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Abstract

In this paper, we present blow-up results for solutions to the Dirichlet initial value
problem for the p-sup-Laplacian heat operators on the stratified (Lie) groups. A strat-
ified group version of the Poincaré inequality from Ruzhansky and Suragan (J Differ
Equ 262:1799-1821, 2017) plays a key role in our proofs.
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1 Introduction

A Lie group G = (R", o) is called a stratified (Lie) group if it satisfies the following
conditions:

(a) For some integer numbers Ny + Nz + - - - + N, = n, the decomposition R" =
RN x ... x RM is valid, and for any A > 0 the dilation

8.(x) == (x’, A2x @ x)

is an automorphism of G. Here x’ = x(¥ ¢ RM and x® e RM fork =2,...,r.
(b) Let Ny be asin (a) and let X1, ..., Xy, be the left-invariant vector fields on G
such that X;(0) = % |o fork =1, ..., Ni. Then the Homander rank condition must

be satisfied, that is,
rank(Lie{X1y, ..., Xn,}) =n,
for every x € R”".
Then, we say that the triple G = (R", o, §,) is a stratified (Lie) group.

Recall that the standard Lebesgue measure dx on R” is the Haar measure for G
(see, e.g. [8]). The left-invariant vector field X ; has an explicit form:

,
]
(l) x@=D
+ZZa : il (L)
axk

[=2 m=1

see e.g. [8]. The following notations are used throughout this paper:
=X1,...,Xn)
for the horizontal gradient,
Lpf=Vg-(VefI"Vef), 1<p<oo, (12)

for the p-sub-Laplacian. When p = 2, that is, the second order differential operator

Ny
L=Y X;. (1.3)

is called the sub-Laplacian on G. The sub-Laplacian L is a left-invariant homogeneous
hypoelliptic differential operator and it is known that £ is elliptic if and only if the
step r of G is equal to 1.

Let @ C G be an open set, then we define the functional spaces

SYP(Q) = {u: Q — Rou, |Vgu| € LP(Q)). (1.4)
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We consider the following functional

1

() = (/ |vGu(x)|f’dx> "
Q

Thus, the functional class §'+? (£2) can be defined as the completion of Cé (2) in the
norm generated by J,,, see e.g. [3].

Let 2 be a bounded domain on the stratified Lie groups with the smooth boundary
2. We consider the Dirichlet initial value problem for the p-sub-Laplacian heat
operator

ur(x, 1) = Lpu(x,t) = fux, 1), (x,1) € Qx(0,+00),
u(x, 1) =0, (x,1) € 92 x [0, 4+00), (1.5)
u(x,0) =up(x) >0, xeQ.

Here f is a locally Lipschitz continuous function on R, f(0) = 0, and such that
f(u) > 0foru > 0.Furthermore, we suppose that ¢ is a non-negative and non-trivial
function in L®(2) N $'7(Q) and that ug(x) = 0 on the boundary 9€2 of .

In the Euclidean setting, it is well-known that there often exists a solution of the p-
Laplacian parabolic equation as the one in (1.5) for all times. There is a large literature
on the sufficient conditions for the local existence of solutions to the p-Laplacian
parabolic equation. For example, the sufficient conditions for the local existence of
solutions to the p-Laplacian parabolic equations are derived by Ball [1] and Zhao [10]
for p =2 and p > 2, respectively. Then, the blow-up solutions have been investigated
by many authors such as Levine [6], Philippin and Proytcheva [7], Ding and Hu [5],
Bandle and Brunner [2], with a more detailed review of their works presented in [4].

In the present paper, our aim is to extend Abelian (Euclidean) to general stratified
(Lie) groups. Thus, in this paper, the blow-up theorems for the p-sub-Laplacian heat
operators are proved on the stratified Lie groups. We use the concavity method and the
Poincaré inequality from [9] as the main tool. However, these results cannot be directly
extended to the general stratified groups since there are no those spectral inequalities
on the general stratified groups. On the other hand, in general, our stratified group
theorems cannot completely cover the Heisenberg group results due to the restriction
N1 # p (see Theorem 2.5).

2 Main Results
2.1 Blow-Up Solutions for the Sub-Laplacian Heat Operators

We consider the blow-up solutions to the sub-Laplacian heat equation on the stratified
groups G, that is,
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ug(x,t) — Lu(x,t) = f(u(x,1)), (x,t)e€ Q x(0,400),
u(x,t) =0, (x,1) € 92 x [0, +00), 2.1
u(x,0) =ug(x) >0, x e,

where f is locally Lipschitz continuous on R, f(0) = 0, and such that f(u#) > O for
u > 0. Furthermore, we suppose that ug is a non-negative and non-trivial function in
C1(Q) and that ug(x) = 0 on the boundary 9€2.

