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Abstract

Rochberg’s coboundary theorem provides conditions under which the equation (I —
T)y = x is solvable in y. Here T is a unilateral shift on Hilbert space, I is the identity
operator and x is a given vector. The conditions are expressed in terms of Wold-type
decomposition determined by T and growth of iterates of T at x. We revisit Rochberg’s
theorem and prove the following result. Let 7 be an isometry acting on a Hilbert space
‘H and let x € H. Suppose that Z,fiokHT*ka < ©00. Then x is in the range of
(I — T) if (and only if) ||>"}_, Tkx | = o(y/n). When T is merely a contraction, x
is a coboundary under an additional assumption. Some applications to L2-solutions
of the functional equation f(x) — f(2x) = F(x), considered by Fortet and Kac, are
given.
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1 Introduction
1.1 Coboundaries

Let T be a bounded linear operator acting on a complex Banach space X'. An element
x of X is called a coboundary for T if there is y € X such that x = y — Ty.
Coboundaries are related to the behavior of the ergodic sums

Sy (T)x i=x+Tx+---+T" %, n>1.

A variant of the mean ergodic theorem for power bounded operators on reflexive
Banach spaces has been proved by von Neumann for Hilbert spaces and by Lorch in
the general case; see for instance [14]. Recall that T is said to be power bounded if
sup,~1 IT"|| < co. We have

1 -
X = {x eX: lim —S,(T)x exists} ={yeX: Ty=y}o(I -T)X.
n—oon
In particular, as a consequence of this ergodic decomposition, we have
- 1
xe(l-T)xXY <« lim —S,(T)x =0.
n—-oon

One can say more about the rate of convergence of (1/n)S, (T)x to zero when x is a
coboundary. Indeed, when there exists a solution y of the equation y — T'y = x, the
ergodic sums satisfy S,(T)x = y — T"y. It follows that (S, (T)x),eN is bounded.

Therefore i
=0 (—) . (1.1)
n

This rate of convergence to zero, namely O (1/n), characterizes coboundaries of power
bounded operators on reflexive spaces. Indeed, the converse result (whenever T is
power bounded and X is reflexive, an element x satisfying (1.1) is a coboundary for
T) has been proved by Browder [1] and rediscovered by Butzer and Westphal [2].

We also note (see for instance [3, 4, 11] and the references therein) thatif (I — T)X
is not closed, then for every sequence (a,),>1 of positive real numbers converging to
zero, there exists x € (I — T)X\(I — T)X such that

” lS,,(T)x
n

1
H—Sn(T)x >a,, Vn>1.
n

In particular, there is no general rate of convergence in the mean ergodic theorem
outside coboundaries.
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1.2 Rochberg’s Theorem

Browder’s theorem has been extended to the case that 7 is a dual operator on a
dual Banach space by Lin [16]; see also Lin and Sine [17]. We refer the reader to
the introduction of [6], and the references cited therein, for the history of Browder’s
theorem and for other extensions and generalizations. We mention here only two
references, namely [19] and [13], dealing with the Hilbert space situation. Any of
these Hilbert or Banach space abstract characterizations is not strong enough to obtain
as consequences classical results of Fortet and Kac [9, 12] who dealt with the case X' =
L%(0, 1) and Sf(x) = f(2x). This operator S is the Koopman operator associated
with the doubling map on the torus; see the last section of this manuscript for more
information about coboundaries of S. This situation has been remedied by Rochberg
[20], who showed that a condition of o(y/n) growth of ergodic sums at x is sufficient
to ensure that x is a coboundary for a unilateral shift on Hilbert space. Notice that the
Koopman operator S acts as a unilateral shift on the subspace of L2(0, 1) of functions
whose zeroth Fourier coefficient vanishes.

We need the following classical definition in order to state Rochberg’s abstract
coboundary theorem.

