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Abstract

We characterize boundedness and compactness of Hankel operators between Bergman
spaces of variable exponent and the Lebesgue spaces of variable exponents. We also
give some characterizations of the symbol class which is some BM O-type spaces
with variable exponent on the unit ball of C”".
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1 Introduction and Statement of Results

Variable Lebesgue spaces are a generalization of the Lebesgue spaces that allow the
exponents to be a measurable function and thus the exponent may vary. These spaces
have many properties similar to the normal Lebesgue spaces, but they also differ
in surprising and subtle ways. For this reason, the variable Lebesgue spaces have an
intrinsic interest and also very important in applications to partial differential equations
and variational integrals with non-standard growth conditions. See [5] for more details
on the variable Lebesgue spaces.

Let B denote the unit ball in C" and dv the normalized Lebesgue measure on B. If
zeBand o > —1 we set dvy(z) = (1 — |z|2)"‘dv. For 1 < p < oo, the Bergman
space AP = AP (B, dvy) is the space of all analytic functions, f, on B such that
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IFIp = /B |f(@)1Pdva(z) < oco.
Let P, be the Bergman projection from L? onto A%. Then P, is an integral operator
given by

_ f(w)
Pu(f)(@) = /B Ty e ) ()

for each z € B and f € L?, where (z, w) = Yo', ziw;. The function K*(z, w) =
KX (z) = (1_<17J>)n+l+a is the reproducing kernel for A2. For I < p < ¢ < oo and

f €L}  we define the Hankel operator HY : Al — LI by

Hf(g) = fg — Po(fg) = (I — Po)(f8), g€ AL

Hankel operators are amongst the most widely studied classes of concrete operators
and have attracted alot of interest in recent years. The behaviour of these operators on
the Bergman spaces and Fock spaces have been studied widely and alot of results are
available in the literature.

Given 2 C R”, a measurable function p : Q — [1, co) will be called a variable
exponent. We denote by

P+ = pg :=esssup p(x), p— = pg :=essinf p(x).
xeQ xeQ
Let P(2) denote the set of all variable exponents for which py < oo.

For a complex-valued measurable function ¢ : 2 — C we define the modular p,(,)
by

Ppy (@) = /Q ()PP dx

and the norm

ol () ;= inf {A >0:0p0 <%> < 1} . 2)

If no confusion shall arise, we shall denote the modular p . simply by p. Let p(-) €
P(R2). Then the Lebesgue variable exponent space LP() is the set of all complex
valued measurable functions ¢ : € — C for which p,(,(¢) < co. If we equip L7")
with the norm given in (2), then L”") becomes a Banach space. We note here that
the condition p,()(¢) < oo is not enough in general to define the variable exponent
lebesgue space (see for example chapter 2 of [5]).

It is known, see for example chapter 2 of [5], that the dual of LPO is LP'O) where
# + ﬁ = 1. A straight foward computation shows that

PO+ =), P'O)-=(pp. (3)
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For simplicity we will omit one set of parenthesis and write the left-hand side of each
equality as p’(-)1 and p’(-)_. Throughout this work we shall use p’(-) as the conjugate
exponentof p(-) and p’ the conjugate exponent of p whenever p isaconstantin (1, 00).

We will impose some regularity conditions on the variable exponents in order to
have some fruitful’ theory (e.g boundedeness of the maximal operator). A function
p : Q — Cissaid to be log-Holder continuous on €2 if there exists a positive constant
Clog such that

Clog

P = m’ 4

Ip(x) —

for all x, y € Q with |x — y| < 1/2. It follows that

PG — p()] = s
PX) =P =1

log(2l/]x — yD)
for all x, y € Q with |x — y| < [. We denote by P'°¢(2) the exponents in P(£2) that
are log-Holder continuous on 2. It is well known that the condition (4) is equivalent
to the condition

|B|P5~P5 < C, )

for all balls, where | - | stands for the normalized Lebesgue measure. As a consequence
of (5) we have that if z, w € B then

|BIPE ~ | B, ©)

for any ball B. We are going to use this relation several times in the paper.

The study of variable exponent Bergman spaces on the unit disc, A”) (A), which is
the space of analytic functions in L? © (A), have been introduced in [4]. There, it was
shown, amongst other things, that the Bergman projector P is bounded from L”)(A)
onto A”O(A). Also in [1] the author studied compact operators on APO(A) while
Carleson measures on such spaces are given in [3]. Using a similar argument and with
less difficulty one easily obtains the boundedness of the Bergman projector , P, from
L 0 (B) onto A © (B) since the method used in [4] works in the case of the unit ball.

In this paper, we are interested in the mapping properties of Hankel operators
between different Lebesgue spaces with variable exponent. The case with constant
exponent has been of interest and has attracted a lot of research, see for example [7,

9, 11, 141], just to cite a few. We characterize functions f € LZ(') such that both H ;‘
and H% are bounded and compact from Ag(') to Lg('), 1 < p(-) < q(-). We define

two BMO-type spaces; BM O SP") and VM O SP®) which will enable us characterize
the symbols for boundedness and compactness of the Hankel operators. We also note
that when the exponents are constant, then the spaces mentioned above becomes the
well known BMO and VMO spaces. The main results of this paper are the following:
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Theorem 1.1 Suppose p(-), q(-) € P¢(B), p() < q(-), a0 > —1, f € LL and

n—l—l—i—o_n—i—l—l—a
q() p()

Poqo 4111
q0—Po and p¢) q() 7 po  qo°
Then H}’, H% : A(f(‘) — Lg(') are both bounded if and only if f € BM 0S4

Theorem 1.2 Suppose p(-), ¢(-) € PO¢B), p(-) < q(-), a, 0 > —1, f € LY and

Let po < qo be suchthat 1 < py < p_ < py <

n—l—l—i—o_n—i—l—l—a

a¢) PO
Let pg < qo be suchthat1 < py < p_ < py < qﬁ‘l",‘,’o andﬁ - qu_) = % - qlo'
Then H;Z, H% : Ag(') — LZ(‘) are both compact if and only if f € VM 0S40,

In other to obtain these results we will first characterize the symbol spaces, which is,
the variable exponent B M O-type spaces, establish a weighted version of the Okikiolu
Lemma, [10], that will enable us use extrapolation techniques to extend the results
given in [11] to the variable exponent setting.

In the the following, the notation A < B means there is a positive constant C such
that A < C B and the notation A ~ B means A < B and B < A.

This paper is organized as follows: In Sect. 2 we will study some basic concepts that
will be useful in the work. Sect. 3 deals with the variable Bergman spaces,in Sect. 4
we characterize the space BM O SP") and then we give the Proof of Theorem 1.1 in
Sect. 5. Sect. 6 deals with the space V M O S”*) and the Proof of Theorem 1.2 is given
in Sect. 7.

2 Preliminaries

In this section we collect some preliminaries results that are needed for the proof of
the main theorems. For z = (z1, -+, zp), w = (wy, - -+, w,) € C", we write

n
(z,w) =) zw;
i=1

and |z| = 4/(z, z). For a € B with a # 0 we denote by ¢, the Mobius transformation
on B that interchanges the points 0 and a. It is well known that

a— Pu(2) —5404(2)

z € B,
I —(z,a)

¢a(2) =

where s, = 1 — |a|?, P, is the orthogonal projection from C” onto the one dimen-
sional space [a] generated by a and Q, is the orthogonal projection from C” onto the
complement of [a].
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For z, w € B, the Bergman metric distance between z and w is given by

1+ lg: (w)]

1
Pt = 3 O T

Let z € B and r > 0. Then the Bergman metric ball with centre z is given by
D(z,r)={weB: Bz, w) <r}.
It is known that if w € D(z, r) then 1 — (z, w) ~ (1 — |w|?) =~ (1 — |z]?),
(1= 2" = vy (D(z, 1) & va(D(w, ) & (1= w1 (7)
and by (6) if B(z, w) < r,
(1= [z HHOPE & (1 — g H 0P p(y € PlEB). ®)

We will need the following result which is Theorem 2.23 of [16].

