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Abstract
We prove new norm equalities and inequalities for general n × n Hankel operator
matrices, including pinching type inequalities for weakly unitarily invariant norms.
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1 Introduction

Let B (H) denote the C∗-algebra of all bounded linear operators on a com-
plex separable Hilbert space H with inner product 〈 . , . 〉. For T ∈ B (H), let
r (T ) = sup{|λ| : λ ∈ σ (T )}, ω(T ) = sup {|〈 T x, x〉| : x ∈ H and ‖ x‖ = 1} and
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‖ T ‖ = sup {|〈T x, y〉 | : x, y ∈ H and ‖ x‖ = ‖ y‖ = 1} be the spectral radius, the
numerical radius, and the usual operator norm of T , respectively, where σ (T ) is the
spectrum of the operator T . It should be mentioned here that for any T ∈ B (H),
r(T ) ≤ ω(T ) ≤ ‖T ‖, and that equality holds in these inequalities when T is normal.
Moreover, the numerical radius is a norm, which is equivalent to the usual operator
norm. In fact, 1

2‖T ‖ ≤ ω(T ) ≤ ‖T ‖. The first inequality becomes equality when
T 2 = 0.

Let Cp denote the Schatten p-class of operators in B (H). For T ∈ Cp, 1 ≤ p <

∞ , let ‖ T ‖p = (
tr |T |p) 1p be the Schatten p-norm of T , where |T | = (T ∗T )

1
2

denotes the absolute value of T and tr is the usual trace functional. When we consider
‖ T ‖p, we are assuming that T ∈ Cp. The above mentioned norms are weakly
unitarily invariant. Recall that a norm τ onB (H) is called weakly unitarily invariant
if τ(T ) = τ(UTU∗) for all T ∈ B (H) and for all unitary operators U ∈ B (H).

The problemof relating a normof an operatormatrix T = [Ti j
]
to those of its entries

Ti j has attracted the attention of severalmathematicians (see, e.g., [1–5], and references
therein). This problem is of great importance in operator theory, mathematical physics,
quantum information theory, and numerical analysis. For the general theory of unitarily
invariant norms, we refer to [6,7].

If T1, T2, . . . , Tn are operators in B (H), we write the direct sum
n⊕
j=1

Tj for the

n×n block-diagonal operator matrix

⎡

⎢⎢⎢
⎢⎢
⎣

T1 0 0 · · · 0
0 T2 0 · · · 0
...

. . .
. . .

. . .
...

0 0 · · · Tn−1 0
0 0 · · · 0 Tn

⎤

⎥⎥⎥
⎥⎥
⎦
, regarded as an operator

on H (n)(= n⊕
i=1

H , the direct sum of n copies of H ). Thus,

ω

(
n⊕
j=1

Tj

)
= max

{
ω(Tj ) : j = 1, 2, . . . , n

}
,

∥∥∥
∥

n⊕
j=1

Tj

∥∥∥
∥ = max

{ ∥∥ Tj
∥∥ : j = 1, 2, . . . , n

}
,

and
∥∥∥∥

n⊕
j=1

Tj

∥∥∥∥
p

=
⎛

⎝
n∑

j=1

∥∥ Tj
∥∥p
p

⎞

⎠

1
p

for 1 ≤ p < ∞.

In particular,∥∥∥
∥

n⊕
j=1

T

∥∥∥
∥
p

= n
1
p ‖ T ‖p for 1 ≤ p < ∞.
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The pinching inequality for weakly unitarily invariant norms is one of the most
useful inequalities for operator matrices. It asserts that if T = [Ti j

]
, then

τ

(
n⊕

i=1
Tii

)
≤ τ(T ) (1)

(see, e.g., [6, p. 107], [8, p. 87–88], [9], or [7, p. 82]). For the numerical radius, the
operator norm and the Schatten p-norms, the inequality (1) states that

max
1≤i≤n

ω(Tii ) ≤ ω(T ) (2)

max
1≤i≤n

‖ Tii ‖ ≤ ‖T ‖ (3)

and

(
n∑

i=1

‖Tii‖p
p

) 1
p

≤ ‖T ‖p (4)

For 1 < p < ∞, equality holds in (4) if and only if T is block-diagonal, i.e., if and
only if Ti j = 0 for i 
= j ( see, e.g., [7, p. 94]).

Now, if T0, T1, T2, . . . , T2n−2 are operators inB (H), then the general n×n Han-
kel operatormatrix generated by T0, T1, T2, . . . , T2n−2 is thematrixwhose (i, j)−th
entry is Ti+ j−2. So, it is given by

T =

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

T0 T1 T2 · · · Tn−2 Tn−1
T1 T2 · · · Tn−2 Tn−1 Tn
T2 · · · . .

.
Tn−1 Tn Tn+1

... Tn−2 . .
.

. .
.

Tn+1 Tn+2

Tn−2 Tn−1 Tn . .
.

. .
. ...

Tn−1 Tn Tn+1 Tn+2 · · · T2n−2

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

(see, e.g., [15]).

In Sect. 2, we give general norm equalities for n × n Hankel operator matrices,
together with pinching type norm inequalities. In Sect. 3, we give norm inequalities
for such operator matrices, based on the results in Sect. 2. Equality conditions in these
norm inequalities are also considered.

2 Norm Equalities for n× nHankel Operator Matrices

In this section, we prove norm equalities for general n × n Hankel operator matrices,
and we give pinching type norm inequalities for these operator matrices. Special
Hankel operator matrices are also investigated. The norms considered here are weakly
unitarily invariant such as the numerical radius, the usual operator norm, and the
Schatten p-norms.
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Theorem 1 Let T0, T1, . . . , Tn−1 ∈ B (H), T be an n×n Hankel operator matrix in

B
(
H (n)
)
given by T =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

T0 T1 T2 · · · Tn−2 Tn−1
T1 T2 · · · Tn−2 Tn−1 T0
T2 · · · . .

