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Abstract

Let (M, g) be a smooth compact orientable two-dimensional Riemannian manifold
(surface) with a smooth metric tensor g and a smooth connected boundary I". The
Hilbert transform H associated with (M, g) actsin C(I'; R) by H : iin — In, where
n = w|r is the trace of a function w holomorphic in M. We provide characteristic
conditions on an operator H defined on a curve I' to be the Hilbert transform of
a surface. In fact, the characterization of H is reduced to one of the Dirichlet-to-
Neumann map A of the surface (M, g), which is related to the Hilbert transform by
H = JAgz, where J is integration along I". In contrast to the known characterization
of A, by Henkin and Michel in terms of multidimensional complex analysis, our one
makes use of the Commutative Banach Algebra theory.
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Hilbert Transform

e Let (M, g) be asmooth! compact orientable two-dimensional Riemannian manifold
with a smooth metric tensor g and smooth connected boundary I'. In what follows,
we deal with the manifolds of this class only and, for short, call them surfaces. We
denote the length element on I" by ds and the set of continuous functions with zero
mean on I" by C(I'; R), i.e., C(I;R) := {f € C(T;R) | [ fds = 0}.

There are two continuous families {®, € EndT M | x € M} of rotations on (M, g)

g(q)xaa q)xb) = g(a’b)a g(q)xaaa) = O’ ayb € TXM7 X € M

Each family @ fixes the orientation on M and in the subsequent we deal with the
oriented surface (M, g, ®). The rotation ® also orients the boundary I" by the field
of tangent unit vectors

y = Oy, (1)

where v is a unit outward normal on I'. In what follows, we denote by 9, the derivative
with respect to the length s in direction ¥ and by J : C(I'; R) — C(I'; R) the
corresponding integration on I': Jd, f = 9, Jf for f € C(I'; R).

e A function w € C(M; C) is called holomorphic if the Cauchy—Riemann condition

VeSw = ®V,Rw  in M\T 2)

holds. The set 2(M) of all holomorphic continuous functions on M is a closed sub-
algebra of C(M; C). Its smooth elements 2A°°(M) are dense in A(M). Due to the
maximum modulus principle, the trace operator Tr : w +— w]|r is isometric iso-
morphism between (M) and a (closed) subalgebra A(I") := TrA(M) in C(T"; C).
Moreover, 2A°(T") := TrA*° (M) = 2(T") N C*°(T"; C) is dense subalgebra of 2A(T").
e There are several ways to define the Hilbert transform. By the first definition, a
Hilbert transform of the oriented surface (M, g, ®) is the closed operator H in C(T"; C)
with the graph

G={Me,I0) | ceW), IteCT:R)}CCT;R) x CT;R)

(this graph is closed since 24(I") is closed in C (I"; C)). However, it is more convenient
to consider the Hilbert transform as an operator acting on smooth functions. Choose
in G the following (dense) subgraph

G :={(R¢,30) | € A=), 3¢ € C(T;R)} C C*(;R) x CX(T3R)

and assign with it the operator H'. Then H' is closable C (I'; R) and its closure is . The
domain of definition Dom H’ depends on topology of M: dim C&g{ﬁ) =1-X(M),
where X(M) is Euler characteristics of M. Nevertheless, we can extend H’ to all

smooth functions using the following lemma.

1 Throughout the paper smooth means C°°-smooth.
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Lemma 1 The relation H' C J Ag holds, where Ag : C®(I'; R) = C®(I'; R) is the
Dirichlet-to-Neumann operator (DN-map) of the surface (M, g) associated with the
(elliptic) problem

Agu =0 in M\T, 3)
u=f on I’ 4)

and acting by the rule
A f = 8vuf on I,

where A, is the Beltrami—Laplace operator and u = u’ is the solution of (3)—(4).

Proof Note that Dom JA, = C*°(I'; R). Indeed, Green formula implies fr ul =0
forany f € C*°(I'; R). Thus, RanA, C C(I'; R) = Dom J.

Suppose that { f, h} € G'. Then f + ih is a trace on I' of a holomorphic smooth
function w. From (2) it follows that AgfMw = AgSw = 0, whence fw = u/ and
Sw = u". Restriction of (2) on I yields 9,h = d,u’ = A, f in view of (1). Since
h € C(I'; R), after integration we geth = J A, f. O

Lemma 1 motivates the following definition of Hilbert transform.

Definition 1 In what follows, the operator H := JA, is referred to as a Hilbert
transform of the surface (M, g, ®).

Note that if H is the Hilbert transform of (M, g, @), then —H is the Hilbert transform
of (M, g, —®).

Characterization

e Let (I, ds, y) be a curve diffeomorphic to a circle in R? and let H be a linear
operator in C*°(I"; R). Our goal is to describe the necessary and sufficient conditions
for H to be the Hilbert transform of some surface (M, g, ®). In other words, we need
to characterize the Hilbert transform of the surfaces. Our main result is the list of such
conditions.

Lemma 1 shows that characterization of H is equivalent to characterization of the
DN-map Ag,.
e The characterization is directly related to the inverse problem: to determine the sur-
face (M, g) from the (given) DN-map A, (or the Hilbert transform H ). In applications
it is also known as the Electric Impedance Tomography problem.

In [8], M. Lassas and G. Uhlman show that the DN-map A, determines the surface
M up to conformal equivalence. In more detail, if (M, g) and (M’, g’) have the com-
mon boundary I and A, = A, then there exists a diffeomorphism ¢ : M" — M
and a smooth positive function p on M obeying ¥|r = id, p|r = 1, and g = p ¥, g’.

In [2], M. I. Belishev obtained the same result by using relation between the EIT
problem and the holomorphic function algebra of the surface. Moreover, the expression
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for the topological invariants of the surface (Betti numbers) in terms of the DN-map
is obtained. In [4] these formulas are generalized to the multidimensional case. The
paper [3] extends the algebraic approach to nonorientable surfaces.

e In the papers above, it is a priori assumed that the given A is the DN-map of some
surface. Thus, for sucha A g, the solvability of the EIT problem is guaranteed. However,
an important question remains: what are the necessary and sufficient conditions on an
operator A to provide the solvability? G. M. Henkin and V. Michel presented such a
criterion in the paper [6] in terms of multidimensional complex analysis. In our paper
we propose a characterization based on the connections of EIT problem with Banach
algebras. So, the novelty is a new formulation of the solvability conditions. The list
of them is rather long, however, we venture to claim that our formulation is more
transparent and understandable.

e Our approach makes use of the classical result [1] on the existence of a complex
structure on the Gelfand spectrum of a commutative Banach algebra. It is the result,
which provides the sufficiency of the proposed characteristic conditions.