Theorem 2.1 Let Q2 be a bounded domain of the stratified group G with Ny > 3 being
the dimension of the first stratum and smooth boundary 0K2. Let a function f satisfy
the condition that there exist constants o > 2 and y such that for all u > 0 we have

aF(u) < uf )+ Bu® + ay, (2.2)

where F(u) = [y f(s)ds and 0 < B < ('172?+2)2. Ifug € C1(Q) withug = 0 on
dX2 satisfies the inequality

ugp(x)
_ l/ \Veuo(x)2dx +/ (/ " s — y) dx > 0, 2.3)
2 Q Q 0

then the nonnegative solution to the Eq. (2.1) blows up at a finite time T* for

(1 + \/§> (fq u(z)(x)dx)2

M= i 2 () - @4
2(a = 2)[—5 [o |Vauol?dx + [o([y " f(s)ds — y)dx]
such that
o<rr<_ M (2.5)
- UfQ u%(x)d)f
that is,
t
lim / f u*(x, t)dxdt = +o0. (2.6)
t—T* 0 Q

Lemma 2.2 [9] Let Q2 be a bounded domain on the stratified group G with N1 > 3
being the dimension of the first stratum. For every function u € C{°(Q\{x" = 0}) we
have

2
/ \Veu|?dx > %[ |u|?dx, 2.7)
Q Q

where R = sup,.cq |x'].

Remark 2.3 Note that Lemma 2.2 will be useful in the proof of Theorem 2.1.
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Proof of Theorem 2.1 Let I" be denoted by

t
r'@t) :=/ /uz(x,r)dxdr+M, t>0, (2.8)
0 JQ

where M > 0 is a constant to be determined later. By Leibniz’s integral rule we get

t
(1) = %F(t) = % (/O /Quz(x,t)dxdt) = /Quz(x,t)dx,

t t
d
// zu(x,r)u,(x,r)drdxsz —u?(x, 7)dTdx
o Jo QJo dt

=/ uz(x,t)dx—/ u(z)(x)dx.
Q Q

and

This gives the relation

t
r/(t)zf uz(x,t)dxzf/ 2u(x,r)u,(x,r)drdx+/ ud(x)dx. (2.9)
Q QJO Q

Using the above computations, the condition (2.2) and Lemma 2.2, we compute the
second derivative of I"(¢) with respect to time

(1) :2/ u(x, g (x, t)dx
Q
=2/ u(x,t)ﬁu(x,t)—l—Z/ u(x,t) f(u(x,t))dx
Q Q
> —2/ \Veulx, 1)2dx +2/ [aF(u(x,t)) — Bul(x, 1) —ay] dx
Q Q
> 2u [—lf |V([;,u(x,t)|2dx+/(F(u(x,t))—y)dxi|
2 Jo Q

(@ —2)(Ny —2)?
+ <—4R2 —2/3) /Qu2(x,t)dx

_ [_1/ IV(gu(x,t)|2dx+f(F(u(x,t))—V)dX}
2 Q Q

1 t
=2« [——/ |VGMO|2dx + / (F (ug) — y)dxi| + 2a/ f u%(x, T)dxdrt.
2 Jo Q 0 Ja

Then we have

t
II"Or@) >2a <|:—l/ |VGuo|2dx+/ (F(uo)—y)dxi|+/ / u?(x, t)dxdr)
2Jq Q 0 Ja
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t
x(/ /uz(x,r)dxdr+M>
0 JQ

> 2aM [_1 / Veuoldx + / (F(uo) —y)dx}
2 Q Q

+ 2« (/ ft uz(x, r)drdx) (/ /‘f u%(x, r)drdx) .
QJ0 QJO

Also, we compute by making use of Holder and Schwartz’s inequalities,

2 2
(I (1) < 4(1 +8) (/ /lu(x,r)uf(x,t)drdx> +<1+1> (/ u%(x)dx>
aJo ) Q
1 1 2
t 7 t 2
<4(1+9) (/ (/ uz(x,f)dr> (/ u%(x,r)dz> dx)
Q 0 0
1 2
+ (1 +5> <f u%(x)dx>
Q
t
54(1+5)</ /tu2(x,r)dtdx) (// u%(x,r)drdx)
QJ0 Q2 J0
1 2
+(l+§) (/ u%(x)dx) ,
Q

where § > 0. Then by combining the above expressions and taking 0 = § = /o /2 —
1 > 0, we establish the following estimate

I (OT(t) — (1 4 0)(I(1))?

