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Abstract

We propose a single one-parameter family of orthogonal harmonic functions expressed
in terms of spheroidal coordinates as independent variables to construct a common
orthogonal basis for the L,-Hilbert spaces of quaternionic monogenic functions in the
space exterior of a spheroidal domain (either prolate or oblate). We give recurrence
relations for the elements that constitute such a basis, which are particularly easy to
handle from a computational point of view. Conversion formulas among the classes of
harmonic and monogenic functions associated with a spheroid of arbitrary eccentricity
to those related to the Euclidean ball are derived.

Keywords Quaternionic analysis - Associated Legendre functions of the first and the
second kinds - Neumann’s formula - Spheroidal harmonics - Spheroidal monogenics

1 Introduction

The theory of monogenic (or Fueter regular) functions of a vector variable in a domain
in three-dimensional Euclidean space, taking values in the space of quaternions, has a
wide range of applications. A significant part of the theory of monogenic functions has
been built around the study of quaternionic counterparts of holomorphic functions of
one complex variable, offering a refinement of classical harmonic analysis in three and
four dimensions. Said sort depends on whether monogenic functions present certain
peculiarities, such as continuity, differentiability or integrability, orthogonality with
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respect to different inner products, and so on, throughout the domain of the variables.
The study of the fundamental properties of monogenic functions is linked to harmonic
functions through the Riesz and Moisil-Teodorescu systems of first-order constant
coefficient partial differential equations generalizing the Cauchy—Riemann equations
[5, 6, 10-13, 26-29].

The original impetus in initiating the investigation of orthogonal bases spanning
the Hilbert spaces of square-integrable harmonic and monogenic functions defined in
the interior of spheroidal (resp. prolate and oblate) domains of the form

2 2, .2
{xeR3: 0 +x]+x2:]}

cosh? sinh? &

and

2 2 2
{XER3: 0 +x1+x2=1}
sinh?a  cosh?a

for « > 0 was proposed in [7], and [16, 17, 23]. These (confocal) domains become
rounder as they degenerate with « — oo (since tanh @ — 1). In [8], the spheroidal
harmonics were defined following [7], with a rescaling factor that permits including
the Euclidean ball to limit both the prolate and oblate cases. We refer to [9] and [20]
concerning further properties of spheroidal harmonic and monogenic polynomials.
These works do not include the harmonics and monogenics vanishing at infinity,
which are perhaps the more fascinating classes from the point of view of a physical
application. Although such types of functions have not yet been used to any great
extent in mathematical physics, from the perspective of the theory of the solution of
Laplace’s equation in three variables, it would be interesting to address the problem of
constructing orthogonal sets of harmonic and monogenic functions defined in a region
outside a spheroid, whose elements are parametrized by the shape of the corresponding
spheroids. In this sense, we propose a single one-parameter family of orthogonal
spheroidal harmonics to build a common orthogonal basis for the Hilbert spaces of
square-integrable monogenic functions in the space exterior of a spheroidal domain
of arbitrary eccentricity. To the best of our knowledge, these ideas seem to be new.
The outline of the paper is as follows. Section 3 employs the two kinds of associated
Legendre functions to construct the basic external spheroidal harmonics that assume
prescribed values on the boundary of the corresponding spheroids, combined into a
single one-parameter family. These functions are shown to include the ordinary solid
spherical, prolate, and oblate spheroidal harmonics as limiting cases. The orthogonal-
ity of the basic harmonics is taken with respect to two natural inner products, leading
to the discussion of the proper external spheroidal harmonics. The main difficulties of
this investigation will center on analyzing these functions. Conversion formulas that
relate the coefficients of the expansions among the spheroidal and spherical harmonic
systems are obtained. The basic external spheroidal monogenic functions are calcu-
lated in Sect. 4, and explicit formulas for their nonscalar parts are obtained in terms of
the proper harmonics. We prove that these functions form a common orthogonal basis
for the one-parameter family of L;-Hilbert spaces of monogenic functions defined



Orthogonal Harmonic and Quaternionic Monogenic... Page3of40 71

in a region outside a spheroid. Besides, we show the corresponding orthogonality of
the spheroidal monogenics over the surface of the spheroids with respect to a suitable
weight function.

2 Notation and Preliminaries

The majority of functions used in technical and applied mathematics originated from
investigating practical problems. A relevant example is the Ferrers’ associated Leg-
endre functions of the first and the second kinds, P (z) and Q7' (z), of degree n and
order m, for z € [—1, 1] and z € (1, c0). When n and m are nonnegative integers,
these functions are defined by (cf. [14, Ch. III])

12ym/2 den(f)’

PI(t) = (=1)"(1 - S 1el=L ],
and
d" Q,(s)
0" (s) = (52 — 1)"/? ds—,’;, Is| > 1,
where
n
P, (1) > =1", teR,

= 2l dim

is the Legendre polynomial (or Legendre function of the first kind), and

1 (1 Pu()
On(s) = —f dt, |s| > 1, (D
2 ) 15—t

is the Legendre function of the second kind. The relation (1) is known as Neumann’s
integral formula [22, p. 24] (cf. [14, p. 63]).

We shall observe a slight difference between the variation of the index m in any of
the previous definitions. Although the P, (¢) are only defined for nonnegative integer
values of m, which are equal to or less than n, the functions Q7' (s) are defined for all
nonnegative integer values of m.

In addition to the definitions introduced above, we further have from [14, p. 108]:

Lemma 1 Let n and m be nonnegative integers, and let |s| > 1. Then

mon (D" m)l(s? — 1)m? nem+2 ndm+1 31
Qn (s) - Fl ’ 7n+ ’ 2 M
2n+1(1/2)n+1 ghtm+l 2 2 27§

2
Here  F) is the usual notation for the classical Gaussian hypergeometric function

and the Pochhammer symbol is (a), = a(a +1)---(a +n — 1) with (a)g = 1 by
convention.
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The associated Legendre functions of the first and the second kinds are defined for
negative integer order m by

(1) = (1) L Pry, e =111,
( G rm)! X
o —m) 3
0;"(5) = (i O, sl > 1.

where it is supposed that n > m > 0.

There is a classical formula that expresses the product of two associated Legendre
functions of the second kind in terms of an associated Legendre function of the same
type [3].

Proposition 1 Let A} = (1/2 4 m),. Define

mr mi+m+r)!ny+m—+r))ng+ny+2r+1)!
"L ey 4ng 4 2m 4+ 28 + DIy +no + - + 1!

<2n1 +2ny +2m + 4r + 3> (AmA21+n2+m+r+2>

2n1 +2n +2m +2r + 3 A22+r+1

n1+r+l

For nonnegative integers ny, na, and m, the following relation holds:
(s> = D2 ()0 (s) = (=) Z% R S () M C))

We need the following preliminary result.

Lemma 2 For all nonnegative integers n, m, Q' (s) Q)" »,(s) > 0in |s| > 1. Further,
let ¢ > 1 be a fixed real constant. Then the following identity holds:

/ 0,/ (5)0)4,(s)ds

o0 o0
= (=D)" gntm+3/2 Z Zam,r 4" 2n+m+2r +2k 4+ S5)m—1 o 2mAr k41
n,n+2
== 2m+m+r+k+3/2)

Qn+m+2r + 2k +H2n +m +2r +k + 3)!
k!(4n + 2m + 4r + 2k +7)!

x 2 Fy (—(n+m+r+k+3/2),—m;—(n+m+r+k+1/2);62). 5)

Here oy, has the same meaning as in Proposition 1.

Proof The statements follow by combining (4) with the identity [24, p. 123]

Q, (s) = (=1 (s k!(2n ~|—2k + l)gsn+m+2k+1
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We now consider the recurrence formulas for the associated Legendre functions of
the first and the second kinds, which will be used in the forthcoming sections [14, 30].