Main Result

e Let I' be a smooth curve diffeomorphic to a circle, let dy be its length element, and
let A : C°(T"; R) > C°°(T"; R) be a linear map. With such A we associate the map
T: C®(; C) — C™®(; C), given by the formula

T = (ARC — 8, 30) + i (ASC + 3,M0), 5)

where y is a tangent field of unit vectors on I". It is easy to verify that Y is a (complex)
linear operator. For n € C*°(I'; C) and z € C\n(I'), we introduce the map Y, ; :
C®(T; C) — C°°(T; C) as follows

¢

Ty:¢ = Tn ~ e’

(6)

where e is the function equal to 1 on I'.

Let I be the identity operator on C°°(I'; R), let 9, C*°(T"; R) be the space of
smooth real-valued functions with zero mean valueon I", and let J : 9, C*(I"; R) —
9, C*>(I'"; R) be the integrationon I': J9,, = 9, J = I.By #S we denote the cardinality
of S.

Our main result is the following.

Theorem 1 The operator A is the DN-map of a surface if and only if it satisfies the
conditions:

i e € KerY and ¢14 € KerY forany ¢1, { € KerY;
it if ¢y, & € Ker, £1/¢ € C*°(T; C), and there exists a polynomial P, degP > 1
such that P(§1/¢2) € KerY, then §1/¢ € Ker'Y';
iii KerY N C(I'; C) = KerY (the closure in C(I'"; C));
iv dim(3, + AJA)C*®(I'; R) < oo;
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v ifn € KerY and z € C\n(I"), then

Oyn

1
dim[Y,, ;KerY] = —/
2mi n—ze

dy; 7

vi for any x € T, there exist a function n, € Ker Y and a neighborhood U, > 1, (x)
diffeomorphic to an open disk D C C, such that

1 9y nx(x) # 0 is valid and there is no points on I', at which all derivatives a§ Ny,

k > 1 vanish simultaneously, whereas nx_l({z}) < o0 holds for all 7 € C;

2 Yy, ze = 0 holds on one connected component of Ux\n,(I"), whereas Y, e # 0
holds on the other connected component;

3 the equation

T(rfx_—czee> —0onT (8)

has a solution ¢ = ¢(z,¢) € C forany z € Uy and ¢ € KerY;
vii if ¢, 1/¢ € Ker Y, then Alog|¢| = 0, args.
Remark 1 Conditions i—vii do not depend on the choice of the field y .

The characterisation of the Hilbert transform immediately follows from Theorem 1.

Corollary 1 The linear map H : C%°(T'; R) — C°(T'; R) is the Hilbert transform
of a surface if and only if one of the operators A = 9, H, A = —0, H satisfies the
conditions i—vii of Theorem 1.

As a comment, note the following. Condition i means that KerY is an algebra,
whereas vi shows that this algebra must be rich enough to contain the functions 7,
with the required properties. By condition vi 2, invertibility of 1, — ze in the algebra
KerY depends on the position of z on the complex plane. Condition vi 3, from an
algebraic point of view, means that (1, —ze) KerY is anideal in KerY' of codimension
1, i.e., it is a maximal ideal. It is easy to see that the embedding g € KerY" implies
dyNg, d,3Ig € Ker[l + (AJ)?]. The operator I + (AJ)? is the key object of the
papers [2-4].

The rest of the paper is devoted to the proof of Theorem 1.

Necessity

Here we show that any DN-map satisfies conditions i—vii.
e Suppose that A = A is the DN-map of some surface (M, g). Recall that y and v
are the tangent and normal unit vector fields at the boundary I'.

Choose a continuous family of rotations @ such that ®v = y on I'. Recall that a
function w € C*°(M; C) is called holomorphic if the Cauchy—Riemann condition (2)
holds in M. Let w be holomorphic and let { = w|r be its trace on the boundary. The
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real functions Sw and Jw are harmonic in M and provide the solutions fiw = "¢ and
Sw = ut to (3), (4). Restricting the Cauchy—Riemann conditions on I', we obtain

AR = 0,Mw = ,3¢, AL = 8,3w = —3,M¢ onT, )

which implies Y (¢) = 0 according to (5).

Now, suppose that £ € C*°(T"; C) and Y (¢) = 0. Then the function w := uMt 4
iu™¢ is holomorphic in intM. Indeed, since Y(¢) = 0, we have (9), i.e., VeSw =
®V Rw holds on I'. Let U be an arbitrary neighborhood in M diffeomorphic to the
disc, and let 38U N T contain a segment I’ of non-zero length. Since 3, Rw = u™¢ is
harmonic in U, there exists a function v such that Vov = ®V Rwin U. Thus, 9, Rw =
dyvand d,v = —3d, Rw on I'’. Comparing with (9), we obtain v = Sw +const, 3,v =
9,Iw on I'’. So, v and Jw + const are harmonic in U and have the same Cauchy data
on I'’. Due to uniqueness of the solution to the Cauchy problem for the second order
elliptic equations, v coincides with Jw + const in U, and VySw = Vev = ®V NRw
in U. Since U is arbitrary, V,Sw = ®VRw holds in M, and w is holomorphic. So,
we have proved that KerY coincides with the algebra 20°°(T") of traces on I" of all
holomorphic smooth functions on M. This yields i.

e Suppose that ¢1, & € KerY', ¢ = ¢1/¢ € C*°(I'; C),and P(¢) € KerY, where P is
a polynomial of degree p > 1. In view of the already proven, there exist holomorphic
functions wy, wy, wp such that w|r = ¢1, wa|r = &, and wp|r = P(¢). Then the
function w := w;/wjy is meromorphic in intM and w|r = ¢ € C°(T'; C). The last
implies that the poles of w do not accumulate to I' and the number of them is finite.
The function P (w) is also meromorphic and its poles coincide with those of w, while
their multiplicities are p times greater than those of w. Since P(w) = P({) = wp on
I", the function P (w) coincides with wp outside the poles of w due to uniqueness of
analytic continuation. Then P(w) = wp everywhere on M. Thus, w is holomorphic
and its trace ¢ belongs to KerY'. This proves ii.

e Recall that KerT = 2A°°(T") coincides with the set 2(I") of traces on I' of all
holomorphic continuous functions. Since 2(I") N C*°(T"; C) = A°°(T"), we obtain iii.

