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Abstract
We consider the family of Lorentz ideals C,‘f, 1 < p < oo. Let C;(O) be the

I - ||?,‘-c10sure of the collection of finite-rank operators in C;‘. It is well known that
C,J,r(o) # C;. We show that C,J,r(o) is proximinal in Cl‘f. We further show that a classic

approximation for Hankel operators (Axler et al. in Ann Math (2) 109, 601-612, 1979)
does not generalize to this new context.
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1 Introduction

Let X be a Banach space and let M be a closed linear subspace of X. An element
x € X is said to have a best approximation in M if there is an m € M such that
lx —m] < ||lx — al for every a € M. The subspace M is said to be proximinal in X
if every x € X has a best approximation in M.
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One of the most familiar and significant examples of such a pair is the case of
X = B(H) and M = K(H), where H is a Hilbert space, B(H) is the collection of
bounded operators on H, and [C(H) is the collection of compact operators on 7. It is
well known that JC(H) is proximinal in B(7{), which is a result in the influential book
[11] by Gohberg and Krien. Given any A € B(H), to find its best approximation in
IC(H), one takes the polar decomposition A = U|A|, where |A| = (A*A)!/? and U
is a partial isometry. Then from the spectral decomposition of | A| one easily finds the
best compact approximation to A. The moral of this example is that when looking for
best approximations for operators on a Hilbert space, one should take advantage of
spectral decomposition, which is not available on other Banach spaces.

The relation between 3(H) and /C(H) is that the latter is the closure of the collection
of finite-rank operators in the former. On a Hilbert space H, there are many pairs that
fit this description, but with different norms. In particular, the norm ideals of Robert
Schatten [16] are a good source for interesting examples of X and M.

Before getting to these examples, it is necessary to give a general introduction for
norm ideals. For this we follow the approach in [11, 19], because it offers the level of
generality that is suitable for this paper.

As in [11], we write ¢ for the linear space of sequences {a;} jeN, Where a; € R and
for every sequence the set {j € N : a; # 0} is finite. A symmetric gauge function is a
map

®: ¢ — [0, 00)

that has the following properties:

(a) ®isanormon C.
(b) ©({1,0,...,0,...Hh =1.
(©) ©({a;}jen) = ©({laz(jl}jen) for every bijection 7 : N — N.

See [11,p. 71]. Each symmetric gauge function ® gives rise to the symmetric norm

|Alle = sup ®({s1(A),...,s;(A),0,...,0,...}

izl

for bounded operators, where s1(A), ..., s;(A), ... are the singular numbers of A.
On any separable Hilbert space H, the set of operators

Co ={A e BH): l|Alle < oo} (1.1)

is a norm ideal [11,p. 68]. That is, Co has the following properties:
e Forany B, C € B(H) and A € Co, BAC € Co and |BAC|lo < ||B|l||Alla]C].
o If A € Cop, then A* € Cp and || A*||o = || Al @-
e Forany A € Co, |A|| < ||Allo, and the equality holds when rank(A) = 1.
e Co is complete with respect to || - || .
Given a symmetric gauge function ®, we define Cg) ) to be the closure with respect
to the norm || - ||¢ of the collection of finite-rank operators in Cep.
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Both ideals Ce and Cg) ) are important in operator theory and operator algebras.
For example, if one considers the problem of diagonalization under perturbation for
single self-adjoint operators [13, 14] or for commuting tuples of self-adjoint operators
[2, 18-21], then the natural perturbing operators come from ideals of the form Cg) ),
If one studies Toeplitz operators or Hankel operators on various reproducing-kernel
Hilbert spaces, then a natural question is the membership of these operators in ideals
of the form Co [10, 12, 22].

For many symmetric gauge functions, we simply have Cg) ) = Co. For example, if
we take any 1 < p < 0o and consider the symmetric gauge function

o0 I/p
cb,,<{a,-})=<2|a,~|f’) . lajy e,

j=1

then the norm ideal Cq,, defined according to (1.1) is simply the familiar Schatten

p-class. It is well known and obvious that Cg)p) =Co,.
From [11] we know that there also are many symmetric gauge functions for which
Cg) ) # Co. The most noticeable of such examples is the symmetric gauge function

®oo({aj}) =supla;l, {a;}ec.
jeN

Obviously, the norm || - ||, is none other than the ordinary operator norm. Therefore
(1.1) gives us Co.,, = B(H). It is also obvious that Cg)o)o = KC(H). Thus the classic

result that JC(H) is proximinal in B(H) can be rephrased as the statement that Cg)zo is
proximinal in Cg_, . Once one realizes that, it does not take too much imagination to
propose

Problem 1.1 For a general symmetric gauge function ® with the property CC(I? ) # Co,
is Cé?) proximinal in Cg ?

In such generality, Problem 1.1 does not appear to be easy, for it simply covers too
many ideals of diverse properties. Itis not too hard to convince oneself that to determine
whether or not CC(I? ) is proximinal in Cg, one needs to know the specifics of ®@. At this
point, we do not see how to get a general answer using only properties (a)-(c) listed
above plus the condition Cg) ) # Co.

But we are pleased to report that there is a family of symmetric gauge functions of
common interest for which we are able to solve Problem 1.1 in the affirmative. Let us
introduce these symmetric gauge functions and the corresponding ideals.

