < p < 2, we have

k,a o k.a
1Fea(@ £) = BraGo 0 Fra(Dlly ) < W@ Dllyr o 4 1FralDp

Involving (2.17) and (3.23), we derive that

1Fea(@ £) = BiaOo, ) Fia () = (Ck,a) + DIfllzp -

LY, ®)
Thus by a density argument we prove the assertion.
Now we will to prove (vi). Using (3.24) and the injectivity for the (k, a)-generalized
Fourier transform, we derive the result for p € [1, 2]. Next, by duality we deduce the
result for any p € [2, oo]. O

Notation. Let us denote by R, be the set defined by

2im

R, ::RUe%RUeTR, a > 0.

Remark 3.4 (i) Using Proposition 3.3, we can extend the formula (3.11) of the gener-
alized translation operator tff “ for x € Ry,.
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By means of the generalized translation operator, we define the generalized convo-
lution product of two suitable functions f and g by

f e g(x) = / M g dea(y). (3.26)

R eayy
Now, let us go back to the properties of the generalized convolution product.
Theorem 3.4 Let k > max (%54, 0), then
(i) For two suitable functions f and g we have
S *ka8 =8 %ka f- (3.27)
(ii) (Young inequality). For p, q, r such that 1 < p,q,r < ocoand 1/p+ 1/q =
14+1/r, andfor f € Lz’a R)and g € L,‘:’a(]R), the convolution product f %k 4 8
is a well defined element in LZ,Q(R) and
1f a8l @ < Ch @ Flle @lghy @), (3.28)
where C(k, a) is the constant given by the formula (3.20).
(iii) For p, q, r such that 1 < p,q,r < 2and 1/p + 1/q = 1 + 1/r, and for
f e LZ,a (R) and g € L,’;a(R), we have
Fralf *ka &) = Fia(fS)Fk,a(8)- (3.29)

(iv) For p, q, r such that 1 < p,q,r < 2and 1/p+ 1/q + 1/r = 2, and for
f e LZ,a(R)’ g€ L,’:a(]R) and h € Li,a(R)’ we have

| fR £ 55,0 HO)dyia ()| = Ch DI Fllg il lp, Iy o

a

Proof (i) Involving the relations (3.26), (3.11), the fact that

2im, 2iw.
Apaleaz,x,y) = Agalea y, x,z2),

we derive that

[ ra gx) = /R ™ F e dvia(y)
eay
- /R fR Atal@ . x.2) f@dvia@g ) dyea(y)
=/f(z)(/ Ak,a(eﬂTn)’vX,Z)g()’)de,a()’))de,a(Z)
R R

= [ 1@ [ Brate™ 2 2)80)d a0 )7t
R R
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= /R F@T'5 80y,

Thus the assertion is proved.
For part (ii), if » = oo then 1/p + 1/g = 1. Hence, by Holder’s inequality and
(3.23), f *k.q g exists and

Il f *t,a 8lloo < C(k’a)“f”LZa(R)”g”sza(R)'

Assume r < oo, which implies p,q < r.Lets = p(1 —1/g) = 1 — p/r and note
that 0 < s < 1. We have

| Hta 80| < /R LFO)IThg (e ey |28 (g) (e e I dyka(y)

2in 1/ 2ix
= ( /R PO 4@ )T dyea) k@) )]

! .
LZY‘Z(R)

Ifs =0then g = 1. If s % 0 then s¢’ = p. In either cases taking the ¢ power we
obtain

1 50 1 = ( fR FON @@ I dyea)) I @I o
< (Clka) " lighy} g ( fR O (@) DI dya().

Thus, for ¢ := r/q, by the generalized Minkowski inequality we have

q

— q
I 510 8 gy = 1S #0817y @

= (Ck.a)™ N8l g

i ]/
/ ( / FOI 1 @ DIV dpa) dyia()
R *JR

< (Ch@) Iy 8]y

since gt = r and (1 — s)r = p, we derive the result.
On the follow we prove the assertion (iii) for p = ¢ = 1. Indeed, we have

fk,a(f *k,a ) = /I[‘Qf *k,a g(x)Bk,a (A, x)dyk,a(x)-
Involving the relations (3.26), (3.8), Fubini’s theorem, (3.19) and (2.10), we get

Fralf #ea 90
= [ ([ 4 5980105000 B 1 rao)
R R

eay
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= [ ([ [ 504 520 F @) 60Dy 61 B 00y 0
R RJR

= [ 1@( [ [ ratvi20Ba 1000 dra(@g0)d )
R RJR

=/H;f(z)/RBk,a(/\,y)Bk,a()\,z)dyk,a(z))g(y)dyk,a(y)

= ([ 10BLu6- 7.0 @) ( [ Bratho g0dnar)
R R
= Fra(OIFra(@)G2).