The property iv follows from the equality

dim(3, + AJA)C®(T;R) = 1 — 2 (M) (10)

(see formula (1.6), [2]), where 2 (M) is the Euler characteristics of M.
e Suppose that n € KerY and z € C\n(I"). Then there exists the holomorphic in

intM function wq such that wo|r = n. Denote by x1, ..., x; all the zeroes of wy — z
and by m1, ..., m; their multiplicities. We make use of the argument principle?:
1 3 !
14
— dy = my. 11
2ni ) n—ze v Z k (i

2 For a compact Riemannian surface with boundary, the argument principle can be obtained by simple
modification of the proofs of Theorem 3.17 and Corollary 3.18, [7].
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Since I' is smooth, the manifold (M, g) can be embedded into a larger non-compact
smooth manifold (M’, g’), g'|y = g. Foreachk =1,...,lands =0, ...,my — 1,
choose a function wg s holomorphic on M’ and such that xi, ..., x; are all zeroes of
wy,s on M’ and multiplicity of x; is equal to s if j = k and to m; if j # k. The
existence of such wy ¢ follows from Proposition 26.5 in [5]. The linear combination
ks C" %5 has no poles in M only if all ¢ s equal to zero. Denote 7y s := w.s|r;
then Tn,z(Zk,s Ck,sNk.s) = 0 only if all ¢ ¢ are zeros. Hence, the functions

Yo :(Mks), k=1,...,1, s=0,...,m—1 (12)

are linearly independent.

Now, suppose that w € C°°(I"; C) is holomorphic in M and ¢ = w|r. For any
k=1,...,1 there existdy s € C (I = 1,...,my) such that w — )" di swy s has
a zero of multiplicity not less than my at x = xi. In view of this and the defini-
tion of wy g, the function w — Zk. s di swi s has a zero of multiplicity not less than

. ow— di sw, . ..
my at each xj. Therefore, the ratio % is holomorphic in M and, hence,

Yy.2(¢ =2 s dk.snk.s) = 0. This means that (12) is abasis in Y, ;Ker Y. In particular,
dimY,, KerY = Zf(:] my. Comparing with (11), we arrive at v.

e Let x be an arbitrary point of I'. According to Proposition 26.5, [5], there exists the
holomorphic in M’ function w, such that x is unique zero of w, and its multiplicity is
equal to one. For any ¢ € C, the function w, — ¢ has only finite number of zeros on M
(otherwise, there would be an accumulation point of such zeros due to the compactness
of M) and each zero of wy — c is of finite multiplicity. This implies vi 1 for the function
Ny := wy|r € KerY.

Next, since VRw, (x) # 0, the map w, : M — C is a bijection of a neighborhood
Vo of x and neighborhood w, (Vp) of the zero, and |w, (x")| > 0 holds for any x’ €
M'\{x}. Let K be a compact in M’ that contains M U Vj. Then the set K\ Vj is also
compact and |wy (x”)| > ¢o > 0 for any x’ € K\ V. Choose a neighborhood V; C Vj
sufficiently small to obey |wy(x’)| < co/2 for any x € Vj. Then the pre-image
wx_l({z}) of any z € w, (V1) is contained in Vj and, since w, is a bijection of V{ and
wy (Vp), it consists of a single element. Denote U, := wy(V1), Uy 1 := Uy\wx (M),
and Uy 2 := Uy N wyx(M). The function # has no poles on M for any z € Ux 1
and has a simple pole on M for any z € UX\UX 1. Thus Tm Ze =

Finally, suppose that w € C*(M; (C) is holomorphic in M and ¢ = wlr. If

z € Uy,1 and ¢ € C, then the function ;7= is holomorphlc in M. Hence, any ¢ € C
is a solution of (8). Now, suppose that z € Uyp. SIHCC 2-—; has a 51mple pole at
the point w;

if and only if ¢ = w(w;l(z)). So, (8) has a unique solutlon c=w(w, 1(z)) for any
z € Uy 1. This proves vi 3.

e Suppose that ¢,1/¢ € KerY. Then { = w]|r, where w, 1/w are holomorphic
functions in M. Let U be an arbitrary simply connected neighborhood in M. Since w
has no zeroes in U, each branch of logw is a holomorphic function in U. In particular,
log|w| = 9 logw is harmonic in U. In addition, log|w| is a single-valued function on
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the whole M. Then log|w| = u'°2¢! is a solution of (3), (4) with f = log|¢|. Hence,
d,log |w| = Alog|z| on I'. Now choose U in such a way that U N T is a segment
I’ C T of nonzero length. Since each branch of logw is holomorphic in U and smooth
up to I/, it follows from Cauchy—-Riemann conditions that

dyloglw| = 9, logw = 9, Jlogw = d,argw = dy argl

on I'. Therefore, Alog|¢| = 3, arg¢, i.e., vii does hold.
The necessity is proved.

Sufficiency

Here we assume that A obeys i—vii and construct a Riemannian surface (M, g) such
that its DN-map is A, i.e., A = Ay holds. Before that, we recall some known facts
and definitions that will be used in the construction.
e A commutative Banach algebra is a (complex) Banach space (2, | - ||) equipped
with multiplication satisfying n¢ = ¢n, |[n¢|| < |Inllli¢|| for all n, ¢ € 2A. Algebra A
is unital if there exists e € 2 such that en = 1 holds for all € 2. Element € % is
invertible if there exists ! € A such that 'y = e. The set of all z € C, for which
n — ze is noninvertible, is called the spectrum of n and is denoted by Spgy 1, such a set
being compact.

A character of the commutative Banach algebra 2( is a nonzero homomorphism
x : A +— C. Each character y is a continuous map: we have

Ixml =< Imll,  ne (13)

The set of characters ﬁ/\is called the spectrum of the algebra 2. For an n € 2, its
Gelfand transform 7 : 2 +— C is defined as

A00 = xm),  x e

For any 7, the image ﬁ(’Q\l) C C coincides with the spectrum Spg7.