Definition 1.1 Let T be an isometry acting on Hilbert space H. A closed subspace K
of H is called wandering for T whenever

TPK L TIK for p,qeN,p#q.

The isometry T is called a (unilateral) shift if H possess a closed subspace K,
wandering for 7 and such that

o
Prk="H.
n=0

Theorem 1.2 ([20]) Let S be a shift and let f be an element of H. Using the notation of
the preceding definition, we denote by f; the projection of f onto the closed subspace
STK. Suppose that there exists B > 0 such that

I£ill = 0@27F).

Then there exists g in H such that (I — S)g = f if and only if

n 2
> oskr| =o.

k=0

1
lim —
n—-oon
Remark 1.3 The condition

I£ill = 0@27F)
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is of course dependent of the decomposition of H associated with the unilateral shift
S. It implies || S*/ f|| = 02 7FJ).

1.3 Statement of the Main Results

In the next theorem the unilateral shift S is replaced by an arbitrary isometry 7T
and the growth of the norm of the projection f; by the convergence of the series
Z?‘;o j | T+ f1l. The statement of the result does not depend on the Wold decom-
position, at least not in an explicit way. For the convenience of the reader, the Wold
decomposition theorem is recalled below. Theorem 1.4 implies Rochberg’s theorem
and it allows to recover Kac’s results about the coboundaries of the Koopman operator
of the doubling map.

Theorem 1.4 Let T be anisometry acting on a Hilbert space H and let x € H. Suppose
that

o0
> kITx|| < oo. (1.2)
k=0

Then there exists y € 'H such that x = (I — T)y if and only if

n 2
ZTkx =0.

k=0

lim —
n—oon

Note however that the condition (1.2) implies that x is necessarily an element of
the shift part of the isometry 7.

Considering coboundaries of adjoints of isometries, we notice that the identity
I—T = (T*—1I)T shows that every coboundary of the isometry T is also a coboundary
for its adjoint 7*. It follows from [7, Proposition 4.3] that when the isometry 7T is not
invertible (i.e., not a unitary operator), there are coboundaries for 7* which are not
coboundaries for 7.

The following result, more general than Theorem 1.4, is about coboundaries of
contractions (operators of norm no greater than one).

Theorem 1.5 Let T be a linear operator acting on a Hilbert space H with | T| < 1.
Let x € H and denote S,(T)x := x + Tx + - -- + T""'x. Suppose that (1.2) holds,
as well as

[1S:(T)x|| = o(x/n), n— oo (1.3)
and

n
> (ISkT)xI? = 1T SUD)xI?) = o), 1 — o (1.4)
k=1
Then there exists y € 'H such that x = (I — T)y. In addition, y can be chosen such
that | Tyl = [yl

We obtain the following consequence.



Rochberg’s Abstract Coboundary Theorem... Page50f17 115

Corollary 1.6 Let T be a linear operator acting on a Hilbert space H with ||T|| < 1.
Let x € H and denote S,(T)x := x + Tx + --- + T"'x. Suppose that (1.2) and
(1.3) hold, as well as

0 2 _ 2
5 (IS T)x 12 = ITS(DxI?) (1.5)

k=1 k

Then there exists y € H such that x = (I — T)y and ||Ty| = ||yl

Some remarks are in order. Theorem 1.5 and its consequence Corollary 1.6 show
that the coboundary equation can be solved within the maximal isometric subspace

M ={xeH:|T"x| = |x| forevery n > 0}.

We refer to [18] and [15] for the canonical decomposition of a contraction into the
maximal isometric subspace and its orthogonal.

Conditions (1.4) and (1.5) are easily verified when 7 is an isometry. The conditions
(1.2) and (1.3) are always satisfied when ||T'|| < 1; however (1.5) is not, unless x = 0.
In fact, ||Ty|| = |ly|l and ||T]| < 1 imply that y = 0 and thus x = 0. Of course,
as (I — T) is invertible when ||T|| < 1 by Carl Neumann’s lemma, the coboundary
equation x = (I — T)y is always solvable in this case.