Thus the result is proved when p = g = 1. For p # 1 and/or g # 1, using Holder’s
inequality, (2.17) and (3.28), we get

1Fea(f #ta ) = FralHDFia@lly g
S ||-7:k,a(f *k,a g)”L]r(/ (R) + ”fk,a(f)fk,a(g)”L;’ (]R)
< 1f a8l + 1 Fea(Hly g IFra@ly o
< (Ck,a) + DI f g I8ll2r, )

so that a density argument proves (iii) for p # 1 and/or g # 1.

Now we will to prove (iv). Using Holder’s inequality, we get

( /R O 1.0 HONAVQ | = 1S g )18 #a Bl

Therefore using (3.28), we have

| /R FOE #a hDIAVa (s = CR DS g @8Ny @Ml @,

1 1 1
—=—+-—-1
9 p r
Thus the assertion is proved. O

Theorem 3.5 Inversion formula. If f belongs in L}(’a(R) such that Fi 4(f) belongs
to L }( +(R), then we have the following inversion formula

VxeR, fx)= Afk,a(f)(y)Bk,a(x,y)dyk‘a(y)- (3.30)

Proof For ¢ > 0, we introduce the function F; : R x R — R given by

V(y,x) eERXR, Fe(y,x):=e P B (x, Fia(H)).



36 Page220f43 H. Mejjaoli

Then we have
e For all x € R, the functions F, (., x) belong to L,i +B);

o Vx eR, limg o Fe(y, x) = B a(x, ) Fr,a(f)();
o V(y,x) e RxR, |[Fe(y, )| < I|Fra(S IV € Li,a(R)-

Then from the dominated convergence theorem we have
lim f Fe(y, x)dyra(y) = / Bia(x, ) Fk,a (S () Vk,a(¥)- (3.31)
=0 Jr R
We note that for all x € R, we have
/R Fe(y. )dVia(y) = fR e M Ba ) Fra(HG)AVa ()
= /R et ( fR £ ) Ba(s, 7)) Bea (6, MdVea(y),

Let x € R. We put G¢(x, y,s) = e’gmaf(s)Bk,a(s, ¥)Bi.a(x,y) where y,s € R.
From the Fubini—Tonelli theorem, we have

/ G, v, 9)ldVia (D dyrals) < / f ) £ (5)ldVia (D dVeals)
RxR RJR

= ([1romnae)( [ e anam).

As f € L,l . (R), then / | £ ($)|dyk,qa(s) < o0o. On the other hand using the fact that
’ R

/ e dy 4 (y) = Clk, &, a),
R
we derive that
/ |Ge(x,y, ) |dyi,a(¥)dyk,a(s) < 00.
RxR

Thus we can apply the Fubini’s theorem for the function G, (x, ., .) on the space R x R
and we deduce that

[ Gty sanaman.s = [ ([ 6w 9dm.m)dnas
RxR R R

= [ ([ 6etx 390 )) .
R R

On the other hand it is easy to see that

/Fa(y’x)dyk,a(}’)Z/ (/ Gg(x,y,S)dyk,a(s)> dyr,a(y).
R R R
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Thus, from above we deduce that

f’%()ﬂ)ﬂd}’kﬂ()’):/ Ge(x, y,s)dyk’a(y)dyk’a(s)
R RxR
:/R/Re—el)’\“f(S)Bk,a(S,y)mdyk’a(y)dyk!a(s)

=/f(s)(/ e_s'y'aBk,a(s,y)Bk,a(x,y)dyk,a(y))dyk,a(s).
R R

(3.32)
Moreover using the Hecke identity proved in [4], we derive that
— —_—— 2k— 1 a
/R D By (5. ) Bralr Ndyea(y) = ()7 @@ ) ).
(3.33)
Combining the relations (3.32) and (3.33), we get
/ Fe(y. )dyea(y) = (& / F)ebae @ ) dyals).
(3.34)

Using the change of variable s = (a’¢) @ v in the second member of the formula (3.34)
we obtain

2k—14a
/RFg(y, Xdyra(y) =a

2im 1 _ a
tha fea (@e)av)e " dyy 4 (v).
R

Therefore by applying the dominated convergence theorem we get

. 2k—14a _pla
lim,—.o /R Fo(y, X)dvia(y) =a a " f(x) /R e " dyy 4 (v).

Moreover using the formula

2k— H—a

f e, = L)
R

we deduce that

VreR, limeo / Fo(y, 0)dviea(y) = f(0). (3.35)
R
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Finally combining the relations (3.31) and (3.35), we derive that

VxeR, f(x)= /R Fra ) Bra Vdviay)

which achieves the proof. O

On the follow we give another proof of the Proposition 2.3.