Spectrum 2 is endowed with the canonical Gelfand (x-weak) topology, with respect
to which it is a compact Hausdorff space. The Gelfand transforms {n | n € 2} consti-
tute a subalgebra in C (Ql) which separates points of 2. The space 2 is connected if
and only if there is no nontrivial idempotents 7 = 1, 5 # 0, e in 2.

A closed subset B C 2 is called a boundary of 2 if maxp |7)| = maxg |7| for
any 1 € 2. The intersection of all boundaries is called the Shilov boundary of 2 and
denoted by b2l.

The key fact that we use in the proof of sufficiency is the fundamental Bishop—
Aupetit—Wermer analytic structure theorem.

Theorem 2 (see Theorem 2.2, [1] or Chapter 11, [9]) Assume that n € %, the set
n(Ql)\n(le) is non-empty, and V is its connected component. Assume also that the set
(z € V|77 ({z}) < oo} hasnonzero Lebesgue measure. Thentt 1~ ({z}) < N < 0o
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forany z € V and the subset ! (V) c A has the structure of 1-dim complex analytic
manifold, on which all functions ¢ (¢ € 1) are holomorphic.

The rest of the proof of Theorem 1 is as follows. We construct a Riemann surface M
as the spectrum 2 of some Banach function algebra 2 that is provided by conditions
i and iii. Then, using Theorem 2 and the condition v, we endow a part 2, C 2l with
the structure of Riemannian surface, and this part depends on the element n € 2. The
condition vi enables us, by varying the elements 7 € %, to cover the whole spectrum
2A by parts €2, and thus endow the 20 with the structure of Riemannian surface. Due to
Theorem 2, the Gelfand transforms of elements of 2 form a subalgebra in the algebra of
holomorphic smooth functions on M. By conditions ii and iv, this subalgebra coincides
with the set of all holomorphic smooth functions on M. As a consequence, we see
that A coincides with the DN-map of the surface M for all f = % w|r such that w
is holomorphic on M. The set of such f is of finite codimension. To check that A
coincides with the DN-map of M on all other functions from C°°(I"; R), we use the
remaining condition vii.

So, we proceed to prove the sufficiency of the conditions of Theorem 1.

e In view of i, the set KerY is a unital (sub)algebra in C(I"; C). The closure

2 := KerY Cc C(I'; C)

is a unital commutative Banach algebra with the norm || ¢ ||:= maxr |¢|. We denote
its spectrum 2A by M. Recall that M is a compact Hausdorft space. In addition, M
is connected: indeed, if n> = 5 on ', then n(x) = 0 or 1 for any x € I'; since 7 is
continuous and I' is connected, this means that either = 0 or n = 1. Note that the
set of smooth elements of 2 coincides with Ker Y due to property iii.

The set 6 := {§x | x € '} of the Dirac measures 8, (¢) := ¢(x) is a subset of M.

In view of (13) and the definition of the norm || - ||, we have |7(x)| = |x ()| < lInll =
max,cr |8; ()| for any x € M and n € 2. Hence, dr is a boundary of 2 and thus it
contains the Shilov boundary b2( of 2.
e Our first goal is to endow M \Sr with the structure of an analytic manifold by means
of Theorem 2. To verify the conditions of Theorem 2, we prove that 1~ ({z}) is finite
for any n € KerY = AN C®[T;C) and 7 € ﬁ(ﬁ)\n(F). The proof is based on
a bijection between the characters from 7~!({z}) and the characters over a certain
finite-dimensional factor-algebra 21, ; which is constructed below. Let us get down to
implementation of this plan.

Letn € KerY and z € C\n(I"); then the function n — ze is invertible in C*°(T"; C)
(but not necessarily in /). Consider the main ideal Z,, ; := (n—ze) A in 2. Itis closed
in 2: indeed, if & € Z,; (i.e., - e and g — ¢ in C(I; (C) then - — £

n—ze n—ze
in C(I"; C) since ni—lu € C®(T; C). Therefore we have = ZC eUand¢ € 7.
Since KerY is dense in 2, the set I°° := (n —ze) KerY is dense in Z, ;. The function
¢ € KerY belongs to IOO if and only if 0 = T(’7 72) =71,.(0).

Introduce the factor—algebra

Ay, =2A/1, ,
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with the factor-norm [|§ +Z; . |l;,; := infg: €T, |z + Z||; here and in what follows we
denote by ¢ + 7, ; the equivalence class in 2, ; of element ¢ € 2. Due to definition
of the factor-norm and the equality KerY = 2, the set A7°, := {¢ +Z,, . | ¢ € KerY}
is dense in 2, ;. Let us prove that the algebra 2, ; is finite-dimensional. To this end,

we consider a linear map 4, . : A°, > C*°(I'; C) defined by the rule

gn,z(é' +In,z) = Tr},z(f)-

The map ¥, . is well-defined and its kernel is trivial. Indeed, if {1 +Z,, ; = (o +7Z,, ; €
A7, then§1 — & € Z, . NCP(I; C) = 1,7, and Yy (1) — Vyp,2(52) = 0. Similarly,
if 9y (¢ + 1) = 0, then Y - (¢) = Oand thus ¢ € I, C Iy, ie., § +1; - is
the zero element in 2, ;. Note that &, (A7°, = Y, ;KerY. Since the map &4, ; is a
bijection of 2A7° and &, -A}° , we have

dile;’?Z = dim[7Y, ;KerY].
In view of condition v, the right-hand side is equal to the integral

1 dyn

2mwi n—ze
r

dy .

Since the functions 1 and 7 jz S are smooth, this integral is finite. So, dile‘,;f’Z is finite

and, since Ql‘;oz is dense in 2L, ;, we have

. 1 dyn
dllen’Z — % ——
r

dy .