Proposition2 1. Letn > 0and 0 <m <n, andlett € [—1, 1]. Then

(L—)(PE ) () =+ L+m)Pl (1) — (n+ Dt Pl (1), (6)
(n+1—m)P" (1) = 2n+ DtP"(t) — (n +m)P" | (1), (7
> — D(PP' @) = (1= D' PP + me P (1), ®)
2mt P (1)

= (- t2)‘/2<P,;1+11(t) +n+14+mm+2— m)P,;’fgll(t)) 9)
(1 =Py = (n — m)t P (1) — (n + m) P (1), (10)

2mP" (1) = —(1 — r2)1/2(P,':1+1<t> + @ +m)n+m+ 1)P,:"—1<t>>, (11)

(1=A)2P (1) =

1 — PN + P,;"“u)). (12)

2n+3<

2. Let n and m be nonnegative integers, and let |s| > 1. Then

(1 =sH(QI () = (n+1+m)Q(s) — (n+ Ds Q' (), (13)
n+1-m)Q;' 1(s) = 2n+DsQ'(s) — (n +m) 0} (s), (14)
(57 = QP D () = (7 = D'2QMEN(5) + ms Q1 (5), (15)

2ms Q) 1 (s)
= (s> - 1>1/2< — 0"+ + 1+ m)n+2 —m)Qr]! (s)>, (16)
(s = D20 (s) = (n — m)s Q' (s) — (n +m) Q™ (5), (17)

2mQr, (s) = (s> — 1>1/2< OO+ +m)(n+m+ 1)Q;”1<s)>,
(18)

m 1 m m
(s> =D2or (5) = P (ang (s) — Qn“(s)). (19)

3 Solutions of Laplace’s Equation in Spheroidal Coordinates

This section considers the problem of finding single one-parameter families of har-
monic functions applicable to the space exterior of a spheroid, with particular emphasis
on those orthogonal in the L,-Hilbert space structure. This cannot be done with models
where the Euclidean ball is only treated as a degenerate case [7, 14]. It requires a sepa-
rate yet utterly analogous treatment for prolate and oblate spheroids. The construction
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of external harmonics becomes much more complicated than internal harmonics since
they contain logarithmic functions.

3.1 Basic External Spheroidal Harmonics

The starting point of the present investigation is a result previously published by the
author [21]. Consider the nested family domains, bounded by coaxial spheroids scaled
so that the major axis is of length 2:

2 2
X7 +x
Quz{xeﬂ@:x%—i-ll—lﬂz:l}. (20)

(Confocal spheroids are often used, which differ by a change of scale depending on
w.) The parameter 1 denotes the eccentricity of €2, which by convention is in the
interval (0, 1) (prolate spheroid) or in iR™ (oblate spheroid). The intermediate value
u = 0 gives the Euclidean unit ball
Qo ={xeR: x> <1}.

Suppose for the moment that i € (0, 1). In this way, 7, := R3\Q,, (where Q, denotes
the closure of €2,,) is parametrized using prolate spheroidal coordinates (n, ¥, @),
corresponding to the family (20), which are related to Cartesian coordinates by

Xxo = mcoshncos?d, x; = usinhnsin® cose, xp = usinhnsind sing, (21)

withn € [n,,00), % € [0, ], and ¢ € [0, 27), where the boundary value 7,, is given
by

pmcoshn, = 1. (22)
By equations (21), direct computation shows that

|x|2 + Mz = /LZ(COShz n+ cos’ ?),

and also
,u2 (coshn + cos 19)2 = (xo £ /1,)2 + xlz + x%.
Hence
coshn = M, cos ¥ = 2%0 ,
2u ()
where

1/2 1/2
w(u) = ((xo + M)z + x12 + x%) + ((xo - /L)2 + x12 + x%) (23)
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is positive. In the considerations to follow, we will often omit the argument of (23)
and write w instead of w(w).

The oblate case is obtained by (21) via analytic continuation using 7 = n — i /2,
thinking of i € iR™ as being boundary values of the first quadrant in the complex
plane. The following terms

£, x) = X7 + p% + 201, T, x) = x> 4 u? — 2xou

inside the radicals in (23) are now complex conjugates, where

2
12 (u, x)| = |pu? — <xo+i(x%+x§)”2> (24)

equals to the product of the distances from any point on the prescribed spheroids €2,
to the two foci (£, 0, 0). The function defined by (24) will play an important role in
the forthcoming sections.

Hence, when p € iR™T, QZ is parametrized by

X0 = E sinh77cos®, x1 = ﬁ,cosh 7sin® cos, xp = icosh'ﬁsinz&‘ sin ¢,
i i i

where the coordinates range over 7] € [, 00) with (i/i)sinh7, = 1,9 € [0, 7],
and ¢ € [0, 27).
The external harmonics to be employed in the sequel are defined as follows.

Definition1 Letn > 0and 0 <m < n.Forx € R3\{0}, the basic external spheroidal
harmonics of degree —(n + 1) and order m are

U1 = Un 1] (n, 9) D (), (25)

where @} (¢) 1= cos(mg), ®,,(¢) = sin(mg), and for u # 0,

Unmlul(n, 9) = :f i1 Pa'(cos 9) Q) (cosh ) (26)
with
_ 21D

The functions U,: olue] vanish identically, as do all U,fm [i] for m > n. Therefore
when we refer to the set {U,j:m (], U, plil}, we always exclude the indices which
apply to these trivial cases, even when we do not explicitly state 0 < m < n for the
“4+case and 1 < m < n for the “—" case.

The basic harmonics (25), except for the constant factors S, », and the rescaling
of the x variable, are the functions defined in [14, Ch. X]. The motivation behind the
choice for redefining these functions is explained in Proposition 3 below.
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Some examples of (25) in low degree are exhibited in Table 1.
The coefficients B, , in the expression (26) is for the following.

Proposition 3 For all x € R3 \ {0}, the limit lim, U,fm [1](x) exists and is given
by the external solid spherical harmonics

1 X0
+ _ m +
Upm0](x) = T P, <—|X|)¢m (@), (28)
where we employ spherical coordinates xo = pcos6, x; = psinf cos g, and x, =

p sin 6 sin @.

Proof To prove this, we note that since the variable ¢ in (25) does not depend on the
variable xp, we examine the factors P, (2xo/w) Q1 (w/(2)) in (26) with w given by
(23). Bearing in mind that

X0

1/2
(o 4 +3) 7 = x| £ 15w+ 0,

it follows that v = 2|x|+ O (u?) as u — 0. Furthermore, we have once more from (23)
that 2xo/w = xo/|X| + O (), so P)'(2xo/w) — P)'(xo/|x|) as u — 0. According
to formula (2), direct calculation gives By, O (s) = 1 /s”+1 as s = w/2u tends to
infinity, corresponding to ;1 — 0 for fixed x. This establishes the statement. O

By the proposition just proved, it is observed that the external solid spherical har-
monics (28) are embedded in the one-parameter family of basic external spheroidal
harmonics. In contrast, in treatments such as [7, 14], the external harmonics degenerate
as the eccentricity of the spheroid decreases.

Itis clear that, unlike U fm [0](x), the functions U ,fm [1](x) are generally not homo-
geneous when p # 0.

3.2 Further Properties of the Basic Harmonics

We study the orthogonality of the external harmonics (25) with respect to two natural
inner products.
Consider the Dirichlet inner product defined by

0
(frg)p = / f f S do, (ag=0) 29)
N=Nu

where do denotes the area element on I', := 9€2,,, and

1 . .
n= 0 2o )12 (a- w72 cos ¥ + (icos ¢ + jsin @) sin ¥) (30

is the unit outward normal vector to I', at the point P* := (1., 9, ¢), with coshn,, =
1/ by (22).
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Since the measure on the boundaryisdo = (1 — Y2 sinvdvde, we can compute
the outward normal derivative d/0n of g at any point using (30) to obtain

2
(flghL=LA ; f(P) (P ) (1 — Y2 sin 9 dpdy. (31)

We will now show the orthogonality of the external harmonics (25) in the sense of
the integral (29).

Proposition 4 Let u be fixed. For each n > 0, the collection
(U ] 0 <m < n}yULU, ,[n]: 1 <m <n} (32)

is orthogonal in the sense of the Dirichlet integral (29) and their norms squared are
equal to

U L2 Bum)* (27(1 + 8o,m)(n +m)!
w1l = w2+ 2n+ D —m)!

x 0 (1/w((1 = uH 2 Qi (/) +m Q5 (1)),

where the coefficients By m have the same meaning as in (27). We use the symbol:
Smy,my = 0or 1, according as m\ # my, or my = my.

Proof For the sake of simplicity in the proof, we assume that i € (0, 1) because the
case n € iR™ is similar. When m| # my, we have by the orthogonality of the set

{®@),, @, |m =0,my > 1} on[0,27],

(Unyomy L1135 (@), Unyny 121935, (0)) = 0,
WUnymy [Py, (@), Uny iy [1419,,, () = 0,
Unyomy [ D5, (@), Uny iy [ 9, (@) = O,
Unyomy (119, (@), Uny iy [11 9, (@) = 0.

