Complex Analysis and Operator Theory (2023) 17:92 Complex Analysis
https://doi.org/10.1007/s11785-023-01393-1 and Operator Theory

®

Check for
updates

The Number and Location of Eigenvalues for the
Two-Particle Schrodinger Operators on Lattices

Saidakhmat N. Lakaev' - Mukhayyo O. Akhmadova'

Received: 27 March 2023 / Accepted: 14 July 2023 / Published online: 3 August 2023
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2023

Abstract

We study the Schrédinger operators Hy, (K), K € T being a fixed (quasi)momentum
of the particles pair, associated with a system of two identical bosons on the one-
dimensional lattice Z, where the real quantities y, A and w describe the interactions
between pairs of particles on one site, two nearest neighboring sites and next two
neighboring sites, respectively. We found a partition of the three-dimensional space
(v, A, ) of interaction parameters into connected components and the exact number
of eigenvalues of this operator that lie below and above the essential spectrum, in each
component. Moreover, we show that for any K € T the number of eigenvalues of
Hy ;.. (K) is not less than the corresponding number of eigenvalues of Hy;,,(0).

Keywords Two-particle system - Discrete Schrodinger operator - Essential
spectrum - Bound states - Fredholm determinant

1 Introduction

Lattice models of physical systems are one of the widely used mathematical models
in mathematical physics. Few-body Hamiltonians [29], among such models may be
viewed as the simplest version of the corresponding Bose-Hubbard model involving
a finite number of particles of a certain type. The few-body lattice Hamiltonians have
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been intensively studied over the past several decades [2-5, 10, 11, 17, 19-23, 25, 27,
30].

Another reason for studying the discrete Hamiltonians is that they can provide a
natural approximation for their continuous counterparts [9], which allows studying
few-body systems. It is well known that the Efimov effect [8] was originally attributed
to the three-body systems moving in the three-dimensional continuous space R3. A
rigorous mathematical proof of the Efimov effect has been given in [32, 35, 36, 39].
The celebrated Efimov’s phenomenon to take place also in lattice three-particle sys-
tems [2, 4, 7, 19]. Discrete Schrodinger operators also represent a simple model for
description of few-body systems formed by particles traveling through periodic struc-
tures, such as ultracold atoms injected into optical crystals created by the interference
of counter-propagating laser beams [6, 38]. The study of ultracold few-atom systems
in optical lattices have became popular in the last years due to availability of con-
trollable parameters, such as temperature, particle masses, interaction potentials etc.
(see e.g., [6, 13, 14, 28] and references therein). These possibilities give an opportu-
nity to experimentally observe stable repulsively bound pairs of ultracold atoms ( [31,
38], which is not the case for the traditional condensed matter systems, where stable
composite objects are formed by means attractive forces. Lattice Hamiltonians are
of particular interest in fusion physics too. For example, in [30], a one-dimensional
one-particle lattice Hamiltonian has been successfully employed to show that certain
class of molecules in lattice structures may enhance nuclear fusion probability.

In the continuous case, the center-of-mass motion can be separated, which is not the
case for lattice few-body problems. However, for the lattice Hamiltonian H acting in
the functional Hilbert space T we have a von Neumann direct integral decomposition

53
H~ / H(K)dK, (1.1)

KeT
where T is the one-dimensional torus. The so called fiber Hamiltonians H (K') acting
on the Hilbert space T nontrivially depends on the quasimomentum K € T (seee.g., [2,
3, 33]). This decomposition allows us to reduce the problem to studying the operators

H(K).

In this work, we study the spectral properties of the fiber Hamiltonians H (K), K €

T acting in the Hilbert space L>¢(T) as

Hy), (K) := Ho(K) + Vyip, (1.2)
where Hy(K) is the fiber kinetic-energy operator,

(Ho(K) f)(p) = Ex (p) f(P),
with

Ek (p) :=2(1 — cos & cos p) (1.3)
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and V), , is the combined interaction potential. The parameters y, A and 1, called cou-
pling constants, describe interactions between the particles which are located on one
site, on the nearest neighboring sites of the lattice and in the next nearest neighboring
sites, respectively.

Within this new model, we find both the exact number of eigenvalues and their
locations of the operator H,j,(0). We describe the mechanisms of emission and
absorption of the eigenvalues of H,,, (0) at the thresholds of its essential (continuous)
spectrum depending on the interaction parameters. Furthermore, we establish sharp
lower bounds for the number of isolated eigenvalues H,;, (K) depending on the
quasimomentum K € T, which lie both below the essential spectrum and above that.

