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Abstract
We prove new norm equalities and inequalities for general n x n Hankel operator
matrices, including pinching type inequalities for weakly unitarily invariant norms.
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1 Introduction

Let % (H) denote the C*-algebra of all bounded linear operators on a com-

plex separable Hilbert space H with inner product (., .). For T € Z(H), let
r(T) =sup{|A| : L € o (T)}, w(T) =sup{|(Tx,x)|:x € Hand || x| =1} and
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IT| = sup{l[(Tx, y)|:x,y € Hand | x| = | y|l = 1} be the spectral radius, the
numerical radius, and the usual operator norm of T, respectively, where o (T') is the
spectrum of the operator 7'. It should be mentioned here that for any T € A (H),
r(T) <w(T) < ||T||, and that equality holds in these inequalities when 7 is normal.
Moreover, the numerical radius is a norm, which is equivalent to the usual operator
norm. In fact, %IITII < w(T) < ||IT|. The first inequality becomes equality when
T2 =0.

Let C), denote the Schatten p-class of operators in # (H).ForT € Cp,1 < p <

oo, let | T, = (ir |T|1’)% be the Schatten p-norm of T, where |T| = (T*T)%
denotes the absolute value of T and tr is the usual trace functional. When we consider
| Tll,, we are assuming that T € C)p. The above mentioned norms are weakly
unitarily invariant. Recall that a norm 7 on % (H) is called weakly unitarily invariant
if 7(T) = t(UTU*) forall T € A (H) and for all unitary operators U € B (H).

The problem of relating a norm of an operator matrix 7' = [7;; ] to those of its entries
T;; has attracted the attention of several mathematicians (see, e.g., [1-5], and references
therein). This problem is of great importance in operator theory, mathematical physics,
quantum information theory, and numerical analysis. For the general theory of unitarily
invariant norms, we refer to [6,7].

If Ty, T», ..., T, are operators in % (H), we write the direct sum é T; for the
j=1
710 0 --- 0
07, 0 --- 0
n X n block-diagonal operator matrix | : -. . . . | regarded asan operator
00---T,10
00-.--- 0 T,

on H(”)(: é H, the direct sum of n copies of H). Thus,
i=1

1=

a)(é Tj>=max{a)(T/):j=1,2,...,n},
j=1 '

Hélrj Cmax [ T] = 1.2 n),
]:

and

) 1
&1 = (SIn17) tor1=p<c
=ty j=1

In particular,

n
ST
j=1

1
=nr || T|,forl <p < oo.
P
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The pinching inequality for weakly unitarily invariant norms is one of the most
useful inequalities for operator matrices. It asserts that if 7 = [Ti j], then

: (é Tii) < (T) )

(see, e.g., [6, p. 107], [8, p. 87-88], [9], or [7, p. 82]). For the numerical radius, the
operator norm and the Schatten p-norms, the inequality (1) states that

max w(7i;) < wo(T) (2)
1<i<n
max || T; || < [T (3)
1<i<n

and

A

1
(Z ||Tii||§) < |71, )
i=1

For 1 < p < oo, equality holds in (4) if and only if T'is block-diagonal, i.e., if and
only if T;; = O fori # j (see, e.g., [7, p. 94]).

Now, if Ty, T1, T3, ..., Tr,—> are operators in % (H), then the general n x n Han-
kel operator matrix generated by Ty, Ty, T», ..., T5,—2isthe matrix whose (i, j)—th
entry is 7+ j_2. So, it is given by

[ Ty T T - T2 Ty
n o TiaTyt T
T2 c - Tn—l Tn Tn+l
T = . . . see, e.g., [15]).
D Ty - T Tt ( g 115D
Ty T Ty .
L T,1 Ty Tn+1 Tn+2 o T2n—2_

In Sect. 2, we give general norm equalities for n x n Hankel operator matrices,
together with pinching type norm inequalities. In Sect. 3, we give norm inequalities
for such operator matrices, based on the results in Sect. 2. Equality conditions in these
norm inequalities are also considered.

2 Norm Equalities for n x n Hankel Operator Matrices

In this section, we prove norm equalities for general n x n Hankel operator matrices,
and we give pinching type norm inequalities for these operator matrices. Special
Hankel operator matrices are also investigated. The norms considered here are weakly
unitarily invariant such as the numerical radius, the usual operator norm, and the
Schatten p-norms.
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Theorem1 Let Ty, Ti, ...