According to (31), for m; = my = m, a direct computation shows that

(Uny 1193 (@), Uy [119), (0))
[T oy Wiyl 20172
=, s Uny m[pe1(P )T(P ) (D, (@) (1 — pu) ' sin ded
_ ﬂnl,mlgnz,m

et (L do) 0 1/ (=12 Qi /) + m Qi (1)

w
X / (cos )P, (cos ) sin ¥ do
0

_ (Buym)? < 27 (ny +m)!

1+ 80.m)8
w2t \ 2ny + D(n —m)!>( + S0m)ny.m
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x O 1/ (1= )2 Qi 1/ +m 0 (1) ).
The same value is obtained when we replace ®@;! () by @, (¢) throughout, m > 0.
Thus the statement is established. m|

Next, we assert that the basic harmonics are not necessarily orthogonal in the closed
subspaces HaIQ(QZ) = LZ(QZ) N HaI(SZZ) of LQ(QTL) when o # 0 with respect to
the ordinary Lj-inner product:

(fs 8y = ///Q* fX)gx)dx, (33)

where dx = dxodxdx;.

Proposition 5 The collection (32) does not form an orthogonal family of Hara(€2},)
unless ;1 = 0.

Proof 1t is a simple matter to check that U,fm [n] € Lz(QZ). We assume again that
w € (0, 1). Applying the coordinates (21), gives the infinitesimal volume element
dx = dRdg, where

dR = /LS (cosh? n— cos” ) sin & sinh ndddn. (34)
It is clear that, when m| # mj, we have

(Ui (119 (9), Uy s [ 1], (0)) 121 = O

Let m; = my = m. We compute

(Uny 1 1®; (), U,fg,m[u]q>$(<ﬂ))L2(sz;;)

e
= PumProm s (/O P (cos #) P (cos 9 sin # d

Mnl+n2_1

o
X 0, (cosh ) Q' (cosh n) sinh cosh? ndn

ni
Ny

m
— / P}l (cos ¥) P, (cos ¥) sin ¥} cos? ¥ do
0
(o8]
X Q) (coshn) O}’ (coshn) sinhndn | . (35)
M

According to (7), we obtain

b
/ cos’ O P/l (cos ¥) P, (cos ¥) sin & d
0

1
_m+1l=—m)ny+1—
T Cm+ D@+ 1)

m) g m m :
A Pyl (cos?) P, L (cos ) sind dif
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(m+1-m)(ny+m) [~
2n1+1)2ny +1)
(ny+m)(ny +1—m) [T
2n1+1)2ny +1)
(ny +m)(ny +m) (7
@2n+1DHQ2ny+1) Jy

P,f’fH(cos z?)P,f;_l(cos 9¥) sin ¢ d

Py _j(cos )P (cos ) sin® d

Pyl _i(cos?)P," | (cos®)sin ¥ dv.

By substituting this value into (35), it is found that the corresponding inner product
is, in particular, distinct from zero when n, — n; = =£2. For the remainder of the
proof, we consider when n, — n; = 2. The other case n, — n; = —2, can be treated
analogously.

For ny = ny + 2, a straightforward computation shows that

(Uny m D, (9), Uny42,m 1195, (9)) 102
_27t(1 + 80,m)(n1 +m)!
(2n1 + D(ny —m)!

(lgnl,m)z M7(2n|+])1n1,m(li)v

where
Lo (1) = / 07 (5) Q™. 5 (s) ds. (36)
1/u

The same value is obtained when <I>$ () is replaced by @, (¢), m > 0. By Lemma

2, it follows that ,u_(z’”“)l,,l,m(u,) > (Qforalln;,m =0,1,... and fixed u > 0.
For the limiting case, when @ = 0, we use Proposition 3 to show that

limy—0 Iy, m () /> 71 = 0, forallny =0, 1,... (m > 0). Thus, (U, ,,[u],

ny,m
+
Un1+2,m

-, Un_1 +2’m[M])L2(Qz) — 0 when u tends to zero. This establishes the state-

ny,m
ment. O

[u]) Ly(2%) tends to zero as u — 0. Similarly, we can prove that

The lack of orthogonality of the basic harmonics over the exterior of the prescribed
spheroids in the usual L, sense means that defining suitable families of orthogo-
nal external harmonics should be handled carefully. It is always possible to use an
appropriate geometric weighting factor or apply an orthogonalization process to the
prescribed harmonic functions, such as the Gram—Schmidt procedure that restores
orthogonality. However, this orthogonalization process may be time-consuming and
unstable. We preferably discuss a constructive approach discussed in [21] and show
how it will be helpful not only from a function point of view but also for fast and stable
computations.

3.3 Proper External Spheroidal Harmonics

We shall now be concerned with the following functions for the actual carrying out of
the construction and given definition (25).
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Definition 2 Let U,fm [£] have the same meaning as in Definition 1. Let n > 0 and
0 < m < n + 1. The proper external spheroidal harmonics of degree —(n + 3) and
order m are

0
Vi nl(x) = e Uiy 1) 37)

The proper harmonics anfm [1¢] will play a crucial role in studying the basic external
spheroidal monogenics in Sect. 4.

Following the notation already employed, we use me [l = Vim [/,L](D;E when the
factors & are not of interest.

It will be convenient before proceeding to investigate the algebraical forms of the
ansatz functions V), ,,[1t]. We will assume in the sequel that © € (0, 1) because the
case 0 € iR™T is similar.

By differentiating (21),

0 1 0 a
— = 3 <cosﬁsinhn——sinﬁcoshn—>,
9xo  p(cosh®n — cos? ) an 99

and combining (6)—(13) and (7)-(14) with the definition (37), we are thus led to the
following remarkable representation:

Butim (n+m+1)
w3 (cosh? n — cos? )
—cos ¥ P} (cos ) Q) (cosh)) , (38)

Vamlit] = (cosh n P (cos9) Q' | (coshn)

where the coefficients 8, , have the same meaning as in (27).

As a consequence of (38) we notice that V,, ,,[u] = 0 form > n+1since P)" =0
form > n.

According to (3) and (38), we deduce the following elementary identity.

Lemma3 Foreachn >0and0 <m <n+1,

(n—m+1)!

Vi, —m] = (=1) TR

Vi [l (39)

Define

P} (cos ) Q7 (coshn)

A =
nli] w3 (cosh? n — cos? )

(40)

forn > 0 and fixed u > 0.
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We have, for instance,

45 shn+1
3,7 cos ¥ (cosh n log (22th_1> - 2)
_ 15 cos & . _
Vatinlpl = 213 (cosh? n—cos? 9) ifn =0,

CLDD (U4 1] = 2L poos? Aglu]) - ifn > 0,

(41)
and
3 coshn+l1Y) 3coshp . -
23 log (COSh 77—1) 13 (cosh? n—cos? ) ifn =0,
Vn,n[ﬂ] = ) (42)
2n+1)(2n+3 .
CHE I (Un,n[u] — st coshy An[u]) ifn > 0.
It can further be seen that
2"2(1/2)n12
V, =_- /=T DA . 43
noan1p] 2n+ D) L COS n+1lp] 43)

We shall return to these formulas in Sect. 3.5, where they will be used to prove the
orthogonality of the proper harmonics (37) in the L,-Hilbert space Harz(Q;’i).

Some examples of (37) in low degree are exhibited in Tables 2 and 3.

We now proceed to establish an elementary recurrence formula for the functions
Vin,m[ ] to avoid the difficulties usually associated with manipulations such as formula
(398).

Proposition 6 For each n > 2, the following recurrence relation holds:

p2(n+1—m)n—m)
2n+ 1)(2n +3)

Vn,m [/‘L] = (n - m)Un,m[//L] + Vn—2,m[,u]- (44)

This uses the convention Vy,_» (1] = 0 whenm > n — 1.
Proof According to (7), (14), and (38), and bearing in mind that

n+1)(2n +3)
n+m+ 1)(n +m)

:3n+1,m ==

n—1,m,

we have

_@n+1)(@2n+3)
Vamlpl = Pt i—m) Un.mlul

Bn—1.m Cn+1)(2n+3)(n — 1+ m)
w3 (cosh? n — cos?2 9)(n + 1 — m)(n — m)
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x (coshn PJ" ,(cos®) Q) (coshn) —cos ¥ P (cos ¥) Q' ,(coshn)).

The result now follows. |

The following “reverse Appell property”, which follows from (44), involves the
derivatives of the external solid spherical harmonics defined by (28) with respect to
X0:

DUt 0100 = —(1 42— mUE, (010 43)
axO n+1l,m - n+2,m .

The functions anfm [1] are not so simply related to U,fm [u] for u # 0, as we show
below.