1 2
> 2aM [—E/Q|v@,uo|2dx+/9(F(uo) —y)dxi| - ﬁ </Q ug(x)dx) .

Then we choose M > 0 as large enough to satisfy
I"OT @) — (14 0)T ()% > 0. (2.10)
We can see that the above expression for ¢ > 0 implies

, , /s u?(x)dx o
1[ () }O: F(r)z(ﬂﬁfT)r” ),
dt | Tot+l(p) ro) = M.

Then we arrive at

1
1 f ur(xydx \ °
L) = (W - T t) :
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From here we see that the solutions blow up in the finite time 7* which is

O<T*<— "2
T o [quj(x)dx

where M can be estimated from (2.10), that is,

(1+2) U ety

2a — 2[4 [o IVauo|2dx + [o(F(uo) — y)dx]

Therefore, it follows that I"(¢) cannot remain finite for all # > 0. In other words, the
solutions u blows up in finite time 7*. O

2.2 Blow-Up Solutions for p-Sub-Laplacian Heat Operators

We consider now the blow-up solutions to the p-sub-Laplacian heat equation on the
stratified group G, that is,

ur(x,t) = Lpu(x, 1) = fulx,t)), (x,1)eQx(0,-+00),
u(x, 1) =0, (x,1) € 02 x [0, +00), (2.11)
u(x,0) =ug(x) >0, x e,

where f is locally Lipschitz continuous on R, f(0) = 0, and such that f(u) > O for
u > 0. Furthermore, we suppose that u( is a non-negative and non-trivial function in
L>®(2) N §P(Q) and that ug(x) = 0 on the boundary 9<2.

Lemma 2.4 [9] Let 2 be a bounded domain on the stratified group G with N being

the dimension of the first stratum. Let 1 < p < oo with p # Ni. For every function
u € C3(Q\{x" = 0}) we have

N — P
/ \VeulPdx > %/ u|Pdx, 2.12)
Q P Q

where R = sup, g |X'].

Theorem 2.5 Let Q2 be a bounded domain of the stratified group G with N| being the
dimension of the first stratum and smooth boundary 0S2. Let a function f satisfy the
condition that there exist constants o > p and y such that for all u > 0 we have

aF W) <uf(u)+ Bu? +ay, (2.13)
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where F(u) = i f(s)dsand0 < B < (11—113()II)+);W with N1 # p. Ifug € L=¥(Q2)N
SLr(Q) satisfies

up(x)
—l/ |V¢;,uo(x)|pdx+/ (/O f(s)ds—y)dx>0, (2.14)
P Ja Q 0

then the nonnegative solution to the Eq. (2.11) blows up at a finite time T™* for

(1 + \/g) (fy 3 (x)dx)’

M= - . (215
2a —2) [—% o IVauolPdx + [o(fi0% f(s)ds — y)dx]
such that
o<rr<— M (2.16)
T o [qui(x)dx’
that is,
t
lim / / u*(x, T)dxdt = +o0. (2.17)
t—=T* Jo Q

Lemma 2.6 Let u be the weak solution to the Eq. (2.11) with |Vguo| € LP(R2). Then

1 ! 2 1 2 2
—/ /(u (x,7))¢dxdt = —/[u (x, 1) — uy(x)ldx
2 0 JQ 2 Q

'
:/ /[—|VGu(x,t)|p+u(x,t)f(u(x,t))]dxdt,
0 JQ
(2.18)

and
t
/ / u%(x,r)dxdr = —l/[|VGu(x,t)|p — |Vguo(x)|P1dx
0 Ja P Ja
—I—/[F(u(x,t))— F(uo(x))ldx, (2.19)
Q

where F(u) := fé‘ f(s)ds.