1.4 Outline of the Paper

A proof of Theorem 1.4 is given in the next section. The more general Theorem 1.5
and its consequence Corollary 1.6 are proved in Sect. 3. Some applications to the
functional equation g(x) — g(2x) = f(x) are presented in the next section. The
last section collects the acknowledgments, and (imposed) conflict of interest and data
availability statements.

2 Proof of Theorem 1.4

We first recall Wold’s decomposition Theorem (see [18, Chapter 1]).

Theorem 2.1 (Wold decomposition) Let T be an isometry on a Hilbert H. Then 'H
decomposes as an orthogonal sum H = Ho @ H such that Ho and H1 are reducing
for T, the restriction of T to Hy is a unitary operator and the restriction of T to H1 is a
unilateral shift (one of the subspaces can eventually reduce to {0}). This decomposition
is unique; in particular, we have

0 o0
Ho = ﬂT”H and H; =@T”K,wher€ K=Ho&TH.
n=0 n=0
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Proof of Theorem 1.4 If x = (I — T)y, then >_}_, T*x = x — T"*'x. Therefore
Yo T*x is bounded since the isometry T is clearly power-bounded. In particular,

1|« ?
. k _
nll>n<;0 - Z T"x| =0.
k=0
Suppose now that
n 2
. L k _
ﬂli{rgo n kZ:O T * O

We want to show the existence of a solution y of the equation (/ — 7))y = x.
Let H = Ho @ H; be the Wold’s decomposition associated with 7. We notice that
x € Hj. Indeed, if x = x¢ + x1 according to Wold’s decomposition of H, then

lim |7 =0 and | T*xo| = |lx0ll, Vn e N.
k—00
Therefore
lim [|7*"x| = [|lxo|.
n—>0oo

On the other hand, it follows from (1.2) that
lim |T*x| = 0.
n—0o0

We obtain that x € H;. In particular, if H; is reduced to {0}, then x =0 = (I — T)0.
Therefore, without loss of any generality, we can assume that 7 is a shift.

Foreachn € N, we denote by P, the projection onto the subspace 7" KC. Foru € 'H,
we set u, := P,(u), u" = Z?:o ujand R, :=u —u".

Suppose that y is solution of the equation (I — T)y = x. We first obtain, by
projecting to T*KC for each k € N, the following system of equations :

X0 = Yo
x1=y1—Ty

Xk = Yk — Tyr—1
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We then obtain

Yo = X0
yvi=x1+Tyo=x1+Txo

e =xk + Tyk—1 = xp + Txp—1 + -+ + TK1x) 4+ Tkxq

Consider now, for each r € N, the element
r
V= ZTer_k eT"K.
k=0

We will prove that Zfio Il yr ||2 is convergent, thus showing that y = Zroio vy is well
defined in H. In that case, for every r € N, we have

Pr((l - T)y) =y —Ty—1
r r—1
= Z zjr_j — Z Tj+l.xr_1_j
j=0 Jj=0
= X,.

This shows that (I — T)y = x.
To prove that Zf‘;o |y 11 is finite, we need two more results.

Lemma 2.2 Let u € H be such that ijo | T* u|| < +o0. Then

2

o0
= ull* +2Re Y _(u: T*u).
k=1

i T*u
k=0

. 1
lim —
n—-oon

Proof We first notice that the sum Y ;o (u; T*u) is absolutely convergent since
(IT*/ ull) j>o0 is summable. For each n € N*, we have

2

n
Z 1T ull® + 2Re Z (T'u; T'u)

i=0 0<i<j<n

1 n o
S Z||u||2+2Re Z (w; T u)

i=0 0<i<j<n

1
n

2": T*u
k=0

N

S
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n+1 2 2 : .r
lull® + = Re (Z(n —r+ DT u))

n
r=1
n+1. 5 - 1 <
= 2R T u) — — — D{u; T .
— Jlull® + e(r;(u ) n;o )us T u)