For this, we apply the results obtained for the operator H,, (0) and the nontrivial
dependence of the dispersion relation £k on the (quasi)ymomentum K € T. We recall
that the two-particle Schrodinger operator H, (K) = —A 4V, p > 0 on the lattice
74 associated to a system of two bosons with zero-range repulsive interactions j > 0
has been considered as a theoretical basis for explanation of the experimental results
obtained in [31, 38].

Note that the continuous counterpart of the two-particle Schrodinger operators on
lattices, which associated with a system of two quantum-mechanical particles on R¢
interacting via short-range potential v(x) has isolated eigenvalues lying only below
the essential spectrum fulfilling the semi-axis [0, 4-00) and hence this model is well
adapted to describe systems of two-particles with attractive interactions.

To study the eigenvalues of the discrete Schrodinger operator Hy (K ), we apply
analytic function theory, namely, we investigate the corresponding Fredholm deter-
minant A, (K, z), as there is a one-to-one mapping between the sets of eigenvalues
of the operator Hy;, (K) and the zeros of A, (K, z) (see [23]). Correspondingly,
the change in the number of zeros of Fredholm determinant A, (0, z) results in the
change of the number of isolated eigenvalues of Schrodinger operator H,;,, (0).

Our main finding is that the number of zeros of the determinant A, (0, z) located
below (resp. above) the essential spectrum changes if and only if the principal term
C™(y, A, ) (resp. CT(y, A, n)) of the asymptotics of the Fredholm determinant
Ay;..(0, 7) vanishes as z approaches the lower (resp. upper) threshold of the essential
spectrum (see Lemma 4.3).

Using this property, we establish a partition of the three-dimensional (y, A, u)-
space into four disjoint connected components by means of surfaces C~(y, A, u) =0
or C*(y, A, u) = 0. This allows us to prove that the number of zeros of the Fredholm
determinant is constant in each connected component.

In [23, 25], it was studied the Schrodinger operators on the lattice 74, d = 1,2,
associated to a system of two bosons with the zero-range on one site interaction (A € R)
and interactions on the nearest neighboring sites (. € R) of the d- dimensional lat-
tice Z?. We emphasize that, our results is an extension of [23, 25]. The authors of
[23] consider the Schrédinger operators Hj, (K) on two-dimensional lattice 7Z2. The
operator Hj, (K) can have one or two eigenvalues, lying as below the essential spec-
trum, as well as above it. The connected components, which split the two-dimensional
plane R? of interaction parameters are described by means of a second order elemen-
tary curves (hyperbolas). Similar results for the number of eigenvalues of one-particle
Schrodinger operators in 74, d > 1 have been obtained, for instance in [22] with
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attractive interactions and d = 3 and also with attractive and repulsive interaction
cases in [11] for all d > 1 considering only negative eigenvalues.

In the present work, the connected components are described by implicit func-
tions (third-order polynomials) of three variables defined on R3, and therefore we
have find an algorithm for describing the connected components given by third-order
polynomials (see, Section Main results).

The discrete two-particle Schrodinger operator H,, (k) associated to a system of one
and two quantum-mechanical particles on Z¢ interacting via short-range potentials
have been studied in recent years [3, 5, 18, 20, 30].

Note that some results such as the existence of eigenvalues and their finiteness
can be received for a large class of Schrodinger type operators (see e.g., [15, 16, 18,
24]). However, our results show that the study of a qualitative change in the number
of eigenvalues of H,,;(K), even for K = 0, is very delicate: There is ball, with
arbitrarily small radius, in the three-dimensional (y, A, @)-space in which the number
of eigenvalues has a jump (see Theorem 3.6).

The paper is organized as follows: The Sect. 1 is introduction. In Sect. 2, we intro-
duce the two-particle Hamiltonian I, ;,, of a system of two bosons in the position
and momentum space representations and also the Schrodinger operator Hy,; , (K)
associated to the Hamiltonian H,, . The main results of the paper are stated in Sect. 3
and their proofs are contained in Sect.4.

2 The Two-Particle Hamiltonian
2.1 The Position-Space Representation

Let Z be the one-dimensional lattice and Z x Z be cartesian square of Z. Let £ (Z x Z)
be the Hilbert space of square-summable symmetric functions on Z x Z.