Foreach 1 < p < oo, let <I>1“,' be the symmetric gauge function defined by the
formula

laz )| + laz @) + - - + laz )l .

o ({a;}; =su , laj}ljeN €c,
P({ j}]EN) lei 1_1//7+2_1/l’—|--~-+j_1/l’ { ]}jEN

where 7 : N — N is any bijection such that |a; ()| > |az@)| = -+ > laz(hl = -+ -,

which exists because each {a} jen € ¢ only has a finite number of nonzero terms. The
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ideal Cq,+, which is defined by (1.1) using @7, is often called a Lorentz ideal. Tt is well

known that Cq,+ # C(O) [11]. The ideal C¢+ deserves special mentioning, because it

is the domain of the Dlxmler trace [4, 6], which has wide-ranging connections [3, 7,
8, 12, 17].
The ideals CCD;’ and Cg)l ,1 < p < oo, are the main interest of this paper. Since they

);
will appear so frequently in the sequel, let us introduce a simplified notation. From
now on we will write

+ _ +©0) _ 0 + _
Cp=Copr C;0=Cyl and Il Iy =11l (1.2)

for I < p < oo. Here is our main result:
Theorem 1.2 Forevery 1 < p < oo, C,J;(O) is proximinal in C;.

The result that JC(H) is proximinal in B(H) has refinements within specific classes of
operators [1]. One such class of operators are the Hankel operators Hy : H 2517
where H? is the Hardy space on the unit circle T ¢ C. We recall the following:

Theorem 1.3 [1,Theorem 3] For each f € L°, the best compact approximation to
the Hankel operator Hy can be realized in the form of a Hankel operator H,.

In other words, Theorem 1.3 says that H y has a best compact approximation that is of
the same kind, a Hankel operator. Using the method in [1], Theorem 1.3 can be easily
generalized to Hankel operators on the Hardy space on the unit sphere in C".

Since Theorem 1.2 tells us that each C;(O) is proximinal in C;}", we can obviously
ask a more refined question along the line of Theorem 1.3: Suppose that we have an

operator A in a natural class N, and suppose we know that A € C;, can we find a

best C;(O)—approximation to A in the same class N'? In particular, what if A/ consists
of Hankel operators? As we will see, the answer to this last question turns out to be
negative.

The rest of the paper is organized as follows. We prove Theorem 1.2 in Sect. 2.
Then in Sect. 3, we present the above-mentioned negative answer. Namely, we give
an example of a Hankel operator on the unit sphere in C? which is in the ideal CI

and which does not have any Hankel operator as its best C+( ) -approximation. This

example requires some explicit calculation, which may be of independent interest.

2 Existence of Best Approximation

Recall that the starting domain for every symmetric gauge function @ is the space
¢, which consists of real sequences whose nonzero terms are finite in number. Our
first order of business is to follow the standard practice to extend the domain of @ to

include every sequence. That is, for any sequence § = {&;} of complex numbers, we
define

P(¢) = 2url)<1>({|$1|, &2l - 1€1, 0, ..., 0, ... ).
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It is well known that the properties of ® imply thatif |a;| < |b;| for every j, then
@({aj}) = (b }).

This fact will be used in many of our estimates below.
We will focus exclusively on the symmetric gauge functions CD;, 1 < p < oo. For
the rest of the paper, p will always denote a positive number in [1, 00).

Definition 2.1 (1) Write c;,r for the collection of sequences & satisfying the condition
(&) < o0.

(2) Let ¢ (0) denote the ®F-closure of {a +ib:a,b € c}inc).

(3) Foreach & € ¢}, denote @} (((§) = inf{®F (& —n) :n €0}

(4) Write d;‘ for the collection of sequences x = {x;} in c?,‘ satisfying the conditions
that x; > 0 and that x; > x; for every j € N.

In other words, d; consists of the non-negative, non-increasing sequences in ¢

Ie
Proposition 2.2 For every & = {&;} € ¢}y, we have

OF os€) = m ST (i1, Emr2, - k).
In particular, § = {§;} € c?,‘(O) if and only if

lim q);({gﬂ’H“la §m+2, ) %-m+k, R }) =0.
m— 00

Proof From the above definitions it is obvious that

qDZ’ess(E) S mlgrloo Q;({Em*‘rl ’ $m+2’ DR §m+k5 R })'
On the other hand, for any a, b € ¢, there existav € Nand ¢y, ..., ¢, € C such that

S_a_ibz{;’17"'7§U7€V+17$U+2a~"7€l)+kv"'}'

Thus for every m > v we have

OF(E —a—ib) = OF (Emt. Emsae - ks ).

Since ¢} (0) is the @} -closure of {a +ib : a, b € ¢}, it follows that
qD;_’ess(E) 2 mlgrloo Q;({Eﬂk‘rl ’ $m+2’ DR §m+k5 R })'

This completes the proof. O
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Proposition 2.3 For every x = {x} € d; we have

O (x) = limsup L X2t X

e P T R @D

Proof For x = {x;} € d;, (2.1) trivially holds if 332, x; < oco. Suppose that
Y721 xj = 0o. Then for every m € N we have

fim S Iy TR e M e
jmoo Xyt Xj joooxy+ - 4+x;  jooo X1+ H4Xj
Therefore

xl+...+_xj

: +
hjnlsolip e < O ({Xmtts Xm42, -y Xmtks -+ )

for every m € N. By Proposition 2.2, this means

. X1 + e _|_ X;
lim sup J < @;’ess(x).

joo 1TV/P 4o j7UP

To prove the reverse inequality, note that for each m € N, there is a k(m) € N such
that