Lemma 2.1 There exists a positve integer N such that for any r € (0, 1) we can find
a sequence {ay} in B satisfying the following properties:

(i) B = D(a,r).
(i1) The sets D(ay, r /4) are mutually disjoint.
(iii) Each point 7 € B belongs to at most N of the sets D(ax, r).

Recall, that any sequence {ay} satisfying the conditions of the lemma above is called

an r-lattice in the Bergman metric. A sequence {ay} is said to be separated in the

Bergman metric if there is a positive number 6 such that 8(a;, a;) > d forall i # j.
We will need the following well-known estimates:

Lemma2.2 Lett > —1, s > 0, and d > 0. Then there is a positive constant C such
that

(1 —w) Bz, w)?
B |1 — (z, w)[rtltets

dv(w) < C(1 — [z»)* )

forall z € B.
Lemma 2.3 Let {z;} be a separated sequence in Bandn <t < s. Then

e¢]

1— 2\t
Yy LoD e pys, ceB,
2 (ol

The Proof of Lemma 2.3 can be deduced from Lemma 2.2 in the case whend = 0
and by noticing that if a sequence {ay} is separated, then there is a constant 7 > 0 such
that the Bergman metric balls, D (ag, r) are pairwise disjoint
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Definition 2.4 Let Q be a set. Then the function d : Q x @ — RT is said be a
pseudo-distance on 2 if it satisties the following:

(1) d(x,y) =0if and only if x = y;

(2) dx,y) =d(y, x);
(3) There exists a positive constant K > 1, such that, for all x, y, z € €,

d(x,y) = K(d(x,2) +d(z, y)).

Forx € Qand r > 0, the set B(x,r) = {y € @ : d(x,y) < r}is called a
pseudo-ball with centre x and radius r. If i is a measure on €2 then the triple (€2, d, u)
is called a homogeneous space if €2 is endowed with the topology generated by the
collection {B(x,r) : x € Q, r > 0} (that is the topology generated by the pseudo
balls) and u satisfies the doubling property: there exists a constant § such that for all
x € Qandr > 0, we have

0 < u(B(x,2r)) <éu(B(x,r)) < oo.

We now tend our attention to the case when 2 = B. By lemma 2.6 of [13], it is shown
that the distance function d given on B by

lzl = wll + [T = (z, w)/|zl[w]| ifz, w € B
lz| + |w] otherwise

d(z, w)

is a pseudo-distance on B, where B* = B \ {0}. It is known (see for example [2]), that
at the boundary of B, d becomes the Koranyi distance. Also by Lemma 2 of [2], we
have that for any pseudo-ball B(w, r), w # 0, and r € (0, 2) we have that

Ve (B(w, r)) ~ "t (10)
Also, observe that the pseudo-ball B(0, 1) = B. Also from [2] the space (B, d, dv)
is a homogeneous space. On the variable exponent setting we will need the Diening

inequality, which will play the role of the Jensen integral inequality: For any Borel
measure [

1 p(x) 1
— d cli+—— POy )
(M(Bx’r) B(x’r)lf(y)l M(y)> < ( L BGT) B(xyr)lf(y)l m(y)

(11)

which holds whenever
| o <
B(x,r)

and p(-) is log-Holders continuous. For more details see [12].
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Let f be a locally integrable function in B. Then the Hardy-Littlewood maximal
function relative to the pseudo-distance d is given by

1
M@ = s

/ | f (w)|dve (w)
B

where the supremum is taken over all pseudo-balls containing z.
Suppose 0 < w(z) < oo almost everywhere on B, we will set w(B) =
fB w(&)dvy (§). Then we say that w is in the Muckenhoupt weight A1 if

Mw(z)
[w]a, = ess sup
zeB (z)

There are two equivalent definitions, of the class A, which are useful in practice.
First, w € A if for almost every z € B,

Mw(2) < [w]a 0 (2). (12)
It follows that if w € A then

[w]la,w(z) > Mw(z) > w(B).

Thus
< [w]a, @ (2) (13)
w(B)
Alternatively w € A if for every pseudo-ball B we have that
w(B) .
2 (B) < [w]a, ess ;Ienga)(u). (14)

For more details on the Muckenhoupt weights see Chapter 9 of [6] or Chapter 4 of [5].
We will need the following extrapolation result which is Theorem 5.24 of [5].

Proposition 2.5 Given Q € R" and suppose for some po, qo, 1 < po < qo the family
F is such that for all v € Ay,

1 1
(/ F(x)qow(x)dx)qo <Co (f G(x)l’ow(x)%)dx)m, (F.G) e F. (15)
Q Q

Given p(-) € P°Y(Q) such that pg < p_ < p4 < q{)"lqgo, define q(-) by

1 1 1 1

px)  qx) po qo
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If the maximal operator is bounded on L4/ ‘10)/(9), then
1Fllgey = CpyllGllpey, (F,G) € F, (16)

where Cpy = CCq and C is some positive constant depending on the dimension of

The following is Theorem 3.16 of [5].

Proposition 2.6 Let p € P°2(Q). Then the Hardy—Littlewood maximal operator func-
tion is bounded in L?) () and we have

IMfllpey = ClLFllpe-

The next result, which establishes a relationship between the modular p and the norm
on Lebesgue spaces with variable exponents will be very useful in the rest of the work,
which is from Corollaries 2.22 and 2.23 of [5].

Lemma 2.7 Suppose p(-) € PYY(Q) and || < . Ifllfllpey > 1then || fllpey <
p(f) and

p(HOYPE <N fllpey < p(HHVP-.
IfO < 1 fllpe) < Lthen p(f) < I fllp) and

p(HOYP= <11 fllpey < p(H)VP+.

Finally, we will also use the following fact: If a > 0,5 > 0 and p(-) € Plog(Q)
then

(a + b)P(w) < 217(111)*1 (ap(W) + bP(w)) (17)

For more details see Chapter 1 of [5].

3 Variable Exponent Bergman Spaces

Given p(-) € P'°¢(B), we define the variable exponent Bergman space AP O (B, dvy) =
Al ) as the space of all analytic functions on B that belong to the variable exponent
Lebesgue space LP(‘)(B, dvy) = ng"). It is known that Ag(') is a closed subspace
of Lg('). On the unit disc, A, it is shown in Theorem 4.4 of [4], that the Bergman
projection, P, given by (1) is bounded from LP®) onto AP") for any p(-) € Plog(A).
This result can easily be extended to the case of the unit ball in C":

Lemma 3.1 Let p(-) € P°¢(B) and o > —1. Then the Bergman projection, P,, is
bounded from Lg(‘) onto Ag(').
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The proof is an easy adaptation of the one dimensional case in [4] and so we leave it
for the interested reader.

We shall denote the norm on Lg(') by || | p(),e OF simply by || - || () if no confusion
shall arise.

The following result will be useful throughout the paper.