Corollary3.2 (i) If f € L, ,(R) N L; ,(R) then Fy o(f) belongs to L ,(R) and
||-7:k,a(f)||L]%’a(R) = ||f||L%,a(R).

(ii) There exists a unique isometry on Lia (R) that coincides with on Fi 4 on
Li’a(R) N Lia(R).

Proof (i) From the previous theorem, we have

f)gx) = A Fiea (£ Bra(x, g (x)dy, , ().

The application of Fubini’s theorem yields

[ sy, 0 = [ Fatno)( [ Bratyizedr,, o)y, o)
R R R

_ /R Fral N0V Fra@OIdy, . ().

Thus, we derive the result.
(i) Let f € L,%’a (R), then f; = f (. belongs to L,La (R) and

lim [|f = fjll;2 @ = lim |f () Pdy,, (x) = 0.
J—>00 »a J—>00

lx|=j
From (i) we deduce that the operator

Fra Li q@® N L ,(R) — LE ,(R)

is continuous for the norm ||.| |L]% ®)- As the space L,lc LBN L,% o (R) is a dense part

of L%’a (R) and L%’a (R) is complete, so by the theorem of extension of uniformly con-

tinuous applications there exists a unique extension of Fi , in L,% «(R). The extension
is still an isometry of the norm ||.|| L2 ®) by passing through the limit in the equality

of (i). If we also know that the image is dense, then the operator is surjective and the
inverse is continuous because Fy , is an isometry. m]

We close this section by giving the following new results:
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Proposition 3.4 Let ¢ € S,(R). Then there exist a positive constant C, such that for
all x, y € R we have

k, k,
[Ty a¢_fy a¢||L,:_a(R) <Clx _}’|||¢||L;{‘a(R)-

Proof Involving Theorem 3.2, mean value theorem, the properties of the Gegenbauer
polynomials and by simple calculations we derive the result. O
Proposition3.5 Ler f € L,La (R) and t > O such that supp(Fi o (f)) C [—t,t].

Then there exist a positive constant M(k, a), such that for all x, y € R we have

k k
||Tx'af - TyyafHLLa(]R) < M(k, a)t|x —yIIIfIIL;C_a(R)-

Proof Choose ¢ € S.(R) such that Fi ,(¢) = 1 in [—1, 1] and put ¢,(x) =
t2k+tl _1¢>(tx).
Thus

Fra@))=Fia@ (7)) =1 on [—1.1

X
t

and we can write

@ -t @ = dka G =T )
= foa (@) — 10 (90) ).

Involving (3.28) and the previous proposition, we derive that

k, k, k, k,
I f =T fllyy @ < CRaIfIlL @l @)~ @Il )
,a Ja k. . .a
< C(k, a)||f||L,l Q(R)”Tz,ra(ﬁ - sza(p”[‘]l( L (®
< CC(k, a)t|x _y|||f||1‘,1c LB

which finishes the proof of the proposition. O

4 Applications
4.1 (k, a)-Generalized Wavelet Transform in Li G(R)

In this subsection, we shall study the basic results on the (k, a)-generalized wavelet
transform. For typographical convenience, we fix some notations as under:

e B2 ={k.x) eR?:b>0).
° Lﬁk,a (Ri), p € [1, oo], the space of measurable functions f on R%r such that

1

v
Ifllzy, @2 = (fRz | f (b, )|Pdpr,a(D, x)) <00, 1<p<oo,
,a l

I =
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IIfIILoo (B2 = esssug |f (b, x)] < o0,

where the measure 14 4 is defined by

dYi,a(x)db

V(b,x) € R, dugab,x) = T pkta

Definition 4.1 ([34]). A (k, a)-generalized wavelet on R is a measurable function A
on R satisfying for almost all x € R, the condition

0<Cp:= / | Fra(®) o)== < oo, “.1)
0

Let b > 0 and & be a measurable function. We consider the function %; defined by

X

h(=). 4.2)

Vx eR, hb(x) W b

Proposition 4.1 (i) For every h € L,f’a (R), p € [1, c0]. The function hy belongs to
L,’;a(R) and we have

2k+a—1)(L-1
hollzy @ =b* PG PlRl @) 4.3)

(i) Let b > 0 and h be in Ly ,(R) |J L{ ,(R). We have
VyeR. Frahp)(y) = Fia(h)(Dy). (4.4)

Letb > 0 and & be in L,’:’a(R), p € [1, oo]. We consider the family A ,, x € R, of
(k, a)-generalized wavelets on R in L,f, +(®), p € [1, oo] defined by

2im
o), 4.5

Vy € Ra hb,x()’) =

k

where 7%, x € R, are the generalized translation operators.