4 Xm1 + o+ Xgkom) 1
CDP ({xm+la -xm+27 oo 7xm+ks e }) S 171/1] + . + {k(m)}*l/l’ + m' (22)

If there is a sequence m| < my < --- < m; < --- in N such that k(m;) — oo as
i — 00, then from Proposition 2.2 and (2.2) we obtain

. . . + o+ x;
(D;ress(x) < limsup I il k) 7 = lim sup IXI x.] T
’ oo 1TV/P 4 {k(mp)y =V = L 1T U

The only other possibility is that there is an N € N such that k(m) < N for every
m € N. Obviously, the membership x € d;,L implies lim j_, o, x; = 0. Thus in the case
k(m) < N for every m € N, from Proposition 2.2 and (2.2) we obtain

D) e (¥) = Hm ®T({Xm i1, X420 - Xk - }) =0
. _xl +.+x]
< lim sup

jmoo 1TUP 4o P

This completes the proof. O

Proposition 2.4 Letaé = {§;} c;‘,‘ be given and denote

N;i = card{j e N:271/P < |&;| < 270~ D/py
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foreveryi € N. If

lim 27'N; =0, (2.3)

i—00
then & € c;(O).
Proof By (2.3), for every k € N, there is a natural number i (k) > k + 3 such that
N; <275 forevery i > i(k). (2.4)
For every i > i(k), we also have
card{j e N:2i7F < j < 2itl=ky —gitl—k _ | _oi=k L | —oi-k
That is,
card{j € N : 2—=D/p _ 2—(k—2)/17j—1/17 < 2—(!'—2)/17} —pi—k
when i > i(k). Combining this with (2.4), we see that
Df o (&) < DF (27D TPy ) = 27 ED/p,

Since this holds for every k € N, we conclude that &7 . (§) = 0,i.e., & € ¢} (0). O

Proposition 2.5 For each x € dt, there is a decomposition x = y + z such that
y € df with

OF () = B} 1y (0)

p,ess
and z = {z;} € c;(O), where z; > 0 for every j € N.

Proof Obviously, it suffices to consider x € d[',“ with Cblf,ess(x) = 1. Write x = {x;}.
By the definition of d;’ we have x; > Oand x; > x4 forevery j € N.

We define the desired sequences y = {y;} and z = {z;} inductively, starting with
j=1.1Ifx; <1, wedefine yy = x;and z; = x; — y; = 0. If x; > 1, we define
yi=landzi=x1—y1=x1—1>0.

Let v > 1 and suppose that we have defined 0 < y; < x; and z; = x; — y; for
every 1 < j < v such that the following hold true: for every 1 < j < v we have

yi+---+y; <1
1-Vp4...4 j-lp =7
and for each j € {1, ..., v} with the property y; < x; we have
yi+---+yj

1=Up .y U
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Then we define y,1 and z,41 as follows. Suppose that

i+ Y+ xp
<1
1=Vp 4oy P w4 )"UP —

In this case, we define y,+1 = x,41 and z,41 = xy4+1 — Yu+1 = 0. Suppose that

A R ol U1 e AN |

1=V ... Ur w4+ 1)-l/pr > 1.

Since we know that

I I
1=V 4.4 p-l/p =7

these two inequalities imply that there is a y, 1 € (0, x,,4+1) such that

Y+ 4 Yo+ Yot -
1=V ... Vr 4w+ 1)-Ur

1.

This defines y,1. We then define z,+1 = x,4+1 — Yy+1, Which is greater than O in this
case. Thus we have inductively defined the sequences y = {y;} and z = {z;} with the
properties that y; > 0,z; > Oand y; +z; = x; forevery j € N. Thatis,x =y +z.
The construction above ensures

yit--tyj

T 2.5)
for every j € N. Moreover, the construction ensures that the equality
ity 26

=Ur g j-r

holds for each j € N with the property y; < x;.

Next we show that y = {y;} is a non-increasing sequence, i.e., y; > y;41 for
every j € N. First, consider the case j = 1. If x; < 1, then by definition y; = x; >
X3 > o, since x1 > xp. If x; > 1, then y; = 1 by definition, and (2.5) gives us
14y < 1747 4+ 2=1/P_ Thus in the case x; > 1 we have y < 27Up <1 = y1.

Now consider any j > 2. Ifyj = x;, then we againhave y; = x; > xj41 > yj+1,
since x is a non-increasing sequence. If y; < x;, then (2.5) and (2.6) imply

Vit yio1 < 1—1/P+...+(j_1)—1/l7’
Vit Yoty =17V 4. 4 (-4 TP,
iAoty Ay TP G- )T TP (TP,

from which we deduce

yi =i P> G+ DTV >y
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Thus y = {y;} is indeed a non-increasing sequence. Combining this fact with (2.5),
we conclude that y € d; with CD;(y) < 1. What remains is to show that z € c; (0).
To prove that z € c;“ (0), we first consider the case where 1 < p < oo. Define

N;i =card{j eN:z; > 27i/py
for each i € N. By Proposition 2.4, to prove that z € c,“,‘ (0), it suffices to show that

lim 27'N; =0. (2.7)

i—00
Suppose that this failed. Then there would be a § > 0 and an increasing sequence
<)< - <lip<---
of natural numbers such that
27N; > 8 forevery veN. (2.8)

We will show that this leads to a contradiction.
Writea = <1>'l‘,‘ (x).Letv and j be any pair of natural numbers such thatz; > 2=0v/p,

Since z; = x; — yj and y; > 0, we have x; > 27"/7. On the other hand, since x is a
non-increasing sequence, we have

JX; Xi+o 4
= <a.
17]/P+...+j*1/p_ 17]/p+"'+]’71/1’_

Writing C,, = p/(p — 1), the above facts lead to the inequality
j2*iv/P < ]x] < Cpaj(Pfl)/p.