Lemma3.2 Let p(-) € P'°¢(B). Then for every z € B we have

C

2/p(2) <
e lpe) S (1 — |z|>)+1+a)/p()

Proof Let J (w) = % We will first estimate the following integral:

I = / [T ()PP D dvg (w),
B

where s = n + 1 4+ «. Using the change of variable w = ¢, we have that

(1 — |z]?)sPe=))/p(2) (1= |z»*
z =/ dvg (w)
B 11— (2, @ (w)) [BP@D/PQ) |1 — (7, w) [

Zf |2 () =P PO gy ()

B

:/ |Jz(w)|S*SP(<Pz(w))/P(Z)dva(w)
w1

+/ |]Z(w)|S*SP(¢z(w))/p(Z)dva(w)
PACOIES

=hL+Dh
If | J;(w)| > 1 then the function ¢ — |J,(w)|" is increasing. Thus

|, (w)|$~$P@=)/P@) < | J_(w)|* and we have that I; < 1. For I, since J, # 0 we
have that

_ R
log | J, (w) | ~P@=D/PQ| — — | p(z) — p(g,(w))]log
P2 |, (w)]

K 2Clog 1
= log —* 1L (w)l
P~ 108 1= ] :

where we have used the log-Holder condition to obtain the last inequality and the fact
that p_ < p(-). Now, a simple calculation shows that

2

2 = ge)l = (11wl ~ 1z w)P)
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and that

L 4
| (w)| = (w|*> = [{z, w)]?|J(w)|

Using these estimates we have that

4sClog
P

log | J- (w)|* $Pw)/P@)| <

It follows that I, is bounded and the bound depends only on p(-). Thus there is a
constant C > 0 depending on p(-) such that

|||JZ|(n+1+a)/[7(z)”p(_) <C.

The previous estimate implies that

C
|Z|2)(n+1+oz)/[7(z)

2/p@)
1K pe) = i

as required. O
Lemma3.3 Let p(-) € P¢(B), f € ALY and a € B. Then

1A lpe

(1— |a|2)(n+1+a)/p(a) :

|f(a)| ~

Proof Suppose f is holomorphic on B and assume | f|,() = 1. Then by the mean
value theorem we have

1
= <
If @] =1f(e:0)] < (DG Joen |f (w)]dve (w).

By the Diening inequality we have that

PR <
If (@I e (D(z, 1) Jpir

I/ 1l pcy

~ - |Z|2)n+l+a'

| f ()P dvg (w) + 1

Since || f1l oy = 1, it follows that

1A Npe

(1-— |Z|2)(n+l+a)/p(z) :

NECIIBS

Now for general f, define g = f/|| fllp.) and apply the previous result.
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For the other inequality, let us take

(1 _ |Z|2)(n+l+a)/p(z)

Sr(w) =

(1 = (w, z))2+1+e)/p() "
Then by Lemma 3.2, || /2|l 5y < C. Observe that

1
(1 — |z|>)(n+140)/p()

fz(Z) =

and this completes the proof. O
From Lemma 3.3 we see that

1Kl & (1 = [z 00 /r@-D,

We have the following:

Proposition 3.4 Suppose o > —1 and p(-) € P°¢(B). Then for every Borel measure
w in B the following two statements are equivalent:

(a) There is a positive constant C such that

/ F@OIPPdu) < € / @D dv(2),
B B

for every f € APV,
(b) There is a positive constant C,such that

w(D(z, 1)) < Cr(1 — |z)2)rtite,

Proof Suppose (a) holds and let

(1 _ |Z|2)(n+1+0!)/p(z)
(1 - (w, Z))2(n+1+o¢)/p(z) :

f(w) =

Then by (a) and Lemma (3.2) there is a constant C such that

(1 _ |Z|2)(n+1+ot)p(UJ)/P(Z)
/ du(w)
B

11— (w, ) 2+ 1+e)pw)/p()

- (1 — |z]?)(H1+Pw)/p@) -
~ /]; 11— (w, Z>|2(n+1+ot)p(w)/p(z)dva(w) S ¢
Thus
1 — |z|?)(n+1+a)pw)/p(2)
/ (1 —1z]%) du(w) < C.
s 11— (w, Z>|(n+l+0l)p(w)/[7(2)
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It follows that

- a- |Z|2)(n+1+a)p(w)/p(z)
c> /
D

ey 11— (w, 2) | F T+ ) /P dp(w)

(1- |Z|2)(n+l+s+oz)p(w)/p(z)
~ / dp(w)

pery (1= 22T pw)/pG)

(D (z,r))
T = |zt

where we have used the identity (8) to obtain the last equation.

Conversely, suppose (b) holds. We first observe thatif z € D(a, r) andw € D(z, r)
thenw € D(a, 2r). Now,if f € AP0 and z € D(a, r) then there is a positive constant
C such that

C
lf@)] = W/D(z N Lf (w)|dve (w)

C
S 0 apytite /D oy WV ()

C

) vo(D(a, 2r)) D(a,2r) | w)ldva(w)

Suppose fB | £(2)|P@dvg(z) = 1. Then by the Diening inequality (11) we have that

C
p2) p(w)
[ f ()P < e (D@.2) Joam [f ()7 dvy (w) + 1. (13)

'lrus, we havg( ) C o)
Dd < v d
@I duG) < s /D . /D o, P o)

D(a,r)
+wn(D(a, r))
(D, 2r)

Vo (D(a, 2}’)) D(a,2r)

= C/ | f )P dvg (w)dpu(2) + w(D(a, r).
D(a,2r)

| f ()P dve (w)dp(2) + u(D(a, r))

where we have used the hypothesis to obtain the last inequality. Now let the sequence
{ax} be an r-lattice on B then

/ f@IPPdue) <) / |f@IPPdp(z)
B k=1 D(ag,r)

< @+ Y w0, )
k=1

(ak,2r) k=1

<N / )PP dvg () + 1(B) < N(1 + u(B).
B
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Thus,
/B lf@)I1PPdu(z) < /B |f ()P Ddvy (2).

Now, if fB | £ ()PP dvy(z) # 1 we set g = f/I £l pcy- Then Proposition 2.21 of
[5] implies that fB |g(2)|P@dvy(z) = 1 and by the preceeding argument

/ lg@IPPdp(z) < f 8@1PPdve (2).
B B
This completes the proof.
O

It is relatively easy to prove the little-oh version of Proposition 3.4, which we now
state.

Proposition 3.5 Suppose a > —1 and p(-) € P'°¢(B). Then for every Borel measure
w in B the following two statements are equivalent:

(a) If {fi} is a bounded sequence in APY) that convergences uniformly on every
compact subset of B then

lim f | /(@17 @du(z) = 0.
k—o0 JB

(b)

L wDGEr)
lzl—>1 (1 — |z[2)nt1+e

Proposition 3.6 Suppose p(-), q(-) € P°¢(B) with 1 < p(-) < q(-). Then the follow-
ing are equivalent:

(a) There is a positive constant C such that

/ F @D du) < C / L @IPOdve (),
B B

for every f € APO),
(b) There is a positive constant C, such that

w(D(z, 1)) < Cr(1 — || H1H09@/p()

(1— ‘Z|2)(n+l+ot)/l7(z)

(w2 ZFTTapm » & € B. Then as it was in

Proof Suppose (a) holds. Let f,(w) = i
the Proof of Lemma 3.2 we have that

/ | fz(w) [P dvg (w) = / | (w) | FIP@)/P@ gy (w) < €
B B
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for some positive constant C. It follows from (a) that

1 — [z]2)(r+1+e)g(w)/p(2)
/ (- 1= du(w) < C (19)
B

11— (w, z) PO Hgw)/pE)

Thus, using the estimate (8), we obtain

(1 _ |Z|2)(n+1+a)q(w)/p(z)
£= /D(N) 1 — (w, z)|2+1+)q(w)/p() dp(w)

~ / (1 — |z|?)(t1He)gw)/p(2)

dp(w)
Dy (1 — |z[2)2etltagw)/p()

w(D(z,r))
-~ (1 — |z|2) 1+ @)/ ()

which gives (b).
Conversely, suppose (b) holds. Suppose fB | £(2)|PVdve(z) = 1 and let dufq(w)
= | f(w)|?™dv, (w). Then by Eq. (18) we have that