Note that the right-hand side is the winding number d(z) of the image n(I") C C with
respect to the point z; this number depends only on the connected component V' of
C\n(T") that contains z. If d(z) = 0, then dim2,, ; = O and e € Z,, ; = 2. This means
that n — ze is invertible in 2 and z ¢ Spyn = 7(M). Thus,

A(M)\n(') = {z € C\n(T") | d(z) > 0}.

e Now, we show that the set 7~ ({z}) is finite, z € V being the same as before. Let
X be a character on the algebra 2, ;; then the rule

x (@)= x( +Irz,z) (14)

defines a character x € M that vanishes on 7,, ;. Hence, we have x(n — ze) = 0
and x(n) = z. Conversely, suppose that x € M and x(n) = z (then, obviously,
X (Zy,z) = {0}). Then the same rule (14) defines the character x on 2, .. Thus, we
have

#920,. = 17 ({z)). (15)
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Suppose that xp, ..., xy are the distinct characters in mn - Smce the Gelfand trans-
forms of the elements ¢ +Z,, ; € %, ; separate the points of Q(n 2 there exists ¢;; € 2
such that x; (i +Z;,;) = 1 and X](QJ +I,, Z) = 0. Denote g; := I+ (&;j + 1),
then x(gi) = éij. In particular, g;, i = 1,..., N, are linearly independent in 2, ..
Therefore, N < dim®l, ; = d(z). So, we see that ijl,, ;. < d(z2) and, by (15), we
conclude that n_l({z}) <d(z) < oo.
e Suppose that z € H(M)\n(I') (to obtain n(M)\n(I') # &, we can take n = n,
for any function 7, obeying vil). Denote by V the connected component of C\n(I")
that contains z. Obviously, V is open and, hence, it has a nonzero Lebesgue measure.
Moreover, 1 < d(z) < oo and d(z') = d(z) is valid for any 7’ € V. For such a 7/, the
dimension d(z') of algebra 2, - is finite and nonzero. Hence, 7, » # 2, i.e.,n— Zeis
noninvertible. Therefore 7 € (M) and, thus, the embedding V C 7(M)\n (") holds.

Since n(I') = 7(dr) and bRA C 8r, the set V does not intersect with 7(b2(). In
view of Theorem 2, the set 7! (V) c 2 has the structure of 1-dim complex analytic
manifold on which all functions g“ (¢ € %) are analytic. Thus, for any character
x € 1 (V) there exist an open (in the Gelfand topology) neighborhood U > x and a
homeomorphism« : U — D onto an open disk D C C such that any function Zok™!
(¢ € ) is holomorphic on D. In other words, every x € 7' (V) does possess a local
analytic coordinate 7.

As aresult, we can represent the spectrum M as the following disjoint union:

M =M US- UM,
where

M= ) A7 C\n)

neKerY

is the set of characters that can be provided with the local coordinate by the choice of
a suitable n € KerY, and M = M\(M' U sp).

e Let us show that M = &. Suppose, on the contrary, that x € M and n satisfies
condition vi 1 (as such n, we can choose any 7, from vi). Then, z := 7(x) € n(I')
and the set Sr N7~ ({z}) = {8 | n(x) = z} is finite. Denote all characters from 8 N
ﬁ_l ({z}) by 8y, ..., 8x,. Choose 1y, from condition vi in such a way that n,, (xx) = z
(this condition can always be satisfied since 1, in vi are determined up to a constant). In
view of vi 3, any ¢ € KerY canbe represented as ¢ = c; e+, where T,hk 2 =0.

Then E,é = g"_ze belongs to KerY = 24 N C*(I"; C), whence ¢/ (xx) = 0 and
X
cek = ¢(xp). Thus, ¢ = ¢(xx)e + (ny, — ze)¢, with ¢ € KerY and we have

X(2) = ¢0x) = [x () — 2] X (&)

In particular, if x (nx,) = z, then x coincides with é,; on the dense set KerY in 2l and,
hence, on the whole 2. Thus, the embedding x € M shows that x (1y,) 7 z for any
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k=1,...,1. Then the element

l
0 =]]ny —nu el
k=1

satisfies x(#) #0and 6(xx) =0foranyk =1,...,1.
Denote

Mo, i= 1+ 2 x ()70,

where ¢ > 0 and ¢ € [0, 277). Due to condition vi 1, the function 1 — ze has a zero of
multiplicity not more than m < oo at each x, and there are no other zeros of n — ze
on I'. Thus, the pre-image n~ ' (B;) of the e—neighborhood U, of z is contained in
0 ICRA ")-neighborhood of the set {xy, ..., x;} in I". Therefore,

76,5 (x) — n(x)| = 2% (0)'0(x)| = &2|0(xx) + O(dist{x, xi})|
=210+ 0('/™)| = 0¥/, (16)

where x;, is chosen to be the nearest point to x. Forx € I'\n~!(B,), we have |n(x)| > &,
whence

Me.o ()] = In(x) + 20 (1)| > & — O(e?). (17)

Estimates (16),(17) show that, for sufficiently small ¢, the set B, /» does not intersect
with the fragment 178,(/,(1"\77’1 (Bg)) of ne (') while the fragment ng,(p(rfl (By)) is
contained in O (¢2TV/ ")—neighborhood of n(n_1 (Bg)). Thus, it is possible to choose
& and ¢ such that ﬁs,(p()() = X(Meyp) = 2+ g2el? ¢ 7Ne,o(I). This means that
X € ﬁg_}p (C\n(I")) € M’, so that we arrive at the contradiction and prove that M = &.
e Now, we endow dr with coordinates. Let §, (x € I') be an arbitrary character from
dr. Consider the map

Ayt Ay (Uy) = C,

where n,, U, are the same as in condition vi. Due to condition vi 2, for any z from
one connected component Uy 1 of Ux\n,(I") we have 0 i = € KerYT C 2. Hence
Z & Spgnx = Nx(M). Now, suppose that z € U, \Uy,; is arbitrary and ¢ € KerY. By
vi 2, we have nxlze ¢ KerY, i.e., either z € n,(I") or nxize is smooth on I" and does
not belong to . Thus, z € Spyny = 7 (M). In addition, due to vi 3, there exists a

unique ¢, ; € C such that

¢ —cgze
Nx — ze

=: ¢, € KerY C L. (18)
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By the same reason, there exists a unique ¢, _ € C such that

£,z

L,—c e .
;—"z =7/ e KerY C 2. (19)
x_Z

If x € 7' ({z}), then we have

0 = x©) = xlceze + (e —ze)8,) = cro + (X (1) — 2)x (&)

. ~ (20)
=cgz+ (M (X) — DX () = ¢z
Since ¢ e KerY is arbitrary and KerY is dense in 2, (20) means that X (&) = x'(¢) for
any x, x' € iy '(z) and ¢ € . Thus, g0y '({z}) = 1 and the map 7y : ﬁ;l(Ux) —
Ux\Uy, 1 is a bijection. In addition,

cre=Coi (@) =07 (@1©)

and z — ¢ ; is a bounded function on U, \Uy 1 due to (13). By the same reason, for
fixed z € U, \Uy 1, the function

L ) [(49)

is also bounded on U, \Uy 1. Now, (18) implies

ce. = iy @) = 7 @)ege + (1 — z)E)
= ¢ + (@ = DA @IE).