That is, jf Zj > 2-iv/P, then j < (Cpa)f’Zi“. For each v € N, let j, = max{j € N :
zj = 270/P}. By (2.6), the fact z;, > O forces

yit---+yj

=1.
1P et P
Thus
_x1+...+_xjv _ y1+..+y]v Z]+'+Zjv
171/p+...+jv_1/p ]*1/1?4_..,_;’_]'])_1/17 171/p+"'+jv_l/p

N; 27iv/p N; 27iv/p

>4+ —————>1+ ——
ij]&p_l)/p Cp{(cpa)leu}(P_l)/P

i J
P i, = + =5 1’
CpaP=12W Cpab~
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where the last > follows from (2.8). Since the above inequality supposedly holds for
every v € N, by Proposition 2.3, it contradicts the condition CD;;’ess(x) = 1. This
proves (2.7). Applying Proposition 2.4, in the case 1 < p < co we have z € c;,L 0).

Now consider the case p = 1, which is much more complicated. To prove z € cl+ 0)
in this case, pick an € > 0. Define the sequences u = {u;} and v = {v;} by the
formulas

zj ifzj > ex; 0 ifz; >ex;
uj = . and Vj = . s
0 ifz; <ex; z; ifz; <ex;

j € N. We have z = u + v by design. Then note that dﬁr(v) < €<I>T(x). Since e > 0
is arbitrary, it suffices to show that u € ci" 0).

To prove that u € cf (0), consider the set N = {j € N : u; > 0}. If card(N) < oo,
then we certainly have the membership u € cfr (0). Suppose that card(N) = oo. Then
we enumerate the elements in N as a sequence

D <j@Q)<---<jlk)<---.

Keep in mind that z &) > €x ;) for every k € N.
Claim11Ifk; <k, <--- <k, < --- are natural numbers such that

1
loghky = 7 log jky) (2.9)

for every v € N, then

LX) X e Xk
lim - =
e R

0. (2.10)

Indeed for each v € N, since zj,) > 0,1i.e., yjx,) < X, we have

X1 +x2+ -+ Xjk,)
IPh 27 e (i)}
ottt Yk e R I ()
I R T R S Y R L T R, S R RO A Y R
L[S B o) e e ) B I 0 st ) B S [ 29)
T2+ ko)) — IPhp 27t iRy
R e s R . TR 10 e 16T sk s D)
27 e ()Y 2 kg

v

1+

1+e



Best Approximations in a Class of Lorentz Ideals Page 110f25 51

Combining this with (2.9), we find that for v > 3,

AL T e (1) M logky  xjm +Xj@+ - +Xjw)
| R V1L 2log jky) 17142714yt
S48 5w TX@ T Xk
4 1ol gt
2.1D)
It follows from the condition <I>fL, ess(*) = 1 and Proposition 2.3 that
lim sup —— +x12 A ) - < 2.12)
vooo 1704270+ {j(k)}
Obviously, (2.10) follows from (2.11) and (2.12). This proves Claim 1.
Claim 2 Let Eq, ..., E, ... be finite subsets of N such that
lim card(E;) = oo (2.13)
§—> 00
Suppose that
o
1 .
logk < 3 log j(k) forevery k € U Es. (2.14)
s=1
Then
card(E )
Tim Y / (2.15)

keE;

To prove this, pick an m € N and define Fy = {k € E; : mk < j(k)} for each s € N.
Note that (2.14) implies j (k) > k2 for every k € U2, Ey. Therefore card(E;\ Fy) <m

for every s. Thus it follows from (2.13) that

(S o/ T D2/ S

Since m € N is arbitrary, (2.15) will follow if we can show that

caId(E ) Cal’d(F )

card(F
- =

1 ®F )
lim sup Z x](k)/ - 17

§=00 keF;

=0

(2.16)



51 Page12o0f25 Q. Fang, J. Xia

For each s € N, since j(k) > mk for every k € Fy and since the sequence x is
non-increasing, we have
card(Fy)

mcard(Fy) mcard(Fy)

Z Xjtky = Z Xmk = Z Xmi = l Z X = %( Z ll)(b'l"_(x)
keF; keF; i=1 i=1
That is,
Z N card(FY 1 l mcard(Fy) 1 card(FY <D+
j(k)/ ;= m{ Z / } (x) (2.17)

keFs

for every s € N. Since card(F;) — oo as s — 00, (2.17) implies (2.16). This
completes the proof of Claim 2.

Having proved Claims 1 and 2, we are now ready to prove the membership u €
¢} (0). Recall that for every j for which u; # 0, we have u; = z; < x;, and that the
elementsin N = {j € N : u; > 0} are listed as

J) < j@) <o < jk) <---.