1f@1P@ <

< — ditfo(w) + 1
ve(D(@,2r) Jp@ar ¢

whenever z, w € D(a,r), a € B. Now if p(z) < ¢g(z) we write ¢(z) = s(2)p(2),
where s(-) is log-Holder continuous, then

s(z)
|f ()19 = | f(9)|PE@ < ( | f (w) [P dvg (w) + 1)

v (D(a,2r)) Jp,2r)

1 s(z)
N p(w)
: ((va(D<a, 2 Jowan de)) " 1)

1
p(w)
= ((va(ma, 2r)))s@ /ma,zr) L7 @) dve o) +2>

1
~|—m—m——m p(w)
(VQ(D(G, 27))s(a) /D(a,Zr) |f(w)| dva(w) + 2) (20)

where we have used the identity (8) to obtain the last equation. It follows that

D(a, 2r))
q(2) < 1 p(w)
/[‘)(a’r) |f(Z)| d/J,(Z) ~ (1 — |a|2)(n+1+a)q(a)/p(a) \/;(aizr) |f(w)| dUa(w)

+u(D(a, 2r))

Now using the same argument used in the proof (b) implies (a) of Proposition 3.4 we
obtain

/B FOFQdu() < /B IO dva(2),
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which gives the proof for the case p(-) < ¢(-). The case when g(-) = p(-) is just
Proposition 3.4. O

Similarly we obtain little-oh version of Proposition 3.6.

Proposition 3.7 Suppose p(-), g(-) € PP¢B) with 1 < p(-) < q(-) Then for every
Borel measure  in B the following two statements are equivalent:

@) If {fx} is a bounded sequence in AP that convergences uniformly on every
compact subset of B then

lim f | fi(2)119du(z) = 0.
k—o0 JB

(b)
. w(D(z, 1) .y
lel>1 (1 — |z]2)+1+0g@/pG) —
Let f € Lg('), o > —1 and set
Tf(z)= / Sf(Ww)K (z, w)dvy(w), z € B, (20
B

where K : B x B — C" is a kernel function.
We give an Okikiolu type theorem that will be useful in our work.

Lemma 3.8 Let w € A1 and suppose p and r are positive numbers such that 1 < p <
r,

[T |

pr

If there exist positive constants C| and Cy depending on [w]a, and non-negative
measurable functions, hy and hy, such that

fB K (£, 2)|h1(2)P dvg(z) < Crha(§)P (22)
for almost every & € B and
w(®B)~! /B IK (5, 2)|h(&) 0 (E)dve (§) < C2h(z)" (23)

for almost every z € B, then

1
( / ITf(Z)Irw(Z)dva(z)>r <CCI6 ( / |f(z>|Pw(z)P/’dva<z>)", (24)
B B
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1 1 1 1
E——.Thenc>0,7+;+c=land

Proof We suppose r > p and let ¢ = -

pU+cr)
==

. % It follows by the three term Holder’s inequality with indices p’, r and
1/c that

ITf(2)] S/];|K(Evz)||f(§)|d‘)a(‘§)

= [ (K& @) (171K €1 @P) 7@ ave)

1/r

, 1/p
= (AIK(E,Z)Ihl(S)Pdva(E)> (/B|K(S,z)|h1(.§)”|f(§)|l’dvo,($)>

(f If(S)I”dva(S)>
B

1/r c
< Cha(2) (A|K(§vZ)|hl(5)_r|f(§)|pdva(¥)) (/Blf(é)lpdva(%‘)>

p(+cr)

lﬂ
SC(MAI) " e (/ |K(‘§’Z)Ihl(é)_’If(E)I”w(E)”/’dva(S)>
w(B) B

( /B |f<s>|Pw<s>"/rdva<s>>
l‘
=C'w®B) " hy(2) ( fB |K(s,z>|h1(s)—’|f<s>|"w<s>"/’dva(5)> I feol/mIIh¢

where the third inequality comes from (22) and the fourth inequality is from (13).
Now, Fubini’s theorem gives
/ ITf ()" w(z)dvy(2)
B

re [ ha(2)
< Cilfo'15 /
3 (B)

{/B IK (&, z)|h1(s)"|f($)|1’w($)1’/’dva($)} w(2)dve(2)

= Gyl flr e f L EPE) / K& Do) 2 dva (@0 )P dve€)
B B o (B)
<10 /B @ PP dvy (),
where we have used (23) to get the last inequality. O

Proposition3.9 Let 1 < pg < qo, p(-) € PY2(B), be such that py < p— < p4 <

%. Suppose K : B x B — C satisfies the hypothesis of Lemma 3.8. Then for q(-)

defined by

1 11 1
p(@) q@ po Qo
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we have that

ITfllgey S NFIpey-

Proof Set pg = p and g9 = r in Lemma 3.8 and consider the family {(|Tf], | f]) :
f € Lgo (B)}. Also, by Theorem 3.16 of [5], maximal function M f is bounded on

LY¥/4)" The conclusion then follows from Proposition 2.5. O
We also observe that , if 0 > « then the Bergman projection P, is bounded on

Lg('). Indeed, if h € Lg(') then

(Pyh) ()] = ’ /B KS(2)h(w)dv, ()
< /B K% ()7 (w) [d v (w).

Now, we can use Lemma 3.8, with p(-) = ¢(-) and Proposition 3.9 to see that the
statement holds.

4 Variable Exponent BMO Type Spaces

For a continuous function on B we let

wr(f)(2) = sup{| f(z) — f(5)] : § € D(z,r)}.

The function w, (f)(z) is called the oscillation of f at the point z in the Bergman
metric. For any » > 0, let B O, denote the space of continuous functions f on B such
that

I fllBo, = supw,(f)(z) < oo.

zeB
We have the following charcterization of B O, functions which is proved in [11].

Lemma4.1 Letr > 0 and f be a continuous function on B. Then f € BO, if and
only if there is a constant C > 0 such that

| f(@) — fw)] = CBz,w)+ 1)
forall z,w € B.

We say that f € BAP" if f e L}, and

—

sup [ £177(z) < oo,
zeB
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where

fr) =

dvy(w).
DG Joen J(w)dve (w)

We proceed to show that the space BAY ) is also independent of r. For « > —1 and
¢ > 0, the generalized Berezin transform B, 4 of a function g € L' is defined by

g(w)

w, Z>|n+1-i-c-§—oz dve (w). (25)

_ _ 2\¢
Bea(g)(2) = (1 —z]%) /B T

When ¢ = n+1+athen By g(z) = (gk?, k¢ )o, where (-, -) denote the inner product

s
of Ag, is the standard Berezin transform.

Observe also that by the Diening inequality (11), if || f|| () = 1 then

15 @D < £1PO@) +1, w,zeB. (26)

Lemma4.2 Let p(-),q(-) € PY¢B) with p(z) < q(z) and f € 149, Suppose

loc

o,a > —1 besuchthat(n+1+0)=n+1+a)q(z)/p(2). Then the following are
equivalent:
(1) The embedding i : Ag(') — Lg(')(B, du ) is bounded, where duf (z) =

| (@11, (2).
(ii) Bc,a(|f|‘1(')) € L® foralla > —1 and all ¢ > 0.

(iii) f € BA?(')for some (orall) r > 0.

Proof Observe that by Proposition 3.6 the condition (i) is equivalent to the condition
110 (D(z,1) < C(1 = [g) e @/re 27)

On the other hand,

Kfo(D(z, 1))

170 () ~
LY (Z)N(l_mm,

Thusifn+1+0=m+ 1+ a)p(-)/q(-) we see that (i) and (ii) are equivalent.
Suppose (ii) holds. Then for z € B we have that

q(w)
Beo(1f17D)@) = (1 - |z|2)C/B 1 —|<{u(,u;)>||n+1+c+adva(w>
e |f (w) |9
> (1 —[zI") /;(z,r) - (w’z>|n+l+c+ad‘)a(w)

1

N q(w) _ a0
DG ) S, TN dvaw) =177,

which gives (iii).