Definition 4.2 Let & be a (k, a)-generalized wavelet on R in L% +(R). The (k, a)-

generalized continuous wavelet transform <I>];l’a on R is defined for regular functions
f on R by

V(b.x) R, ®pU(f)(b.x) = /Rf(y)hh,x(y)dyk,a(y). (4.6)
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This transform can also be written in the form

2k+a—1

DS b, x) =b" 2 [ g hp(x), 4.7)

where *; 4 is the generalized convolution product given by (3.26).

Remark 4.1 (i) Let i be a (k, a)-generalized wavelet in L,%’a (R). Then from (3.28) and
(4.7), forall f in L} ,(R) we have

||¢'Z'a(f)||L;<;w(R2+> sCEkalflez @iz w:- (4.8)
(i) For any f € L; ,(R), we have

2k+a—1

Fra(OF ()@ =05 Fia OO Fra(£E): (4.9)

Proposition 4.2 Let h be a (k, a)-generalized wavelet. Then forall f and g in L% +(R),
there holds

fR L O (B0 (@) (b, )dpaga (b x) = C /R FO)g@dya),

(4.10)

where
o0 _ db
= /0 Fra®GEPS - @.11)

Proof Using Fubini’s Theorem, relation (4.7), Parseval’s formula (2.15) and (3.29),
we get

/R OB 0B (@) (b, ) dpka (b x)
2
= /0 pHta-t /R (f *ka b ())& *k.a Ty (xX)d i a (b, )
o = db
= / / (f *k.a hp(x))g *k.a () yia(¥) 7
0 R
00 - _ db
= /0 /R Fica (1)) Fra @) Feain) ) Pdye.a®) -

S— R
~ [ Al DOFa@@( [ 1Faln)@ P )dma).
R 0
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On the other hand using the relations (4.1) and (4.4) we deduce that

/R L OB )@ b, X o (b, %) = C /R Fiera () E Fie.a (@) E)d i a (&)

1
Finally using Proposition 2.3 ii) we obtain the result. O

Remark 4.2 If h is a (k, a)-generalized wavelet and f = g we obtain the following
Plancherel’s formula

/R PN b2 Pdugab,x) = C /R |f)Pdyiat).  (412)
.

We generalize the notion of the (k, a)-generalized wavelet as follows.

Definition 4.3 Let u and v be in L%’Q(R). We say that the pair (u, v) is a (k, a)-
generalized two-wavelet on R if the following integral, noted by C,, ,,

o__ 0 di
/0 Fra@ 00 Fia 0 00) S @.13)

is constant for almost all x € R. We call the number C, , the (k, a)-generalized
two-wavelet constant associated with the functions u and v.

Theorem 4.1 Let (u, v) be a (k, a)-generalized two-wavelet. Then for all f and g in
Lt ,(R)
k.a

/R L LB ()b, ) dptsa (B x) = Cu /R fx)8M)dyea(x),

+

4.14)
where
© g
Cuw 1= fo Fia@ 05 Fra BB - @.15)

Proof Using Fubini’s Theorem, relation (4.7), Parseval’s formula (2.15) and (3.29),
we get

fR OB )P (§) (b D) dpaia b, )

+

o0
= / pHta-l /R [ *k.a ip(X)g *ta U5 d tr.a (b, X)
0

o _ E— db
= S *ia p(X)g *ka Vp(X)d Yk q(X)—
0 JR b
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_ / / Feal N EFea@®
0 R
I db
Fia @) & Fra@@dve.a®)

Using the definition of the (k, a)-generalized two-wavelet and relation (4.4), we deduce
that

/R2 DK (£) (b, x) D (9) (b, x)d par.a (b, x)

+

_ fR Fra NEFra@®
- db
Fra® 8 Fra @b S )dvia®)

— Cus /R Fral N Fra@@dvial®).

Finally using Parseval’s formula (2.15) we obtain the result. O

Proposition 4.3 Let h be a (k, a)-generalized wavelet, f € L,%’a (R) and p belongs in
[2, c0]. We have

1 p=2
193 (Pllp, @2y = €7 CE DRI @) 7 12 @ *16)

Proof Using relations (4.12) and (4.8) the result follows by applying the Riesz—Thorin
interpolation theorem. O

Theorem 4.2 (Inversion formula) Let h be a (k, a)-generalized wavelet. For all f in
L ,Lu(R) (resp. Lﬁ’u(R) ) such that Fy ,(f) belongsto L ,Lu(R) (resp. L ,Lu(R) NLE,[R))
we have

o0 —_ db
Ch f(y) = /R ( /0 0O g (), e @17
2

where for each y € R, both the inner integral and the outer integral are absolutely
convergent, but eventually not the double integral.