Since x is non-increasing, by Proposition 2.3, the membership u € c] +(0) will follow
if we can show that

Xjy +Xj) + -+ Xk

=0.
k—oo 1714271 4.4kl

Suppose that this limit did not hold. Then there would be a sequence
Ny <Ny <:+<Ng <-+--

of natural numbers such that

lim O +Xjo+ - +xj(]nn
s—>oo 1=l o=l .. 4ps

=b (2.18)

for some b > 0. Again, we will show that this leads to a contradiction.
For each s € N, define A; = {k € {1,2,...,n5} : logk > (1/2)log j(k)}. If s is
such that A; = ¢, we define
Gy =1{1,2,...,ng}.

If s is such that Ay # 0, we let k; be the largest element in A; and we define

Gy =1{1,2,...,ns\{1,2, ..., k).
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Note that for each s, the definition of G guarantees that logk < (1/2)log j(k) if
k € Gs.Denote ¥ = {s € N : A; # ¥}. For each s € X, define

| R R card(Gs) ;-1
rand By = Lizi
1IN 27 e g

% = 1 1 -1’
=t 427 4+ -+ ny

where B; is understood to be 0 in the case Gy = . For s € ¥ with G5 # @, we have

X F X+ Xy X TXj@ Xk T D okes, Xikh)

427 gt U2ty
Xj) +Xj@) + o+ Xk > keG, Xih)
= 1-1 101 k! + Bs card(Gy) . ,1
+27 kg y o
(2.19)

Suppose that ¥ # (. Then ¥ = {s € N : s > ¢} for some £ € N. Thus there is a
sequence

S <82 <o <S8 < ---
contained in X such that both limits

i ar, and i 5,
exist. By definition, log ks > (1/2) log j (ks). By Claim 1, we have

i D TXj@) Xk,
r—00 1—1+2—1+...+k;1

=0 intheevent lim o, #O0.
r—00

Recall that if k € Gy, then logk < (1/2) log j (k). By Claim 2, we have

2keGy, Xtk
lim

lim. W =0 in the event rli)Holo Bs, # 0.

Combining these facts with (2.19), we find that

Xjy +Xj@) + -+ Xjay,)
r—00 1—1_}_2—1_‘_,”_{_”;1

=0,

which contradicts (2.18) in the case ¥ # (. Suppose that ¥ = (). Then by definition
we have Gy = {1, 2, ..., ng} forevery s € N. Thus we can apply Claim 2 to conclude
that

card(G )

. Xj) FXj X
lim Jj() Jj(2) J(”v) — lim Z i
§—00 1—1 +2_1+"'+ns §—00 reo,
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Thus (2.18) is also contradicted in the case ¥ = . This completes the proof of the
proposition. o

Having only dealt with sequences so far, we now apply the above results to operators,
which are the main interest of the paper. Let H be a Hilbert space. For any u, v € H,
the notation u ® v denotes the operator on H defined by the formula

u@vf =(f,vu, feH.

It is well known that if A is a compact operator on an infinite-dimensional Hilbert
space H, then it admits the representation

o0
A= Z;,(A)u{, ®vj,
j=1
where {u; : j € N} and {v; : j € N} are orthonormal sets in H. See, e.g., [5, 11].

We remind the reader of our notation (1.2). For each each A € C, we define

AN} s =inf{|A = K|} : K € C O}

p,ess

We think of ||A||?,"ess as the essential || - ||?,‘-n0rm of A, hence the notation.

Proposition 2.6 For every operator A € C, we have

e si(A) + sa(A) e s (A)
”A"p,ess - ch,ess({Sj(A)}) —hlnl)solip 1—1/p+2—1/17 ++J_]/p

Proof For an A € C;‘, there are orthonormal sets {u; : j € N} and {v; : j € N} such
that

o
A=Y "sj(Au; @ vj.
j=1

Therefore it is obvious that || A ||j,‘,CSS < dDI‘; ess (15 (A)}). To prove the reverse inequal-

ity, for every k € N we define the orthogonal projection

o0
E, = Zu./ Quj.
j=k

If F is a finite-rank operator, then || Ey F ||;r — 0 as k — oo. Therefore
IA = F|}} = limsup | Ex(A — F)|; = limsup | EL Al
k—00 k—00

= kll)ngo CD—;({S[{(A), Sk+1(A)’ ) Sk+j(A), cee }) = (D;,ess({sj (A)})’
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where the last = follows from Proposition 2.2. Since this inequality holds for every
finite-rank operator F, we conclude that || A[|} o > @7 . ({s;(A)}). Recalling Propo-
sition 2.3, the proof is complete. O

With the above preparation, we now prove Theorem 1.2 in a more explicit form:

Theorem 2.7 For each A € C;, thereisa K € C;«)) such that

s1(A) +52(A) + -+ -+ 5;(A)

+
”A K” _”A” 1 1/P+2 1/p+ +j71/p'

—hm p

p.ess

Proof Givenan A € C;‘, we again represent it in the form
o
A=) si(Au;®v;,
j=1
where {u; : j € N} and {v; : j € N} are orthonormal sets. Applying Proposition 2.5
to the sequence {x;} = {s;(A)}, we obtain y = {y;} € d;} and z = {z;} € ¢} (0) such
that
si(A) =y; +zj (2.20)
for every j € N and CDZ(y) = o ¥ ess ({5 (A)}). Define
oo
K = Z Zjuj @ vj.
j=1

The condition z € c;; (0) obviously implies K € C,J,r(o). From (2.20) we obtain

o
A—K:Zyjuj@)vj.

j=1
Therefore
A=K} =®5 () =) (s (AD.
Now an application of Proposition 2.6 completes the proof. O

3 A Contrast to the Classic Case

As we mentioned in the Introduction, the result that /C(H) is proximinal in B(H)
has refinements within specific classes of operators. One such class of operators are
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the Hankel operators Hy : H 2 — L2, where H? is the Hardy space on the unit
circle T C C. Specifically, [1,Theorem 3] tells us that for f € L°°, the best compact
approximation to the Hankel operator Hy : H> — L? can be realized in the form of
a Hankel operator H,.