Hankel Operators Between Bergman Spaces with Variable Exponents. .. Page 190f37 40

Suppose (iii) holds and let {a;} be an r — lattice on B. Then

q(w)
Bea (/1)) = (1 - ||)C/ H_'f(“’))"nﬁﬂwdva(w)
|f )™
=121 Z/D(aj y 11— (w, Z>|n+1+c+adva(w)-

Now if B(w, aj) < r then equation (2.20) on page 63 of [16] implies that
1= (z,w)l~ |1 —(z,a;)|

It follows that,

> 1
Bea( 1)@ = 1= 2P) Y rm— / Lf ()1 v (w)
=1 Jo r

D(aj,r)
v (D(aj, r) o5
=(1-z |)CZ|1 @ pteera /17 (@)
(1 _ |a |2)n+1+a
S A== Z“_ T

Here, we have used the fact that f € BAP") to obtain the last inequality. By Lemma
2.3 we see that (ii) holds, which completes the proof. O

We let BM O SP©) denote the space of functions f in B such that

11l gprospe = SuUp MOp(,(f)(2) < 00
" zeB

where

MO, () = (28)

70 XPen (f = 7 @)

1
H (o (D(z,1))) ()
We note here that if p(-) = p is a constant, then it is shown in [8] that the spaces
BM O S? are equivalent to the well known BM OP spaces.

Lemma4.3 Let f € L?Y and r > 0. Then f e BMOS,p(') if and only if there is a

loc
constant C > 0 such that for any z € B, there exists a function A, such that

_— — AP d v, : 2
(D) D(Z’r)lf(w) AP dvg(w) < C (29)



40 Page 200f37 A. Dieudonne

Proof If f € BMOSP", then (29) holds with A, = f,(z) and by Lemma 2.7,

CY =111l gy p5p0 forsomel € {p—, ps} .
Conversely, suppose (29) holds. Then by the triangle inequality for variable expo-
nent Lebesgue spaces we have that

XD(z,r)
w(D(z,7))

MOp(-),r(f)(Z) = H o

X (f - )‘z)
)1/pO) p0)

XD(Z,r) Y
Ae—fr
" (Ve (D(z, r)))l/P(-)( = [r(2) o
=1(2) +J(2)

The boundedness of /(z) follows immediately from (29). Now, using Lemma 2.7 and
the Holder’s inequality we have

e — fr(2)] < |f (W) — Agldve (w)

1
v (D(z, 1)) D(z,r)

XD(z,r) -
(DG, 770 e T @)

~

140!

1/1
YRS — P g
= <Va(D(Z, ) Jper |f(w) — A va(w)>

for some ! € {p_, p+}. Also, by Lemma 2.7 there is an /1 € {p_, p4}, such that

XD(z,r)

(v (D (z, r)))l/p(') (A — fr(2))

J(2) =

p()

1/0
< (—1 17 (2) — AZV’("’)dva(w))
~ \wa(D(z, 1)) D(z,r)

! -~ —~ 1/h
_— P+ -
S(ua(D(z,r)) D(mm(z) AP+ 1 fr(2) = Al dva(u))>
= 11 @) = el 4 (@) = gl

1 o) p+/lh
_ — 1P dvy
< (va(D(z, 7 o |f(w) — 2] v (w))

1 @) p-/lh
| — |f(w) — AP dv (w)> SC,
(Va(D(Z, ) Jpe.r : “

by (29). This shows that

sup M Op(),r(f)(z) < 00,
zeB

as required. O
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Theorem 4.4 Suppose r > 0, p(-) € P°¢(B), f € LIIZ)(C') (B). Then the following are
equivalent:

(@) f € BMOSPY,
(b) f=fi+ frwith fi € BOand f, € BAPO,
(c) Forallc > 0, @ > —1 we have

- 1 — [7]2)¢
supf |fw) = fr @™ 1 _(<Z w|>z|,|1+)1+c+a dve(w) <c0.  (30)

zeB /B

(d) Forallc > 0, a > —1, there is a function A, such that, we have

sup/lf(w>—x pon_ A=1P ) oo 1)
.cB JB z |1—<Z, w>|n+1+c+a £ :

Proof (c) implies (d) is obvious. (d) implies (a) follows by using the identities |1 —
(z,w)| ~ 1 —|z]? for w € D(z,r) and vy (D(z, 1)) = (1 — |z|>)"T1F¥ to obtain

- - _ p(w)
(D@1 D(Zr)lf(w) Az |7 dvg (w)

_ 2\¢
/|f<w) PN CON sl | WA AN

| (Z, w)|n+l+c+a

(a) implies (b). It suffices to show that BMOSgr(') C BO, + BAf('). Given f €
BMOS?" andlet z, w € B with B(z, w) < r. Then we have

1) = Frw)| < /@) = far @l + | for(2) — fr(w)]

1 —_—
a m D(z.r) |f(u) = for (@) |dva (u)

D@ Sy 0 = r@ldva) (32

Now using Holder’s inequality, we have that

5D ) Sy T T S @)

< YD 2r) | @) — T (2)|dve (u)
= (D@ M) (D@ 2r) Jpean it
S llgpmoseo-

Now, since for w € D(z,r), vy (D(z,1)) & ve(D(w, r)) and D(w, r) C D(z, 2r) we
see immediately that the two integral summands in (32) are both bounded by some
constant times || f || g7 0 5r¢) - Since fr is continuous we see that fr € BO,. We are
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left to show that g = f — 7, is in BA?" whenever f € BMOSL" = BMOsP".
Now

TP S PP
|g|r (Z) - Ua(D(Z, I")) D) |f(w) fr(Z) + fr(Z) fr(w)|17 dva(UJ)
l 7 7 n p(w)
= m D) (|f(w) - @I+ 1) — fr(w)|) dvg (W)

op+—1

D) ~ 7@ 117 @) — Frw)P®
Sl)a(D(z,r)) D(Z’r)|f(w) @7 +1fr(2) = fr(w) [P dvg (w)

where we have used the modular triangle inequality to obtain the last inequality. Now
for a fixed z € B, and w € D(z, r) we have

7@ = H )P < 0.(7) @)™ < (0, (7))@ + o, ()P, weB

and thus

— p+—1

) 2 TP
lglr " (2) S—va(D(z,r)) D(z,r)|f(w) Sr @17 dvg (w)

+o, ()@ + o () ()P

Since j‘; € BO, and f € BMOSP") we deduce that g € BAPO),
To show that (b) implies (c), we assume || /|| ,(.) = 1 and observe that

(1= JzP)*
|1 _ (Z, w>|n+l+c+a

/B |f(w) = fr(2)[P™ dvg (w)

(1= |z/»*

|1 _ (Z, w>|n+1+c+a
(1—[z*)°

|] _ <Z, w>|n+1+c+a
(1—|z*)°

|1 _ (Z, w>|n+1+c+a

< / 2P+—1(|f(w)|P(w) + |ﬁ(z)|l’(w)) dvy (w)
B

<2 B, U7 @ + 207 [ F e dve(w)
B

<2771 B (1P @) + 27 (17O @) + 1) f dvy(w)
B

< Bea(If1P)@) + 1 £1PO@) +1

where we have used the estimate (26) to obtain third inequality. Thus we have (c)
whenever f € BAP®). Now, if f € BO, then

—~ 1
Jw) = fr(2) = o (DGET) D(Z,r)(f(w) — f()dva(§)

1
e — _ _ d y '
DG ) S, T TSI @ = [EDdwE)
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By Lemma 4.1 and the triangle inequality we have that

|fw) — f(@)] S BGw) + 1.
It follows that

A 1— 2\¢
[ = For v

1— 2\¢
< fB (B w) + 1P EZ, w'>z|,'1+)]+c+adva(w>

Also if z, w € B, we have that B(z, w) + 1 > 1 and thus (B(z, w) + HP™) <
(B(z, w) + DP*+ < Cp, (B(z, w)P*+ + 1). Thus, the last integral above is bounded by
some constant times

(1 —1z1?°
P
/];(ﬁ(z’ U)) + + 1) |1 _ (Z7 w>|n+l+c+a dva(w)

which is finite by Lemma 2.2. This shows that (¢) holds whenever f € B O, and this
completes the proof. O
5 Bounded Hankel Operators

Proof of Theorem 1.1

The Proof of Theorem 1.1 will be given by the following two Lemmas and three
Propositions. We will first begin with the necessary part.