Proof Using similar ideas as in the proof for Theorem 6.111.3 of [48] page 99, we
obtain the relation (4.17). O

Composition of wavelet transforms have been studied by Pathak [40] for the Fourier
transform and later Prasad and Kumar [41] has been studied the same subject for the
fractional Fourier transform. On the follow we will study the composition of the
(k, a)-generalized wavelet transforms. Indeed, if /21 and Ay € L%’G(R) are two (k, a)-

generalized wavelets and CDE’IQ ()b, x), QDZ’; (f)(c,y) are the (k, a)-generalized

wavelet transforms of f € L,% 4. R), respectively, then from (4.9) we derive that the
composition of these wavelet transforms is given by
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W ()b, x.c) = PE(@F1(f)( ) (b x)

= fR Biea (6, 0 Fea (@ (N ) 0 (FraB)) (BRI 0 ()
= /R Bi o (6, ) Fie a () () (Fia (1)) 02 (Fi  (h2)) (€2)d yi o (V).
Thus, formally we can write

@05 b2 ) = (f %ta hib *a B2.e) (), (4.18)

2k+a—1

where 71, j = 1,2, s defined by F o(h; )A) =1t~ 2 Fia(hj)(M1).

Admissibility condition: Let 7y, hy € L,%,a(R). Consequently, the following
definition serves as the admissibility requirement for the composition of two (k, a)-
generalized wavelet transforms:

R ) ,dbdc
Chihy = [Fr,a (h1) (DA 7| Fr,a(h2) (cA)] b < 0. (4.19)
o Jo

Theorem 4.3 (Parseval’s relation) Let hy, hy € L%’Q(R) be two (k, a)-generalized
wavelets. Then, given [, g € L,%) 4R, we have

[ ka P db  dc
QI]hl,hzf(b’ Xs C)mhl,hzg(b* X, &)dYi,a(X) 3T e
rJo Jo pRigtl dgtl

=Ch1,h2/Rf(X)@dyk,a(x),

where Cy, 1, is defined as (4.19).

Proof Using (4.18), Parseval’s formula for the (k, a)-generalized Fourier transform
and (3.29), we get

[ ka e db  dc
wh] ,/12f(b’ X C)th] ,hzg(b’ X, ©)dYk,a(x) 2ktatl 2k+a+l
R JO 0 b2 ¢ 2

2/ / f Fie.a(F)O) Fre,a(h1) (bM) Fi o (h2) (c))
R JO 0

T (o) N = dbd
Fea®@ W) Frai) 01 Fa(i2) €A yia () 5 =

Now from (4.19) the above equality is written as

Chy iy /R Fe.a (F) M) Fra(@ Wdyi,a(h) = Chy iy /R F()g()dyk.a(x).
(4.20)
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This completes the proof. O

Remark 4.3 When f = g, we derive the following Plancherel’s formula

Rl b 24 db de 2
) ) 120y, 5, S (s X, )] Vk,a(x)ww—Chl,h2||f||L]%’a(R)-

The characterization of L ,’:ﬂ (R),for1 < p < oo, bythe mean of the (k, a)-generalized

wavelet transform is given by the following theorem. A function & € L,%‘ «(R) is said
to satisfy (Hyp) if

/ () — TRl ya(y) < €, xox0 € R.
[ 1y[=1x]1=2]x—x0]

In the rest of this subsection, we assume that the (k, a)-generalized wavelet & satisty
(Hy).

Theorem 4.4 Let h be a real (k, a)-generalized wavelet. Then the (k, a)-generalized
k.a . .
wavelet transform ®,'" is a bounded linear operator

Ly, (R) — L*RF, 480 x LY, (R),

f — D),

moreover, for any f € L,’:’a(R), l<p<oo

® e db :
170 > ( /R ( /0 D) dyaw)’. @2

Proof Let Wklj ., denote the space L2(RT, ) X Lp »(R) associated to the norm

b2k+u

g, ={ [ ([ 170008 ) anaco ]

If we take p = 2, then from Plancherel’s formula (4.12):

a o a db 7
195Dz, ={ [ ([ 10500, 0P 5557 )amao) = VGl Flg

Then the singular integral theorem, (see [45]), applied to operators with values in

L*(RY, 7% b leads to the:

195 Pllyy. < AP DIy @ 1<p =2,
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where the constant A(p, h) depends only on p and /. Due to duality the inequality is
also valid for 1 < p < oo. It follows that

1

] db P 1
( /R ( /O 0} (NP 7577 ) )" = AP WIS p, - (422)

Conversely suppose that f € Li’ LB N L,’; +(®). Since the (k, a)-generalized

/
wavelet transform being an isometry, for every g € L,% JLB)N L,f . (R), we can write

db _
/ / SL(f) (b, )DL () (B, x) i dvea(s) = /R F@)g@dYka ().
(4.23)

Now,
| [ Gy
db
= ch‘ / / (b, DB (@b, g d e ()
db
/ / B (NGB (@) b, ) Sy d ).
Involving Cauchy-Schwarz’s inequality, Holder’s inequality and (4.22), we get
|| sG]
1 o k,a 2 db % %
<o /R ( /O O} (N0 57 ) dva )
*© k,a db %, L/
( /R ( /0 |®, <g><b,x>|2b2k+a) dyk,am)p

A(p7h) o k,a 2 db ’2*) %
= C (/R</O |®)," (f)(D, x)| b2k+a) de,a(x)> IIgIILZ/a(R).