.
Tn−1 T0 T1

... Tn−2 . .
.

. .
.

T1 T2

Tn−2 Tn−1 T0 . .
.

. .
. ...

Tn−1 T0 T1 T2 · · · Tn−2

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

and let τ be any weakly

unitarily invariant norm. Then

(1) If n is odd, we have

τ (T ) = τ

⎛

⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜
⎝

⎡

⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
S2 . .

.
C2

. . . . .
.

. .
.

. .
. . . .

0 Cn−2 Sn−2
0 Cn−1 Sn−1

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

⎞

⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟
⎠

,

where

S j =
n−1∑

k=0

sin

(
2π jk

n

)
Tk

and

C j =
n−1∑

k=0

cos

(
2π jk

n

)
Tk .

(2) If n is even, we have

τ (T ) = τ

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
. . . . .

.
. .
.

S n
2−1 0 C n

2−1

0 C n
2

. .
.
C n

2+1 Sn
2+1

0 . .
. . . .

0 Cn−1 Sn−1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

,
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where S j and C j are given above.

Proof LetU = [Ui j
]
,whereUi j = 1√

n

[
cos
(
2π( j−1)(i−1)

n

)
+ sin

(
2π( j−1)(i−1)

n

)]
I ,

and I is the identity operator inB (H).Using the sums
n∑

k=1

sin (kx) = sin
( n+1

2 x
)
sin
( nx
2

)

sin
( x
2

)

and
n∑

k=0

cos (kx) = 1

2

(

1 + sin
( 2n+1

2 x
)

sin
( x
2

)

)

(see, e.g., [10, p. 37]), one can prove that

the set of column vectors of the n × n matrix given in the definition of U form an
orthonormal set of vectors. Thus, U is a unitary operator inB

(
H (n)
)
and, in view of

the fact that
n−1∑

k=0

sin

(
2π jk

n

)
=

n−1∑

k=0

cos

(
2π jk

n

)
= 0 for j = 1, 2, . . . , n − 1, we

have

UTU∗ =

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
S2 . .

.
C2

. . . . .
.

. .
.

. .
. . . .

0 Cn−2 Sn−2
0 Cn−1 Sn−1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

,

when n is odd, and

UTU∗ =

⎡

⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
. . . . .

.
. .
.

Sn
2−1 0 C n

2−1

0 C n
2

. .
.
C n

2+1 Sn
2+1

0 . .
. . . .

0 Cn−1 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

,

when n is even. �
Hence, from the invariance property of weakly unitarily invariant norms, we have the
desired result.

Based on Theorem 1, we have the following pinching inequalities.
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Corollary 1 Let T0, T1, . . . , Tn−1 ∈ B (H) , T be an n × n Hankel operator matrix

inB
(
H (n)
)
given by T =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

T0 T1 T2 · · · Tn−2 Tn−1
T1 T2 · · · Tn−2 Tn−1 T0
T2 · · · . .

.
Tn−1 T0 T1

... Tn−2 . .
.

. .
.

T1 T2

Tn−2 Tn−1 T0 . .
.

. .
. ...

Tn−1 T0 T1 T2 · · · Tn−2

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

. Then

(1) If n is odd , we have

(a) ω(T ) ≥ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

, with equality when

C j = 0 for all j = 1, 2, . . . , n − 1.

(b) ‖T ‖ ≥ max

{∥∥∥∥∥

n−1∑

k=0

Tk

∥∥∥∥∥
,
∥∥S j
∥∥ : j = 1, 2, . . . , n − 1

}

, with equality when C j =
0 for all j = 1, 2, . . . , n − 1.

(c) ‖T ‖p ≥
⎛

⎝

∥∥∥∥
∥

n−1∑

k=0

Tk

∥∥∥∥
∥

p

p

+
n−1∑

j=1

∥∥S j
∥∥p
p

⎞

⎠

1
p

for 1 ≤ p < ∞. For 1 < p < ∞, equality

holds if and only if C j = 0 for all j = 1, 2, . . . , n − 1.

(2) If n is even, we have

(a) ω(T ) ≥ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}

,

with equality when C j = 0 for all j = 1, 2, . . . , n − 1, j 
= n
2 .

(b) ‖T ‖ ≥ max

{∥∥∥
∥∥

n−1∑

k=0

Tk

∥∥∥
∥∥

,
∥
∥S j
∥
∥ ,

∥∥
∥C n

2

∥∥
∥ : j = 1, 2, . . . , n − 1, j 
= n

2

}

, with equal-

ity when C j = 0 for all j = 1, 2, . . . , n − 1, j 
= n
2 .

(c) ‖T ‖p ≥

⎛

⎜⎜⎜
⎝

∥∥∥∥∥

n−1∑

k=0

Tk

∥∥∥∥∥

p

p

+
n−1∑

j = 1
j 
= n

2

∥∥S j
∥∥p
p +
∥∥∥C n

2

∥∥∥
p

p

⎞

⎟⎟⎟
⎠

1
p

for 1 ≤ p < ∞. For 1 < p <

∞, equality holds if and only if C j = 0 for all j = 1, 2, . . . , n − 1, j 
= n
2 .

Proof Follows directly by Theorem 1 and the inequalities (1)–(4). �
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Corollary 2 Let T0, T1, . . . , Tn−1 ∈ B (H) , T be an n×n Hankel operator matrix in

B
(
H (n)
)
given by T =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

T0 T1 T2 · · · Tn−2 Tn−1
T1 T2 · · · Tn−2 Tn−1 T0
T2 · · · . .