In other words, [1,Theorem 3] says that H ; has a best compact approximation that
is of the same kind, a Hankel operator. Using the method in [1], this result of best
compact approximation can be easily generalized to Hankel operators on the Hardy
space H?(S) on the unit sphere S C C".

The fact that each C;(O) is proximinal in C;‘ raises an obvious question: Suppose
that we have an operator A in a natural class \V, and suppose we know that A € C,
can we find a best C;(O)—approximation to A in the same class A/? In particular, what
if \V is the class of Hankel operators on H 2(8)?

In this section we show that the answer to the last question is negative. This negative
answer provides a sharp contrast to the classic result [1,Theorem 3].

For the rest of the paper we assume n > 2. Let S denote the unit sphere {z €
C" : |z] = 1} in C". Write do for the standard spherical measure on S with the
normalization o (S) = 1. Recall that the Hardy space H 2(8) is the norm closure of the
analytic polynomials C[zy, ..., z,] in L2(S,do) [15). Let P : L*(S,do) — H2(S)
be the orthogonal projection. Then the Hankel operator Hy : H 2(S) — L*(S,do) is
defined by the formula

Hih = (1— P)(fh), he H(S).

For these Hankel operators, let us recall the following results:
Proposition 3.1 [9,Proposition 7.2] If f is a Lipschitz function on S, then Hy € Cztr

Proposition 3.2 When the complex dimension n is at least 2, for any f € L*(S,do),
if Hy is bounded and if Hy # 0, then Hy ¢ C;(O),

n

Proof We apply [9,Theorem 1.6] which tells us that for f € L?(S,do), if Hy is
bounded and if Hy # 0, then there is an € > 0 such that

SICHF) + -+ s(Hy) = ek =D/

for every k € N. Thus it follows from Proposition 2.6 that || H s ||§"n’eSS > 0,if |Hy ||§’;1

+(0)

is finite to begin with. In any case, we have Hy ¢ C,, O

As usual, we write z1, ..., z, for the complex coordinate functions. Here is the
main technical result of the section:

Theorem 3.3 When the complex dimension n equals 2, we have || Hz, ||2' > ||Hz, ||I_m.
This leads to the negative answer promised above:

Example 3.4 Letthe complex dimension n be equal to2. By Theorem 2.7, Hz, has abest
approximation in CI(O). On the other hand, it follows from the inequality || Hz, ||I >
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| Hz, ||;¥"’ess that if K € C:(O) is a best approximation of Hz,, then K # 0. The

C:(O)

membership K € implies that K is not a Hankel operator, for Proposition 3.2

tells us that CI © does not contain any nonzero Hankel operators on H>(S) in the case
S C C2. Thus for the class of Hankel operators on the Hardy space H Z(S), S c C?,

the analogue of Theorem 1.3 does not hold for the pair CI and CZF(O)
CZr(O)

, even though
is proximinal in CZF.

Having presented the principal conclusion of the section, we now turn to the proof
of Theorem 3.3, which requires some calculation. We begin with the generality n > 2,
and then specialize to the complex dimension n = 2.

We need to make one use of Toeplitz operators, whose definition we now recall.
Given an f e L*°(S, do), the Toeplitz operator T is defined by the formula

Teh = P(fh), he H(S).

We need the following relation between Hankel operators and Toeplitz operators: We
have

H?Hf = Tlf\z — Tfo 3.1
forevery f € L°°(S,do).

We follow the usual multi-index convention [15,p. 3]. Then the standard orthonormal
basis {ey : @ € Z' } for H2(S) is given by the formula

(n—1+ |a))!

12
o n
n— la! } ¢, el

eq(2) = {

Consider the symbol function z;. Straightforward calculation using (3.1) shows that
(HZ Hz eq,ep) =0 if a # B
and that

n—1+lal—a;
HZ Hz eq. €0) = fi ez, 3.2
(HZ Hz eq, eq) PRI orevery o € Z! (3.2)

where o1 denotes the first component of . Thus HZ*1 H:, is a diagonal operator with
respect to the standard orthonormal basis {e, : o € Z/}}, and the above are the s-
numbers of HZ*I Hz, . Consequently, the s-numbers of Hz, are a descending arrangement
of

{ n—1+|a| —ay

1/2
, ael’.
(n—1+|a|)(n+|a|>} +
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Lemma 3.5 In the case where the complex dimension n equals 2, we have
+ —1/4
”Eﬁln&em =6~/

Proof For a = (a1, a2) € Z%, note that || — &; = &> . Thus from (3.2) we obtain

(I + a2+ |al)

2
aeZs

1/2
(H*H—)l/Z—Z{ 1+ }/e Qe
z1°7%1 - o o-

It is also easy to see that (H;. Hzl)l/2 =Y + Z, where Z € CI(O) and

Jo
Y = Z —2ea®ea.

o
aeZ?\{0} o]

Hence || H:, ||j[ess = |I(Hz, Hgl)]/zueSS = ||Y||Iess, and we need to figure out the
latter.