The free Hamiltonian Hy of a system of two identical particles (bosons), in the
position space representation, is usually associated with the following self-adjoint
(bounded) Toeplitz-type operator on the Hilbert space £>°(Z x Z):

(Ho f)(x1,x2) = Z é(x1 — 51) (51, x2)

S]GZ
+> e =) fx1.5). fel>(ZxL)
SzEZ
where
2 ifls| =0,
é)=1{—-1 ifls|=1, .1

0 ifls] > L.
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The interaction operator XA’V au» in the position space representation, is the multipli-
cation operator by the function v € 2! (Z),i.e.,

Vyau F e, y) = byapx — ) fx,y), f et (Zx17),

where
2y if |s| =0,
. A if [s| =1,
v s) = 2.2
yku( ) " if|s| _ 2’ ( )
0 ifs| > 2.

The total Hamiltonian Hy au Of a system of two identical particles is described as
a bounded self-adjoint operator on £>(Z x 7Z):

Hylu = ]1:]10 +</y,\,u Yy, A, L €R.

2.2 The Two-Particle Hamiltonian: The (quasi)Momentum-Space Representation

Let T = R/2nZ = (—mn, ] be the one-dimensional torus, the Pontryagin dual group
of Z. Let L?(T) be the Hilbert space of square-integrable functions on T and let

F:02(Z) — LX), Ff(p) = % > Ferr.

X€Z

is the standard Fourier transform with the inverse
1 .
F* LX) — €X(Z), F*f(p) = " / fx)eP dx.
7T JT

The free Hamiltonian Hy = (F & F )Ho(]: * ® F*) of a system of two identical
particles,in the momentum space representation, is the multiplication operator by the
function € (p) + €(q) in the Hilbert space L%*(T x T) of symmetric functions on the
cartesian square T x T of the torus T:

Hof(p.q) = [e(p) + €@]1f (. q).
where the continuous function (dispersion relation) € is given by

e(p) =[Fél(p) =1—cosp, peT.

The interaction operator V., = (F ® F)V,5, (F* ® F*) is the integral operator
of convolution type acting in L>*(T x T) as

1
(Vo F) P @) = 5 /T Uy (p — ) f (s p +q — wd,
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where the kernel function vy, (-) is given by

1 .
Upan(p) = Fyaud(p) = 5= 3 Byap(0)e™

X€Z

1
= —(y +Acosp+pcos2p), peT.
T

The total two-particle Hamiltonian H,;,, of a system of two identical quantum-
mechanical particles interacting via a finite range attractive potentials 0y, in
the momentum space representation, is the bounded self-adjoint operator acting in
L%5(T x T) as

Hyy = (F ® F)Hyou(F @ F)* =Ho + Vyap.

2.3 The Floquet-Bloch Decomposition of [, ;,, and Discrete Schrédinger
Operators

Since the operator ﬁy au commutes with the shift operators on the lattice Z x Z, we
can decompose the space L>*(T x T) and Hamiltonian H, 5., into the von Neumann
direct integrals as

(&) D
L>(T x T) ~ / L**(T)dK and H,;, ~ / Hy(K)dK,  (2.3)
KeT KeT

respectively, where L>¢(T) is the Hilbert space of square-integrable even functions
on T (see, e.g., [3]).

The fiber operator Hy, (K), K € T is a self-adjoint operator defined in L%¢(T)
as

Hy, (K) := Ho(K) + Vyu,
where the unperturbed operator Hy(K) is the multiplication operator by the function
K

Ek(p) :=2(1 — cos 5 cos p)

and the perturbation V), , is defined as

1
Vyruf(p) = - /T(y + A cos pcosq + pcos2pcos2q) f(q)dg.

In some literature, the parameter K is called guasimomentum and the fiber H, 5, (K)
is called discrete Schrodinger operator associated to the two-particle Hamiltonian
Hyp-

yhu
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2.4 The Essential Spectrum of Discrete Schrodinger Operators

Since V), is a finite rank operator, by well known Weyl’s Theorem (see [34, Theorem
XIII.14]) for any K € T the essential spectrum oess(Hy 3, (K)) of Hy;,, coincides
with the spectrum of Hy(K), i.e.,

Oess (Hyop (K)) = 0 (Ho(K)) = [Emin(K), Emax (K)], (2.4)
where
Emin(K) :=min Ex (p) = 2(1 = cos 3) = 0 = Emin(0),
V4SS

Emax (K) i=max Ex (p) = 2(1 4005 5) < 4 = Emax (0).
pe

3 Main Results

Let K € T and ny(Hy,(K)) resp. n_(Hy,,(K)) be the number of eigenvalues of
the operator H,,;,, (K) above resp. below its essential spectrum.
Our first main result is a generalization of Theorem 2 in [3].