.
Tn−1 T0 T1

... Tn−2 . .
.

. .
.

T1 T2

Tn−2 Tn−1 T0 . .
.

. .
. ...

Tn−1 T0 T1 T2 · · · Tn−2

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

and let τ be any weakly

unitarily invariant norm. Then

(1) If n is odd , T0 = T1+T2
2 , T1 = T3 = T5 = · · · = Tn−2 and T2 = T4 = T6 = · · · =

Tn−1 , we have τ(T ) = τ
(
diag

( n
2 (T1 + T2) , D1, D2, . . . , Dn−2, Dn−1

))
,

where

D j =
n−1∑

k = 0
k odd

sin

(
2π jk

n

)
T1 +

n−1∑

k = 0
k even

sin

(
2π jk

n

)
T2.

(2) If n is even, T1 = T3 = T5 = · · · = Tn−1 and T0 = T2 = T4 = · · · = Tn−2, we
have

τ(T ) = τ
(
diag

(n
2

(T0 + T1) , F1, F2, . . . , Fn
2−1,

n

2
(T0 − T1) ,

Fn
2+1, . . . , Fn−2, Fn−1

))

= τ
(
diag

(n
2

(T0 + T1) ,
n

2
(T0 − T1)

))
, where

Fj =
n−1∑

k = 0
k odd

sin

(
2π jk

n

)
T1 +

n−1∑

k = 0
k even

sin

(
2π jk

n

)
T0.

Here we note that if n is even, then

n−1∑

k = 0
k odd

sin

(
2π jk

n

)
=

n−1∑

k = 0
k even

sin

(
2π jk

n

)
= 0

for any j ∈ {1, 2, . . . , n − 1} (see, e.g., [10, p. 37]).
Proof (1) Follows by Theorem 1 and the identities

n−1∑

k = 1
k odd

cos

(
2π jk

n

)
= −1

2
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and

n−1∑

k = 1
k even

cos

(
2π jk

n

)
= −1

2
,

where j = 1, 2, . . . , n − 1 (see, e.g., [10, p. 37]).
(2) Follows by Theorem 1 and the identities

n−1∑

k = 0
k odd

cos

(
2π jk

n

)
= 0

and

n−1∑

k = 0
k even

cos

(
2π jk

n

)
= 0,

where j = 1, 2, . . . , n − 1, j 
= n
2 (see, e.g., [10, p. 37]).

Specializing the norm equality in part (i) of Corollary 2 to the numerical radius, the
usual operator norm and to the Schatten p-norms, we obtain the following equalities:

(a) ω(T ) = max
{ n
2ω (T1 + T2) , ω

(
Dj
) : j = 1, 2, . . . , n − 1

}
.

(b) ‖T ‖ = max
{ n
2 ‖T1 + T2‖ ,

∥∥Dj
∥∥ : j = 1, 2, . . . , n − 1

}
.

(c) ‖T ‖p =
(∥∥∥ n(T1+T2)

2

∥∥∥
p

p
+∑n−1

j=1

∥∥Dj
∥∥p
p

) 1
p

for 1 ≤ p < ∞.

Specializing the norm equality in part (2) of Corollary 2 to the numerical radius, the
usual operator norm and to the Schatten p-norms, we obtain the following equalities:

(a) ω(T ) = n
2 max {ω (T0 + T1) , ω (T0 − T1)}.

(b) ‖T ‖ = n
2 max {‖T0 + T1‖ , ‖T0 − T1‖} .

(c) ‖T ‖p = n
2

(‖T0 + T1‖p
p + ‖T0 − T1‖p

p
) 1
p for 1 ≤ p < ∞.

�
Remark 1 Let A, B ∈ B (H) and let T be a 2×2 Hankel operator matrix inB

(
H (2)
)

given by T =
[
A B
B A

]
. Then

τ (T ) = τ

([
A − B 0
0 A + B

])
.

To see this, let U = 1√
2

[
1 1
1 −1

]
⊗ I . Then it is easy to prove that U is a unitary

operator in B
(
H (2)
)
.
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Now,

UTU∗ =
[
A + B 0
0 A − B

]
.

Hence, from the invariance property of weakly unitarily invariant norms, we have the
desired result. This result can be found in [14].

Remark 2 Let A, B,C ∈ B (H) and let T be a 3 × 3 Hankel operator matrix in

B
(
H (3)
)
given by T =

⎡

⎣
A B C
B C A
C A B

⎤

⎦. Then

τ (T ) = τ

⎛

⎜
⎝

⎡

⎢
⎣

A + B + C 0 0

0
√
3
2 (B − C) A − 1

2 (B + C)

0 A − 1
2 (B + C)

√
3
2 (C − B)

⎤

⎥
⎦

⎞

⎟
⎠ .

To see this, let U = 1√
3

⎡

⎢
⎣

1 1 1

1 − 1
2 +

√
3
2 − 1

2 −
√
3
2

1 − 1
2 −

√
3
2 − 1

2 +
√
3
2

⎤

⎥
⎦⊗ I . Then it is easy to prove that

U is a unitary operator inB
(
H (3)
)
.

Now,

UTU∗ =
⎡

⎢
⎣

A + B + C 0 0

0
√
3
2 (B − C) A − 1

2 (B + C)

0 A − 1
2 (B + C)

√
3
2 (C − B)

⎤

⎥
⎦ .

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Note that if A = B+C
2 in Remark 2, then we get the following result:

τ (T ) = τ

(

diag

(
3

2
(B + C),

√
3

2
(B − C) ,

√
3

2
(C − B)

))

.

Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

1. ω

⎛

⎝

⎡

⎣
B+C
2 B C
B C B+C

2
C B+C

2 B

⎤

⎦

⎞

⎠ = max
{
3
2ω ((B + C)) ,

√
3
2 ω ((B − C))

}
.

2.

∥∥∥∥
∥∥

⎡

⎣
B+C
2 B C
B C B+C

2
C B+C

2 B

⎤

⎦

∥∥∥∥
∥∥

= max
{
3
2 ‖B + C‖ ,

√
3
2 ‖B − C‖

}
.
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3.

∥∥∥∥
∥∥

⎡

⎣
B+C
2 B C
B C B+C

2
C B+C

2 B

⎤

⎦

∥∥∥∥
∥∥

p

p

= ∥∥ 32 (B + C)
∥∥p
p + 2

∥∥∥
√
3
2 (B − C)

∥∥∥
p

p

for 1 ≤ p < ∞.

Remark 3 Let A, B,C, D ∈ B (H) and let T be a 4 × 4 Hankel operator matrix in

B
(
H (4)
)
given by T =

⎡

⎢⎢
⎣

A B C D
B C D A
C D A B
D A B C

⎤

⎥⎥
⎦. Then

τ (T ) = τ

⎛

⎜⎜
⎝

⎡

⎢⎢
⎣

M1 0 0 0
0 M2 0 N
0 0 M3 0
0 N 0 M4

⎤

⎥⎥
⎦

⎞

⎟⎟
⎠, where

M1 = A + B + C + D, M2 = B − D, M3 = A − B + C − D, M4 = D − B, and
N = A − C .

To see this, letU = 1
2

⎡

⎢⎢
⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤

⎥⎥
⎦⊗ I . Then it is easy to prove thatU is a unitary

operator in B
(
H (4)
)
.

Now,

UTU∗ =

⎡

⎢
⎢
⎣

M1 0 0 0
0 M2 0 N
0 0 M3 0
0 N 0 M4

⎤

⎥
⎥
⎦ , where M1, M2, M3, M4, N are given above.

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Note that If A = C in Remark 3, then we get the following result:

τ (T ) = τ (diag (2A + B + D, B − D, 2A − B − D, D − B)) .

Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

1. ω

⎛

⎜⎜
⎝

⎡

⎢⎢
⎣

A B A D
B A D A
A D A B
D A B A

⎤

⎥⎥
⎦

⎞

⎟⎟
⎠ = max {ω (2A + B + D) , ω (B − D) , ω (2A − B − D)}.

2.

∥∥∥
∥∥∥∥∥

⎡

⎢⎢
⎣

A B A D
B A D A
A D A B
D A B A

⎤

⎥⎥
⎦

∥∥∥
∥∥∥∥∥

= max {‖2A + B + D‖ , ‖B − D‖ , ‖2A − B − D‖} .
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3.

∥∥
∥∥∥∥∥∥

⎡

⎢⎢
⎣

A B A D
B A D A
A D A B
D A B A

⎤

⎥⎥
⎦

∥∥
∥∥∥∥∥∥

p

p

= ‖2A + B + D‖p
p + 2‖B − D‖p

p + ‖2A − B − D‖p
p for

1 ≤ p < ∞.

Remark 4 Let A, B, C, D ∈ B (H) and let T be a 4 × 4 Hankel operator matrix in

B
(
H (4)
)
given by T =

⎡

⎢⎢
⎣

A B C D
B A D C
C D A B
D C B A

⎤

⎥⎥
⎦. Then

τ (T ) = τ

⎛

⎜⎜
⎝

⎡

⎢⎢
⎣

A + B + C + D 0 0 0
0 A + B − C − D 0 0
0 0 A − B + C − D 0
0 0 0 A − B − C + D

⎤

⎥⎥
⎦

⎞

⎟⎟
⎠ .

To see this, letU = 1
2

⎡

⎢⎢
⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤

⎥⎥
⎦⊗ I . Then it is easy to prove thatU is a unitary

operator in B
(
H (4)
)
.

Now,

UTU∗ = diag (A + B + C + D, A + B − C − D, A − B + C − D, A − B − C + D) .

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Now, specializing the norm equality in Remark 4 to the numerical radius, the usual
operator norm, and to the Schatten p-norms, we obtain the following equalities:

1. ω

⎛

⎜⎜
⎝

⎡

⎢⎢
⎣

A B C D
B A D C
C D A B
D C B A

⎤

⎥⎥
⎦

⎞

⎟⎟
⎠ = max {ω (A + B + C + D) , ω (A + B − C − D) ,

ω (A − B + C − D) , ω (A − B − C + D)}.

2.

∥∥∥∥
∥∥∥∥

⎡

⎢
⎢
⎣

A B C D
B A D C
C D A B
D C B A

⎤

⎥
⎥
⎦

∥∥∥∥
∥∥∥∥

= max {‖A + B + C + D‖ , ‖A + B − C − D‖ , ‖A − B

+C − D‖ , ‖A − B − C + D‖}.

3.

∥∥∥∥
∥∥∥∥

⎡

⎢
⎢
⎣

A B C D
B A D C
C D A B
D C B A

⎤

⎥
⎥
⎦

∥∥∥∥
∥∥∥∥

p

p

= ‖A + B + C + D‖p
p + ‖A + B − C − D‖p

p

+
∥∥∥A − B + C − D

∥∥∥
p

p
+ ‖A − B − C + D‖p

pfor1 ≤ p < ∞.
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Special cases of Remark 4:

(1) If A = B = C = D, then UTU∗ = diag (4A, 0, 0, 0).
(2) If B = C = 0, then UTU∗ = diag (A + D, A − D, A − D, A + D).
(3) If B = −C and D = 0, then UTU∗ = diag (A, A + 2B, A − 2B, A).
(4) If A = D = 0, then UTU∗ = diag (B + C, B − C, C − B, −(B + C)).
(5) If C = i B and D = 0, then

UTU∗ = diag (A + (1 + i)B, A + (1 − i)B, A + (−1 + i)B, A − (1 + i)B).
(6) If A = C , then UTU∗ = diag (2A + B + D, B − D, 2A − B − D, D − B).