B (H(”)) givenby T =

, Ty—1 € B (H), T be ann x n Hankel operator matrix in

unitarily invariant norm. Then

(1) Ifnis odd, we have

t(T)=rt

where

and

(2) Ifn is even, we have

()=t

Th T I Th— Th—1
n T --Thi2Tw1 To
Ip) Th—1 To T
. . and let T be any weakl
T, 5 . T, T Y Y
Ty Tyt To - :
Th-1 To T T» Th—2 |
R -
> T 0
k=0
S1 0 Cl
S» Cy
0 Cn—2 Sn—2
L 0 Cn—l Sn—l _
n—1
. (27mjk
S =
yi Zsm( . ) Tk
k=0
! 27 jk
Ci= .
j Zcos( p, ) Tx
k=0
— _
S )
k=0
S] 0 Cl
Sy 0 Cy_ :
0 C=
2
C%H S%+1
0 . .
0 Cn—l Sn—l a
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where S; and C; are given above.

Proof LetU = [U;;], where U;; = fz [cos <2n(j—rll)(i—1)> +sin (271(}'—’1)(1'—1))] I,

n : n+1 . nx
< the identi : - - sin (“37x) sin ()
and / is the identity operatorin 8 (H ). Using the sums Z sin (kx) = —
k=1 sin (7)
" 1 sin (2”2—+1x)
and Zcos (kx) = = | 1 + ———=——] (see, e.g., [10, p. 37]), one can prove that
= 2 sin (%)

the set of column vectors of the n X n matrix given in the definition of U form an
orthonormal set of vectors. Thus, U is a unitary operator in % (H (")) and, in view of

U gk il 27 jk
thefactthatZsin( J )ZZCOS<—J>=Of0rj=1, 2, ...,n—1,we
k=0 n k=0 n

have

—_— _
> T 0
k=0
Sl 0 Cl
So Oy
l]’]“Uﬁ<= . . )
0 Cn—2 Sn—2
L 0 Cn—l Sn—l_
when n is odd, and
—_— _
ZTk 0
k=0
S 0 C;
Uru* = Su_y 0 Cn_, ;
2 2
0 Cn
2
C’l+1 Sﬂ+]
0 . ..
L 0 Cn—l Sn—l_
when n is even. 0O

Hence, from the invariance property of weakly unitarily invariant norms, we have the
desired result.
Based on Theorem 1, we have the following pinching inequalities.
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Corollary 1 Let Ty, Ty, ..., Ty—1 € B (H), T be an n x n Hankel operator matrix
o Th T -+ Th 2T
n T --Thi2Th1 To
n - o Ty To T
in B(H™) givenby T = . . . . Then
( )g Y Th,z.' 2 7] TQ
Tya Tt To :
L Th1 To T T -+ Ty

(1) Ifnisodd, we have

n—1

(@) w(T) > max w(z Tk) , a)(Sj) j=12,...,n— 1}, with equality when
k=0

Cj=0forall j

n

1,2, ...,n—1.

|
—_

(®) T = max { T

k=
Oforallj=1,2,...,n—1.

n—1
2T
k=0

holds if and only if C; =0 forall j =1,2, ..., n—1.

, ”Sj” 1j = 1,2,...,n—1},withequalitywhean =

S

1
V4

P op—i
© 1T, = +Z”S.i”£ forl < p <oo. Forl < p < 00, equality
j=1

(2) Ifn is even, we have
n—1

@ o) > maXiw(ZH),w(Sj),w(Cg):j=1,2,...,n—1,j7é%},
k=0
with equality when Cj =0 forall j =1,2, ..., n—1, j # 5.
n—1
5
k=0

itywhen Cj =0forall j =1,2, ..., n—1,j #3.
1

’ ’

|S;

Cn
2

®) T = max:

j=12,...,n—1, j # %},withequal-

P
n—1

P
p
+ 3 Isil2+ |
p =l
j#5
00, equality holds if and only if C; =0 forall j =1, 2, ..., n—1, j # 3.

© ITll, =

n—1
>
k=0

p
forl < p<oo.Forl <p<
p

Proof Follows directly by Theorem 1 and the inequalities (1)—(4). O
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Corollary 2 Let Ty, Ty, ..., To—1 € B(H), T be ann x n Hankel operator matrix in
Ih Th T -+ T, 2T
n T --Thi2Tw1 To
n - T To T
B(HM) given by T = . . . and let T be any weakl
(H'"™) given by Toa T T y weakly
T, 2 Ty—1 To . :
| Th1 To T T -+ Ty |
unitarily invariant norm. Then
() Ifnisodd, Ty =142 T\ =Ty=Ts = =T, 0and L =Ty =Tg = -~ =
Tu—1 , we have ©(T) = 1 (diag (5 (T\+T2), Dy, D2, ..., Dy_2, Dy_y)),
where
n—1 n—1
. [ 2njk . [ 27jk
D; = — | T .
I Zsm( o ) 1+Zsm< o )Tz
k= k=0
kodd k even
Q) Ifniseven, T) =Tz =Ts5=--- =Ty 1and Ty =T, =Ty = --- = T2, we
have

n n
o(T) = (diag (5 (To+T0). Fi. P Fy oy, 5 (To = Th),
F%—Q—lv R Fn72’ FI’[*I))