Theorem 3.1 Suppose that H,;,, (0) has n eigenvalues below resp. above the essential
spectrum for some y, A, u € R. Then for each K € T the operator H,;,,(K) has at
least n eigenvalues below resp. above its essential spectrum. In other words,

n— (HyA;L(K)) = ”—(Hy)»u )

and

ny (Hyypu (K)) > ny (Hyp,(0)).

Let us consider the cubic polynomial C* of three-variable defined by
CEyoh ) ==F( + A+ +yAw) + yA+2yu + A 3.1

Lemma 3.2 The set of points R3 satisfying the equation C*(y, &, u) = 0 coincides
with the graph of function

D

*(
0f O, )’

Y= p) = (3.2

where Q(j)t()\, ) and Q]i(k, w) are defined as

05 (s ) = FOu+ ) + A,
OF (b ) = FOo+2u) + 1 + Ap. (3.3)
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Proof We observe that C* can be decomposed by means Qat and QT as follows:

CE(yya 1) = 05 Ory ) + ¥ OF Oy ). (3.4)

Now we prove that the equality C*(y, A, 1) = 0 implies the inequality QI—L(A, nw) #
0, i.e., the following system of equations has no solutions

0y (k) =0 35
+ B (3.5)
Indeed. The system (3.5) yields
07 () =0 16
+ _ (3.6)
05 (. 1) = 0.
This implies the system
=0
{Z_il (3.7)

which is impossible.
Thus, the equality C*(y, A, u) = 0 yields the inequality QT(A, w) # 0, which
implies the representation (3.2) and vice versa. O

Lemma 3.3 The set of points of R? satisfying the equation Qf()n, n) = 0 coincides
with the graph of the function

2uF1

A = — :
lFp

(3.8)

Proof Lemma 3.3 can be proved as Lemma 3.2. O

The straight lines © = —1 and u = 1 separate the graph of the functions A~ (-)
and AT () on the (A, u)-plane into two (different) continuous curves {tr; .7, } and
(7, ok

_ 1421
i ={,pn eR>:A=— , > —1),
L =10, w T u 1
_ 142u
7, ={(, eR?: A= — , < —1
> =1, w Tt 2 }

and

1-2
o= (0w R A= < 1),
l—n
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1-2
M, w > 1}
l—n

r;'z{()»,u)eRz:kz

The curves {7, 7, } and (e, r2+ } divide the (X, u)- plane into the domains

Dy, D;,D; and D{, DY, D% of the functions A~ (-) and AT (-), respectively:

Dy ={(,w) €R?: Q7 () > 0, p > —1},
Dy ={(t, ) €eR*: Q7 (A, ) < O},
Dy ={(A, W) eR?*: Q7 (h,p) >0, p < —1} (3.9)

and

Df = (G, ) eR?: 0T (0, ) >0, p <1},
Df ={(n ) eR*: O (h, w) <O},
Df ={(n, ) eR?: QF Gy ) > 0, > 1} (3.10)

The following lemma summarizes the locations of the domains D(f, a=1,2,3
defined in (3.9) and (3.10) and also their relations.

Lemma 3.4 The followings are true:

(i) Dy C D,
(i) D € Dy,
(iii) Dy N D3 =4,
(iv) Foranya = 1,2, 3 the regions D, and D} are symmetric with respect to origin.

Proof The definitions of D;t, o =1, 2, 3 yield the proofs of items (i)—(iii) of Lemma
3.4 and the equality QT(A, n) = 07 (—=A, —pu) yields (iv) (see Fig. 1). O

Recall that, the domain of the function yi(~, -) is an open set
R?\ (rf Uty = DY U Dy U DY
The curves tli and rzi in R? are define the corresponding surfaces Tji CR3 j=1,2
Y=l € R () e 7)),

Further, the surfaces Tli and Tzi will separate the graph of the function y*(-, -)
into three different continuous (connected) surfaces Fft, in and F3ﬂE in R3:

+
A‘a
P = (g e By =~ 2000 6 e pty j=1,23

O, 1)
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T
1

Fig. 1 The domains Dé:, o = 1,2, 3 of the principle functions y:t in the (A, u)-plane of the parameters
A, eR

The surfaces I}, I'; ', I'y” and IT, F;“ , F;‘ divides the three dimensional space R3
into four separated connected components G, , G|, G, , G5 and (Gra' s (GT, (Gr;' s G;‘
respectively:

and

Gg
Gy
Gy

o =1y A eR:
D= {0 e R
= {( b ) eR:
;= {0 Ao eR:

={(.h ) eR:
={(.h ) eR:
={y, A n) € R?’ :

C(y,a, ) >0,
C (v, u} <0,
C (v, A, ) >0,
C(y,a,m) <0,

CH(y, » ) >0,
CH(y, A, 1} <0,
CH(y, k) >0,

(. 10) € D7},
(.. p) € DT U D3},
(.)€ Dy UD5},
(. n) € D}

(r, ) € DY},
(», n) € D U DS},
(A, w) € Dy U D5},

(3.11)
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Gy ==, }, W) €R: CT(y, 4, ) <0, (A, ) € DY ). (3.12)

Theorem 3.5 Let C~ be one of the above connected components G, « = 0, 1,2, 3,
of the partition of the (y, A, n)-space. Then for any (y,r,u) € C~ the num-
ber n_(Hy,(0)) of eigenvalues of Hy;,(0) lying below the essential spectrum
Oess (Hy A (0)) remains constant.

Analogously, let Ct be one of the above connected components G;l", axa=0,1,2,3
of the partition of the (y, A, w)-space. Then for any (y, A, u) € CV the number
ny(Hy,(0)) of eigenvalues of H,5,,(0) lying above e (Hy A (0)) remains constant.

Now we study the number of eigenvalues of H, ), (0) in (—oo, 0) and (4, +00)
depending on the potential parameters y, A and .

Theorem 3.6 Forany a = 0, 1, 2, 3 the following statements are true:

(i) if (v, A, 1) € G, then n_(Hy;,(0)) = a;
(it) if (v, A, n) € GF, then n4.(Hy3,,(0)) = a.

We set
Cop = Gy mGg, a,p=0,1,2,3.

Recall that by the min-max principle H,;,(K) can have at most three eigenval-
ues outside its essential spectrum. The following theorem provides the sharp lower
bound for the number of eigenvalues lying outside the essential spectrum of H,; , (K)
depending only on y, A and p.

Theorem 3.7 Let K € T and (y, A, ) € R3. Forall a, B = 0, 1,2, 3 satisfying the

condition o + B < 3 the following relations are true:

(i) if (vsr,p) €Cop and a+p <3,then n_(Hy;,(K)) > o, ny(Hypu(K)) >
ﬁ;

(ii) if (y,A, 1) €Cop and a+p =3, then n_(Hy, (K)) =, ny(Hyp(K)) =
B.

4 Proof of the Main Results

4.1 The Discrete Spectrum of H,;,,(0)

In the case of K = 0, the Fredholm determinant A, (0, z) is easier to study. Note
that the essential spectrum of Hamiltonian H,,;, (0) coincides with the segment [0, 4].

We try to find an (implicit) equation for the discrete eigenvalues of H,;,(0), i.e.,
for the non-zero solutions of equation

Hyu0) f =zf

inz e R\ [0,4].
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We apply the Fredholm’s determinants method to study the number and location of
eigenvalues (see, e.g., [1, 26]). The Fredholm determinant associated to Hy, (0) can

be written as

l+ya(z) Ab(z)  pc(z)

Appu@:2) =| yb(@) 1+2rd(z) pe(@) |,

where
a@2) __/ 2dt b(2) __/2costdt
S R v
T
2 cos 2tdt 2 cos? tdt
c(2) :=/—, d() :=/—
e(t) —z
T T
()__/ZCostCOStht ()__/‘
W= o= o=l o<
T T

ye(@) re(@) 1+ pf(2)

2 cos? 2tdt

e(t) —z’

e(ty—z’

“.1)

4.2)

Functionsa(-),d(-) and f(-) are analyticin R\ [0, 4], strictly decreasing in R\ [0, 4],
positive in the interval (—oo, 0) and negative in (4, 4-00). The functions b(-), c(-) and
e(-) are analytic in R\ [0, 4] too. Their behaviour near z = 0 and z = 4 are described
in the following proposition.

Proposition 4.1 The functions defined in (4.2) have the following asymptotics

a(z) =

b(z) =

c(z) =

d(z) =

e(z) =

L+ 0((=2)?), asz /0

(=2)2 ]

——L -+ 0z —H7), as 2\ 4
(z—=4)2

L 140(=2)?), asz /0

(=2)2 |

L 14+ 0z —H7), as 2\ 4
(z—4)2

1 - =2+ 0((—Z)%), asz /0

(=2)2 :

L 240z —H7), as 2\ 4
(z—4)2

1 T+ — 1+ 0((—1)%), asz /0
(—=2)2

L 140z =4?), as 2\ 4
(z—4)2

’

L 240(=2)?), asz /0

(=2)2 :

L 424+ 0z —4)2), as 2\ 4
(z—4)2
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L —24+0((=2)2), asz /0

fly=1""
L 424 0(z—H2), as 7\ 4
(z—4)2

Here (—z)% and (z — 4)% are denote those branches of analytic functions that are
positive for —z > 0 and z — 4 > 0.

