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Abstract

Let £ C C" be a Lagrangian plane. In this article, we give structure for L-invariant
operators on the Fock space F2(C"). With the help of this structure, we study Toeplitz
operators T, on F2(C") with L-invariant symbols a € L>(C"). We show that every
operator in the C*-algebra generated by Toeplitz operators with L-invariant symbols,
denoted by 7 (L°°), can be represented as an integral operator of the form

(HY )(z) = fcn fw)e(z + X*Xw)e*Pdr(w)

for some ¢ € F2(C") and X € U(n, C) such that X£ = iR”. In fact, we prove that
H‘f € T (L) if and only if there exists m € Cp_,(R") such that

2 I’l/2 X212
0(z) = (—) / m(x)e 2= 2 dx, zeC"
T n

Here Cp, ,(R") denotes all functions on R"” which are bounded uniformly continuous
with respect to the standard metric on R”".

Keywords Fock space - Bargmann transform - £-invariant operator - Toeplitz
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1 Introduction and Preliminaries

The Fock space F? := F2(C") consists of all entire functions f on C" which are
square integrable with respect to the Gaussian measure

drz) = nfneflzlzdz.

The space F2(C") is a closed subspace of the Hilbert space L>(A) := L>(C", dA) of
all Lebesgue measurable functions f over C" such that

/ |f(2)?dA(z) < oo.
(Cn

The norm and inner product on F2(C") are inherited from L>(C", dA) and they are
respectively denoted by || - || p2 and (-, -) 2. This space is a reproducing kernel Hilbert
space (in short, RKHS) with reproducing kernel given by

K(z,w) = Ky(z) =, Vz,w e C".

For each fixed w € C", the function K, is called reproducing kernel at the point w
and it belongs to F2(C") := F2. For ¢ € L®(C") := L, the Toeplitz operator
T, on F 2(C™) is defined by T,f = Pof, where P is the orthogonal projection on
L*(C", d)) with range F2(C") and it is given by

(Pf)(z) = /C ) fw)e?dr(w)

forall f € L?>(C",d)) and z € C".

Since few decades, Toeplitz operators on holomorphic function spaces (Hardy
space, Bergman space, Fock space, etc.) have been widely studied. To obtain deeper
results, these operators are studied by restricting the defining symbols to specific subset
of L°°. We observe that the Berezin symbols of these Toeplitz operators also belong to
a specific subset of L°°. We refer to [4, 5, 7-11, 13] and references therein for similar
problems studied in Fock space, Bergman spaces and weighted Bergman spaces.

If S is a bounded linear operator on F2(C™"), then it’s Berezin symbol (also called
as Berezin transform), denoted by S, is a bounded function in L*°(C") given by

S(@) = (Sky, k) g2, (1.1)

where k;, = K;/||K;||p2 is called normalized reproducing kernel at z. Let
B(F*(C™)) := B(F?) denote the space of all bounded linear operators on FZ(C™").
For every S € B(F?), there exists a unique operator S* € B(F?) such that
(Sf,g)p2 = (f,S*g) g2 for all f,g € F2. This operator S* is known as adjoint
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of S. Due to the existence of the reproducing kernel, every operator S € B(F?) can
be uniquely written as an integral operator as shown below.
For S € B(F?) and 7z € C", we have

(8/)(@) = (S, Ko) p2
= (f,5"K.) 2

- [C ) (SR w)dAw).

Let Ks(z, w) := (S*K)(w) = (S*K;, Ky)p2 = (K;, SKy) g2 = (SKy, K;) 2 for
all z, w € C". Then we have

(S = / fw)Ks(z, wydr(w), Vz,w e C". (1.2)
(Cn

In this article, we consider various classes of integral operators of the form (1.2)
such that Berezin symbols of operators in each class belong to a specific subset of
L% (C"). In Sect. 2, we study operators with Berezin symbols invariant under imagi-
nary translations. Such operators are called horizontal operators. We show that every
horizontal operator on FZ(C") can be represented as an integral operator of the form

(Hy f)(2) =/C f ez + W)eda(w), (1.3)

where ¢ € F?, f € F? and z € C" (See Theorem 2.12). Let B consists of all
bounded operators of the form (1.3). We show that 3 is a maximal commutative C*-
subalgebra of B(F?(C")). Let 75, (L°°) denote the C*-algebra generated by Toeplitz
operators T, with horizontal symbols a € L°(C"). As every Toeplitz operator T,
with horizontal symbol a € L°(C") is horizontal operator, we get 7p,,, (L) C B
(See Lemma 2.15). We give explicit representation of operators in 7, (L°°) in the
form H,.