Theorem7 Letn > 0 and 0 < m < n + 1. The coefficients v, m i in the relation

+
Vaaltd = 3" vam %
0<2k<n—m-2
(/2o | W Viali] i = miseien, (46)
wWm(n 4+ 1 —m)! mu‘/nﬂa]’m[u] if n — misodd
are given by
N 4 —m = 26)!1(1/2)n12 (47)

(n+1—=m)!(1/2)n2x
Proof Suppose inductively that the formula holds when 7 is replaced by n’ < n. Then

Qn+D@2n+3) .
vE _
n,m[/’L] MZ(n l _ m) n,m

2n+ 1)2n +3) Un oty ml ]
(n+1—m)(n —m) 2 vk pA2)

[i]

0<2k<n—-m—4
1 +
(/D227 | Tz Vi

ur="mn +1—m)!

(1] if n — miseven,

1 +
ez # Vi1 m 1]

if n — misodd.
Since, by (47),

2n+ 1)(2n +3) 2n+1)(2n+3)
= Unmk+1 = v
n+1—m n+1—m)(n —m)

Un,m,0 = n—2,m,ks

we find that the stated formula holds, completing the proof. O
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3.4 Conversions Among Spheroidal and Solid Spherical Harmonics

In this section, we determine the coefficients « and @ of the following direct and
inverse transformation formulas:

Vil = Zan+1mku Vim0l V5,101 = Zan+1mku Vo mlial.

Fix a value of p. By referring to these expansions, we shall employ the constraints that
the index m is not involved in the summations, and the values of the same evenness
restrict the index k as a given n. It follows from symmetry considerations that the above
relations will work for the “4” and “—” cases (cosines and sines) and, strikingly, for
all values of .

For harmonic functions outside a prolate or an oblate spheroid, the transition from
the expansion in external spheroidal harmonics to that in external solid spherical
harmonics (and vice-versa) is worked out in [1]. Some of these formulas are discussed
thoroughly in [2]. Two of these fundamental formulas, relevant to the sequel, are
reproduced in our notation below (i.e., the factor (27) has been incorporated into (48)
and (49)).

Proposition 8 For n > 0, consider the rational constants

@M +2k—m)l(n+k)!(2n + 1)!
Ak = (=1)
” (n—m)k!'Qn + 1+ 2k)!n!
(n+2k —m)!2n + 2k)!(n + 2k)!

azn mk = (49)
o (n —m)k!(n + k)!2n + 4k)!

, (48)

for0 <m < n, and let ap y j = dy.m i = 0 otherwise. Then
o0
+ 2kyrE
Uil =) e m i 874U o, 0],
k=0

Uritm [0] = Z&n,m,k MZkU,i_Zk’m[M]-
k=0

Since d/0dx is a linear operator, we automatically have the corresponding transfor-
mation formulas for the proper harmonics:

Corollary 1 Letn > 0and 0 <m <n+ 1. Then
n mln] = Zan—H m,k H n+2k w101,

V5,101 = Zanﬂmku Vool (50)

Here ay m x and 8y m i have the same meaning as in Proposition 8.



Orthogonal Harmonic and Quaternionic Monogenic... Page 190f40 71

3.5 Orthogonality Properties of the Proper Harmonics

We begin by formulating a technical proposition, which expresses an “individual”
orthogonal property of the functions V,, ,,[t] over the interval [0, 7 ]. We borrow from
the techniques used in the earlier work [19] and extend those results for arbitrary p
(the method also relies on Neumann’s formula (1) and identities (54) and (56) below.
Hence, the proof is independent of the previous paper.)

Proposition9 Let u € [0, 1) U iR™ be fixed. The following orthogonality relations
hold for allm = 0, 1, ... and each pair (n, k) such that n, k € {m, m + 1},

b
/ Vi,m [ P{" (cos ) sin ¥ d©¥ = 0. (51)
0

Proof Fix a value of . For the proof, let the left-hand sides of (51) be denoted by
Cyl e, (n) withn = m +e¢) and k = m +&;. We only use pairs in the set {(0, 0), (0, 1),
(1,0), (1, D}.

We will assume that 1 € (0, 1) because the case i € iR™ is similar (the interme-
diate case . = 0 is trivial, and it uses (45).) We have from (38) that

m
Cﬁ,o)(ﬂ)=/0 Vint1.m [P, (cos ) sin & d

m m 1
= fni2. m(ﬁ—i_ )/ ((2 +3)P,  (cos ¥) O (coshn)

P (cos ) Q) (coshn)

— 2m
cosh? n — cos? ¢

) P} (cos ¥) sin ¥ d9.

Notice that the first term gives a zero-integral because of the orthogonality of the
associated Legendre functions of the first kind over the interval [0, 7]. The second
term also has a vanishing integral because the underlying function is odd with respect
to the variable ¢t = cos?¥. Similarly, it can be proved that C(() ])(u) = 0 for all
m=0,1,

We now con51der the two remaining integrals, C? 0.0) (n) and C7} (1. 1)(/L). For sim-
plicity, we only sketch the proof for C ?(’)’0) (w). The other integral can be derived

straightforwardly. Let us begin by computing C ?0 0)(1). As a consequence of Neu-
mann’s formula (1), we find

1/” cosh 7 sin ¢
0

coshn) = = —— dv. 52
Qo( m cosh? 1) — cos? ¥ 62)

2
Combining the explicit representation (42) for the Vj o[] and (52), it follows that
T
Clh.o) () = /0 Vo.0l] Po(cos 9) sin & dy

3 coshn + 1 6
= -3 log —_ -3 QO(COSh T’) =0.
nw coshn — 1 7
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For an arbitrary m > 1, we have once again from (42) that

T
E’(’)’O) (n) = / Vin.m ] P,y (cos ) sin & do
0

_@m+D@m+3) [T

(,Bm,m P, (cos ©) Q' (cosh i)

Mm+3
coshn P (cos®) Q™ . (cosh
_ n P ( )Qz’"_l( n) ) P, (cos ¥) sin ¥ dv
2m=1(m — 1)!(cosh? n — cosZ )
2m +3)
== (2m+2(1/2>m+1 Oy (cosh )
@m+1) . T (PP(cosD))?
_ —zm—l(m 1 coshn Q) _(coshn) A —cosh2 y—cos sinvdd ).
(53)
Using the identity [14, p. 195]
D" +m)! 5 s (=)
m _ _ m
01 = ST [ =X Y
we can rewrite the integral in (53) as follows:
T (PP (cos ¥))? 2m)! (sinh )™
/ €SOV G gy = (— 1y CESIDDT oy, (55)
o cosh?n — cos? 2m=1mlcoshn

Substituting this computation into C%,O) and using the relation [31, Eq. (6.17)]

m—n—1
2 T

T 6D =) (56)

Q) (s) = (=)' 2"n! (s> — )™/

forn = m — 1, we find CE’(’) 0) (n) = 0 for m > 0. It yields that ng 0)(M) = 0 for all
m =0, 1, .... This completes the proof of the statements. O

The orthogonality of the proper harmonics (37) over the exterior of the prescribed
spheroids €2,, is given in the following theorem:

Theorem 10 Let pu be fixed. For each n > 0, the collection
{anm[u]:Ofm§n+1}U{Vn_’m[,u]: 1<m<n+1} 57
forms an orthogonal family in Harz(Q;) with the norms

27 (1 + 8o.m)
IVl s = == 55 Yl (), (58)
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where I, ,, (1) has the same meaning as in (36) and

2213 (1/2) g1 (1/2)ng2 (n + 2 — m)
Yn,m = . (59)
n+m)!n+1—m)!

Proof We will assume that . € (0, 1), because the case i € iR™ is similar. When
m1 # mo, we have

(Vaymy D, (), Vig o [11 @5 (9)) 15021) = O,
(Vaym, [,M]CP;[1 (@) Vagmo [Py, (0)) Ly 025) = O,
(Viymy (] (90) Vigmy [P, (0)) Ly (25) = 0,
(Vaymy D, (), Vig o [11® 5 (9)) 15027 = O

Using (33), we obtain

(Vi (1193 (@), Vi (1195, (9)) 15028

0o pm
=1+ 80,m)77/ / an,m[l/«]vnz,m[,u] dR,
um 0

where d R has the same meaning as in (34).
Thus we need to study integrals of the form

g
/ Vi, ml ] Viy m[ il (cosh? n — cos? ) sin 9 .
0

Without loss of generality, we assume that n| > n; and proceed to set V,,, ,,[u] as
(38) and Vj,, ,u[ 1] as (46). Since

T
/ (cos )P o _pp(cos ) sin} d =0,
0

T
/0 Pyl 1 (cosd) cos ¥ P, 5 (cos®?)sind dr = 0,

it follows that the remaining nonvanishing integrals are, respectively,

b
[ Vin.m[p] Py} (cos &) sin ¥ d,
0

according to no, — m being even, or

g
/ Vint1.m[ 1] P,;’ll (cos ) sin ¥ d 9,
0

according to ny — m being odd.
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Furthermore, using (41) and (42), we are led toward the integrals of the form, as
stated in Proposition 9. Hence, for ny # ns,

<Vn41_,m (1], Vn;m [M])Lz(Qz) =0,
and also
Vay s Vi, nlid) Ly = 0.