Remark 5 Let A, B,C, D, E ∈ B (H) and let T be a 5 × 5 Hankel operator matrix

inB
(
H (5)
)
given by T =

⎡

⎢⎢⎢⎢
⎣

A B C D E
B C D E A
C D E A B
D E A B C
E A B C D

⎤

⎥⎥⎥⎥
⎦
. Then

τ (T ) = τ

⎛

⎜⎜⎜
⎜
⎝

⎡

⎢⎢⎢
⎢
⎣

W1 0 0 0 0
0 W2 0 0 V1
0 0 W3 V2 0
0 0 V2 W4 0
0 V1 0 0 W5

⎤

⎥⎥⎥
⎥
⎦

⎞

⎟⎟⎟
⎟
⎠
, where

W1 = A + B + C + D + E , W2 = sin 4π
5 (C − D) + sin 2π

5 (B − E), W3 =
sin 2π

5 (D − C) + sin 4π
5 (B − E) , W4 = sin 2π

5 (C − D) + sin 4π
5 (E − B) , W5 =

sin 2π
5 (E − B) + sin 4π

5 (D − C) , V1 = A + cos 2π5 (B + E) + cos 4π5 (C + D) and
V2 = A + cos 4π5 (B + E) + cos 2π5 (C + D).

To see this, let U = 1√
5

⎡

⎢⎢⎢⎢
⎣

1 1 1 1 1
1 α1 α2 α3 α4
1 α2 α4 α1 α3
1 α3 α1 α4 α2
1 α4 α3 α2 α1

⎤

⎥⎥⎥⎥
⎦

⊗ I , where

α j = cos
(
2π j
5

)
+ sin

(
2π j
5

)
. Then it is easy to prove that U is a unitary operator in

B
(
H (5)
)
.

Now,

UTU∗ =

⎡

⎢⎢⎢
⎢
⎣

W1 0 0 0 0
0 W2 0 0 V1
0 0 W3 V2 0
0 0 V2 W4 0
0 V1 0 0 W5

⎤

⎥⎥⎥
⎥
⎦

, where Wi and Vj are given above.

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Note that if A = B+C
2 , B = D , and C = E in Remark 5, then we get the

following result:

τ (T ) = τ

⎛

⎝ diag

( 5
2 (B + C) ,

(
sin 4π

5 − sin 2π
5

)
(C − B) ,

(
sin 2π

5 + sin 4π
5

)
(B − C) ,(

sin 2π
5 + sin 4π

5

)
(C − B) ,

(
sin 2π

5 − sin 4π
5

)
(C − B)

)⎞

⎠ .
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Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

1. ω

⎛

⎜⎜
⎜⎜
⎝

⎡

⎢⎢
⎢⎢
⎣

B+C
2 B C B C
B C B C B+C

2
C B C B+C

2 B
B C B+C

2 B C
C B+C

2 B C B

⎤

⎥⎥
⎥⎥
⎦

⎞

⎟⎟
⎟⎟
⎠

= max

{
ω
(
5
2 (B + C)

)
, ω
((
sin 4π

5 − sin 2π
5

)
(C − B)

)
,

ω
((
sin 2π

5 + sin 4π
5

)
(B − C)

)

}

.

2.

∥∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢⎢⎢
⎣

B+C
2 B C B C
B C B C B+C

2
C B C B+C

2 B
B C B+C

2 B C
C B+C

2 B C B

⎤

⎥⎥⎥⎥
⎦

∥∥∥
∥∥∥∥∥
∥∥

= max

{∥∥
∥ 52 (B + C)

∥∥
∥ ,
∥∥(sin 4π

5 − sin 2π
5

)
(C − B)

∥∥ ,
∥∥(sin 2π

5 + sin 4π
5

)
(B − C)

∥∥

}

.

3.

∥∥∥∥∥∥
∥∥∥∥

⎡

⎢⎢⎢
⎢
⎣

B+C
2 B C B C
B C B C B+C

2
C B C B+C

2 B
B C B+C

2 B C
C B+C

2 B C B

⎤

⎥⎥⎥
⎥
⎦

∥∥∥∥∥∥
∥∥∥∥

p

p

=
∥∥∥ 52 (B + C)

∥∥∥
p

p
+ 2
∥∥(sin 4π

5 − sin 2π
5

)
(C − B)

∥∥p
p

+ 2
∥∥(sin 2π

5 + sin 4π
5

)
(B − C)

∥∥p
p for 1 ≤ p < ∞.

Remark 6 Let A, B,C, D, E, F ∈ B (H) and let T be a 6×6 Hankel operator matrix

inB
(
H (6)
)
given by T =

⎡

⎢⎢⎢⎢⎢
⎢
⎣

A B C D E F
B C D E F A
C D E F A B
D E F A B C
E F A B C D
F A B C D E

⎤

⎥⎥⎥⎥⎥
⎥
⎦

. Then

τ (T ) = τ

⎛

⎜
⎜⎜⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢
⎣

K1 0 0 0 0 0
0 K2 0 0 0 L1
0 0 K3 0 L2 0
0 0 0 K4 0 0
0 0 L2 0 K5 0
0 L1 0 0 0 K6

⎤

⎥
⎥⎥⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟
⎠

, where

K1 = A + B + C + D + E + F, K2 =
√
3

2
(B + C − E − F) , K3
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=
√
3

2
(B − C + E − F)

K4 = A − B + C − D + E − F, K5 =
√
3

2
(−B + C − E + F) , K6

=
√
3

2
(−B − C + E + F)

L1 = (A − D) + 1

2
(B − C − E + F) , and L2 = (A + D) + 1

2
(−B − C − E − F) .