Let £ be a Lagrangian plane of C". In Sect. 3, we consider operators on the Fock
space having Berezin symbols invariant under translations over the Lagrangian plane
L. These operators are called L-invariant operators. We show that every L-invariant
operator on F? is of the form

HENE = [ Fpt+ X TweTdiw, (1.4)

where ¢ € F2, X is unitary matrix of order n over C such that X£ = iR". Let B%
be the collection of all bounded linear operators of the form (1.4). As every Toeplitz
operator with £-invariant symbol is an L-invariant operator, the C*-algebra generated
by these operators, denoted by 77 (L), is a subalgebra of BX. We give explicit
integral representation of the form (1.4) for operators in the collection 7 (L).
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2 Horizontal Toeplitz Operators

We first give some basic notations, definitions and results which will be used through-
out the section. Let L?(R") := L? denote the space of all complex valued measurable
functions such that

113, = /R | £ () Pdx < oo,

where dx = dxidx;...dx, is the Lebesgue measure on R”. If f is a suitable
measurable function on R”, then it’s Fourier transform is defined by

o
(n)n/z

FN) = s [ Ty,

The Fourier transform F : L>(R") — L?(R") is a unitary operator and the inverse
Fourier transform is given by

1 .
E 0 = s [ F0Eay.

Let a,b € R" and f be a measurable function on R”. Then the translation and
modulation of f are given respectively by

(T f)(x) = f(x —a), (Mparise) f)(x) =P f(x), x e R". .1

The operators 7, and M 2xin¢) defined above are unitary operators on L?(R"). The
following theorem is well known.

Theorem 2.1 For any real numbers a, b € R", we have

FTL,F '= M, origs FMpmin F' = T_np
Thus, the Fourier transform intertwines the operators 7, and Me,z,,,- aq foralla € R”.
Definition 2.2 (Weyl operator) For a € C", the Weyl operator, denoted by W,, is a
unitary operator on F2(C") given by

R
Waf)(2) = fz — a)eTe™ %, zeC", fe FX(Ch. 2.2)

Bargmann transform: In [2], V. Bargmann introduced a transform B, known as
Bargmann transform, which is an isometric isomorphism from L?(R") onto the Fock
space F2(C") and it is defined by

(Bf)(z) = (;)Z /Rn f(x)ezx“xz*%dx, zeC", fel*®".
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The inverse of the Bargamann transform is given by
—1 2 % Z)f—xz—i n 2 /mn
B Hw=(2)" [ f@T T A, xe R fe PO,
Rn

We refer to [1] for recent application of Bargamann transform on L?(R>"). We refer
to [6, 14] for more information about the Bargmann transform and it’s various appli-
cations in mathematics. The following properties of the Bargmann transform are well
known and can be found in [15].

Theorem 2.3 For any real numbers a, b € R" we have

BT,B~! = w,.

BMeZm'b(-)B_l = W_pi.

B(M i) TH)B™ ' =™ iw,_ 4.
(BFB7f)(z) = f(—iz), f € FX(C"), z e C.
(BF'B7'f)(2) = f(iz), f € F*(C"), z e C".

A S e

The following lemma gives a necessary condition for boundedness of linear operator
on the space F2.

Lemma 2.4 [14, Proposition 3.1] The linear mapping T — T is one-to-one, order
preserving and bounded operator from B(F?(C")) to L°(C") with 1T ||Loocny <
1T 2 2.