=T (diag (g (To + T1), n (To — T1)>) , where

2
n—1 . n—1 .
. (27 jk . (27 jk
F' = —_— T T .
bi Zsm( " ) 1+Zsm( " ) 0
k=0 k=0
kodd k even

Here we note that if n is even, then

n—1 . n—1 .

. [ 2njk . (2w jk
Zsm< - )_ Zsm( - >_0
k=0 k=0
kodd k even

forany j € {1, 2, ..., n—1}(see, e.g., [10, p. 37]).
Proof (1) Follows by Theorem 1 and the identities

! (2njk) -1
E cos| — | = —
n 2

k=1
kodd
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and
n—1 .
<2n]k> -1
Z cos = —,
n 2
k=1
k even
where j =1, 2, ..., n— 1 (see, e.g., [10, p. 37]).

(2) Follows by Theorem 1 and the identities

! 27 jik
Zcos =0
n
k=0
kodd

and

n—1 .
27 jk
Z cos( J ) = 0,
n
k=0
k even

where j = 1,2, ..., n—1, j # 5 (see, e.g., [10, p. 37]).
Specializing the norm equality in part (i) of Corollary 2 to the numerical radius, the
usual operator norm and to the Schatten p-norms, we obtain the following equalities:

(@) o(T)=max {50 (T1+T2), w(Dj):j=12,....n—1}.
®) IT =max {5 |71+ T2l |Dj| :j=1,2,....n—1}.
1

14 P
M p+2;’.;% |Dj||Z> forl < p < oo.

© T, = (

Specializing the norm equality in part (2) of Corollary 2 to the numerical radius, the
usual operator norm and to the Schatten p-norms, we obtain the following equalities:
(@) o(T) = zmax{o (To+T1), o(To— T}
®) 1T =5 max{lITo+ 71, ITo — T1l1}-

1
© 1T, =5(To+ Tilly + ITo = Till}) ? for 1 < p < oo.
O

Remark 1 Let A, B € % (H) and let T be a2 x 2 Hankel operator matrix in % (H (2))

AB

givenby T = [B A

i| . Then

A—B 0
Tm:r([ 0 A~|—B:|)'

To see this, let U = \/LE i _11] ® I. Then it is easy to prove that U is a unitary

operator in % (H®).
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Now,

* A+ B 0
ury _|: 0 A-—B

Hence, from the invariance property of weakly unitarily invariant norms, we have the
desired result. This result can be found in [14].

Remark2 Let A, B,C € £ (H) and let T be a 3 x 3 Hankel operator matrix in

ABC
93(H(3)) givenby T = | B C A |. Then
CAB
A+B+C 0 0
t(T) =1 0 LBB-C) A-LB+0)

0 A-ilB+0) L(cc-B

1 1 1

To see this, let U = % —% + ‘/73 —% - ‘/73 ® I. Then it is easy to prove that

LM 14 V3

2 2t
U is a unitary operator in % (H (3)).
Now,
A+B+C 0 0
UTU* = 0 BB-c) A-LB+0)

0 a-lB+o Lc-B

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.
Note that if A = & +C in Remark 2, then we get the following result:

r(T):t(diag(%(B+C), ?(B—C),?(C—B))).

Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

B+C
- B C

Lol|l| B ¢ B€ =max{gw((B+C)),@w((B—C))}.
B+C
c 2L B
Be B o c
f
20| B c B || =max{fu+cy, Fip-cil.
C B+C B

2
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B+C p
BiC g ¢ ,
| B oc Bl =is+oll+2|Ls -0l
C B+C B p
2 P

forl < p < .

Remark3 Let A, B,C, D € % (H) and let T be a 4 x 4 Hankel operator matrix in
A BCD
. BCDA
4 _
#(HW) givenby T = cDaAp | Then

DABC

t(T)=rt

0O 0 O
M, 0 N
M , where

3

OOO;

0 0
N 0 My
Mi=A+B+C+D, M, =B—-—D,M3y=A—-—B+C—-—D,My=D — B, and

N=A-C.