To find [|Y || - consider @ = {(x, y) € R* : x > Oand y > 0}, the first quadrant
in the xy-plane. For each a > 0, define

Eq={(x.y) € Q:ay = (x +y)}.
Solving the inequality ay > (x + y)? in Q, we find that
E,={(x,y)€Q:0<y<aand 0 <x < ay -y}
Let m; denote the natural 2-dimensional Lebesgue measure on Q. Then

a 2
mz(Ea>=f0 (Vay — y)dy = %

For each r > 1 we define
N(r) = card{a € Zi\{O} /el > 1/r).

To each o € Zi we associate the square o + 1%, where 12 = [0, 1] x [0, 1]. From
this association we see that

N(@r) = my(E,2) + o(r*) = ér“ +o(r™). (3.3)
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We have

2 2
\/— /r </rﬁy dx ) ' rﬁ
dxdy = y dy: ylog dy
/Ez vy 0 xX+y vy y
! 1 1 25 _4
3 3
= log —du =2 ?log —dt = = =
r /0 Vu ogﬁ u r /(; og 9 3

Denote A, = {o € Z2 T\{0} : Jaz/la| > 1/r}. Then

3

1
- —F
6

N()

Y= 3L

a€A,

B Z //a+12 x +dedy " Z //a+12 (W - X{Y>dXdy

aEA, aEA,

/ ‘/_ dxdy +o(r?) == r +o(r?).
E>
On the other hand, from (3.3) we obtain

1/4 4 3/4 3/4 4 /(1 3 3 3
i =S INeyY +o({N(r)}/>=§(g) P+ o(r?).

Combining these two identities, we find that

X g o) (1)‘/4
1m - =\ = .

—_— = 1IIh =
= N (r) jlA Soo 4 (1)3/4
r—00 Z / r—00 3 6)

Thus the proof of the lemma will be complete if we can show that

Y s

+
||Y||4,ess - ,lim W

3.4

To prove (3.4), first note that by Proposition 2.6, the left-hand side is greater than
or equal to the right-hand side. Thus we only need to prove the reverse inequality. But
for the reverse inequality, note that (3.3) gives us

Nw+1) = N@w) = o),

v € N. Hence

N(v+1)

Y s < %(N(v +1) = N) =o0(").

J=N@)+1
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For a large k € N, there is a v(k) € N such that N (v(k)) < k < N(v(k) + 1). Thus

Nwk)+1
I+ s () _ X (GO (1)

=1/4 4 ... —1/4 — N(V(k)) _
1 +-+k Y 1/4
N(V(k)) N((k)+1)
2= Si) N1 ST ()

ZN(U(k)) —1/4 ZN(V(k)) i—1/4

ZiV_(V(k)) si(Y) 0({V(k)}3)
T YE s T @R INGEE + o(NGE)

Using (3.3) again, we find that

NG
) ) 80D
A4 k1A =A% SN0 A

lim sup
k— o0

Thus, by Proposition 2.6, the left-hand side of (3.4) is less than or equal to the right-
hand side as promised. This completes the proof of the lemma. O

Proof of Theorem 3.3. Under the assumption n = 2, (3.2) gives us || Hz, 1?2 = 1/2.
Thus | Hz, ||I > |Hz |l = 212 On the other hand, Lemma 3.5 tells us that
[ Hz s = 67174 Since 271/2 > 6714, it follows that [ Hz, [T > || Hz I} e

O

We choose to present Lemma 3.5 separately because its proof is more elementary
than the general case. But the calculation in Lemma 3.5 can be generalized to all
complex dimensions n > 2, which may be of independent interest:

Proposition 3.6 In each complex dimension n > 2, we have

1 on—1)\"Ve
IHz 15 o5 = (= - :
mess =\l 2n — 1

Proof We begin with some general volume calculation. For j > 1, let v; denote the
(real) j-dimensional volume measure. Let k > 2 and define

Ar@®) ={(x1,...,x) €eRF x>0, x>0 and x; +--- +xp =1}
fort > 0. Elementary calculation shows that vi_1 (Ag (1)) = {(k— 1)!}_1k1/2. Hence

‘/E k—1

vk—1(Ax (1)) = ml

(3.5)

forall ¢+ > O.
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Consider the “first quadrant”
Qn Z{(x]5""xn) eRn :xl 20,.-.,Xn 20}

in R”. We write the elements in Q, in the form (x, y), where x > 0 and y =
1, .-, yn—1) withy; > 0for 1 < j <n — 1. For such a y, we denote

Yl =y1 4+ + -1

in this proof. Adapting the proof of Lemma 3.5 to general n > 2, we now define

Es={(x,y) € Qn:alyl = (x + [yD*)
for a > 0. We claim that

a® n-—1

— . 3.6
n! 2n-—1 (3.6)

v (Ey) =

To prove this, note that the condition a|y| > (x + |y[)? implies @ > x + |y| and,
consequently, @ > x and a > |y|. Foreach 0 < ¢ < a, define

Za(0) = D) N Eq = {(x,y) € Qn 1 x + |yl =1 and aly| = 1%},
Obviously,
Za)={(—p.y)€Qu:t*fa<p<tand |y =p}.
For any A, u € [£2 /a, t], the distance between the slices
{t=2y)eQun:lyl=2} and {(t —p,y) € On: [yl =n}

is easily seen to be

(=2 + @ =Dl =12 = - I = .