Let m be a measurable function on R” and M,, be a multiplication operator on L2 (R")
defined by M, f = m - f forall f € L>(R"). Then the operator M,, is bounded on
L2(R") if and only if m € L*°(R"). Moreover, IMpllj2— 12 = llmllpeo@®n. The
following theorem is well known.

Theorem 2.5 [10, Lemma 2.1] Let M € B(L*(R")). Then MM 2xiacy = M 2xiaty M
forall a € R" if and only if M = M,, for some m € L= R").

Now we give definitions of horizontal function and horizontal operator.

Definition 2.6 (Horizontal function [5]) A function ¢ € L% (C") is said to be hori-
zontal if it is invariant under imaginary translations. That is, for every 7 € R", we
have ¢((-) — ih) = ¢(-) almost everywhere on C".

Definition 2.7 (Horizontal operator) Let T € B(F*(C")). Then T is said to be
horizontal operator if it’s Berezin symbol is a horizontal function on C".

We have the following criteria for a bounded operator on F2(C") to be horizontal.

Theorem 2.8 [5, Theorem 3.7] Let T € B(F3(C")). Then the following are
equivalent:

(1) T is horizontal operator.
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(2) T commutes with Weyl operators Wi, for all a € R". That is,
TWi, = Wi T, VaeR"
3) (B~'T B) commutes with modulations on L*(R"). That is,
(B~'T BYM 2xivy = M oniny (B™'TB), Vb € R™.
(4) There exists m € L®(R") such that BM,B~' = T.

Remark 2.9 Let o € L°°(R"). Then a straight forward calculation shows that

(BMyB~' )(2) =/ f(w)(/ a(x)e2<X”z“’>2dx>e“Dduw), zeC".
(Cn Rn

Motivated by the Remark 2.9, we consider the following class of integral operators on
the Fock space F2(C").
For ¢ € F2(C"), consider the operator Hy, on F 2cmy formally defined by

(Hy f)(z) = /@l fw)e(z +w)edr(w), zeC".

We observe that if H,, is bounded operator then it’s Berezin transform, denoted by

H,, is a horizontal function given by

Hy@) = +7), VzeC".
Hence, every bounded operator H,, is horizontal operator.

Lemma2.10 Let m € L*®°(R"). Define
(p(z) — f m(x)e—2(x—%)2dx

forall z € C". Then ¢ € F>(C").
Proof Letz = u + iv € C". Then we have
¢(2) = / m(x)e 203 gy
Rﬂ
= / m(x)efz(xfuziv)zdx
=/ m(x + %)e_zxz'ﬂ"x”%dx

= n”/ze%]—”l (m(x + %)6’2)‘2)(1))'
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Therefore
2

—“2f y—‘—l( <x+ %)e_zxz)(v)‘ dvdu

Rﬂ
—u? z —2x2

/R" m(x + 2)6
< ||m||oo</ e‘”zdu)(/ e_4x2dx>

Rn n

< Q.

2 2
lell7, = ="/

2
= n"/? dxdu

e
Rn

e
Rn

m}

Lemma 2.11 Ler ¢y, o € F>(C") such that the operators Hy,, Hy, are bounded on
F2(C"). Then Hy, = Hy, if and only if ¢1 = ¢».

Proof If ¢; = ¢y, then it is trivial to check that H, = H,,. Conversely, suppose
Hy, = Hy,. Then for every f € F2(C"), we have (Hy, )(0) = (Hy, f)(0). Define
91 (z) = ¢1(2) and 5 (z) = @2(z) for all z € C". Clearly, ¢}, @5 € F%(C"). We
observe that

(f> 91 p2 = (Hyy /)0) = (Hp, [)(0) = (f, 93) 2, Vf € FA(C).

So we have (f, o] — ¢3)p2 = 0forall f F2(C™). In particular, if f = o] — o5
then we get ¢} = ¢ and hence ¢ = ¢. O

Let A = {T : T is horizontal operator on F2} and B = {H, € B(F?) : ¢ € F*}.
Now we show that 2 = 8.

Theorem 2.12 Let T be a bounded linear operator on the Fock space F>(C"). Then
T is horizontal if and only if there exists a unique ¢ € F*>(C") such that T = Hy,.