Proof of Lemma 2.6 We first prove the equality (2.18) by using the equation (2.11),
that is,

t
3 | e ondxar =5 [ @eoax =5 [ 1len - g
2Jo Ja 2 Ja 2 Ja
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and

t t
l/ /(uz(x,r))fdxdt =// u(x, T)ug(x, t)dxdrt
2Jo Ja 2 Jo

t t
=/ /Lpu(x,r)u(x,r)dxdr+/ /f(u(x,t))u(x,r)dxdr
0 Ja 0 Ja

' t
—/ / |V((;u(x,r)|pdxdr~|—/ f fulx, v)u(x, v)dxdr,
0 JQ 0 JQ

which proves the expression (2.18). Now we prove inequality (2.19) by using the
Leibniz integral rule, as follows

t 1
/ / u%(x, T)dxdt = / / Lpu(x, Du.(x, T)dxdt
0 JQ 0 JQ

t
+/ f Su(x, t))uc(x, v)dxdr
0 JQ
1
_/ /<|VG“(xvf)|p_2VGM(X,T),VGMr(X,t))dxdr
0 JQ

'
+f /f(u(x,r))ur(x,t)dxdr
0 JQ

1 t 4 Voux. )
=—§// d_(/ spTzds drtdx
QJo 4t \Jo
td u(x,7)
+// T / f(s)ds |drdx
T

Vou(r, 0,
:__// §I dsdx ]l + /F(u(x,r>>dx|6

=__/ (2 2|IVGu(x L0 )d |t /F(u(x,r))dx|6
2Ja\p

1
Z_Z,/QUVGM(X’I)'IJ_ IVGMO(X)|p]dx

~|—fQ[F(u(x,t))—F(MO(X))]dx,

which proves the expression (2.19). O

Proof of Theorem 2.5 Let us define the function I', by

t
T, (1) :=/ /uz(x,t)dxdr—i—M, t>0, (2.20)
0 JQ
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where M is a positive constant. Then we compute the derivative of I'(¢) with respect
to time, which gives that

r’(r)—it 2(x, T)dxdt = i(lz( d)d
» _dt/()'/gux,t xt_/g;dt /Oux,t)t X
:/uz(x,t)dx
Q

t
=/ /2u(x,t)u,(x,t)drdx+/ u%(x)dx.
0 Jo Q

The second derivative of I', (t) with respect to time ¢ can be calculated by Lemma 2.6,
using the condition (2.13), and Lemma 2.4, so that we get the estimate for FZ(I) as
follows:

FZ(I) = Z/Qu(x,t)u,(x, Hdx
= _2/9 |V((;,u(x,t)|pdx+2/Qu(x,t)f(u(x,t))dx
> —2/ |V(G,u(x,t)|pdx+2/9 (aF(u(x, 1)) — puP(x,1) —ay)dx
> 2a [——/ |Vgu(x, z)|de+/ [F(u(x, 1)) — ]dx}

—1-2((06_19)“\,l Pt —ﬂ)/ u? (x, 1)dx

p+1Rp

> 2a / |Veu(x, z)|de+[[F(u(x 0) —yld }

-

[—— |vGu0|de+/[F(u0) ]dx} +2a/ /u (x, T)dxdr.
Then we have

D7 (O (1) =20 ([—l/ |V@Mo|”dx+/ [F(uo)—y]dx:|+/0t/9u%(x,r)dxdr)
(/ /u (x, r)dxdt—l—M)

> 2aM |:——/ |VGuo|”dx+/[F(uo) J/]dX]

vaa( [ [ o) ([[ [ oar).
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By making use of Schwartz’s inequality and for arbitrary § > 0 as in the case p = 2
we arrive at

t t
(r;,(t))254(1+5) (f/ u2(x,t)dtdx) (// u%(x,t)drdx)
QJO QJO
2

+ 1+34 (/ u%(x)dx) ) (2.21)
§ Q

Now we use estimates of I“;, (t) and FZ () to obtain

IO (1) — (14 0) (T, (1))

1 2
> 2aM [—;/;2|V¢;,u0|pdx —|—/Q(F(uo) _ y)dx:| _ ﬁ (/Q u%(x)dx) .

(2.22)
Note that from (2.14) we have
1
[ Weuairax+ [ (P = yrax > o
pPJo Q
and taking M > 0 as large as necessary, we obtain the following estimate
FZ(I)F,,(t) —(1+ (7)(I‘;,(t))2 > 0. (2.23)
For t > 0 the above expression can be written as
d ( T',n
gr 1—[;0' >0
dt L)
which implies
gd
F;(t) = <%> FLJFU(I), =0 (2.24)

r,0) =M.

Then we arrive at

fQ u%(x)dx t) o

1
Cp@) > (W o+l

From here we see that the solutions blow up in the finite time 7* which is

0<T*<— "2
T o [ouj(x)dx
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where M can be estimated from (2.22) as follows

Y <1 + /g) (fQ u(%(x)dx)

= . (2.25)
2a = 2)[ =1 fo IVouolPdx + Jo(Fuo) = y)dx ]
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