Hence, the function z > ¢¢ , is continuous on Uy\Uy 1. In view of (19),

S T2 =l ol ;!
= 1 @1 = 1 1 e+ e - 00D

Z
=c, .+ (& =i (@)D,

Therefore, there exists llim C"j’,:?’z = c .- S0, it is proved that, for any ¢ € Ker,
=z : .

the function z — ¢;, = f ) f;;l(z) is holomorphlc on Ux\Ux,l and continuous
on U,\Uy, 1. By the definition of the Gelfand topology, the map 7, : ﬁx_l (Uy) —
Ux\Uy,1 is homeomorphism. So, any character §; € dr is coordinatizable in the
following sense: there exists a neighborhood V := 7} ~1(U,) (in the Gelfand topology)
of 8, and the local coordinate 7, : V + Uy\U, 1 in which all functions ( ¢ e
KerY) are holomorphic on U,\Uy,1 and continuous up to the (smooth) curve U, N
Ny (). Note that, in view of vi 1, the map MUy 3 x' — Ry (8y), Inc(By) is a
diffeomorphism.

e We have proved above that for each character x € M there exist an open neighbor-
hood V, and a homeomorphism «, : V, +— U, C C such that
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the set U; = ky (Vy \x (8r)) is open,
. UN\U )’( C dU, is empty or it is the fragment of smooth curve,

o =

3. each function g: oKy (¢ € KerY) is holomorphic on U )’( and continuous differ-
entiable up to U; C dU,.

Now, we construct a biholomorphic atlas on M using {V,,, ky } yem- The collection
{Vy}xem is an open cover of M and, since M is compact, there exists a finite subcover
{ka }1I€=1- Denote Vj := ka and k; = Ky, - Suppose that Vi NV, # & and denote
Wi = kx (Vi N VD\ST), Wi := k1 ((Vk N V))\Sr). Choose an arbitrary nonconstant
¢ € KerY (for example, one of n, from condition iii), then 2 oKy ! g: o Kl_l are
holomorphic on Wy and W, respectively. In particular, any zero of Vﬂt(f oKy 1y on
Wy is isolated. If kx (x) € Wi does not coincide with zero of VSR(Z' oKy l), then there
exists the neighborhood V' of yx such that ¢ o Xk_l sk (V) > Co Xk_l(W/) is
biholomorphic map. So, the function

—1 -1 —1y—1 —1
Kok, =krol ~oloky=(lok, ) o(lok )

is holomorphic on «; (V). So, ki o Kl_l is holomorphic on W; except for only some
isolated points. Since o/cl_1 is continuous on W;, we find that «y o/cl_1 is holomorphic
on the whole W;. The same reasoning shows that «; o Uis holomorphic on Wy
and, thus, the transition function «j o Kfl is biholomorphic. So, we have proved
that {V 1= V,,, kx 1= KXk}]%Zl is a biholomorphic atlas on M. Endowed with this
atlas, M is a Riemann surface with boundary ér. Moreover, the map §: x > §, is a
diffeomorphism from I" to . In what follows, we identify I" and 5 by means of the
map 6.

e Now, we introduce a metric g and a rotation ® on M that are consistent with the
metrics and the tangent field y on I'. Endow M with the metric tensor g’ = Z,le Yk &k,
where g’ = 8 in local coordinates «x, and {y}F_, is a partition of unity on M:
Yy o /cl_l is smooth for any [, ¥, > 0, supp ¥, C Vi, and Z,le Y = 1. Since the
transition functions are biholomorphic, the tensor g’ is of the form Z/f:l Y| VR (kg o
K[_l )28 in any local coordinates k. Tensor g’ induces a new metrics dy’ = g(x)dy
onI" = 8r, where the function ¢ > 0 is smooth on I" due to condition vi 1. Introducing
a smooth conformal multiplier p, such that p = ¢~ on I, we obtain the new metric
tensor g = pg’ which is consistent with the original metric on I.

Choose a continuous family of rotations {®, € EndT: M | x € M},

g(q)xa» q)xb) - g(aa b)v g(q)xa, a) == 0, Va, b S TXM, X € M

such that @] = ®3 = 0, ) = —®? = 1 in local coordinates x| = Nk, X2 = Jky.
For any k and ¢ € KerY, the function E o k¢ is holomorphic, whence

V3L = OVNRE in M\T. 1)

So, any function 2 (¢ € Ker) is holomorphic on M\I" (in the sense of Cauchi—
Riemann conditions (21)) and continuous up to I'. In particular, any functions u = ¢
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and v = Tsf are harmonic in M\T" and continuous up to I". Let us show that u, v are
smooth up to I'. Denote by u/ and u” the solutions to (3), (4) with f = R¢ and
h = J¢; these solutions are smooth because ¢ € C°°(I"; C). Since E = ¢ on T, the
functions u — uf, v — v are harmonic in M \I", continuous up to I' and have zero
traces on I". Thus, due to the maximum principle, u = uf, V= uh, and gc =ul +iuh
is smooth up to I'.

Let v be the outward normalon I". Then y’ = ®v is the tangent field on I and, hence,
itcoincides with sy, where s = 1 or —1. Choose some n € KerY and z € Spyn\n(I'),
then 7 — ze have at least one zero on M. Consider the integral

1 9 19
gy = [ — 2T,

%ﬁ—z 2win — ze
r

r

In view of the argument principle, the integral in the left-hand side coincides with the
number of zeroes of 7 counted with their multiplicities, and, thus, it is positive. The
integral in the right-hand side is positive in view of (7). Therefore,s = 1 and y = y'.
e Suppose that f € Ker(d, + AJA). Denote h :== JAf(= JAJI, f) and { =
f +ih.Then 0,h = Af, 9, f = —Ah and, hence, { € KerY. The proved above
implies ‘RE = uf, S;: = u", where u/, u" are solutions to (3), (4). In particular,
oyu = A, f, where Ag is the DN-map of the above constructed (M, g). Moreover,
the Cauchy—Riemann condition (21) holds. Passing in (21) to the trace on I", we obtain

Agf =0l =d,h=Af, du"=-0,f1

Since f is arbitrary, we have proved that Ker(d,, + AJA) C Ker(d, + AgJAg) and
Af = Agf forany f € Ker(d, + AJA).