Proof Suppose T € 2(. Then by Theorem 2.8, we have that there exists o € L (R")
such that T = BM, B~!. Define

©(2) :/ o(x)e_z(x_%)zdx, vz € C".

By Lemma 2.10, we get ¢ € F2(C") and Remark 2.9 implies that T = H,. The
uniqueness of ¢ follows from Lemma 2.11.

Conversely, suppose T = H,, for some H, € B. We know that every bounded H,
is horizontal. Hence T is horizontal operator. O

Corollary 2.13 Let ¢ € F2(C"). Then the operator H, given by (1.3) is bounded on
F2(C") if and only if there exists m € L>®(R") such that

2 I’l/2 ) e
v = (E) /R m(x)e 22 dx (2.3)
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for all z € C". Moreover, we have
| Hpll p2— p2 = [lm| Lo ().

Proof Let ¢ € F*(C") such that H, is bounded operator. Then H, is horizontal
operator. By Theorem 2.8, it follows that there exists m € L°°(R") such that

H, = BM,B™". (2.4)

By Remark 2.9, we get
(BMuB™' f)(z) = /C f(w)(/;vm(x)e—2<x—”zwfdx>ez@dx(w).
Define
Yv(z) = ,/R" m(x)e_z(x_#)zdx, zeC".
It follows from Lemma 2.10 that y € F2(C"). This implies that

BM,,B™' = Hy. (2.5)

Combining (2.4) and (2.5), we get H, = Hy,. Then, using Lemma2.11, we getg = .
That is,

2 n/2 .0
0(z) = (—) / m(x)e 2" dx, zeC".
T R?

Conversely, suppose ¢ € F 2(C™) and it satisfies (2.3) for some m € L (R"). Then
M,, € B(L*(R")) and, by Remark 2.9, it follows that H, = BM,, B~ € B(F*(C")).
Also, [[Hyll p2s p2 = (M|l 12 12 = ||m]| Loorny. O

Corollary 2.14 The collection B is a maximal commutative C*-subalgebra of B(F?).

Proof Consider the map n : L*°(R") — B defined by m — H,,, where

2 }’l/2 i
o(z) = (—) / m(x)e 2*"3)qx, 7z e C".
T n

Notice that n(m) = Hg, where ¢ € F 2(C™) and it is given by

2 n/2 0
() = (—) / mx)e 20677 dx, zeC".
b4 R2
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Let mi,my € L (R"). Then mim, € L*(R") and n(mimy) = H,, where ¢ €
F?(C™) and it is given by

2 n/2 .
0(z) = (—) / ml(x)mz(x)e_z(x_i)zdx, zeC.
T R”

By (2.4), we get
n(mimy) = Hy = BMyy,my B~ = (BMyy, B~ (BMyy, B™Y) = n(m1)n(ma).

This implies that the map 7 is well-defined *-preserving onto isometric isomorphism.
Since L*°(R") is a maximal commutative C*-algebra (see [12, Proposition 1.14]), it
follows that 95 is also maximal commutative C*-subalgebra of B(F 2). O

For horizontal Toeplitz operator T, (a € L°°(C")), the following two results are proved
in [5].

Lemma 2.15 [5,Lemma3.6] Leta € L°°(C"). Then T, is horizontal Toeplitz operator
on F%(C") if and only if a is horizontal function.

Combining [5, Theorem 3.7(iv)] and [5, Theorem 3.8] we have the following.

Lemma 2.16 Let T, be Toeplitz operator on F2(C") with horizontal symbol then there
exists yp € L°(R") such that

n

~ (y_EEZy2
Ta<z)=ﬂ‘"/2/ ya()e V2 dx,
where
- y —(x—y)? n
Ya(x) =1 "/2/ a(—e dy, xeR".
n ﬁ

In the next theorem, we give an alternative representation of the form (1.3) for Toeplitz
operator on F2(C™") with horizontal symbol.