By density the inequality is valid for all g € L,f l »(R), remember that:

| fR F()g(x)dye,q(x)]

||f||L£’.a(R) sup 2l
geLl (®) Sy ®

then, we get

A(p,h) /[ . db \%
g 0 = L2 ([T [T @b 0,08 ) o)

%\—‘
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[m}
In the rest of this subsection, we assume that a = %

Theorem 4.5 (Parseval’s formula) Let us assume f € L,fya(R), g € Lf’/a(R) with
1 < p <oo. Ifhis areal (k, a)-generalized wavelet, then

1 * a PRV db -
C_h./R/o CI>];[ (D, x)CDI,‘l (g)(b’x)—bzmadykﬂ(x)Z/I;f(x)g(x)d)/k,a(x}
(4.24)

Proof Consider the bilinear transform L:

LY (R)x LI (R) — R
(f.9) > (D5 (), @y (€)) e

where (., .)ay, , is defined by

oo /
e Do = [ [ 50X 000,50, w0 € WL, x W,
R JO
Involving Holder’s inequality two times, we get

IL(f, @) = (D5 (f), D5 (8))du ]
; db 3}
S/R(/O @ (f)(b, %) bma) (/ ¢2‘”(g)(b,x)|2b2k+a) Ay ()
g

([ ([Tt nrm) )’

» i
7

(L[ w0 ) o)

Using Theorem 4.4, we have

IL(f. &)l = CIIfIILkI{a(R)IIgIIL’ffa(R)- (4.25)

Moreover for all f € Lﬁ,u(R) N L,f‘a (R)and g € L,%’a ®)N L,’::u (R) we get
L(f.8) = (P () 5 (@)dues = Chl S 8)12 - (4.26)

From equations (4.25), (4.26) and density of spaces L%’Q(R) N L,f’a(R) in L,f’a(R)
gives the result. O
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Corollary 4.1 (An inversion formula) Let h be a real (k, a)-generalized wavelet. For
all fin L,f’a(R), 1 < p < 00, we have

1 o0
f =5 / / O () (b, Xy ()b, ). @27)
h JR JO

The equality holds in L,f’ 4(R) sense and the integral of right hand side have to be
taken in the sense of distributions.

Proof The proof follows from Theorem 4.5. O

Remark 4.4 We note that the authors in [31], have studied the analogues of the results
presented in this section in the setting of a class of singular differential-difference
operators on the real line.

4.2 Time-Invariant Filter

Definition 4.4 Let f be any signal and b € R. Then the linear operator L is said to be
time-invariant filter if it satisfies

LA f) () = L)1), forall t € R,

As follows theorem, we will show that the (k, a)-generalized convolution operator is
time-invariant filter.

Lemma4.1 Let L be a linear time-invariant filter. Then, there exist a function g €
L,l o R) such that

L(Bia(A 1)) = Fr.a(@) (W) B (A, 1). (4.28)
Proof Set
g (t) = L(Bra(h, 1)). (4.29)

Applying operator L to (3.8) and using (4.29), we have
L(Bia(r. 1)Bra(h ) = /R LBy )52 (1)
A k,a
= /R g (0dEf L (x). (4.30)
As, L is linear, then by (4.29), we get

L(Bia(h )Bra(h, y)) = Bra(h, y)g"(0). (4.31)
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Thus (4.30) and (4.31) give us

/R g (e (0) = Bia(h, 1) (0). 4.32)
Put = 0 in (4.32) and using (3.9), we obtain

&' () = g (0)Bra (A, y).

Now replacing y by # and assume g*(0) = Fr.a(g) (1) for some function g € L,La (R),
we obtain

g4 () = Fra(@) W) Bra (). (4.33)
Thus, involving (4.29) and (4.33) the result is proved. O

Theorem 4.6 Let L be a linear time-invariant filter. For each signal f, we have

Lf(t) = [ *ka &),
where g is the function given by (4.28).

Proof We have
f@0) = /R Frea(F))Beah, Ddyi.a().
Applying operator L to both sides of the last identity
LF® = L[ [ Al 0Bl i yan]
Using (4.28), we obtain
Li() = fR Fia ()09 Fia (@) 0 Brea O Dl i a ()
- fR Fralf #a 2D BraGh Dy a ().