e Let us show that Ker(d,, + AJA) = Ker(d, + AyJAg). By iv, the dimension ¢
of the factor-space Ker(d, + AgJAg)/Ker(d, + AJA) is finite. In view of (5), we
have

KerY = {f +iJAf +ic| f € Ker(d, + AJA), ¢ € R}. (22)

Denote by A% the algebra of traces of all holomorhic smooth functions on M; obvi-
ously, KerY is a subalgebra of 201°°. From Cauchy—Riemann conditions on T, the
representation

AC = (f +iJAf +ic| f €Ker(d, + AgJAy), ¢ € R}

is valid. Comparison of the last two formulas shows that the algebra A is a
finite-dimensional extension of the algebra KerY', and dimension of the factor-space
A% /KerY is equal to gq.
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Suppose that g > 0 and choose the elements 61, . .., 6; € A linearly independent
modulo KerY. Then any 6 € 2(°° can be represented as

q
6 = ch(e)ek +6, (23)
k=1

where ¢, (0) € C and 6 € KerY. Take any nonconstant 7 € KerY'. Representation
(23) implies

q
o =Y Tu 6 + 0, (24)
k=1

where T is a complex ¢ x g—matrix and §; € KerY. Choose an arbitrary eigenpair
A X =(X1,...,Xy)" of T and denote

q
® = ZX]@Z, O = leél-
k =1

Relation (24) yields

q

q q q q
ne = Z Xinb; = Z (Z T]ka> Or = A ZXka + ZX]@] =10 + 0.
=1

=1 k=1 k=1 =1

Note that n — Le does not vanish identically on any segment I’ of " of non-zero length
(indeed, since 7 is holomorphic and smooth on M, the equality n = Ae on I’ implies
n = ie on the whole I'). So,

e

O .=
n— e

(25)

holds on I', where both numerator and denominator are elements of KerY'. Note that
X # 0and ® ¢ KerY. Similarly, representation (23) yields

q
®l=ZNk19k+@1, I=1,...,q, (26)
k=1

where N is a complex g x g—matrix and ©; € KerY.
If detN = 0, then there exists a non-zero ¥ = (Y1, ..., Yq)‘r € KerN and the
polynomial P(®) = qu: 1 Y;©! admits the following representation

q

q q q
P(©®) = Z (Z Nlel> Or + Z Y0, =0+ Z Y0,
=1 =1 =1

k=1 =
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Therefore P(®) € KerY and, due to (25) and condition ii, we have ® € KerY', which
leads to a contradiction.
If detN # 0 and N’ is the matrix inverse to N, then (26) implies

q q
. .
05— Y N/® =" N6 €Ker.
=1 =1

This means that ©, ®% ..., ©7 are linearly independent modulo KerY. So, we can
assume that 6, = ©;. Now, formula (23) provides

q
R(©) := @I+ — chek € Ker,
k=1

where ¢ € C. Since the polynomial R is of degree g + 1 > 0, the inclusion R(®) €
KerY, formula (25) and condition ii yield ® € KerY'. This contradiction means that
A% = KerY and ¢ = 0. Thus, it is proved that KerY is the algebra of traces of all
holomorhic smooth functions on M and Ker(d,, + AJA) = Ker(d, + AgJAg). In
particular, from (10) it follows that dim(d,, + AJA)C*®(T'; R) = 1 — 2" (M), where
Z (M) is the Euler characteristic of M.

e Thus, we have proved that A coincides with DN-map A, of the surface (M, g) on
the subspace

R:=Ker(d, + AJA) = Ker(d, + AgJAy) Q27

of codimension r := 1 — 2" (M) in C*°(I"; R). To complete the proof of sufficiency,
it remains to show that A fi = Ag f1, ..., Af, = Agfy, where f1, ..., f, are some
functions from C°°(I"; R) linearly independent modulo K. Before that, recall the
terminology associated with vector fields on the Riemannian manifolds and some
well-known facts.

The vector fields are the 7'M, -valued functions on M (the sections of 7 M). A field
of the form b = V¢ is called potential, ¢ being a potential. A field a is harmonic if
divg a = divy(®a) = 0 holds. The rotation ® preserves harmonicity. Each harmonic
field is locally potential. If b = V¢ is harmonic then the potential ¢ is a harmonic
function: Az = 0, the opposite being also true.

So,let f1, ..., f; belinearly independent modulo £K. Denote the solution of problem
(3), (4) with f = f; by u;. The vector fields a; := ®V,u; are harmonic in M. Note
that any non-zero linear combination of a; is not a potential field in M. Indeed, if
Y i—1cjaj = Vgu, then the function w := u + iv, where u := }7_jcju;, is
holomorphic in M. Then w|r € A (M) = KerY and Rw|r = }i_;¢; f; € Kin
view of (22). Since f are linearly independent modulo £, all ¢; equal zero.

Although a; are not potential on M, they can be represented as gradients of some
multi-valued functions V; which are defined on an appropriate covering M of the
surface M. The covering M is constructed in the following way. Let D be a surface
diffeomorphic to an open disk in R? and such that 9D = I'. Identifying the boundaries
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of M and D, we obtain the closed compact surface M’ = M U D of genus

ZMH_ ZMH+1 v

M =1- ~.
gen 2 2 2

It is well known that the metric tensor g and rotation ® on M can be extended to the
(smooth) metric tensor g’ and rotation ®’ on the whole M’.