Theorem 2.17 For every Toeplitz operator Ty with horizontal symbol a, there exists
¢ € FX(C") such that Ty = Hy, where

2\" 2
p(z) = (—) / (/ a(Y)e_z("‘Y)zdy)e‘z(x_z)zdx.
T R~ n

Proof Let T, be a Toeplitz operator with horizontal symbol a. By Lemma 2.16, Berezin
transform of Tj is given by

~ (v 2FZ\2
Ta(z) = ”7'1/2/ Ya(X)e =) dx, zeC",
Rn



99 Page100f18 S.R. Bais, D. Venku Naidu

where y, € L (R") and it is given by

- M —(x—y)? n
Ya(x) =1 ”/2/ a(— e " dy, x eRM
n \/E

We observe that

Tax) =" f Va(V2x)e 26— gn/2 g

n

T

2\""? 2472
B (_> / Ya(W2x)e 20T dx, 7 e
Define

n/2 .
p(2) = (;) / Ya(W2x)e 2=’ qx, s e, (2.6)
Rn

By Lemma 2.10, we have that ¢ € F?(C"). Also, Corollary 2.13 implies that the
operator H, € B(F 2(C™")) and it’s Berezin transform is given by

Hy(2) = p(z+7)

2\"? 472
= (—> / Ya(W2x)e 255 gy
Rn

T

Therefore, we get Ta = ﬁ(p and using Theorem 2.4 we get T, = H,. Thus, we proved
that every Toeplitz operator T, with horizontal symbol a € L*°(C") is of the form H,,
for some ¢ € F2(C"). The functions a and ¢ are related as follows.

2 n/2 2)2
o(z) = (—) / Ya(v/2x)e 273 gy
T Rn

2\"? y 2 zy2
O L o o)
T n n \/5
n
:(z) f </ a(}’)e_z(x_y)zdy>e_2("_5)2dx.
/g n n

Let f1, f> be suitable measurable functions on R”. Then the convolution of f; and
f>, denoted by f] * f2, is given by

]

(f1* f2)(x) = [Rn fik =) fa(y)dy, x e R"

By [5, Lemma 3.6], we have that every horizontal function a € L% (C") is of the form
a(z) = b(Nz) for some b € L*°(R™) and vice versa. In fact, it can be easily seen that
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b = alp. So hereafter we identify horizontal functions in L°°(C") by functions in
L% (R™). Consider the function

2 n/2 2
g(x) = <—> e, x eR". 2.7
T

Clearly g € L'(R"). Let g denote the Fourier transform of g. It is easy to see that
g(y) #0forall y € R".

Let Cp,,(R") := Cp,, denote the collection of all Lebesgue measurable functions
m on R” that are bounded uniformly continuous with respect to the standard metric
on R". Clearly, Cp ,(R") € L*°(R"). The following result is well known and gives
some of the dense subsets of Cp , (R").

Lemma 2.18 [5, Proposition 5.4] Let h € L' (R") such that ﬁ(x) # 0 forall x € R".
Then the collection {h x f:fe€ LOO(R”)} is dense in Cp ,, (R™).

Theorem 2.19 The C*-algebra generated by Toeplitz operators on F>(C") with
horizontal symbols, denoted by Tp,,, (L°°), is given by

n/2 i
Thor (L) = =H¢ cp(2) = (;) / m(x)e_z("_5>2dx for somem € Cb,u(R”)}.

Proof Let J = {a x g :a € L°(C") is a horizontal function and a|g: = a}. By
Theorem 2.17 and Corollary 2.14, we have n(J) is equal to the collection of all
Toeplitz operator with horizontal symbols. Therefore, 7y, (L°°) is equal to the image
of C*-algebra generated by the collection J under the map n. But, by Lemma 2.18,
the C*-algebra generated by J is equal to Cp , (R"). Therefore, we get Tpor (L) =
n(Cp.,(R™)). That is,

2\"/?
Thor (L) = =H¢, to(2) = (;> / m(x)e_z(x_i)zdx for some m € Cb,u(R”)}.