On the other hand, we have

=<

lull Y - = DIT* ul.

r=1

1
n

! D= {u; T u)
n r=1

Using again the summability of the sequence (|| 7%/ u/) >0 and the Kronecker’s lemma
(see for instance [21, Lemma IV.3.2]), we get

n—o00

lZ(r — D{(u; T"u) — 0.
n
r=1

As the series > 11 Tku) is convergent, we obtain, as n tends to infinity,

1 n 2 oo
lim — T*u| = u|*+2Re Y (u: T u).
n—-oon
k=0 k=1
O
Lemma 2.3 Letu € 'H. For every r € N we have
2 2
r 1 n
J im — Jyr
S| =t LS
j=0 j=0

Proof Letn > r. For k € N we have

Zf;ZOTfuk_j it 0<k<r,

n i .
Py ZTju’ = =0 T’“H it r<k=<n,
j= Yimkn Tug—j if n <k <n+r,
0 if k>n+r.

Using the decomposition of H as H = @, -, 7"k, we obtain
2

1 n ) 1r—l k ) 2 1 n r )
ol DAL IE=D BN DR ALTS BE e B DIN AT
j=0 k=0

Jj=0 k=r || j=0

2
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2
1 n+r r )
4 5% P
k=n+1 | j=k—n
We have
1 r—1 k 2
HE || | o
n n—oo
k=0 || j=0
and
1 n+r r 2 1 r r 2
U3 DORIREEY D 3 St | pugs
’ ’ n—00
" 1 || jmk—n "\ =t | =«
as well as
n r 2 r 2 r 2
1 < n—r+1 - .
- T/'up_il|| = —— T u,_i| — T u,_;
J J J
n ; n . n—o00
k=r || j=0 j=0 j=0

We thus obtain

2

2

1 n r

lim — E T/u"| = E T/u,_;

n—oon
Jj=0 Jj=0

O
We finally show that ZrZO vl < oo. Using Lemma 2.3, we have foreachr € N,

2 2

i Tix"

1
= lim —
n—oon
i=0

llyelI* =

r
i=0

Using the parallelogram identity for the vectors x” + R, = x, we get

2 2 2

1 1
+ -
n

2
n n

iTix’ Xn:Tix
i=0 i=0

n
Z T!(x" — R,)
i=0

3 N
—Z > TR,
n =0
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Make now n tends to infinity. Using Lemma 2.2 for R, and x” — R, and the hypothesis
% H > k=0 T*x ||2 — 0, we obtain
n—o0

2 |I¢ :
2lyel? = Jim ~ > T
i=0
Ll 2 n 2
S - i .r _ . - i
= fim LT R~ fim S ) TR,
1= 1=

= Ix" — R I> = 2|IR |2

o
+2Re Y (16" = R TEGT = R)) = 2(R,: TR,))
k=1
o0

= 5712 = IR, 12 + 2Re Y (4" T47) = (75 T*Ry)
k=1
— (R T5") = (R TER,))
oo oo
= 5717 = IR > +2Re Y (x": THa") = 2Re ) (Ry: Thx).
k=1 k=1

Using now Lemma 2.2 applied to x” and Lemma 2.3, we get

ry2 r. ok ryv _ 1: - i r
Ix"[1* + 2Re Y "(x"; T*x )= Jim — > Tk
k=1 i=
= Iy 1%
We can infer that
o0
203> = llyr 1> = IR = 2Re Y (Ry; Tx),
k=1
SO
o0
117 = =R = 2Re Y (Ry; T"x).
k=1
For each fixed r we have R, = T"T17*0+Dyx Thus ||R.|| = |T*"TPx||. As