Let M be the universal covering of M’ (see, for definition, §5, [5]), that is a simply
connected Riemann surface, and let 7’ : M’ —> M’ be the projection, that is a local
homeomorphism. Tensor g’ and rotation ® on M’ induce the tensor g’ := 7, g’ and
the rotation ® := 7, ® on M. As a result, 7’ : M/, ") — (M, g’) turns out
to be a local isometry. At last, we get the required covering for (M, g, ®) as the
collection (M, 7, g, ®), where M := M'\n’ ~1(D) is the surface with the boundary
M =n" "I, g:=g v, ® := Pl and 7w := 7' [y

Recall that the solutions u; and fields a; correspond to the functions fi, ..., f;
which are linearly independent modulo £ (see (27)). Introduce the vector fields A ; :=
mea; = ®Vy(u; o ) and the functions V; on M such that

Vi(x) =f g(Aj,Ddl € R,
L

where L is an arbitrary curve in M that connects a fixed point xo € M with a point x.
In what follows, we denote by / and d! the unit tangent vector and the length element
on the curve, respectively. Since M = M'\z’ ~1(D) is no longer simply connected,
we need to check that V; are single-valued on M. To this end, it suffices to show that
ff“ g(Aj,1)dl = 0 for any connected component [ of 7 ~1(I"). Since I is isometric
to I, we need to check only that |; r &(a;, y)dy = 0. By the Green formula, we have

/g(aj,y)dyzfg(¢vguj,y)dy=/8qudy=/ Agujdx =0
r r r M

in view of harmonicity of u;. So, we have constructed the functions V; such that
VgVj = Aj = ®Vy(u; om) holds on M. This means that the functions

Wi =ujom +iVj, j=1...r (28)

are holomorphic on (M, g), whereas the Cauchy-Riemann conditions V,IW; =
OV RW; hold.
e We are going to show that the functions fi, ..., f, can be chosen in such a way
that e/ = w j o1, where w; are holomorphic functions in M.

Introduce the groups

Deck(M/M) := {¢ | ¢ is automorphism of M, 7 o ¢p = 7},
Deck(M'/M’) := {¢’ | ¢ is automorphism of M, 7’ 0 ¢’ = 7'}
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of fiber-wise automorphisms of M and M, respectively (see, e.g., [5], 5.4). Obviously,
if ¢’ € Deck(M'/M’), then ¢'|py € Deck(M/M). Conversely, if ¢ € Deck(M/M),
then it can be lifted to ¢’ € Deck(M'/M’) such that ¢'|ng = ¢. Indeed, if x belongs
to a connected component D of 7’ ~1(D), then ¢/ (x) is uniquely determined by its
projection 7'(¢'(x)) = m’(x) and by the fact that the boundary of the connected
component of 7/ ~1(D) containing ¢’(x) must coincide with ¢ (dD). So, the map
¢’ > B¢’ = ¢’|n is an isomorphism of the groups Deck(M'/M”) and Deck (M/M).

Denote by 71 (M’) the fundamental group of M’ and by [L] the homotopy class
of a closed curve L in M’. In view of Proposition 5.6, [5], the groups 7r;(M’) and
Deck (M’ /M) are isomorphic. The isomorphism

a: Deck(M'/M') — mi(M')

is constructed as follows. Let ¢’ € Deck(M'/M’). Choose an arbitrary point x € M/
and a curve Ly which connects x to ¢'(x). Then 7' (L) is a closed curve in M’ due
to the equality 77'(¢’(x)) = 7"(x). It turns out that the homotopy class [’ (L4 )] of the
curve 77’ (Ly) does not depend on the choice of Ly and x. The required isomorphism
« is defined by the rule

a(@) = [ (Ly)].

The map « o S~ is an isomorphism of groups Deck(M/M) and 71 (M").

Since M’ is a surface of the genus genM’ = r/2, there are 2 genM' = r gener-
ators [L1], ..., [L,] of the fundamental group 71 (M’). Note that, since D is simply
connected, we can deform the curves L, preserving their homotopy class, in such
a way that any L; does not intersect D. Thus, we assume that Ly, ..., L, C M.
Since the groups Deck(M/M) and m;(M’) are isomorphic, the automorphisms
¢j == Bo a_l([Lj]), j = 1,...,r, generate the group Deck(M/M). Therefore,
a function V on M can be represented as V = vorx ifandonly if Vo ¢; =V,
j=1,...,r.

Suppose that V is a function on M such that VoV = A := m.a, where a is a vector
field on M. Then

V(g (x) — V() =/‘g(A,Z>dz,

J

where £; connects x to ¢;(x). Since the field A = m,a is invariant under action of
the group Deck (M /M), the right-hand side does not depend on x and we can choose
L to provide w(L ;) = L;. Then the difference V (¢;(x)) — V(x) is equal to

Tj(a) := / ga,Ddl.
i
Thus, V =vomanda = Vyvifandonly if T1(a) = --- = T,(a) = 0.
Introduce the r x r-matrix T" with entries T;; = Tj(a;). Recall that any non-
zero linear combination Z;:l c;jaj is not potential field in M. This means that all
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Ti(3" i cjaj) = >_; Tijcj are zero if and only if ¢; = -+ = ¢, = 0. Thus, T is
invertible. Denote f; := 27 Y _; Ris fi, where R = T~'. Then f/, ..., f/ are linear
independent modulo £. Introduce the following new functions

r r
VY/ZZﬂ:ZRlS‘/I’ WS{ZZJTZRZSWL
=1 =1

that are determined by f; in the same way as V, and W, are determined by f; (see
(28)). Then Vo V] =27 3 "_| RisA; = mwa}, where a, = 27 Y ;_; Rjgaq; and

,
Tj(ay) =21 Y TjiRis = 278
=1

holds. By the latter, we have
Viogi — V=W ogp;— W, =2n8j5, j=1,...,r.

Hence,

eWioti — Wi

. . /! ’
forany j,s = 1,...,r.This means that e"s can be represented as e"s = w; o, where

w; is a function on M. Since W, is holomorphic in M, the function wj is holomorphic
in M. Replacing f; by f, (what is the same, omitting ‘prime’ everywhere in the
notation), we obtain eVi = wjor.

So, we have constructed the functions fi, ..., f, with the properties claimed at the
beginning of the paragraph.
e Since w; is holomorphic on M, the function ¢; := wj|r is an element of Ker Y.
We have

loglw;((x))| = RW;(x) =uj(w(x)), x €M
In particular,
loglw;j| =u; and log|¢;| = fj

holds on M and I respectively.
Since W; is holomorphic on M, the Cauchy—Riemann conditions yield

(@yuj) o = By(uj o) = 3, RW; = 8,IW; = 8,3 log(w; o 7)

= dyarg(w; o) = (dyargw;) o
on 7 ~1(I"). This means that

Agfj = dvuj = dyargt; (29)
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holds on I'. In the mean time, condition vii implies

Afj = Alog|¢j| = dyargg;. 30)

Comparing (29) and (30), we obtain A f; = A, f; forany j = 1,...,r. Together
with what was proved above, this means that A = A, and, hence, A is the DN-map
of the surface (M, g).

The sufficiency of the conditions i—vii is established.

Theorem 1 is proved.
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