This proves the theorem. O

Now, we recall the example of horizontal Toeplitz operator T, given in [5, Example
5.7] which does not belong to the C*-algebra 73, (L°°). By Theorem 2.19, we have
that the defining symbol a of such Toeplitz operator is unbounded. We now find the
function ¢ € F2(C) so that the operator T, can be represented as an integral operator
H, given by (1.3).

Example 2.20 Let a(x) = e(*+D%° x € R. Clearly, a ¢ L®(R). Also, we have
ya(x) =1+ ieixz, x eR.

Letx, =nandy, =n+ 27’—" for each n € N. Then it is easy to see that lim,,_, o0 |x;, —
Y| = 0 but lim,,_, o0 [Ya (xn) — Ya(yn) = 2°/* #£ 0.



99 Page120f18 S.R. Bais, D. Venku Naidu

Since ||yallzom) < [vT+1i

, we define
o) 1/2 o
0(z) = (—) / Ya(v2x)e 272 dx
s R

1/2
= <E> / 1 +ieZix2e72(x7%)2dx.
s R

By Lemma 2.10, we get ¢ € F 2(C) and proceeding as in the proof of Theorem 2.17
it follows that 7, = H,,. Then Theorem 2.4 implies that T, = H,.

3 L-Invariant Toeplitz Operators

In this section, we consider slight change in our notations. We identify C" with R>"
via the mapping (z1,22,...,2,) — (x,y), where x = (Nzy,...,Nzy) and y =
(3z1, ..., 3z,). Thus, iR" is identified with {0} x R”. Let K = R or C. The set
M(n, K) denote the collection of all n x n square matrices with entries in K. Let
J € M(2n, R) be such that
0o I,
=[5 6]

where 0 and I, are n x n zero and identity matrices respectively. Let S € M(2n, R).
Then S is said to be symplectic matrix if it satisfies

sTyjs=ss8" =, 3.1

where the matrix J is as above. The set of all symplectic matrices is denoted by
Sp(2n, R). The matrix J given above is also a symplectic matrix and it is known as
standard symplectic matrix.

Let w denote a bilinear form on R?*. Then w is said to be symplectic form if it is
antisymmetric and non-degenerate. The standard symplectic form on R?", denoted by
wy, 1S given by

wO(Z,w)=JZ-u)=u-y_v.x

forall z = (x,y), w = (u,v) € R and J is the standard symplectic matrix. A
symplectic space (V, w) is a vector space V equipped with a symplectic form w. We
now define Lagrangian planes of the standard symplectic space (R?*, wy).

Definition 3.1 (Lagrangian plane [5]) An n-dimensional linear subspace £ of R?" is
said to be a Lagrangian plane of the symplectic space (R>", wy) if for every z, w € £
we have wo(z, w) = 0. We denote the set of all Lagrangian planes in (R>", wg) by
Lag(2n, R).

For £ € Lag(2n, R), we define below L-invariant functions on R?".
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Definition 3.2 (L-invariant functions [S]) Let L € Lag(2n,R). A function ¢ €
L®(R?") is said to be L-invariant if for every a € £ we have ¢((-) — a) = ¢(-)
almost everywhere on R?".

A matrix A € M(2n,R) is said to preserve the standard symplectic form wq if
wo(Az, Aw) = wp(z, w) forall z, w € R¥. LetU(2n, R) = Sp(2n,R) N O2n, R)
denote the set of all symplectic rotations which is a group and every matrix in it pre-
serves the standard symplectic form, where O(2n, R) is the collection of all orthogonal
matrices in M (2n, R). LetU (n, C) be the set of all unitary matrices in M (n, C). From
[3, Proposition 30], we have that I/ (2n, R) is isomorphic to the unitary group U (n, C)
via the isomorphism 7 : U(n, C) — U(2n, R) given by

u -Vv
v U

forall U,V € M(n,R) such that U + iV € U(n, C). Using the isomorphism 7 :
Un, C) — U2n, R), we now identify each Lagrangian plane £ of R** with a subset
of C", which will also be denoted by L.