Using the orthogonality of the system ®:(¢) on [0, 27r] again, we conclude that
(an,m[u], Vn_z’m[M]>L2(Qfl) = 0 when n; # nj. This establishes the orthogonality
statement.

Forny =ny =nand 0 <m < n, by (44), we find

(Vi[5 (9), Vi 11D, (9)) Ly (21
_@n+1D)@n+3)n+m+1)
- M2n+3(n +1—m)

o T
X / / P (cos ) Q) (cosh 1) [cosh n P (cos¥) Q). | (coshn)
um 0

IBn,m IBn—H,m 1+ SO,m)”

—cos ¥ P (cos ) Q) (cosh 17)] sin ¥ sinh nd¥dn.

Now, combining (7) and (14), it follows that

tRY(ORY (1)

= 3 ((n+2—m)R" () + (n + 1 +m)R (1)) R (1),

with t = cos ¥ or coshnand R = P or Q.

Therefore, when 0 < m < n, we obtain

(Vam 119}, (9), Vn,m[lL]@:Z(w»Lz(sz;)
_ Cn+1(n+m+1)(n+2—m)
- M2n+3(n +1—m)

o0
X ( Q) (cosh ) Q}', » (cosh n) sinh n dn
m

Brm Bur1,m (1 + So.m)7

b
X / (P} (cos l‘}))2 sin 9 dv
0

oo
—/ (Q:’f(coshn))zsinhndn
um

T
x/ P, (cos ¥) P, »(cos 1) sinz?dz?)
0

_(m+2=m)(n+m+1)!
o p B m4 1 —m)!

IBn,m IBn—H,m 2 (1 + 50,m) In,m (w),
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where I, ,, (1) is defined by (36). We obtain the same value when @' (¢) is replaced
by @, (¢) throughout, 0 < m < n.
When m = n + 1, by use of (43), we have

Vit [y (9), Vit (K19 (0)) o)
w4 ((1/2),42)
T2 (@2n+ D>
2
00 5 ps P”Jrl1 (cos )
x / (Qﬁ“(cosh n)) sinh n(/ M cos> ¥ sin ¥ dl?)dn.
0

N cosh? n — cos? ¥

(60)

Using the identity (54), we find

Pl’l+1 2
7 P (cos 1) 5
/ ———5—————— €08 ¥ sin 0 dO

o cosh®n — cos?
L 23 (1)) (n + 1)

2n +2)!

X <QZI{ (coshn) +

= ("

(sinh n)"t!
coshn

1 . 2
3 sinh Qﬁiz(cosh n))

Consequently, combining the relation (17) and identity (56), then (60) leads to

743+ 1) ((1/2)n42)?

+ 2 _
” an+l [M]HZ - M2n+3 (211 +3)!

In,n—H (n).

By the form of the vE [w], it follows that || ann—H [m] ”Lz(QI*L) = ann+1 [M]”Lz(Qz).

n,m
The proof is now completed. O

We now state and prove the orthogonality of the proper harmonics (37) over the
surface of the prescribed spheroids with respect to a suitable weight function.

Theorem 11 Let |2 (i, X)| have the same meaning as in (24). For fixed i, the collection
(57) forms an orthogonal family over the surface of the spheroids 2, in the sense of
the scalar product

(f.8) 09 = / [ F®gX) ¢, %) do. (61)
n=nn

Their norms squared are equal to

4727 (1 + So.m) V1 — 12 20 4 3)(1/2)n11(1/2)n12
+ 2 s m
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n+m+1)

1
x (M Q4 (/1) — 3

0, 1/ M)>~
Proof For the proof, we consider the prolate case again. When m| # my, we have

<Vn1,m1 [M]q);z, (@), Vnz,mz[ﬂ] ()L Ly(3Q,) = 0,
(Viuym 1] ®,, (@), vm,mz[m@mz(w)nz(mw =0,
(Viarmy L1 @15 (@), Vg my (1419, 2«0))
( 19, ()

an,ml [/,L](D,;l (), Vng,mz [

Ly, =0,

( MLy, = 0.

Let P* = (nu, ¥, @), i.e., with coshn,, = 1/u. For m1 = my = m, direct calculation
leads readily to

(Varm [P (@), Viy i (1] @1 (0)) 1y 092,0)

T
. . . . 2
= 3 sinh i, (14 8o.m)7 /0 Vi m [ (P*) Viy i [0 (P*) sin @ [sin(® — in,)|” d9,

where we have used that

1/2 12
2(u, P*)|'? =

,u‘l — (cos ¢ cosh ny, + 1 sin ¢ sinh nM)2

=u |sin(z9 - inﬂ)|
1/2
= ,u(cosh2 Ny — cos’ 19)

From this point on, the proof follows the argument used in Theorem 10 of assuming
that ny > ny, in association with the facts

T
/ P (cos¥) P, o (cos ) sin d9 =0,
0
b
/ Pyl (cos¥) cos ¥ Py}, (cos ) sin d¥ = 0.
0

By (38), we then find in combination with Theorem 7 and Proposition 9 that

(Vi m 1@ (@), Vi, m[ﬂ]q)—i_((p))Lz(dQ“)
21+ 80,) (A m+ DI +2—m)
o w23 (m 4+ 1 —m)!

x sinhn, Q) (1/w) Q) 5 (1/ 1), (62)

,Bn,m/gth,m 8n1,n2

with exactly the same formula when @} (¢) is replaced by @, (¢), m > 0. The
calculation of the norms of Vn%m[u] comes from taking n; = n7 in (62) and using
relation (14). The statement follows. O
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4 Spheroidal Monogenic Functions

In this section, we combine the results from the previous sections to construct a com-
mon orthogonal basis for the one-parameter family of monogenic L,-Hilbert spaces
applicable to the exterior of a spheroid of given eccentricity. We express the elements
of such a basis in terms of the proper external harmonic functions (37). In an earlier
paper [19], we treated the analogous problem for prolate spheroids. We borrow some
of these techniques and fit many results into the present case. In particular, we can
consider the prolate and oblate spheroidal monogenics simultaneously.

4.1 Notation

We are interested in a theory of functions from the space domain €27, to IR3. For this
purpose, we consider the set

H={x=xo+ix;+jrn+kx:x;eR,i=0,1,2,3}

of (real) quaternions, where i, j, k are the quaternionic imaginary units obeying the
multiplication rules i> = j> = k? = ijk = —1. One usually writes X = Sc(x) — Vec(x)
(here Sc(x) = x¢ and Vec(x) = ix; + jxo + kx3 denote the scalar and vector parts of
x)and x| = xx)1/? = xx)1/2 = ( PR x?) 12 for the conjugate and absolute value
operations on H as in [10, 11, 18, 29]. We identify the Euclidean space R3 = {x =
(x0, x1, x2)} with the real vector subspace of reduced quaternions

{x =x0 +ix; + jxo} C H,

i.e., with vanishing k-term. Although this subspace is not closed under quaternionic
multiplication, it is possible to carry out a great deal of the analysis analogous to that
of complex numbers [12, 13].

Consider the usual first-order differential generalized Cauchy—Riemann (or Fueter)
operator

3 a 4 a .0
= — 1— _
dxo 0x] ‘laxz
and its conjugate
a a a
0=——i— —j— (63)

on functions f: € — R3 on any domain Q C R3, with f = [f]o + i[f]; + j[f]>
where [f];: @ — R (@ = 0,1,2). As in [5, 12, 13], f is called monogenic when
3f = 0. While 9 does not generally commute with quaternionic functions, since
we are considering R3-valued functions in this paper, the definition of monogenic
function does not depend on whether one applies 8 from the left or the right since
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—k(3f)k = 3. For domains Q@ C R3, we write M(Q) = Kerd € C'(Q, R3) and
M(Q) = M() N La(2, R3), where L»(2, R?) denotes the R-linear space of all
R3-valued functions f, such that the real component functions [f]; are in the usual
L>(£2). Monogenic functions are harmonic, but not vice-versa.