—+00
> JITx|| < +oo,
Jj=1
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we obtain that (|| R,||?), is summable. It suffices to show that

o o
>3 h

r=0 lk=1
We have
oo r o0
YRS T ) = D (R The) + Y (Rys Thx)
k=1 k=1 k=r+1
r o
=D (R Th )+ )0 (R ThY)
k=1 k=r+1
<Z||R Tl + Z IRkINT x|
k=r+1
< x| <r||Rr||+ > ||Rk||)
k=r+1
o0
< Ilxll (ruT*“*”xn + > ||T*<k+”x||> :
k=r+1

Using again the summability of (r||T* x||),, we get

Z Z 17+ x| —anT*kxn < oo,

r=0k=r+1

Therefore Y 72 v 11? < oo. O

3 The Case of Contractions
We now prove Theorem 1.5 and its consequence Corollary 1.6.

Proof of Theorem 1.5 Let D denote the defect operator D = (I — T*T)'/2, which is
well defined since T is a contraction. As

ITx|I> + I1Dx||? = (T*Tx, x) + (I — T*T)x, x) = |Ix||?,
the operator R : £2(H) — £>(H) given by

R(xg, x1, x2, ...) = (T'xo, Dxg, x1, x2,...)
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and with matrix representation

R=| 1 , 3.1

is an isometry. We can thus apply Theorem 1.4 to R.
The iterates of R are given by

Rk(x(), X1,X2,...) = (Tkxo, DTk_lxo, DTk_zxo, ..., DTxg, Dxg, x1,x2,...)
while their adjoints are given by

R*k(x()’ X1, X2, ')
= (T x0 + T** "V Dxy + - + T*Dxy_1, Dxp, Xp1, X425 -+ )-

Denote ¥ = (x,0,0,---) € £2(H) and § = (y, y1, y2, - -+ ) € £2(H). The equation
x=({—-R)y

reduces to the system of equations x = (I — T)y, y1 = Dy, y2 = y1, Y3 = )2, etc.
Asy e KZ(H), we obtain y; = yp = --- = 0. Therefore the equation x = (I — R)y
in £%(H) is equivalent to

x={—-T)y and Dy =0.

Every positive (i.e. positive semi-definite) operator has the same kernel as its positive
square-root; thus (I — T*T)y = 0. Therefore || Ty| = ||y|l.

An easy computation shows that the summability condition > 7o k| R*%| < oo
is equivalent to Yoo k| T* x| < oo.

Notice now that

R*s = R¥(x,0,0,..) = (T*x, DT* 'x, ..., Dx,0,0,...).

Therefore
n n n—1 n—2
R (Zm,p <Zm),p (ZT"x),...,Dx,0,0,...).
k=0 k=0 k=0 k=0

Hence, using the notation S, (T)x = x + Tx + - -- + T"!x, the o(y/n) condition

Y R[] = o)
k=0
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is equivalent to

n

Z Tkx

k=0

=o(v/n) and YD) = o(n).

k=0

The proof is now complete using the identity || Du||*> = ||lu||> — || Tu||>. O

Corollary 1.6 follows from Theorem 1.5 and Kronecker’s lemma, already used in
the proof of Theorem 1.4.

4 Coboundaries of the Doubling Map
Let val, (n) be the 2-valuation of n, that is
vabb(n) =k if n=m2* with m ¢ 2Z.

For n € Z, we denote by f(n) = fol f(t)e~™ dt the n-th Fourier coefficient of
f e L*0,1).