Let £ be any Lagrangian plane of R?". Then the transitive property of ¢ (2n, R) and
the isomorphism 7 : U(n, C) — U(2n, R) implies that there exists a unitary matrix
X € U(n, C) such that

YI(U+iV)=|:

XL =iR"

We refer to [3] for more information about the symplectic forms and the symplectic
matrices. From now on, for simplicity of calculations, we use this fact and rewrite the
definition of L-invariant function as follows:

A function ¢ € L*°(C") is said to be L-invariant if for every & € £ we have

() —h) =¢()

almost everywhere on C".
The horizontal case corresponds to £ = iR". Now we give definition of L-invariant
operators in B(FZ(C")).

Definition 3.3 (L-invariant operator) Let £ be a Lagrangian plane. A bounded oper-
ator T on the Fock space F2(C") is said to be L-invariant if it’s Berezin transform
is an L-invariant function on C". That is, for each 1 € L, the Berezin transfrom T
satisfies

Tz—h) =T()
for almost all z € C".
Let O(n, R) be the collection of all othogonal matrices in M (n, R) and O(n) is

the image of O(n, R) by the restriction of the embedding n : U(n, C) — U(2n, R).
Then we have the follwing:
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Proposition 3.4 [3, Proposition 46] The collection Lag(2n, R) is homeomorphic to
the coset space U(2n, R)/O(n).

For ¢ € F?(C") and a Lagrangian plane £, we define formally an integral operator
Hg : F2(C") — F(C") as

@ = [ e+ X TDediw),
Cﬂ

where X € U(n, C) such that XL = iR". Note that the operator defined by (1.3)
corresponds to X = I,,.

Remark 3.5 If L € Lag(2n,R) and X, Y € U(n, C) such that XL = iR" and YL =
iR", then it follows from Proposition 3.4 that ¥ = X O for some O € O(n, R). This
gives us H;f = H(f 0= HJ . Hence it is enough to study the operator Hg by fixing
X € U(n, C) satisfying XL = iR".
Lemma3.6 Let ¢ € F>(C"), L be a Lagrangian plane and X € U(n, C) such that
XL = iR". Then the Berezin transform of H(j( € B(F?(C")), denoted by HY, is
given by
ﬁg(a) =g(a + X*Xa)

forall a € C". Moreover, ﬁg is an L-invariant function on C". That is,

77X _ X

H; (a—1)=H, (a)
foralll € L and a € C".

Proof 1t is a direct verification. |

Definition 3.7 Let X € U (n, C). Define the linear operator Uy : FX(C" — FX(C")
by

Uxf(@) = f(X*z), VzeC" (3.2)

Since X* = X! € U(n, C), the operator Uy is unitary on F2(C") and U} = Ux+ =
Ux—l.

Definition 3.8 Let ¢ € F2(C") and X € U(n, C). Define px on C" by
¢x(2) = ¢(Xz), VzeC". (3.3)
From Eq. (3.2), we have that

px € FA(C") with [lgx |l p2 = @l p2.
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Lemma3.9 Let ¢ € F?(C"). Let L be a Lagrangian plane and X € U(n, C) such
that XL = iR". If x+ = Ux, then whenever Hgf € B(F%(C")), we have

X
HY = U} H,,. Uy,

where H,

Px*

and Hgf are defined by the Egs. (1.3) and (1.4) respectively.

Proof Given that ¢ € F2(C"), £ be a Lagrangian plane and X € U(n, C) such that
XL = iR". Suppose H(j( is bounded. Then for all f € F>(C") and z € C",
UxH) U f(2) = H) Ux f (X*2)

- / U3 ) w)p(X*z + X*Xw)e™ = da(w)
(Cn

=f FXw)o(X*(z + Xw))e = " di(w)
(Ct’l

= / fF(Xw)px+(z + Xw)e & X d(w).
(Cn

Using the change of variable w — X*w we get

UxHy U f(2) = /@l fw)gxs(z +w)e“" da(w)

= Hgox* f(@).

Hence, we have Hgf = U} Hy,. Ux. m]

X *

If £ is a Lagrangian plane and X € U(n, C) such that XL = iR", then as a con-
sequence of Theorem 2.12 and Lemma 3.9, we have the following corollary from
which we get that every L-invariant operator can be respresented in the form 1.4 and
vice-versa.