4.2 Basic External Spheroidal Monogenics

In analogy to the definition (37) for harmonic functions, we define the required
spheroidal monogenics to be employed for the space exterior of the prescribed
spheroids (20) as follows.

Definition 3 Let U,fm [1£] have the same meaning as in Definition 1. Let n > —1 and
0 < m < n + 1. The basic external spheroidal monogenics of degree —(n + 3) and
order m are

Xl = U, (1. (64)

The statement that X,jim[,u] is monogenic is seen from the factorization of the

Laplacian in R by A3 = 99. We continue with the convention that m > 1 when the
“-” sign appears in a superscript.

In the following theorem, we express the basic monogenics in terms of their quater-
nionic components. (The functions Vf_l [£] defined by (39) are involved in the
representation (66) for zero-order monogenic functions.)

Theorem 12 Let anm [1] have the same meaning as in (38). For all n > 0, the basic

external spheroidal monogenics (64) are equal to

— sinh 7 cos ¥ + (icos ¢ + j sin ¢) cosh 1 sin ¥
X olul = — - . , (65)
’ u* sinh n (cosh” n — cos* )

i 1
Xomli] =Vl + 5 ((n +2-mV, i nl - P — meﬂ[m)

j 2 + ! + 66
i) n+2-mVS ]+ Nt l—m Vil (66)

for0 <m <n, and

i ucoshn "
—_(v* R bt A 4
2 < nnl#] 2(2n + 5) cos ¥ ”“‘”JFZ[M])

Qcoshn
22t Scosy mriaall ]>' ©67)

Xl =Vl +

J
:F_

F
2 <Vn,n[/L] +

Further, they are functions in xg, X1, X2.

Proof As derivatives of functions, the basic monogenics are also functions in the
variables xg, x1, x3. To proceed with the proof, we write the operator (63) in prolate
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spheroidal coordinates (21):

1 d a
= 3 (cosﬂsinhn——sinﬂcoshn—)
w(cosh? n — cos? ) an 00
1 i Lising) < 15 cosh 0 + cos® sinh 0 )
- icos sin sin ¥ cosh 7 — + cos ¥ sinh  —
w(cosh? n — cos? ) ¢rasme 7 on T
1

d
— ————— (—ising + jcos ) —.
wsin ¥ sinh n ( ¢ Ticose) ap

The first line of the above expression applied to the functions U ::—H,m [1] produces the
scalar parts of X,fm [i].

The expression (65) is trivial. Now, let 0 < m < n. For the nonscalar parts of
Xim[u], we combine the identities (8)—(15) and (9)—(16) to find

+

2Mn+2 <
/3n+1,m(bm

, 9 . 9\, +
cos ¥ sinh n % + sin ¢ cosh n £> Un+1,m (1]

=mnm+m+Dn+2 - m)< — cos ¥ sinh P,:"+_1l(cos ©) Q" 1 (coshn)

+ sin & coshn P, | (cos ©) Qn”:ll (cosh 17))

+ cos ¢ sinh P,;"fql (cos ) Q). | (coshn)

+ sin 9 cosh n P, | (cos 1) ij:ll (cosh n). (68)

Next, we use the relations (7)—(14) and (12)—(18), obtaining

cos ¥ sinh n P,’lnﬁl (cos ¥) Q)" (cosh )

+ sin 9 cosh n P, | (cos 1) QZ’_&I (coshn)

_ w3 (cosh? n — cos? )
(n+1—m)(n+m+2)Brtim+t

Vn,m+l[#]o

Furthermore, using (10) and its counterpart (17), we arrive at

w3 (cosh? n — cos? ) . .
_ F Va.m—1lp] = sin ¥ cosh P, | (cos #) Q)" (cosh 17)

— cos ¥ sinh Prf'jr_ll (cos ) Q') | (coshn).
With these calculations at hand, we have

1
a w(cosh? n — cos? )

. 9 . 0
<sm ¥ cosh n% + cos ¥ sinh na—ﬁ> U,i_l,m[li]
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_(n+2-m)

> Vim—1 [ ®%

-V, o,
2n+1—m) n,m+l[,Uv] m

Similarly, according to (11)—(18) and (12)—(19), one can prove that

1 d U (1]
wsin® sinhy 9 L7 ”
m Bui1,m
= . oF
+ w3 (cosh? n — cos? )
" (sinh n Py (cos?) Q| (coshn) N sin? P, (cos?) Q) | (cosh n))

sin ¥ sinh n

1

1
= :t§<—n T —m Vn,m+l[ﬂ] + (l’l + 2 + m)‘/n’m_l[u,]) (D;E (69)

Combining the above formulas, together with the relations

dEcosp+ dFsing = o, (70)
—®Ecosg £ dfsing = —dL |, (71)
®:E singpFdF cosp = FOT_,, (72)

— @ sin pFP], cos g = FOF_ (73)

one straightforwardly obtains the desired expressions for (d/ 8x1)Uf+1’m[u] and

(3/0x2)Up, (1]
Now, we compute (67). By (68), we find

+

2 Mn+2 (
ﬂn+l,n+l (Dn—H

. ] . 0
cos ¥ sinh P + sin® coshn %>Uf+l’n+1[ﬂ]

=2(n+ 1)( — cos ¥ sinhn P, | (cos ) QT | (cosh n)

+ sin ¥ cosh n P:j:l] (cos ) Q) 1 (cosh n))

+ sin ¥ cosh n Pr:‘:ll (cos ) Qflﬁ (cosh )
u(2n + 2)! coshn 2(n +1)

23 (1 Dpgz cosp T g T

= /L"H (cosh? n— cos? z?)( Vn,n[,u]>.

On the other hand, we find from (69) that

1 a UE (4]
wsin® sinhn dg "Lt ’
_ i(n + D) Butint1

Vo[ 1]
Buin mon i
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T /3n+1,n+1 Pn+2
2(2n + 3)ur+3(cosh? n — cos2 ) "2

(cos 9) Q¥ (cosh ) @F ;.
Using the expressions (70)—(73) for m = n + 1, the required expression (67) follows.
This establishes the proof of the theorem. O

To motivate the relevance of the expressions stated in Theorem 12, explicit recur-
rence rules between the basic external spheroidal monogenics are discussed below.

Proposition 13 For each n > 0 and 0 < m < n, the following recursive formula
holds:

+2
X, [l = (n ’ m) (Xim—l[“] i¢X,fn1_l[u]j>
1
ot K BEXT, ). 04

For m = 0, we must take into account that

X ilnl = X 1lul:

Tt hn+2)

Proof The proof is an immediate consequence of Theorem 12 by direct inspection of
the relations between the quaternionic components of the basic monogenics (66)—(67).
O

From this, we easily deduce the further result:
Corollary2 For each n > 0 and 0 < m < n + 1, the following recursive formula
holds:

(2 = m) (X, L] = X (K + X [l X 12l = 0.

4.3 Conversions Among Spheroidal and Solid Spherical Monogenics

As a significant consequence of Theorem 12 and Proposition 3, together with (45), we
obtain an explicit representation of the external solid spherical monogenics employing
the external solid spherical harmonics.

Corollary 3 Forallx € R\{0}, the limitslim, o X, ([1](x) andlim, o X3, [11](%)
exist and are given, respectively, by

X
Xi]yo[o](x) = - Wy

X5, [01x) = — (n+2 —m)Uy,, , [01(x)

- %((n +2—m)(n+3—mU;,,,_[01(x) — Uf+2,m+l[0](x))
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+ %(m +2—m)n 43 —mU7 10160 + Uiy s [0]<x>),

where the U,fm [0] have the same meaning as in (28).

This result shows that Xfl .ol#] leads to the Cauchy—Fueter kernel, except for the
normalization factor —1/4mw when  — 0. This observation is fundamental not only
to ensure that the basic external spheroidal monogenics (64) are well-defined on the
exterior of the prescribed spheroids €2, but also it gives evidence of the completeness
of these functions in the space M3 (€2,) (see Theorem 18 below).

Given Corollary 1, itis natural to find the direct and inverse transformation formulas
that permit passing from external solid spherical to spheroidal monogenics.

Theorem 14 Letn > 0and 0 <m <n + 1. Then

o

.G 171 ) YIRS Tib Gy (VI | (75)
k=0
o

Xy [0 =D @tk X o 2] (76)
k=0

Here ay m x and Ay i have the same meaning as in Proposition 8.