Lemma 5.1 Suppose p(-) € P°¢(B) and —1 < o < a. Then
IH7 8l pora S NHEE N o0

for all polynomials g and all f € L(lr.

Proof Since o > o > —1, it follows from Theorem 2.11 of [16] that P, is bounded
from L. onto AL. Since P, reproduces Al we have that P, Py (fg) = Py(fg) for
fe L}, and any polynomial g. Thus

(Py _Pa)(fg) = (Py — PoPa)(fg) =PI — Pa)(fg) = PO'H?g'
We use this to get

1H7gllper.e = 1 = Po(flp),a
< - Pa(fg)”p(~),ot + I(Py — Pa(fg)”p(‘)‘a
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= HFgllpe),e + 1Pe HE gl p() e
<+ ”Pa”p(-))”H?g“p('),a,

as required. O

Letz € B, h; := K /|| K|l p() and

Py(fh,
g (w) = # weB.

We consider the function L Oy, o f defined by
LOq('),af(Z) = | f(w)h(w) — gz(z)hz(w)||q(~)-

Lemma 5.2 Suppose p(-),q(-) € P¢(B), p(z) < q(z) anda > —1. I[f LOy(y.of €
L™ then f € BMOS90.

Proof Since ¢(z) > p(z) and h,(w) = (1 — |z|2) T 1HOU=1/P@) K (1), by Lemma
2.7 thereis ! € {q+, g—} such that

(LOyy.of (D) = /B 1 ()] f (w) — g:(2)19™ dvg (w)
> / e ()[4 £ () — g9 v ()
D(z,r)

~ (1 — |z|?) " H@)/p() / |f(w) — ()9 dvy (w)
D(z,r)

v

(1 — [z}~ (1) / |f(w) — ()9 dvy (w)

D(z,r)

N - aw) g
vo(D(z,7)) Jpir) [f(w) — g:(2)| Ve (W),

where we have used (8) to obtain the third equation. It follows from Lemma 4.3, with
*: = g.(2), that f € BMOSP®), which completes the proof. O

Proposition 5.3 Suppose p(-), q(-) € P°¢(B) and @ > —1. Then for any f € L4")
we have

LOy(),a f @) SINHFhellge) + 1HFhellg -
Proof By the triangle inequality and the definition of Hankel operators, we have

LO‘I(‘)VOlf(Z) = | fh; — gz(Z)hz”q()
< | fhy = Pa(fh)llgey + 1Pa(fhz) — (DDAl
= ”H‘%hz”qo) + ”Pa(fhz) - gz(Z)hz||q(~)-
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Now, for any g € Aé we have that
8(2)h; = Py(gh;).
This together with the boundeness of the Bergman projection Py on Lg(') gives

”Pot(fhz) - gz(z)hz||q(~) = ”Pa (Pa(fhz) - ghz) ||q(~)
< Pl Pa(fhz) — 8zhzllg()-

Also, by the triangle inequality we have

”Pa(fhz) - zhz”q(-) =< ||Pa(fhz) - fhz”q(-) + ”fhz - ghz”q(-)
= IHFhzllgey + I1fhe = ghz g0

= ”H?hz”q() + 1 fh; - P(?hz)|q(~)
= ”H?hz”q(-) + ”H%hz“q(-)-

This proves the result. O

This gives the proof of the necessity part of the Theorem 1.1. We now proceed to
prove of sufficiency part.

Proposition 5.4 Suppose p(-), q(-) € P¢(B), p(z) < q(z), a,0 > —1 and
n+1+0)/g()=m+1+a)/p().

If f € BA1Y), then H?, HS : Ag(') — LZ(‘) is bounded.
7

Proof Since the Bergman projection P, is bounded on LZ('), we have by the triangle
inequality and Lemma 4.2 that

IHF gllgro < 1/8llgcr0 + 1Ps (fDgre S N F8lgre = I8I1La0 @p s 00
which completes the proof of the result. O

Proposition 5.5 Suppose f € BO,1 < p < rbesuchthat1/p'+1/r = l,a,0 > —1
andw € Ay and g € H*®. Then

1

1 1
( fB |H}’g<z>|’w(z>dva<z)> S ( /B |g(z)|f’w(z>l’/’dva(z))p, (33)
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Proof Firstly we let 0 = « and write

(f(2) = FENEE)
b (L (o gpriira ®

_ /B Kz 6)g(E)dva(®) (34)

(H%9)(2) =

where K¢(z,§) = %

functions /1 and &, such that

By Lemma 3.8 we are require to find non-negative

/B|Kf(§7z)|h1(z)pldva(z) < Ciha (&) (35)

for almost every £ € B and
w(B)fl/BIKf(S,Z)Ihz(E)rw(S)dV(é) < Coh(2) (36)

for almost every z € B, where w € A1. Now we let 11 (z) = ha(z) = (1 — |z|*) ¢, for
0 <€ < 1. Since f € BO, it follows from Lemmas 2.2 and 4.1 that

: (B(z,6) + (1 — |z~
p
/B|Kf<s,z>|h1(z> dva@) = | T e

S — g,

dvy(2)

which gives the estimate (35).
To get the estimate (36), we first recall that for w € Ay, w(§) < Mw(§) and for
any € > 0 with € < o (B) there is a pseudo ball B containing & such that

w(B) w(B) 3 1
Mw(§) < o (B) +e< (B +wB) =wB) (va(B) + 1>~

Using this together with Lemma 2.2 and the estimate (5) we have

»(®B)”! fB 1K (&, DI = &)™ 0 (&)dve (€)
Bz, &) + D = [§1)~

-1
so®) ! | e Mo ©dve(©)
(B &)+ (1= g~ -
< < _ €r
S | S e ® S =12

which is (36). If 0 > o then we have that

(H}’g)(Z)=/K}(Z,S)g(E)dva(E)
B
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. _F 1— 2\o—a . .
where K's(z,§) = ('f(Z)(lf((f’)s);)Hlﬂa) .Since |K'(z, §)| < |K f(z, §)] the estimates

(35) and (36) hold, and thus the result in the case 0 > «. The case 0 < « follows
from Lemma 5.1. This completes the proof of the proposition. O

Proposition 5.6 Suppose f € BO, p(-), q(-) € P¢B), o, 0 > —1, 1 < py < qo be
such that

1 1 1 1

@ 9@  po 9

withl < pg < p_ < py < qg(lqgo. Then HY, H% cAPY 5 L9295 bounded.

Proof Set pg = p,r = qo in Proposition 5.5 and let p(-), ¢(-), po, qo satisfy the
conditions of the Proposition. Then we apply Proposition 3.9 to the family {|H; gl lgl:
g € LP%} to obtain the required result. Similarly the result holds when we replace the
familyby{|H%g|,|g| 1 g € Lo}, O

6 Variable Exponent VMO Type Spaces

For r > 0, we define the space V O, to be the space of functions f in B O, such that

lim o, (f)(z) =0
|z|—>1
and VAf(') as the space of functions f € BAP") such that
lim |£,170)(z) = 0.
lz|—>1

Lemma 6.1 Let p(-), ¢(-) € P°8(B) be such that p(-) < q(-) a,0 > —1, f € L;’O(;)
and

n+1+4+0) _ n+14+a)
q() B 14Q.