Combining this fact with (3.5), when n > 3 we have

t
U1 (Za (1)) =,/%1/2 vaa({t = p.y) € Qu t 1yl = pPDdp

-2 = i n—1 _ 2 n—1
\/n -1 /,;M (n— 2)! dp = 1 — 1)!{f (t*/a)" 1.

When n = 2, we can omit the first two steps above and the last = trivially holds. Let
u be the unit vector (n~1/2, ... n=1/2)in R". For s, t € [0, 00), if su € A,(¢), then
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n'/2s = 1. Since x + |y| < afor (x,y) € E,, integrating along the “u-axis" in R",

we have
n~12q 1 a
on(Ea) = / Va1 (Sa(n"25))ds = —— f Va1 (Sa(0))dt
0 Vv Jo

— 1 /CI (tn—l _ a—(l’l—l)t2n—2)dt — a” 1 _ 1 .
n—10"J nmn—D!'\n 2n-1

Then an obvious simplification of the right-hand side proves (3.6).
Let us again write each « € Z:‘_ in the form @ = (¢, @2), but keep in mind that this

time we have ap € Zf‘[]. Accordingly, || — @1 = |a2|. Thus from (3.2) we obtain

(Hf Hz )2 = ) no 14 ol 1/28 ®e
a n—1+lehn+lah) 77
ani

Again, (H; H:)'2 =Y + Z, where Z € C;l(o) and

ey Qey.
a€Z \{0}

+ 172+ +
Hence [[Hz 15, s = | (HZ Hz,) / [25.ess = I1Yl5, e and we need to compute

1
J’_
||)I||2n,ess‘
For each large r > 1 we define the set

Ay ={a € Z\{0} : V]| /|| > 1/r}.

To each o € Z} we associate the cube o + 1", where /" = {(xy,...,x,) € R" : 0 <
x; < lfor j =1,...,n}. Obviously, there is a constant 0 < C < oo such that for
any « € Z'/\{0} and any (x, y) € o + I", we have

Jal B ¢

< . (3.7)
lex| X+ |yl (1 + Jaa|V/2)|ex]

Write N(r) = card(A,). From (3.7) itis easy to deduce that N (r) = v, (E,2) +o(r?).
Combining this fact with (3.6), we obtain

N() = yur?™ + o(r?™), (3.8)

where we denote

(3.9)
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For convenience let us write dy = dyy - - - dy,—1 on R"~!. We have

/l o0
/ Y| Y=/ vn({(x, y) € Ep2 2 /Iyl/(x + |y]) > t})dt
E 2 x+ |y| 0
/oo (E )dt+1 (E,2) /ooldwrl n
= - — JE— — r
" Un{Lyye2 }"Un r2 Vn ” 2n rVn
_ 2n -1
T 2n— lyn ’
where the third = follows from (3.6) and (3.9). Thus
N(r) «/_
%Y
Y osiry=)" a
j=1 acA,
¥ / DT ey ¥ // (x/_lazl _ bl )dxdy
S Jarm x40 S e \Tlal x4 D]
// VIl dxdy + o(r"1) = L B
En X + |y| 2n —1
On the other hand, from (3.8) we obtain
N@r) o
Z j—l/(2n) — 2n — 1{N(r)}(2n—l)/(2n) +O({N(r)}(2n—l)/(2n))

2n
J/(21‘1 l)/(2n) 2n— 1—{-0(7‘2”71).
2n -1

Combining these two identities, we find that

N(r) = -
D Ny [ i . it B VY'Y
00 N(r) j-1/en T r>o0 20, (2n=1)/(2n) p2n—1 2n—1 "
Z n—1/n +o(r )

Recalling (3.9), the proof of the proposition will be complete if we can show that

Y s
1Y 13, 55 = lim / (3.10)

—00 ZN(r) i—1/Cn)

As in the proof of Lemma 3.5, we first note that by Proposition 2.6, the left-hand side
of (3.10) is greater than or equal to the right-hand side. Thus we only need to prove
the reverse inequality. But for the reverse inequality, note that (3.8) gives us

NOw+1) = NQO) = o),
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v € N. Hence

N(+1) {
Y ) = N+ 1) = Nw) = o).
J=N@©)+1 v

Once we have this, by the argument at the end of the proof of Lemma 3.5, the right-
hand side of (3.10) is greater than or equal to the left-hand side. This completes the
proof. O

The point that we try to make with Proposition 3.6 is that it is not easy to come
up with functions f on § C C" such that ||Hf||;“n > ||Hf||§rn ess- Theorem 3.3 says

that the function z; on S C C? has this property. So what about the function Z; on
S € €37 In the case n = 3, Proposition 3.6 gives us

1\ /6
nwma$=(g> :

On the other hand, the obvious lower bound that we obtain from (3.2) in the case n = 3
is || Hz, ||gr > 371/2, Since 371/2 < 1571/6 this is of no use to us. The difficulty here

is to obtain an estimate of || Hz, ||;'n that is close to its true value. In view of this, it is
somewhat surprising that we can actually calculate the essential norm || Hz, ||;rn ess”
In the case n = 2, we do not know how close the lower bound || H, ||j¥r >2"12isto

the true value of || Hz, || I Soitis really a matter of luck that the apparently crude lower
bound || Hz, ||;11r > 2712 in the case n = 2 is good enough to give us Example 3.4,
which is the main purpose of the section. As of this writing, Example 3.4 is the only
example of its kind that we are able to produce.

Data availability Data sharing is not applicable to this article as no data sets were generated or analyzed
during the current study.
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