Proof For simplicity in the proof, we only prove the direct transformation formula
(75). The identity (76) can be established similarly. We fix n, m, w, and the choice of
sign £. According to (66), we want to show that Xim[u] is equal to

o0 . .
i J
A= 2k( A — Ak FArk ),
;,u ( o,k+2 1,/<:F2 2,k)

where the quaternionic components are given by

Aok = nt1,m.k Vn:ﬁ»Zk,m[O]’
Atk =0 +2=m+26ni1.mi Vo m—i 0]

1 +
- n+1—m+ 2k an+1,m,kVn+2k’m+1[0]a
A2,k = (}’l +2—-—m+ 2k)an+l,m,k VnﬁZk,m—l [0]
1

+ m Un+1,m,k anF+2k,m+] [0].

According to (48), we obtain

Arg =0 +2 = mani1m—1.4V 2 m110]
1

+
- m Xn+1,m+1,k Vn+2k,m+1[0]
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and

Az =42 —m)ani1m—1.k V5 op m110]
1

- F
+ ntl_m On+1,m+1,k Vn+2k,m+1[0]’

By Corollary 1, it follows that
o
> Aok = Vi, lul,
k=0

o0

1
DAk =+ 2=mVE i)+ ———— Vo,
k=0

+1

[e¢)
DA =m+2-mV,] [l — Vil
k=0

n+1-—

This justifies the assertion X,jim[,u,] = A according to (66). Similarly, we can show
that (75) holds when m = n + 1 in view of (67). The statement is established. O

4.4 Orthogonality Properties of the Basic Monogenics
In this section, we prove that the basic external spheroidal monogenics (64) are orthog-

onal over the exterior and surface of the prescribed spheroids €2,,.
We have

Theorem 15 Let 1 be fixed. For each n > 0, the collection
{Xflyo[u]} UL [nl:0<m <n+ 1JUX, ,[ul: 1 <m<n+1} (77)

forms an orthogonal family in MQ(QZ) in the sense of the scalar inner product

(f, 8Ly’ =S¢ ///Q* f(x)g(x) dx. (78)

Their norms squared are equal to

47 -
IXE, olulll = — tanh (),

1
AT A/2)041(1/ D2
I 41115 = MZ,ZH .

2
<m 80,mIn,1 (1)

1
+(n+l+m)!(n+l—m)!(

dn+2—m)y(n+ 14+ m)
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(1 + 50,m)1n,m(ﬂ)

+((n+1)? = (m =D+ 1> =m*) Lym—1() + Lnms (u))

for0 <m < n, and

||XjE [ ]||2_w I (W 2 D(1 =80 V]
nn+1LLII2 = M2n+3 nan+1 () + 2n + DA + 80,0) Ln.n (1)
1
+ mln,n+2(ﬂ) ,

where I, m, (1) has the same meaning as in (36).

Proof Combining (65) and (66), and applying the trigonometric identities

cos @ CIJf;_lesingo oF | =f,
cosg @ +sing oL = o

m+1 m>

direct computation shows that

Se(X* o[l X5, [1]) 1 (cosh® p — cos® ) sin @ sinh n

n,m

. . n+2—-m) )
= —p| cos? sinv sinhn V, ,y[u] — ———=—— coshnsin“ & V, ,,_1[u]
(n+2—m) .
+ B — coshn sin” ¥ Vam+11p] q),j,f(go).

According to the definition of the integral (78) and Proposition 9, the identities
[T ®E(@)dp = 0 form > 0 imply that

(XF oLl X5 1D Ly, w3)

= ///Q* ([X:,()[M]]O[X?l:’m[u]]o + [th,o[“]]l[xr:::,m[ﬂ]]l

- [th,o[u]h[Xim[m]z)dx

o0 T
= —ZJT/L(/ sinhn(/ V.ol P1(cos ) sinﬂdﬂ)dn
0

um

1 o0 g
+ / coshn(/ Vnyl[/JL]Pll (cos 1) sinz‘)dt&‘)dn)
n+1 M 0

=0

for all n € Ny.
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7

Likewise, by the same reasoning,

+ +
(X_l,o[li], Xn,n+l[p“])1‘2(971’ R3)

b
1
= —M(/ / (cosz? sin® sinh n V,, p41lp] — 3 sin’ ¥ coshn Vy, nlp]
um

wsin? © cosh?

2
A02n T 5 cosd Vn+1,n+2[ll«])dﬁdl9> /(; Qjﬂ((ﬂ)dfﬂ

=0

for all n € Ny.

Now, we compute (X y.my LS an mz[MDLz(Q* Rr3)- According to (66) and Theo-

rem 10, we have

/ / / (X5 o, L0IXGE, o, Lo dx = 1V,E L 113 8y s Sy ms -

(79

Thus, to verify the orthogonahty of the Xn L], it suffices to show that the vector

parts of the functions Xn’m [1] are orthogonal.
Expanding the integrands and applying the trigonometric identities

SRR SR AR AT R
(D$1+1<Di2+1 + ®m1+1©i2+1 (DrJrrzl —my>
Q;—l 2+f+®mr4©iﬁ4::¢®mﬁmy
<1>$]+1<1>i2 1+®m1+1®i2 1= :|:®;1+n129

we find

/ff (IXE o AN IXE o [Ty 4 X (120X, [1]2) dx

<p1p2 //f Varmy =10 Vig my— I[M]q>ml —my dx
+ /// an,ml—l[H]Vnz,m2+1[l/«]q)jn_l+m2 dx
p2—1 o
P2 v v o+ J
+ n1,m1+1[.u] nz,mz—l[/‘L] mi+ms X
pr—1 Q;

1
TV V, V. T dx ).
+ (p1—D(p2—1 ///Q; w1 L Vg my 1 1@y s X>

where p; =n; +2 —m; (i = 1,2).

(80)
(81)
(82)
(83)
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We continue the calculations only for the prolate case. The following identities
CDmlimz(go)dgo = 27 8n,,m, for my, my > 0 imply that

/// X [N DX, AT+ X5, (110X, []12)dx

wpi(ny +2 —my) 0o pm
— p 2 8m1,m2/ / an,ml—l[/"L]Vnzyml_l[lL]dR
um 0
m(ny +2) 0o
B msml’of /0 Vo<1l Vi 1] dR
um
w(ny +2)

o s
2D’ Vi 1 [41Vay —1[p1d R
2(n1 + 1) ml’o/,;u /0 ARIANZRSIr

P 0o pm
1) v 74 dR,
+ 2p1 = Do+ 1 —my) my,my /nM /(; n1,m1+1[,u] nz,m1+l[l/«]

where d R has the same meaning as in (34).
In consequence, using (39), we find

f / / o NI o Tadlt + IXE L (20X, 1) dx

api(ny+2—my) 0o prm
= £ 2 Sml,mZ/ / Vn1,m|71[M]Vn2,m1—1[/¢L]dR
um 0
/4 R
+ 9 / / v, v, dR
(n1+ D@z + 1) m1,0 ne Jo nl,l[,u] nz,l[M]

- T
) V, \% dR
+ 2p1 = D+ 1 —my) ml,mz/n /0 nl,ml-i-l[/l«] nz,m1+l[ﬂ]

i

Now, using again the orthogonality of Theorem 10, we are left with

f f / AN [+ X [TIXE ,, [1]]2)dx

2
2M2n1+3 (pl VYni, m1711n1 mp— 1w + —- (n, 1)2 Ynq, 11n1 I(H«)arm 0

1
+ (Pl — 1)2 ynl,m1+lln|,m1+l(M))‘thnz(sml,mz, (84)

with I, ,,, (i) defined by (36). Combining (79) and (84), we conclude that (le‘l . 1],
X,;"z mz[M]>Lz(Q;,R3) = 0 when ny # ny or my # my. Similarly, (X7, [1],
X;z mz[MDLz(Q,ﬁ, R} = 0 when n| # ny or my # my. Using the orthogonality of the

system {@,j;} on [0, 27 ] again, we conclude that (X,jf1 my L], X,TLmz [u])Lz(Qz’ r}H) =0
when the indices do not coincide.
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Now, applying the trigonometric identities

i F ot
_q) -1 q>n2+2 +o m| 1 q>nz+2 =Fo mi+nr+1°
<1>i O L+ PF L OF =0

mi+1 mi+1 “na+2 — Tmp—ny—1°

it follows from (43) and (67), in combination with Proposition 9, that
( n, ml[ﬂ] an nzH[M])LZ(Q* R3) = 0.
Similarly,
(X5 [ X m1 1D 1y @ w3y = 0.