Corollary 3.10 Let L be a Lagrangian plane and X € U(n, C) such that XL = iR".
Then a bounded operator T on F>(C") is L-invariant if and only if there exists a
unique ¢ € F>(C") such that T = HX, where H(j( is given by (1.4).

Theorem 3.11 (Boundedness of H(ff ) Let ¢ € F*(C"), L be a Lagrangian plane and
X € U(n, C) such that XL = iR". Then the operator H(z( defined by the Eq.(1.4) is
bounded on the Fock space F*(C") if and only if there exists m € L™ (R") such that

n

0(z) = <;>2 / m(x)e—zu——’“zﬁhzdx (3.4)
Cll

for all z € C". Also, we have

X
I1Hy I p2 p = llmllLoo@ry.
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Proof From Theorems 2.13 and 3.9, we have H(f € B(F%(C™)) if and only if Hy,. €
B(F?(C™)) if and only if there exists m € L (R") such that

2\?
(px*(z) = (—) / m(x)e—z(x_f)de'
g n

Since px+(z) = @(X*z), we get

p(2) = (E)z f m(x)e 25 dx
g n

for all z € C". Also,

X
IH, |2 2 = | Hpys | p2 s p2 = lIm | oo @n).
]

Lemma 3.12 Let L be a Lagrangian plane and X € U(n, C) such that XL = iR".
Let a € L*®°(C"). Then we have

T, = U;Tax* Ux. (3.5)

From Lemma 3.12, we have the following remark.

Remark 3.13 Let £ be aLagrangian plane anda € L°(C"). Then the Toeplitz operator
T, is L-invariant if and only if @ is L-invariant function.

Let £ be a Lagrangian plane and X € U (n, C) is such that X £ = iR". Now we show
that every Toeplitz operator 7.X with an L-invariant symbol a € L>®(C") is of the
form H.X given by (1.4) for some ¢ € F2(CM).

Theorem 3.14 Let L be a Lagrangian plane and X € U(n, C) such that XL = iR".
For every Toeplitz operator TaX on F2(C") with L-invariant symobl a € L*®(C"),
there exists ¢ € F2(C") such that TaX = Hg , where

2 n .
v = <_> / (/ “X*(Y)ez(xy)zdy>62(xg)zd% zeC".
T n n

Proof Let T.X be Toeplitz operator on F2(C") with L-invariant symbol. By Lemma
3.12, we have UxTXU ¥ = Tuy. is Toeplitz operator with horizontal symbol ax:«.

Then Theorem 2.17 implies that Tuys = Hyys where

2\" z
px*(z) = (—) / (/ aX*(y)ez(xy)zdy)ez(xZ)de.
T R~ n
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Using Theorem 3.9, we get UxT,X U} = UXHg Uj. Hence, TN = ng‘, where

¢(2) = (X" Xz)
= px*(X2)

n
= (z> / </ ax*(y)e_z(x_y)zdy>e_2(x_X22)2dx.
/4 R” R~

This proves the theorem. O

Let £ be a Lagrangian plane, X € U (n, C) such that X £ = iR" and 7, (L°°) denote
the C*-algebra generated by Toeplitz operators with £-invariant symbols. From The-
orem 3.14, we observe that a bounded operator 7' on the Fock space F2(C") belongs
to 7o (L) if and only if UxT Uy € Tpor (L™). Hence, we have

Te(L™) = Uy (Thor (L) Ux = {H) = Uy HyUx : Hp € Thor}.  (3.6)

As a consequence of Theorem 3.14 and Eq. (3.6) we have the following:

Corollary 3.15 Let L be a Lagrangian plane and X € U(n, C) such that XL = iR".
Then the C*-algebra generated by Toeplitz operators with L-invariant symbols is
given by

n/2 Yo
T (L) = [Hg 1p(2) = <;) /n m(x)e 2¥=7) dx for some m € Cb,u(R”)}.
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