Proposition 4.1 can be proved as [21, Proposition 4].

Lemma4.2 Forall y, A, u € R the determinant A;,,(0; z) has asymptotics

C= (o )(=2) "2 4+ D~ (y, & ) + O((—2)?), as z /10,
CHy )@ =472 + DT (y. A ) + O((z — D)), as 7\ 4,
4.3)

A)/AIL(O; 7) = {

where C* is defined in (3.1) and
DE(y, o) =1— (YA +2An +4y ) F A+ i+ yap).
The proof of Lemma 4.2 can be derived by using the asymptotics of functions
a(-),b(-),c(-),d(-),e(-) and f(-) in Proposition 4.1.
Corollary 4.3 Forall (y, 1, u) € R3 the relations
(i _lim Ayiu(0:2) = 1,
(ii). !%\/_ZA)/AM(O; 2) = C (¥, A, w,
(iii). 11{131 Vz—=47,3,(0:2) = CH(y, A, )
Z
hold.

Proof of Corollary 4.3 The first item follows from the Lebesgue dominated conver-
gence theorem. Lemma 4.2 yields the proof of other items. O

The next lemma describes a one-to-one correspondence between the eigenvalues
of the operator H,,,(0) and the zeros of the Fredholm determinant A, ;,,(0; z).

Lemma 4.4 The number z € R\ [0, 4] is an eigenvalue of H,;,,(0) if and only if it is
a zero of Ay, (0; -). Moreover, in R\[0, 4] the function A, (0; -) has at most three
zeros.

Proof The first assertion follows from the theory of Fredholm determinants (see, for
example, [1]). Since the operator H,;,(0) has rank at most three, by the min-max
principle it has at most three eigenvalues outside the essential spectrum. So, according
to the first part of the proposition, A, (0; -) has at most three zeros in R \ [0, 4]. O

The following lemma determine the number and arrangement of eigenvalues of the
operator Hy,;0(0) that lie below the essential spectrum.
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Lemma4.5 Let (v, L) € R?, then the following relations hold.

(i) If y +A+yr>0andy +1 >0, then H,,0(0) has no eigenvalues in (—00, 0).

(ii)) If y + A +yA <0ory +A+yA=0and y +1 > 0, then Hy,30(0) has one
eigenvalue in (—oo, 0).

(iii) If y +A+yA > 0andy +1 < 0, then H,;0(0) has two eigenvalues in (—o0, 0).

The following lemma provides the dependence of the number of eigenvalues of the
operator Hy,;0(0) in (4, +00) on y and A:

Lemma 4.6 Let (v, L) € R?, then the following relations hold.

(i) If =y —A+yAi >0andy —1 < 0, then Hy,;0(0) has no eigenvalues in (4, +00).

(ii)) If =y —A+yA <0or—y —A+yrA=0andy — 1 <0, then Hy,30(0) has one
eigenvalue in (4, 400).

(iii) If =y —A+yA > 0andy —1 > 0, then H,;0(0) has two eigenvalues in (4, +00).

Lemmas 4.5 and 4.6 can be proved as in [25, Theorem 5.5].

Proof of Theorem 3.5. Let us assume, without loss of generality, that C™(y, A, u) <0
for all (y, A, u) € C. The definition of determinant and Lemma 4.3 yield

im Ay 0,2) = 1, Jim Ay (0, 2) < 0. (4.4)

Since for any (y, A, u) € C the equalities (4.4) are hold and the determinant
Ay (z) is real analytic function in (—oo, 0), there exist such negative numbers
B1 < By < 0 that all roots of Ay, (z) lay in (By, By).