, dige =111,

Then the following are equivalent:

1) If{ fx} is a bounded sequence in Ag(') and fi — 0 uniformly on every compact
subset of B, then

lim f | fe) |9 d s o (w) = 0.
k—o0 JB

(i) f € VAf(') for some (or all) r > 0.
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(iii)) For a > —1 and ¢ > 0 we have that

Jim, Beo(1£179)(2) = 0.
Z|—

Proof By Proposition 3.7 we have that (i) is equivalent to

: wro(D@ )
lil—1 (1 — |z]2)(+1+0q()/pG)

0

for some (or all) » > 0. The equivalence of (i) and (ii) is a consequence of this result
and the fact that

mro(D(z, 1))

(A0 ) A
Lflr () =~ (0 = g2y tita

(iii) implies (ii) follows from the inequality

171892) S Bea (1199 (2)

as it was shown in the Proof of Lemma 4.1.
We are left to show that (ii) implies (iii). Let f € VA?('). Then

—

1£149 (w)

(z, w>|n+l+c+a dvg(w).

Bea(F180)(@) = (1 = |2P)° /
Bll—

For0 < s < 1, let

a0
L(s) = (1 — |z|2)“/ W) )

lw|<s 1 —(z, w)|n+1+c+a

and

7190
() = 1= 1Py [ AL

—dvy (w).
s<pwl<1 |1 = (z, wy|rtiteta™"

Let € > 0 be given. Then by (ii) we have that there is an s > 0 such that

dvy (w).

h(s) < e(l — |z|2>“/

s<|w|<1 [T —(z, w)|n+l+c+ot

Now, since 1 — |w|> < |1 — (z, w)| and f € BAY") we see that
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. 1
Li(s) S (1— |z|2>°/

s (1= wpyrTrera @V t?)

(1—z1»H°
~ (1 _ sZ)n+l+c'

Hence, we can find an [ € (0, 1) such that I;(s) < € whenever 1 —1 < |z| < 1.
Combining the two inequalities for /1 (s) and I>(s) it follows that for 1 — 1 < |z] < 1
we have

Bea(lf11) () < Ce,

for some positive constant C. Thus,

o —

lim, Beo(If11) ) =0. (37)

Also,

1

Vs (D(z, 1)) D(z,r)

Ko (D(z,r))
v (D(z,7))

Mfo(D(z,r))

1£189) = | f )9 dv, (w)

S U=yt~ P @
It follows that Eq. (37) is equivalent to
IZllig1 Beo(itr.o)(z) =0. (38)
By Lemma 52 of [15],
Bea(ttf.0)(2) < Beo (1f.0)(2)
and thus

Jim Beo(17,0)() =0.
It follows that
lim B, (1117 (z) = 0.
lz|—>1

This proves that (ii) implies (iii) and completes the prove of the Lemma. O

Theorem 6.2 Suppose r > 0, p(-) € P'°¢(B), and f € BMOSPV). Then the follow-
ing are equivalent:
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(@ feVMOS'Y.
(b) f = fi+ fowith fi € VO, and f» € VAF®.
(c) For some (orall) a > —1 and each ¢ > n + 1 + «, we have

(1—1z1»°
|1 _ (w’ Z>|n+1+c+a

lim | [f(w) — f(2)]P® dvg(w) =0
B

lz] =1~

(d) For some (or all) o« > —1 and each ¢ > n + 1 4 «, there is a function A, such
that

(1—1z1?°
|1 _ (w’ Z>|n+l+c+oz

lim [ [f(w) — A [P™ dvg(w) =0
B

lz|—>1~

(e) For some (orall) a > —1 there is a function A, such that

lim ———— |f (w) = AP dvg (w) = 0.
lzl—=1~ ve (D(z, 7)) JDz.r) ) )

Proof That (c) implies (d) is obvious. That (d) implies (e) follows from the inequality

L |f (W) = 4|7 dvg (w)
Vo (D(z, 7)) Jpiz,r)

2\¢
< _ p(w) (I —1z|9)
N/B|f(w) Azl - (w,z>|n+1+c+ad‘}°‘(w)'

That (a) implies (b) follows from the proof of (a) implies (b) of Theorem 4.4. Thus
we only need to prove that (b) implies (c). Now, as in the proof of (b) implies (c) of
Theorem 4.4, we have that

NS el o
/];|f(w) fr@)| 11— (g, w)|rT1+eta dvg (w)
. 1— 2\¢
<277 B o (117 (2) + 27+ /B |/ @7 = (<Z, w')1|1+)1+c+adva(w>
(1 —|z[»)"

< 2p+7ch,a(|f|p('))(Z) 4 op+-l /(Gﬂ(z))l’(w) dvg (w)
B

11— (z, w)|rHit+ete

since Iﬁ(z)l < ﬁr\l(z) for z € B. Now, suppose [ € VAf('). Then by the Holders
inequality and Corollary 2.23 of [4] we have

T = /B v (D (z. 1))~ POHUP | £ () (w)d v (w)

S Iva(D@ ) VPO fxpemllpo Mve (D@ m) PO xpe e
— 1/1
S (16170@)
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for some [ = {p_, p+}. Thus |f,|(z) — 0 as |z| — 1 whenever f € BAP() Thus

given € > 0, there is § € (0, 1) such thatif § < |z| < 1 we have that |f,|(z) < eP*.
Now, we fix § < |z| < 1 and have that

o 1— 2\¢
/B ()" iz’ w|>1|,|1+)1+c+adva<w)

_ 2\¢
<e/ Chld) —dvy (w) < e.

B |1 _ (Z, w>|n+1+c+a

Now, suppose f € VO. Then f € BO and we let

_ N p® (1—z?)°
I(z) = /B [f (&) — fr (D] T §)|n+1+c+ad')”($)'

Then by making the change of variable & = ¢, we have that

1) = /B 1f (e (&) — T (2)| P& dvy (6).

1 — (z, §)|n+1+ofc

Also, by the invariance of the Bergman metric we have

—~ 1
[ f(p:(8) — fr (2] = (DG e | f(@:(8) — f(w)|dvs (w)

1
< -
~ e (D(z, 1) Jpier) B(p.(§), w) + ldvs (w)
< Ble(6),2)+1=pB(,0)+1

Also, direct calculation gives

| (@2(8)) — F@IP ) < | £(0,(8) — F@IP ) 4| f(2) — fr ()P
Sf (@ (8)) — f(o) P&
@ — F@IP +1f@) — @I
S (@(8) — F@IPYE) 4 0,(f) ()P + w0 (f) ()P

On the other hand, if we let t = B(&, 0) = B(¢;(§), z) then for f € VO we have

|f(p:(6) — fF@I S @n(f)(@) — 0

as |z] — 17 and thus

| (0(8)) — F@IPE) < (£) ()P4 ) < (f) ()P~ — 0

as |z] — 17. It follows that if f € V O we have that

Jim (£ (p:(6)) = F@Pe® =0,
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Now, since

/ (BE 0) + POy, (€) < / (BE 0P + 1dvy (€) < 00
B B

and the fact that c > n + 1 4+ o we have that

IS /(,3(5,0) + DPdvs (§).
B

It thus follows by the Lebesgue dominated convergence theorem that /(z) — 0 as
|z] = 1~ which gives (c). This completes the proof of the Theorem. O
7 Compact Hankel Operators

Proof of Theorem 1.2

We are going to prove Theorem 1.2 with the following three lemmas. We begin with
necessity.