To see this, let U = 1√
6

⎡

⎢⎢
⎢⎢⎢⎢
⎣

1 1 1 1 1 1
1 μ ρ −1 −μ −ρ

1 ρ −μ 1 ρ −μ

1 −1 1 −1 1 −1
1 −μ ρ 1 −μ ρ

1 −ρ −μ −1 ρ μ

⎤

⎥⎥
⎥⎥⎥⎥
⎦

⊗ I , where

μ = 1
2 +

√
3
2 , ρ = − 1

2 +
√
3
2 . Then it is easy to prove that U is a unitary operator in

B
(
H (6)
)
and

UTU∗ =

⎡

⎢⎢⎢⎢
⎢⎢
⎣

K1 0 0 0 0 0
0 K2 0 0 0 L1
0 0 K3 0 L2 0
0 0 0 K4 0 0
0 0 L2 0 K5 0
0 L1 0 0 0 K6

⎤

⎥⎥⎥⎥
⎥⎥
⎦

.

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.
Note that if A = C+E

2 and D = B+F
2 in Remark 6, then we get the following result

τ

⎛

⎜
⎜⎜⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢
⎣

C+E
2 B C B+F

2 E F
B C B+F

2 E F C+E
2

C B+F
2 E F C+E

2 B
B+F
2 E F C+E

2 B C
E F C+E

2 B C B+F
2

F C+E
2 B C B+F

2 E

⎤

⎥
⎥⎥⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟
⎠

= τ

⎛

⎜
⎜⎜⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢
⎣

X1 0 0 0 0 0
0 X2 0 0 0 0
0 0 X3 0 0 0
0 0 0 X4 0 0
0 0 0 0 X5 0
0 0 0 0 0 X6

⎤

⎥
⎥⎥⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟
⎠

, where

X1 = 3

2
(B + C + E + F) , X2 =

√
3

2
(B + C − E − F) ,
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X3 =
√
3

2
(B − C + E − F) ,

X4 = 3

2
(−B + C + E − F) , X5 =

√
3

2
(−B + C − E + F) , and

X6 =
√
3

2
(−B − C + E + F) .

Specializing the norm equality in the last equality to the numerical radius, the usual
operator norm, and to the Schatten p-norms, we obtain the following equalities:

1.

ω

⎛

⎜⎜⎜
⎜⎜⎜
⎝

⎡

⎢⎢⎢
⎢⎢⎢
⎣

C+E
2 B C B+F

2 E F
B C B+F

2 E F C+E
2

C B+F
2 E F C+E

2 B
B+F
2 E F C+E

2 B C
E F C+E

2 B C B+F
2

F C+E
2 B C B+F

2 E

⎤

⎥⎥⎥
⎥⎥⎥
⎦

⎞

⎟⎟⎟
⎟⎟⎟
⎠

= max {ω (Xi ) : i = 1, 2, 3, 4} .

2.
∥∥∥
∥∥∥∥∥
∥∥∥∥

⎡

⎢⎢⎢⎢⎢
⎢
⎣

C+E
2 B C B+F

2 E F
B C B+F

2 E F C+E
2

C B+F
2 E F C+E

2 B
B+F
2 E F C+E

2 B C
E F C+E

2 B C B+F
2

F C+E
2 B C B+F

2 E

⎤

⎥⎥⎥⎥⎥
⎥
⎦

∥∥∥
∥∥∥∥∥
∥∥∥∥

= max {‖Xi‖ : i = 1, 2, 3, 4} .

3.
∥∥∥∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢
⎢⎢⎢⎢
⎣

C+E
2 B C B+F

2 E F
B C B+F

2 E F C+E
2

C B+F
2 E F C+E

2 B
B+F
2 E F C+E

2 B C
E F C+E

2 B C B+F
2

F C+E
2 B C B+F

2 E

⎤

⎥⎥
⎥⎥⎥⎥
⎦

∥∥∥∥∥
∥∥∥∥∥
∥∥
p

=
(

6∑

i=1

‖Xi‖p
p

) 1
p

for 1 ≤ p < ∞.

3 New Inequalities

The results in this section are inequalities for n × n Hankel operator matrices. The
following four lemmas can be found in [11, p. 48], [12], and [13, p. 44], respectively.

Lemma 1 Let A ∈ B (H). Then r
(
Ak
) = (r (A))k for k = 1, 2, . . . .

Lemma 2 Let A ∈ B (H). Then ω

([
0 A
A 0

])
= ω (A).

Lemma 3 Let H1, H2, . . . , Hn beHilbert spaces, and let T = [Ti j
]
be n×n operator

matrix with Ti j ∈ B
(
Hj , Hi

)
. Then ω (T ) ≤ ω

([
t∧i j
])

,
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where

t∧i j =
⎧
⎨

⎩

ω
(
Ti j
)

if i = j,

ω

([
0 Ti j
Tji 0

])
if i 
= j .

Lemma 4 If A = [ai j
] ∈ Mn (C) with ai j ≥ 0, where Mn (C) is the algebra of all

n × n complex matrices. Then ω (A) = r (Re (A)), where Re (A) = 1
2 (A + A∗) is

the real part of A.

Theorem 2 Let T0, T1, . . . , Tn−1 ∈ B (H)and T =

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

T0 T1 T2 · · · Tn−2 Tn−1
T1 T2 · · · Tn−2 Tn−1 T0
T2 · · · . .