Let (y0, Ao, o) € Cbe a point of C and zg < 0 be a zero of the function A3, ., (2)
of multiplicity m > 1. For each fixed z < 0 the determinant A ; , (z) is areal analytic
function in (y, A, u) € C and for each fixed y, A, u € R the function A, (z) is real
analytic in z € (—o0, 0). Hence, for each ¢ > 0 there are numbers § > 0, n > 0 and
an open neighborhood W;(z0) of zo with radius n such that for all z € W) (zo) and
(v, X, n) € C obeying the conditions |z — zg| = n and ||(y, A, u) — (Yo, Ao, Ko)|| < 8
the following two inequalities |A .0 (2)| > 1 and [A,;,(2) — Aypaoue (@] < €
hold. Then by Rouché’s theorem the number of zeros of the function A, ;,(z) in
W, (z0) remains constant for all (y, A, u) € C satisfying the inequality |[(y, A, u) —
(v0, X0, mo)ll < §. Since the root zg < 0 of the function Ay, (z) is arbitrary in
(B1, B>) we conclude that the number of its zeros remains constant in (Bj, B») for all
(7,2, ) € Csatisfying |[(y, A, 1) — (0, Ao, mo)ll < 8.

Further each Jordan curve I' C C connecting any two points of C is a compact set,
so the number of zeros of the function A, (z) lying below the bottom of the essential
spectrum for any (y, A, u) € I" remains constant. Therefore, Lemma 4.4 yields that
the number of eigenvalues n_ (H), A (0)) of the operator H,,, (0) below the essential
spectrum is constant.

The proof in the case of n+(Hy A (O)) is done in the same way. O

Proof of Theorem 3.6. Let us prove Theorem 3.6 in the cases « = 0, 1, 2, 3 succes-
sively. According to (3.11) and (3.1) we have (0, 0, 1) € G, .The representation (4.1)
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of the determinant A, (0; z) yields that
Ago1(0;2) =1+ f(2).

By definition (4.2) of f(z), for all z € (—o0,0) the inequalities f(z) > 0 and
Apo1(0; z) > 0 hold, i.e., the determinant Agg;(0; z) has no negative zeros in z €
(—o00, 0). Lemma 4.4 yields that the operator Hyoj (0) has no eigenvalues below the
essential spectrum. Theorem 3.5 gives that the operator Hy,(0) has no eigenvalues
below the essential spectrum for all (y, A, u) € G .

Due to (3.11) we have (0, —1,0) € G;. Lemma 4.5 gives that the operator
Hy(—1)0(0) has exactly one eigenvalue. Theorem 3.5 yields that for any (y, A, u) €
G, the operator H,,;,(0) has exactly one eigenvalue below the essential spectrum.

We note (—3,-3,0) € G,. According to (iii) of Lemma 4.5 the operator
H(_3)(-3)0(0) has two eigenvalues. Theorem 3.5 yields that for any (y, A, u) € G,
the operator H,,;,(0) has two eigenvalues below the essential spectrum.

Now assume that (y, A, u) € G5

Due to (3.11) we have

C (A ) <0, (A, ) € D3
Definition 3.9 and inclusion (A, u) € D5 give
n<-—1, 0y, pw>0. (4.5)

Inequalities (4.5) and C~ (y, A, ) < 0 guarantee that

Q0w ptl
Oy (A Q7 ()

< 0. (4.6)

According to negativity of y the function A,00(0; z) = 1 + ya(z) is continuous and
monotone decreasing in (—oo, 0).
By (3.1) and (4.6) we have that C™ (y,0,0) = y < 0. Corollary 4.3 yields that

lim A,o(0;z) =1 andlim A, 0(0; z) = —co. 4.7
im A yo0(0: 2) and limy y00(0; 2) = —o0 4.7

Since the function A0 (0; z) is continuous and monotone decreasing in the interval
(—o0, 0) it has exactly one zero z1; below the essential spectrum. Obviously

Ayoo(0;2) =1+ ya(z) >0 if z <zyy, 4.8)
Ayoo(0;2) =14 ya(z) <0 if z>zy. '

Observe

Ayio(0; z11) = (1 + ya(ziN)(1 + Ad(z11)) — yAb(z11))* = —yA(b(z11))* < 0.
4.9)
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According to inequalities (4.5) we have
Cyr0)=y+r+yr=010Gpn —(@+1)>0.
Corollary 4.3 and inequality (4.9) give

Z_ljrgloo Ayio(0;2) =1, Ayyo(0;z11) <0 and ;1}1(1) Ayi0(0; 2) = +o0.