Lemma7.1 Let p(-), q(-), @ and o be as in Theorem 1.2. If both H? , H% : Ag(') —
Lg(‘) are compact, then f € VM 0S80

Proof Firstly, observe that if f € AP then (f, K./|K.lp) = f@A —
|z|%) 1 F1+)/PR) 1t follows that if f is a bounded holomorphic function in B, then

s K/ IK p)| S (1 — [z tFod=1/po) ¢

as |z| — 1. Thus, the function h, = K;/||K;|lp) — 0 weakly in APO) as |z] — 1.
By the compactness of H}’- we have that

lim ||H?h |, = 0.
el 1- l f z”q()

The same is true if f is replaced by f. By Proposition 5.3 we have that

lim LO,).«f(z) =0.

|z] =1~
That is,
) (1 — |z]?)(t1Heg)(1=1/p()) ()
L T qw gy ega (@) @ dva(w) = 0.

Now, using the identity (8) we have
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|f(w) — ()1 dvy (w)

(1 — |z|>)(H1+e)q)1-1/p())
>
/‘D(z,r) |1 — (w, Z)|(”+1+Ot)q(w)

a- |Z|2)(n+l+oz)q(w)(l—1/P(z))
fB [1 — (w, z) |t 1+e)gw)

|f (w) — ()9 dvy (w)

~ _ q(w)
- fD(z »y (1= [z TFaa)/pG) [f(w) = g ()T dve (w)
N 1
~ 1— |Z|2)(n+l+oz)tI(z)/1’(z)
S

e (D(z,7)) Dz,

/ 1 () — 2@ 9™ dvg (w)
D(z,r)

| f(w) — g:(2) 11" dvg (w),

which shows that

lim —————— — 2.9 dv, -0,
1~ [ (D(z, 1) D(“)V(w) 8" dve(w) =0

that is, f € VM 085" by Theorem 6.2. O
Let £ € LY and for 0 < § < 1 we set

_ f(w)
Tsf(2) = /1>|w>s T w>|n+1+ad"°‘(w)'

Then it is obvious by Proposition 3.9 that Ts is bounded from Lg(') into LZ('), for
p() = q() such that 1/p(-) — 1/q() = 1/po — 1/q0, 1 < po < qo and py <
Poq0/(qo — po). We have the following:

Lemma7.2 Let p(-),q(:), o« and o be as in Theorem 1.2 and let f € V O. Then
H‘f’ H% : Ag(') — L?,(') is compact.

Proof Let {g,} be a bounded sequence in A”*) converging to zero uniformly on com-
pact subsets of B. By Lemma 5.1 it suffices to show that

: n
nll{go ”Hfgn”q(-) =0,

forn > n+ 1+ 0. Now, given € > 0 we fine §; € (0, 1) such that w,(f)(z) < €
whenever |z] < 61 < lsince f € VO.Letn > n+ 1+ « 4+ o then since f €
VMOSI® there is a 8 € (0, 1) such that

(1 —|z*)"

T (w, Z)|n_~_1+n_~_mdvo[(w) <€, (39)

/ |f(w) = fr(2)|P@
B

whenever |z| < 2 < 1. Now, let § = min(§y, 67). Then

H?gn(Z) = 1,(2) + Ju(2),
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where

In(z)=/| ‘ 8K}(z, w) gn(w)dvy(w), Jn(z)=/ Kj'l(z, w) gn(w)dvy(w)

[w|<d
and

(1 —|z[»"
(1 — (w, Z))n+1-i—n'

K@ w) = (f ) = /)

Since,

1f (@) = fF)| < |f@) = frw) + | fr(w) — f(w)]
we have that

I,(z) < 5p(2) +1,(2)

where

5n(@) = /M 17 = Fr @)K 0) [ ga (w)ldvy ()
and

() = /M 17 w) — F)IIKD )] g () vy (),
Since,

—~ 1
fw) — fr(w) = m D(w’r)(f(w) - f(S))dv,,(E),

we have that for |w| > &
1Fr(w) = fFw)] < 0 (f)(w) < e
Thus,
tn(2) < €T5|gal (2).

Now, for z, w € B set G(z, w) = (f(z) — f,())|gn(W)|x{jw|>s}- Then by Holder’s
inequality we have that

1/q(- 1/4'( 1/g(-
5012 SIG @ VKON 1KY Oy 2 16 @ VK 40



Hankel Operators Between Bergman Spaces with Variable Exponents. .. Page350f37 40

Now, if |G (z, -)ll4¢) > 1 then by Corollary 2.22 of [5]

IG(z, )llgey < /B |G (z, w)|7™) | KF (w)|dvg (w) (40)

and if |G (z, -)|l4¢) < 1 by Corollary 2.23 of [5]

1
9+
1G(z, )llge) < ( /B IG(z, w>|‘1‘w>|Kf(w)|dvﬁ(w)) : (41)

It follows that

1H72n@17P S L @1IE + 15,179 < 5.7 + 1) + 17,119
< 5219 + /M Tyl @7 + | Jn ()11

and thus
/ |H 8,217 dvy (w)
B
< f 60 (21O (2) + €9+ f Tlgnl (2)7Cdva (2) + / (D19 dvg ()
B B B

S /B 1G @ () dva(2) +€'/9 /B Tslgal ()@ dve (2) + /B 112 (2)|4@dvy (2)
(42)

Now, by Egs. (40) and (41) we write

/ 1G @l dve (o) < / + / 1G (2. )N dve (2).
B BO(IG G lgn>1) IBOIG g <1)

Firstly, we observe that
Ve ({IIG (2, )llg(y > 1} = 0.
Indeed, using (40) we see that for any € > 0 we can fine § > 0 such that

Ve ({16 (2, gy > 1D

= / Gz llge)dve(z)
UG @)l >1)

-7 q(w) q(w)
< / / @ = F @ lgn )t
{I1Gz:)llgey>1} J{lw[>8}

— |1 _ (Z, w>|n+l+n

w [ 1@ = Fr)e™
5/{w>3} | gn (w)|9™ A ﬁi(z,{u)llj’i“*” dve (2)dvy(w)
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_7 q(w)
- f{ @ | o v )

< 6||gn||q(~)

It follows that

/B 1G (2, )18 dva ()

= f 1G (2. )18 dva ()
BN{IIG () llgey =1}

< / 1G 2 gty dva(2)
BAUIG G g0y <1)

= ” () 1/q+
< / (/ |f @) = fr) "™ Ign )| dvn(w)) dve(z)
B {lw|>8}

— |1 _ (Z, w)|n+l+n

. ) @) 1/q+
< (/ f £ (@) = 7 ()[40 gy (w)|¢ dun<w)dva<z)>
B J{|w|>48}

|1 _ (Z, w)|n+l+n

—~ 1/q+
— q(w)
- ( f{ ey [ |_f§;)w>|fnrﬁljr)i+(na)dva(z)dva(w))

1
< €'/a gy 0

Also, we know that [|Ts|gxlllq¢) S llgnllg(y < oo which implies that

/ Tlgnl (9@ d vy (2) < 0o,
B

Also, because of the uniform convergence of g, on compact subsets of B there is an
N € Nsuch thatforalln > N, |J,(2)| < €l/4- Thatis, forn > N we have

/ I (2)11@ vy (2) < / [Jn ()| dve(2) < €.
B B

It follows from (42) that,
nll)rgo ”H}y'gn”q(-) =0,

which completes the proof. O

Lemma7.3 Let p(-),q(-), @ and o be as in Theorem 1.2 and let f € VA1), Then

H‘f’, H% : Ag(') — L(q,(') is compact.
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Proof Let {g,} be a bounded sequence in A% © converging to zero uniformly on com-
pact subsets of B. We must prove that ||H‘f’g,, lly),c — 0asn — oo. By Proposition
5.4 we know that

I H?gn ||q(<),cr 5 llgn ||Lq(-)(duf.0),

where djif o = | £190)dv, . The result follows from Lemma 6.1. m]

Data Availibility Statement Data sharing not applicable to this article as no datasets were generated or
analysed during this study.
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