Using inversion formula for the (k, a)-generalized Fourier transform, we derive that

Lf(t) = f *k,a g(t)'
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Theorem 4.7 Let f € L,%’a (R) and h € Li’a(R) be a (k, a)-generalized wavelet. Let

(b,x) € R2, there exist a linear time-invariant filter Ly such that we can write the
(k, a)-generalized wavelet transform as

DFU(f)(b, x) = Ly f(x). (4.34)

Proof Involving (4.9) and the inversion formula for the (k, a)-generalized Fourier
transform, we get

()b, x) = / Fra ()W) Fra(B)(bA) By o On, X)d i a (1)
R
From above, we can prove that there exist a linear time-invariant filter L, satisfying
Ly[Br.a(h. )] = Fie.a(h) (b2) Bra (R, ).

So, we derive that

O (f)(b. x) = /R Fal )W) Ly[Bra O D 1dvi.a(h).

By linearity property of Lj, we have

()b x) = Ly fR Fea )0 BeaOr Ddyea(h) |
Hence

) ()b, x) = Ly f (x).
This completes the Theorem. O

Example 4.1 Let h be a function with a finite support. For a signal f, we put
Lf(t) =h*kq f(2). (4.35)

The operator L is a time-invariant filter.

Proof On the follow we will to prove that the operator L is time-invariant filter. Indeed,
for any b € R, we have

L)) = fR Lf(2)Ara(b, 1, 2)dVi.a(2)

_ fR /R hEOT F ) Bra (ot Ddvea () dyia(2)



Generalized Convolution Operator Associated with the... Page370f43 36

= [heo( [ e r@Ba @) draw)
R R eax

=th(x)r§'“r"£ J(@Odyr,a(x)

e a x

_ Aé BT, @ PO
k,a
— R f o h ()

= L} f)(1).

This completes the proof. O

Remark 4.5 We note that Prasad and Kumar [41], have studied the time-filter for the
fractional wavelet transform.

4.3 (k, a)-Generalized Hausdorff Operator

The main purpose of this subsection is to extend some results of the classical Hausdorff
operator given in [19, 30] in the (k, a)-generalized Fourier setting.

Definition4.5 Let ¢ € L'(R) and f € L,i +(®R). The (k, a)-generalized Hausdorff
operator is defined as:

HEf (@) = /R mi% FCdr, xeR. (4.36)

By simple calculations we prove the following:

Lemma4.2 If f belongs to L,l,a (R) and ¢ belongs to L' (R), we have

fk,a(HfZ’“f)(l) = /Rfk,a(f)(tXW(X)dX- (4.37)
Definition 4.6 For f € L%’a (R), the Riesz transform Ry , is defined as:

k,a
. T )
Rea£)() = Ci lm [ BT ), (4.38)
=0 |y|>e [yl

2%kta—1 T(2ta)
where Cy s =a « 4.
ka BEYEY

The Hardy type space H, kl’a(]R) associated with the (k, a)-generalized Fourier trans-
form is defined by

HL®) = e L (R Ria(f) € L}, ®)],
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endowed with the norm
”f”Hk].a(R) = ||f||LI](.a(R) + ”Rk’“(f)”LlI(,a(R)' (4.39)
We note that in [2], we have proved that Ry , is a multiplier operator given by
FiaRica f)(1) = (€7@ sgn ) F.a ()@ (4.40)
Thus, it follows immediately that if f € Hkl’ a (R), then
Fra()(0) =0 (4.41)

and by uniqueness of the (k, a)-generalized Fourier transform

RiaRea /) (0) = e 0 f(2). (4.42)

In particular, if f € H] ,(R), then Ry o f € H} ,(R) and

”Rk,af”HkIH(]R) = ”f”Hk]a(R)'

Theorem 4.8 Let p € [1, o] and ¢ be a measurable function on R such that
1
Cp.kano) = [ Il ar < oc,
R
The Hausdorff operator ’Hé’“ is bounded linear operator on L,I:, +(R), with

I Fllr @ < Cp ka0 f Iy @)

Proof Letusnote f;(x) := f(x/t), dyk.a(t) == |1|72k=aH 1 (1)|dr and let’s consider

the integral
1/
= ([ ([ 15@ianam) aram)”".