Furthermore, using the trigonometric identities (80)—(83) form; =n; + 1 and my =
ny + 1, by (67) and (58), it follows that
+ +
X1 (1 X0 1 D) Ly @, 3y
T
(2 Yni, n1+11n1 n1+l(:u) + Yni, nl(l + 50 nl)Inl nl(,u)) 2nl+3 8n1,n2

M T /oo /71’ Vn1+l,n1+2[,u] 112+l,n2+2[ﬂ] cosh? n

dR.
T 8am 1 9@ 15 me Jo cos? ¥

(85)

This establishes the orthogonality statement.

The calculation of the Ly-norms of X,fm[u] for 0 < m < n comes from taking
ny = np and m; = my in (84) and adding expression (58). By the symmetric form
of the Xim[u] in (66), it follows that ||X,tm[u]||2 = [IX,, ultlll2 when m # 0.
Furthermore, taking n; = n, in (85) and combining (43), (55), and (56), we find

1%y 1 L1113

(2 Ynnt1Inn41 (1) + Vun (1 + 80.0) In n(ﬂ)) 2n+3

4" 2((1/2)543)? o 12 +2 .
On 1520 £ 3123 fn coshn Q)7 (cosh ) Q75 (cosh n) sinh n dn.
"

Using the relation QZ“'Z (coshn) = sinhp Q’:lﬁ (cosh ), which follows from (56),

the statement follows. The proof is now completed. O

The corresponding orthogonality of the basic spheroidal monogenics over the sur-
face of the prescribed spheroids follows immediately from Theorems 11 and 15.

Theorem 16 Let |Z (i, X)| have the same meaning as in (24). For fixed u, the collection
(77) forms an orthogonal family over the surface of the spheroids 2, in the sense of
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the scalar product

(f. 8) 1,00, r) =S¢ f f fx)gX) ¢, )| do. (86)
n=nu

4.5 An Orthogonal Basis of External Spheroidal Monogenics

The results of the preceding sections enable us to prove the following theorem about the
approximation of a smooth function f in Mz(Q;) expanded as a linear combination
of basic external spheroidal monogenics. Although the proof of this fact follows the
same argument as in [19], since it is necessary to employ the definitions (25) and (64),
we include the proof for the completeness of the presentation.

Theorem 17 Suppose f € M1 (2;,) N c! Ty, R3) and let u be fixed. The monogenic
Fourier series expansion of £ with respect to the collection (77),

oo n+l

+ay, 11X, 87
> annmm R 73 D @ 172 g 172 D. G 173 ) (87)

n=—1m=0

converges to f in the Ly-sense, where the (real) Fourier coefficients a,ﬁcm [1] are given
by

at [M]=;(f X D) e 13
k,m ”X]:(t,m[u“]'b k,m 2( w )

Proof Suppose thatf € M>(€2},). Hence, there exists a real-valued harmonic function
h in Q;"L such that (1/2)dh = f. Moreover, the restriction of & on I';, is a twice
continuously differentiable function. Now, let g(¥, ¢) be a function defined on the
unit sphere, which is related to the value of 7rr,h on the prescribed spheroid by
g, p) = Trruh(z?, ) = h(ny, ¥, ¢), with coshn, = 1/u by (22). (The trace
operator T'rr, describes just the restriction onto the boundary I',,.) Since g(J, ¢) is
a twice continuously differentiable function on the unit sphere, it can be expressed
employing a series of surface spherical harmonics,

9]

g@.9) =" Prl(cos?)(ey, D (@) + 1y, @, (9) = Trr, h(D, @). (88)

n=0m=0

It was shown in [15, 25] that the above expansion is absolutely and uniformly conver-
gent with respect to (9, ¢) € I'p.

For simplicity, we again assume that v € (0, 1). Extending (88) to QZ leads to a
series expansion of / in terms of the basic external spheroidal harmonics (25):

o\ Bnm Qi (coshn)
) T opym Y 89
n;),,,zzou"“ on iy ) (@ @ (9) + @y @ (). (89)
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Using the results of [14, pp.417-421], we find |Qzl(cosh n)/Q;?(l/u)| < 1 for all
n,m=0,1,... and fixed u© > 0. Under the previous circumstances, it then follows
that the series (89) converges uniformly and absolutely to % in Ql’j

Moreover, since 4 is harmonic in QZ and twice continuously differentiable on the
boundary I';,, it yields the absolute and uniform convergence of its first derivatives in
7, UT",,. In particular, the corresponding series expansion for the derivatives, namely

nm i
X+ O[n,m X ) 90
ZZ <Qm(1/ﬂ) n— lm[/’L]+ Qnm(l/ﬂ) n—l,m[u“] 90)

n=0m=0

converges uniformly and absolutely to f = (1/2)9h in @}, UT,,. This further implies
the Ly-convergence in every subset Q) N By, where B, is a ball with some radius
r > 0, which contains ﬁw More precisely, denote by Sy the finite sum of the first
N-summands in the series (90). For any € > 0, there exists a natural number N (€)
such that

sup Sy (x) —f(x)| <e.
xeQ:uUly,

We have then
SN — f||§2(922 A p.pyy < € vol(Q) N By).

For the exterior domain of B,, we use another estimation. Let 0 < r; < r such that
Q,, C B,,.By the Cauchy integral formula for quaternionic monogenic functions [11,
pp- 87-88], for all y R3\B,, one finds

Snio® — f0)] < — [ [ X", 001y — )[[Sn (o (2) — £(@)|do (2)
d
< //B |y|2—| g @
Iylz—r

Now, the Ly-norm of the difference between Sy and f can be approximated by

00 T 2 2 &
o~ sinf
Svi — fII2 <r2€2/ / / 3y, deddd
ISvee) = Iy, m3\5, r3) < (7€) rJo Joo (2 =12 veer
s [P0t
< 4m(rie) / dp
r (p2—}"12)2

2 0 r 1 r—ri
< 47‘[(1’16) —— — —log .
2(r — rl) 4r1 r+r
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To sum up, for an arbitrary small € > 0, we can find a natural number N (¢) such that
ISy ) —fll2 < €. Thus, the series expansion (90) converges to f in the whole domain
Q:‘L in the sense of the Ly-norm, which is the desired result. The theorem follows. O

From this theorem, we deduce the further result:

Corollary 4 Suppose £ € M, (2),) and let |1 be fixed. Then the restriction of f in 2,
can be represented by its Fourier series expansion of the form (87). Further, this series
expansion converges to f in the Ly-sense.

Corollary 5 Any function in the collection
{th,o[o]} U {X:’m[O]: O0<m=<n+1}U{X, ,[0]:1<m=<n+1} O

can be represented by its Fourier series expansion of the form (87).

To conclude, the general result is that
Theorem 18 For fixed u, the collection (77) forms an orthogonal basis of MQ(QZ).

Proof This result is proved by first approximating f in M»(2};) from the set (91)
(which, in fact, forms an orthogonal basis of Mz(Qg), see [19]), and then by the
collection (77) of basic external spheroidal monogenics. O

This theorem is the generalization of that of [19], which corresponds to the case of
prolate spheroids.

5 Concluding Remarks

We introduced a single one-parameter family of basic external spheroidal harmonics
that assume prescribed values on the boundary of the family of coaxial spheroidal
domains €2,,. The basic harmonics are functions in xo, x1, x» which were normalized
so that the limiting case © — 0 gives the classical external solid spherical harmonics.
The nonorthogonality of the basic harmonics in the L,-Hilbert space structure led to
the discussion of the proper external spheroidal harmonics. Underlying our manipu-
lations is a set of conversion formulas that relate the coefficients of the expansions
among the spheroidal and spherical harmonic systems. The basic external spheroidal
monogenic functions were calculated explicitly, and formulas for their nonscalar parts
were obtained in terms of the proper harmonics. Ordinary methods based on decom-
posing a function space into subspaces of homogeneous functions fail to prove the
completeness of a monogenic function system constructed through the basic exter-
nal spheroidal monogenics because of the appearance of logarithmic functions. The
technique we employed to build an orthogonal basis for the one-parameter family of
monogenic L-Hilbert spaces in the space exterior of €2, was based on the harmonic
extension of a function defined on the boundary of the spheroid €2, to the exterior
domain £2j;.

We will extend our results in a future paper to external spheroidal monogenics
taking values in the space of full quaternions (with a right R-linear structure), using
the theoretical basis presented in [21].
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