Corollary 4.1 Suppose f is a periodic function of period 1 such that f € L*(0, 1),

1
/ f@®)dt=0 4.1)
0
and there exists € > 0 such that
© .2
3 vabm* f(n)‘ < 0. 42)
n=-—00

Then there is a function g in L*(0, 1) of period one such that

f) =g —gQn ae.
if and only if

2

1 1
lim —/ dt =0
n—oon J

Proof We use Theorem 1.4 applied to the isometry T : L2(0, 1) —> L?(0, 1) defined
by

> r@n
i=0

Tf(t)=f2t), te(0,1)modl.
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We first remark that condition (4.1) is justified by the fact that 7" acts as a shift operator
on the subspace of L2(0, 1) of functions whose zeroth Fourier coefficient vanishes.
The condition

2
lim — / t) dt =0
n—-oo n
is exactly the condition
n 2

which appears in Theorem 1.4. We want to show that

o0
D KITH £ < oc.

k=0

Recall that T acts as a shift operator on the subspace of L2(0, 1) of functions whose
zeroth Fourier coefficient vanishes. Let (a,) = ( f (n)) be the sequence of Fourier
coefficients of f. We have ag = 0. The iterates of the adjoint of T at f can be
computed as

o0
T*f(t) = Z ajpe®™' kel

j==00

For & > 0, using the change n = j2F in the order of summation, we get

o0 o0 o0 1/2
Y KT ="k Y lajul
k=0 k=0 \j=—o00
1/2
o0 o0
:Zk7(1+€)/2 k3+8 Z |aj2k|2
k= j=—00
1/2
o0
<(2r ) > 3 o
=0 j=—00
1/2

oo 1/2 valp (n)
(Z ““)) Z jan? Zk”g

n=—0oo

N 2, o 12
2<Zk “*8)) (Z Val2(n)4+8|an|2> :

k=0 n=—oo

IA
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Thus, under our hypothesis about the Fourier coefficients, we have

o
D KIT £ < oc.
k=0
O
Corollary 4.2 [20] Let f be a periodic function of period 1 such that f € L*(0, 1),
1
/ f@®)dt =0
0
and there exists o > 0 such that
e . .
D 1f(@k+1))2 P = 0027, (4.3)

k=—o00
Then there is a function g in L*(0, 1) of period one such that

f@)=g()—gQt) a.e.
if and only if

2
dt =0

> f@n
i=0

1 1
lim —/
n—oon Jg |4

Proof The result follows from Corollary 4.1 with ¢ = 1, say. Indeed, using the condi-
tion (4.3), one can estimate

> b [foo =3 3 @k + 2

n=-—00 i=1 k=—oc0

O

Remark 4.3 Condition (4.3) is condition (a) from Theorem 4 in [20]. It has been proved
in [20] that each of other three conditions of Holder type, called there (b), (c) and (d),
implies the condition (4.3). Mark Kac has already considered in [12] the case when
f is in the Holder class C*¢ for some o > 1/2. We refer to [5, 9, 10] for other
contributions concerning the functional equation f(¢) = g(t) — g(21).

Remark 4.4 All the remarks at the end of the paper [20] apply also in our situation.
In particular, the generalization to the functional equation f(¢) = g(¢t) — g(nt) (for a
fixed integer n) is immediate.



115 Page160f 17 C.Badea and O. Devys

Acknowledgements Some of the results presented here are part of the 2012 PhD thesis of the second-named
author [8] written under the supervision of the first-named author. We wish to thank several persons who
encouraged us to present these results to a larger audience and/or to revisit them. As Amor Towles said:
“For as it turns out, one can revisit the past quite pleasantly, as long as one does so expecting nearly every
aspect of it to have changed”. Special thanks are due to Michael Lin for several interesting comments and
remarks. We would like to thank the anonymous referee for a careful reading of the manuscript and very
useful suggestions. The first-named author would like to thank the Max Planck Institute for Mathematics
in Bonn for providing excellent working conditions and support.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Conflict of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

References

1. Browder, F.: On the iteration of transformations in noncompact minimal dynamical systems. Proc.
Amer. Math. Soc. 9, 773-780 (1958)