Using Minkowski’s inequality for the measure dyj 4, we get

1= /R OOl @ < /R 1Ol @ dVea®

1/
= [ ([ 1rcran.m) .
R R
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For ¢ # 0 fixed, the change of variable x +— u = x /¢ in the last integral gives

/R )P dya(x) = /R /O dyga(x) = 124! /R @) 1P dya )

2k+a—1 p
| I ”f”l]f,a(R)

Thus
2k+a—1)(L—1
I<|flp (R)/ @Il @G Vdr = Cp.k,a, 9 fllr .
,a R .a

Going back to the definition of I, we deduce that the integral Hé’“ flx) =

/ Ji(x)dyr.q(t) is absolutely convergent for almost all x € R, and defines a function
R

HE“f € Ly ,(R) with

IHE Fllp gy <1< Cp k@ OIf Iy ey

Remark 4.6 When p =1, C(p, k,a,¢) = ||¢||11®)-

Lemma4.3 Let ¢ € L'(R) and §(t) := (sgnt)e(t), t € R. Then for f € L} ,(R)
Rica M f = Hg Ricaf-

Proof Let ¢ € L'(R). By Theorem 4.8, for p = 1, we have H’;;“f e L'(R). From
(4.40) and (4.37) it follows that

FraRiaME f () = ¢ & (sgn ) Fra a4 f(3) = e (sgn y) fR Fra(N)ty)gt)dt

and analogously,

Fia M R f () = /R FraRea /) )F@)dt
— o /R (sgn 1) Fe.a () 1)F (1) d1
— o (s y) /R (s ) F () (19)F ()t

= ¢ (sgn y) /R Fral N ty)p0dr.
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Involving the injectivity of the generalized Fourier transform F; ,, we derive the result.
(]

On the follow we will to prove the boundedness of the (k, a)-generalized Hausdorff
operators on the Hardy space Hkl,a(R).

Theorem 4.9 Let ¢ € L'(R). Then for f € Hk]’a(R)
”Hgaf”H,}ﬂ(R) < “‘p”Ll(R)”f”Hkl‘a(R)'

Proof Let f € Hkla(]R). Then Ry o f € L,i o (R) hence by Theorem 4.8, for p = 1,
and Lemma 4.3 we have

k, k, k,
”Hgoaf”Hk'va(]R) = ||H¢af||L]1(’ﬂ(R) + ||Rk,uH¢af||L}(’a(R)
k, k,
= ||H¢af||[‘]1(,a(R) + ||H¢‘aRk,af||L}c’a(R)

=< ||‘P||L1(R)||f||1‘}(>a(]g) + ”(Z”L'(]R)”Rk,af”L}(a(R)-
This shows the theorem, since [|¢||;1®) = ||<Z||L1(R). O

Proposition4.4 Let h € L%’Q(R) be a (k, a)-generalized wavelet and f € L}(’a(R),
then the generalized convolution f xy 4 h is a (k, a)-generalized wavelet.

Proof Using Theorem 3.4, we derive that f s 4 h € L%’Q(R) and we have
If *k,a h”LI%,a(R) < C(k, a)”f”Li,a(R)”h”Li,a(R)'
Next, we have to show that

fo Fra(f #a DOIPSS < oo,

Involving Plancherel’s formula (2.15) and (2.13), we get

o0 di o0 di
/0 |Fra(f *k.a h)(x)|27 = /0 |fk,a(f)(x)fk,a(h>(x)|27 <0

oo

dxr
< 1FealHlig, @ /O Fea (M@=

o di
2
<1/l @) /0 Fia B

This shows that f % , & is a (k, a)-generalized wavelet. O

We obtain a relation between the (k, a)-generalized wavelet transformation and the
(k, a)-generalized Hausdorff operator.
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Theorem 4.10 Let f € L} ,(R), h € L} ,R)NL} ,(R)a (k a)-generalized wavelet

and a measurable function ¢ on R such that / |<p(t)||t|_ dt < 0. Then, we

have
O3 (HE (b, x) = /R (f)( ) 1 @y,

Proof Leth € L%, «(R) be a (k, a)-generalized wavelet. By Parseval’s formula (2.15)
and (4.4) we have

O3 (f)(b. x) = /R Frea(F)0) Fiea () (b3 Bra (x, Ddyi.a ().
Therefore,
O (HE (b x) = /R Frea(Hig® £)(0) Fie.a () (b1) Bra (X, M yia (M)
= fR fR Frea ()Y @(0)dt Fi.a(h) (1) By o (x, ) dyi.a(X).

Putting At = u, we obtain

B (HE 1) (b, x) = / 20 / Fia 10 Fi 0 ) B o ) )i )

— /Rob’,j’“(f) (;, 7) 12kt (1yd.

Thus the theorem is proved. O

5 Conclusion

In the present paper we have successfully studied the generalized translation operator
and the generalized convolution product associated with the (k, a)-generalized Fourier
transform. Profiting of the harmonic analysis presented in this paper, we have studied
the analogues of the results of [35]. In the forthcoming papers, we will focus on some
problems of time-frequency analysis, harmonic analysis and PDE.
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