.
Tn−1 T0 T1

... Tn−2 . .
.

. .
.

T1 T2

Tn−2 Tn−1 T0 . .
.

. .
. ...

Tn−1 T0 T1 T2 · · · Tn−2

⎤

⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

.

Then

(1) Case1 If n is odd, we have

ω (T ) ≤ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

+max
{
ω
(
C j
) : j = 1, 2, . . . , n − 1

}
,

with equality if T0 = T1+T2
2 , T1 = T3 = T5 = · · · = Tn−2 and T2 = T4 = T6 =

· · · = Tn−1.

Case 2 If n is even, we have

ω (T ) ≤ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}

+max
{
ω
(
C j
) : j = 1, 2, . . . , n − 1 and j 
= n

2

}
,

with equality if T1 = T3 = T5 = · · · = Tn−1 and T0 = T2 = T4 = · · · = Tn−2.

(2) Case 1 If n is odd, we have

‖T ‖ ≤ max

{∥∥∥∥
∥

n−1∑

k=0

Tk

∥∥∥∥
∥

,
∥∥ S j
∥∥ : j = 1, 2, . . . , n − 1

}

+max
{∥∥C j

∥∥ : j = 1, 2, . . . , n − 1
}
,

with equality if T0 = T1+T2
2 , T1 = T3 = T5 = · · · = Tn−2 and T2 = T4 = T6 =

· · · = Tn−1.
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Case 2 If n is even, we have

‖T ‖ ≤ max

{∥∥∥
∥∥

n−1∑

k=0

Tk

∥∥∥
∥∥

,
∥
∥ S j
∥
∥ ,

∥∥
∥C n

2

∥∥
∥ : j = 1, 2, . . . , n − 1, j 
= n

2

}

+max
{∥∥C j

∥∥ : j = 1, 2, . . . , n − 1 and j 
= n

2

}
,

with equality if T1 = T3 = T5 = · · · = Tn−1 and T0 = T2 = T4 = · · · = Tn−2.
(3) Case1 If n is odd, we have

‖T ‖p ≤
⎛

⎝

∥∥
∥∥∥

n−1∑

k=0

Tk

∥∥
∥∥∥

p

p

+
n−1∑

j=1

∥
∥S j
∥
∥p
p

⎞

⎠

1
p

+
⎛

⎝
n−1∑

j=1

∥
∥C j
∥
∥p
p

⎞

⎠

1
p

with equality if T0 = T1+T2
2 , T1 = T3 = T5 = · · · = Tn−2 and T2 = T4 = T6 =

· · · = Tn−1.
Case 2 If n is even, we have

‖T ‖p ≤

⎛

⎜⎜⎜
⎝

∥
∥∥∥∥

n−1∑

k=0

Tk

∥
∥∥∥∥

p

p

+
n−1∑

j = 1
j 
= n

2

∥∥S j
∥∥p
p +
∥∥∥C n

2

∥∥∥
p

p

⎞

⎟⎟⎟
⎠

1
p

+

⎛

⎜⎜⎜
⎝

n−1∑

j = 1
j 
= n

2

∥∥C j
∥∥p
p

⎞

⎟⎟⎟
⎠

1
p

with equality if T1 = T3 = T5 = · · · = Tn−1 and T0 = T2 = T4 = · · · = Tn−2.

Proof (1) Case1 Using U in Theorem 1, we get

ω(T ) = ω(UTU∗) =

ω

⎛

⎜⎜⎜⎜⎜
⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

+

⎡

⎢⎢⎢
⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥⎥⎥
⎥
⎦

⎞

⎟⎟⎟⎟⎟
⎟⎟⎟
⎠

≤ ω

⎛

⎜
⎜⎜⎜⎜⎜⎜
⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟⎟
⎟
⎠

+ ω

⎛

⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟
⎠
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≤ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

+ω

⎛

⎜
⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢
⎣

0 0
0 ω (C1)

0 ω (C2)

0 . .
.

0 ω (Cn−1) 0

⎤

⎥
⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟
⎠

(by Lemma 3, the identity C j = Cn− j , and Lemma 2)

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

+ r

⎛

⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢
⎣

0 0
0 ω (C1)

0 ω (C2)

0 . .
.

0 ω (Cn−1) 0

⎤

⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟
⎠

(by Lemma 4 and the identity C j = Cn− j )

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

+

⎛

⎜⎜
⎜⎜⎜
⎝
r

⎛

⎜⎜
⎜⎜⎜
⎝

⎡

⎢⎢
⎢⎢⎢
⎣

0 0
ω2 (C1)

ω2 (C2)

. . .

0 ω2 (Cn−1)

⎤

⎥⎥
⎥⎥⎥
⎦

⎞

⎟⎟
⎟⎟⎟
⎠

⎞

⎟⎟
⎟⎟⎟
⎠

1
2

(by Lemma 1 when k = 2)

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
) : j = 1, 2, . . . , n − 1

}

+max
{
ω
(
C j
) : j = 1, 2, . . . , n − 1

}
.

The equality conditions follow from Corollary 2. �
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Case 2 Using U in Theorem 1, we get

ω(T ) = ω(UTU∗) = ω

⎛

⎜
⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
. . . . .

.
. .
.

Sn
2−1 0 C n

2−1

0 C n
2

. .
.
C n

2+1 Sn
2+1

0 . .
. . . .

0 Cn−1 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

= ω

⎛

⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜
⎝

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

+

⎡

⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟
⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

≤ ω

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠
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+ω

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

≤ max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}

+ω

⎛

⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜
⎝

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

0 0
0 ω (C1)

. .
.

. .
.

0 ω
(
C n

2−1

)

0 0

. .
.
ω
(
C n

2+1

)

0 . .
.