Thus, the continuous function A,;0(0; z) has at least one zero in each intervals
(—o00, z11) and (z11, 0). Therefore there exists real numbers satisfying the inequalities

21 <211 <222<0 (4.10)
such that the following equalities hold:
Ay30(0; 221) = Ays0(0; z22) = 0.
Lemma 4.4 and the min-max principle yield that H,,0(0) has at least two eigenvalues
below the essential spectrum. Hence the determinant A, ;0(0; z) has exactly two zeros

z21 and z27 in (—o0, 0), which yields

(1 + ya(zaD))(1 + 2d(z21)) = yr(b(z21))* > 0,

) 4.11)
(1 +ya(z22))(1 + Ad(z22)) = yA(b(z22))” > 0.
The relations (4.8), (4.10) and (4.11) yield

1+ ya(zo) >0 and 1+ Ad(zp1) > 0,
1+ ya(zn) <0 and 14 Ad(z2) < 0.

We note that (y, A, u) € G5 and so C™(y, A, u) > 0. Applying Corollary 4.3 we
have that

ZLIIEIOO Ayppu0;z) =1 and ll}r(l) Aysp(0; z7) = —oo0.

Observe that

Ay (05 221) = Ayno(0; 221 + w f (z20)] + 2y Apb(z21)c(z21)e(z21)
— yull + ad(z21)]1c%(z21) — Al + ya(z21)](e(z21))?

= u[y/=y [ + Ad@2Dle(an) + V=A1 + yaGanlezan]* <.

Similarly can be shown

Ay (0; 222) = —pu[VyT1 + 2d(@20)]e(z) + VAT + ya()le(z)] > 0.
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Then the relations

z—lgr—noo Ayku(o; ) =1, Ayku(o; 7221) <0, Ayk//_(o; 72) > 0,

lim A 0;z) = —00
270 y)LM( 2)

yield the existence of zeros z31, z32 and z33 of function A, (0; z) satisfying the
inequalities 731 < 721 < 232 < 722 <233 < 0, i.e

Ay (0;231) = Ayyp (05 232) = Aypp (05 233) = 0.
Hence the function A, 3, (0; z) has three single zeros less than 0. Lemma 4.4 gives
that the operator H,;,(0) has three eigenvalues below the essential spectrum.
The proof of item (ii) of the theorem is carried out similarly to the proof of item
@). O
4.2 The Discrete Spectrum of Hy; ;, (K)

For every n > 1 define

en(K;y, A, p) = sup inf (Hypu(K) Y, ¥)
Olseersbp_1€L2(T) VEISIL,.., Gu—11+, ¥ l=1
(4.12)
and
En(K;y, A @) i= inf sup (Hy ()Y, ).
D1esn1 €LXM) yefgy, . i1, W lI=1
(4.13)

Emax (K). Since, the rank of V)5, does not exceed three, by choosing ¢1 = 1, ¢2(p) =
cos p and ¢3(p) = cos2p we immediately see that ¢,(K; y, A, ) = Emin(K) and
En(K; v, A () = Emax (K) forall n > 4.

By the minimax principle, e,(K; vy, A, ) < Emin(K) and E,(K;y, A, u) >

Lemma4.7 Letn > 1. Then the maps

K €T Emin(K) —en(K;y, A, 1)
and

K eTr Ey(K:y, ks 1) — Emax(K)

is non-increasing in (—m, 0] and non-decreasing in [0, 7 ].
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Proof For ¢ € L*(T), we consider

(Ho(K) — Emin (KN, V) = /T 2cos & (1 —cosq) 1y (q)1* dg.

Then, the map K € T + ((Hp(K) — Emin(K)), ¥) is non-decreasing in (—, 0]
and is non-increasing in [0, 7r]. Since V), , is independent of K, from the definition
of en(K; vy, A, ), themap K € T + ¢,(K; y, A, ) — Emin (K) is non-decreasing in
(—m, 0] and is non-increasing in [0, ]. O

Proof of Theorem 3.1. For any K € T and m > 1 Lemma 4.7 gives

0 < &min(0) — em(0; ¥, A, 1) < Emin(K) — en (K5 v, A, 1), (4.14)
and
0<EnQ;y, A, 1) —Emax(0) < Ep(K; y, A, 1) — Emax (K). (4.15)

By assumption e,(0; y, A, u) is an discrete eigenvalue of H,;,(0) lying below
the bottom Enin(K). S0 Emin(0) — €,(0; v, A, n) > 0 and hence, by (4.14) and
(2.4), ex(K; y, A, u) is a discrete eigenvalue of Hy,(K) for any K € T. Since
e1l(K;y, A, 1) < ... < ex(K;y, A, u) < Emin(K), it follows that H,;, (K) has at
least n eigenvalue below the essential spectrum. The case of E,, (K ; y, A, i) is similar.

O

Proof of Theorem 3.7 is obtained by combining Theorem 3.1 and Theorem 3.6. O
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