2. Butzer, P.L., Westphal, U.: The mean ergodic theorem and saturation. Indiana Univ. Math. J. 20,
1163-1174 (1970/1971)

3. Badea, C., Miiller, V.: On weak orbits of operators. Topology Appl. 156, 1381-1385 (2009)

4. Badea, C., Grivaux, S., Miiller, V.: The rate of convergence in the method of alternating projections.
Algebra i Analiz 23 (2011), no. 3, 1-30; reprinted in St. Petersburg Math. J. 23 (2012), no. 3, 413434

5. Ciesielski, Z.: On the functional equation f(¢) = g(t) — g(2¢). Proc. Amer. Math. Soc. 13, 388-392
(1962)

6. Cohen, G., Lin, M.: Double coboundaries for commuting contractions. Pure Appl. Funct. Anal. 2,
11-36 (2017)

7. Derriennic, Y., Lin, M.: Fractional Poisson equations and ergodic theorems for fractional coboundaries.
Israel J. Math. 123, 93-130 (2001)

8. Devys, O.: Localisation spectrale a I’aide de polynomes de Faber et équation de cobord, Ph.D. thesis,
Université de Lille, (2012)

9. Fortet, R.: Sur une suite également répartie. Studia Math. 9, 54-69 (1940)

10. Fukuyama, K.: On a gap series of Mark Kac. Colloq. Math. 81(2), 157-160 (1999)

11. Gomilko, A., Haase, M., Tomilov, Y.: On rates in mean ergodic theorems. Math. Res. Lett. 18(2),
201-213 (2011)

12. Kac, M.: On the distribution of values of sums of the type > f(2kt). Ann. of Math. (2) 47, 3349
(1946)

13. Kozma, G., Lev, N.: Exponential Riesz bases, discrepancy of irrational rotations and BMO. J. Fourier
Anal. Appl. 17(5), 879-898 (2011)

14. Krengel, U.: Ergodic theorems. With a supplement by Antoine Brunel. de Gruyter Studies in Mathe-
matics, 6. Walter de Gruyter and Co., Berlin. viii+357 pp. ISBN: 3-11-008478-3 (1985)

15. Levan, N.: Canonical decompositions of completely nonunitary contractions. J. Math. Anal. Appl. 101,
514-526 (1984)

16. Lin, M.: On quasi-compact Markov operators. Ann. Probab. 2, 464-475 (1974)

17. Lin, M., Sine, R.: Ergodic theory and the functional equation (I — 7T)x = y. J. Oper. Theory 10,
153-166 (1983)

18. Sz.-Nagy, B., Foias, C., Bercovici, H., Kérchy, L.: Harmonic analysis of operators on Hilbert space.
Second edition. Revised and enlarged edition. Universitext. Springer, New York, 2010 (First edition
published in 1967)

19. Robinson, E.: Sums of stationary random variables. Proc. Amer. Math. Soc. 11, 77-79 (1960)

20. Rochberg, R.: The equation (I — S)g = f for shift operators in Hilbert space. Proc. Amer. Math. Soc.
19, 123-129 (1968)



Rochberg’s Abstract Coboundary Theorem... Page 170f17 115

21. Shiryaev, A.N.: Probability. 2. Third edition. Translated from the 2007 fourth Russian edition by R. P.
Boas and D. M. Chibisov. Graduate Texts in Mathematics, 95. Springer, New York, (2019)

22. Zygmund, A.: Trigonometric series. Vol. I, II. Third edition. With a foreword by Robert A. Fefferman.
Cambridge Mathematical Library. Cambridge University Press, Cambridge, (2002). xii; Vol. I: xiv+383
pp.; Vol. II: viii+364 pp. ISBN: 0-521-89053-5

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.



	Rochberg's Abstract Coboundary Theorem Revisited
	Abstract
	1 Introduction
	1.1 Coboundaries
	1.2 Rochberg's Theorem
	1.3 Statement of the Main Results
	1.4 Outline of the Paper

	2 Proof of Theorem 1.4
	3 The Case of Contractions
	4 Coboundaries of the Doubling Map
	Acknowledgements
	References