0 ω (Cn−1) 0

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

⎞

⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟
⎠

( by Lemma 3 and the identity C j = Cn− j )

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}

+r

⎛

⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜
⎝

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

0 0
0 ω (C1)

. .
.

. .
.

0 ω
(
C n

2−1

)

0 0

. .
.
ω
(
C n

2+1

)

0 . .
.

0 ω (Cn−1) 0

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

⎞

⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟
⎠

(by Lemma 4 and the identity C j = Cn− j )

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}
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+

⎛

⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

r

⎛

⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

0 0
ω2 (C1)

. . .

ω2
(
C n

2−1

)

0

ω2
(
C n

2+1

)

. . .

0 ω2 (Cn−1)

⎤

⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

⎞

⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

⎞

⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

1
2

(by Lemma 1 when k = 2)

= max

{

ω

(
n−1∑

k=0

Tk

)

, ω
(
S j
)
, ω
(
C n

2

)
: j = 1, 2, . . . , n − 1, j 
= n

2

}

+max
{
ω
(
C j
) : j = 1, 2, . . . , n − 1 and j 
= n

2

}
.

The equality conditions follow from Corollary 2.

(2) Case 1 Using U in Theorem 1, we get

‖T ‖ = ∥∥UTU∗∥∥ =

∥∥∥∥
∥∥∥∥∥
∥∥∥∥∥

⎡

⎢
⎢⎢⎢⎢⎢
⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥
⎥⎥
⎦

+

⎡

⎢⎢⎢⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥⎥⎥⎥
⎦

∥∥∥∥
∥∥∥∥∥
∥∥∥∥∥

≤

∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥

+

∥∥∥∥
∥∥∥∥∥∥

⎡

⎢
⎢⎢⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥
⎥⎥⎥
⎦

∥∥∥∥
∥∥∥∥∥∥

= max

{∥∥∥∥∥

n−1∑

k=0

Tk

∥∥∥∥∥
,
∥∥S j
∥∥ : j = 1, 2, . . . , n − 1

}

+max
{∥∥C j

∥∥ : j = 1, 2, . . . , n − 1
}
.

The equality conditions follow from Corollary 2.
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Case 2 Using U in Theorem 1, we get

‖T ‖ = ∥∥UTU∗∥∥ =

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
. . . . .

.
. .
.

Sn
2−1 0 C n

2−1

0 C n
2

. .
.
C n

2+1 Sn
2+1

0 . .
. . . .

0 Cn−1 Sn−1

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥

=

∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

+

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥

≤

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥
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+

∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥

= max

{∥∥∥∥∥

n−1∑

k=0

Tk

∥
∥∥∥∥

,
∥∥ S j
∥∥ ,

∥∥∥C n
2

∥∥∥ : j = 1, 2, . . . , n − 1, j 
= n

2

}

+max
{∥∥C j

∥∥ : j = 1, 2, . . . , n − 1, j 
= n

2

}
.

The equality conditions follow from Corollary 2.

(3) Case 1 Using U in Theorem 1, we get

‖T ‖p = ∥∥UTU∗∥∥
p =

∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

+

⎡

⎢
⎢⎢⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥
⎥⎥⎥
⎦

∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥
p

≤

∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
S2

. . .

0 Sn−1

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥
p

+

∥∥∥∥∥∥
∥∥∥∥

⎡

⎢⎢⎢
⎢
⎣

0 0
0 C1

0 C2
0 . .

.

0 Cn−1 0

⎤

⎥⎥⎥
⎥
⎦

∥∥∥∥∥∥
∥∥∥∥
p

=
⎛

⎝

∥∥∥∥∥

n−1∑

k=0

Tk

∥∥∥∥∥

p

p

+
n−1∑

j=1

∥∥S j
∥∥p
p

⎞

⎠

1
p

+
⎛

⎝
n−1∑

j=1

∥∥C j
∥∥p
p

⎞

⎠

1
p

.

The equality conditions follow from Corollary 2.
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Case 2 Using U in Theorem 1, we get

‖T ‖p = ∥∥UTU∗∥∥
p =

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

n−1∑

k=0

Tk 0

S1 0 C1
. . . . .

.
. .
.

Sn
2−1 0 C n

2−1

0 C n
2

. .
.
C n

2+1 Sn
2+1

0 . .
. . . .

0 Cn−1 Sn−1

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥
p

=

∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

+

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

∥
∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥
p

≤

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

n−1∑

k=0

Tk 0

S1
. . .

Sn
2−1

C n
2

Sn
2+1

. . .

0 Sn−1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥
p
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+

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

0 0
0 C1

. .
.

. .
.

0 C n
2−1

0 0
. .
.
C n

2+1

0 . .
.

0 Cn−1 0

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

∥∥∥
∥∥∥∥∥∥
∥∥∥∥∥
∥∥
p

=

⎛

⎜⎜⎜
⎝

∥∥∥∥∥

n−1∑

k=0

Tk

∥∥∥∥∥

p

p

+
n−1∑

j = 1
j 
= n

2

∥∥S j
∥∥p
p +
∥∥∥C n

2

∥∥∥
p

p

⎞

⎟⎟⎟
⎠

1
p

+

⎛

⎜⎜⎜
⎝

n−1∑

j = 1
j 
= n

2

∥∥C j
∥∥p
p

⎞

⎟⎟⎟
⎠

1
p

.

The equality conditions follow from Corollary 2.
Finally, we remark that using Theorem 2, it is possible to give norm inequalities for

special Hankel operator matrices as those given in Remarks 2, 3, 5, and 6. We leave
the details to the interested reader.

Data availibility There is no data availability statement in the manuscript.
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