D
11 1 1
. 11 —1-1 . . .
To see this, let U = 5 ® I. Then it is easy to prove that U is a unitary

1-11 —1
1-1-11
operator in 2 (H®).
Now,
My 0 0 O
UTU* = g 1\(/;2 183 18] , where My, My, M3, Ma, N are given above.
0O N 0 My

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Note that If A = C in Remark 3, then we get the following result:

t(T) =t (diag QA+ B+D,B—D,2A—B—D, D — B)).

Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

ABAD
BADA
ADAB
DABA

ABAD
B ADA
20| 4 b a g ||=maxti2zA+B+DI.IB=DI. 24— B-DI}.

DABA

=max{w2A+ B+ D), w(B—D), w(2A— B — D)}.
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ABAD]|"
BADA 3 ) ) )
30 ApAB = 2A + B+ D||5 + 2B — D||} + [2A — B — D[, for
DABAL|,
1 <p<oo.

Remark4 Let A, B, C, D € #8(H) and let T be a 4 x 4 Hankel operator matrix in

ABCD
. BADC
“ —
B (HW) givenby T = cpap | Then
DCBA
A+B+C+D 0 0 0
()=t 0 A+B-C-D 0 0
- 0 0 A-B+C-D 0
0 0 0 A—-B—-C+D
11 1 1
. 1|11 —-1-1 . . .
To see this, let U = 5 121 1 —1 ®I. Then itis easy to prove that U is a unitary
1-1-11
operator in % (H®).
Now,

UTU* =diag(A+B+C+D,A+B—C—-D,A—B+C—-D,A—B—-C+D).

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Now, specializing the norm equality in Remark 4 to the numerical radius, the usual
operator norm, and to the Schatten p-norms, we obtain the following equalities:

ABCD
B ADC

1. w CDAB = max{w(A+B+C+D), w(A+B—-C—-D),
DCBA

w(A—B+C—-D), o(A—B—C+ D))}

(ABCD]
BADC
2l epapll = max{lA+B+C+DI. |A+B-C-DI.|A-B
| DCBA

+C —DJ, |A—B—C+DJ}.

A BCD]|?
BADC B p p
31 ¢ p A =|A+B+C+D|,+|A+B—-C—D|}

pcrall
14

4WA—B+C—DH+WA—B—C+Dﬁbﬂ§p<m.
P
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Special cases of Remark 4:

(1) fA=B=C=D,then UTU* =diag (44, 0, 0, 0).
2 IfB=C=0,thenUTU* =diag(A+ D, A— D, A— D, A+ D).
B3)IfB=—-Cand D =0,then UTU* =diag (A, A+2B, A—2B, A).
4 IfA=D=0,thenUTU* =diag(B+C, B—C, C— B, —(B+0()).
(5) If C =iBand D = 0, then

UTU* =diag(A+(1+4+i)B, A+ (1 —i)B, A+ (—1+4+i)B, A— (1 +1i)B).
6) fA=C,thenUTU* =diag A+ B+ D, B—D,2A—B—D, D—B).

Remark5 Let A, B,C,D,E € 98 (H) and let T be a 5 x 5 Hankel operator matrix
ABCDE
BCDEA
in%’(H(S)) givenbyT = | C D E A B |. Then
DEABC
EABCD
0

W1=A+B+C+D+E W2=szn—(C D)—l—sm (B—FE), Wz =
sinZ- (D — C)+s1n (B—E), W4_sm—”(c D) + sin*Z (E B), Ws =
sm—(E B)+51n (D-C),V = A+cos (B+E)+cos (C+ D) and
V2—A+cos (B—}—E)—I—COSZ”(C—i—D)

11111

1oy oy a3 ay
Toseethis,letU:\/L5 1 or g4 001 a3 | ® I, where

1oz oy ag an

1oy a3 ar ay

aj = cos (?) + sin <2§] ) Then it is easy to prove that U is a unitary operator in
B (HD).
Now,
Wi 0 0 0 O
0 W, 0 0 V
urvu*=| 0 0 Wz Vo, 0 |, where W; and V; are given above.
0 0 Vo, Wg O
0 Vi 0 0 Ws

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Note that if A = B2LC , B =D, and C = E in Remark 5, then we get the
following result:

dia %(B+C) (sm%” fsm 3 )(C B), (sm 5 +sm 5 )(B C),
§ (szn 3 +sinE 5 )(C B), (sznzg sindZ z )(C B) .
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Now, specializing the norm equality in the last equality to the numerical radius, the
usual operator norm, and to the Schatten p-norms, we obtain the following equalities:

B+C B B C

9}

C
B+C
2
B
C

w((szn%”—szn—)(C B)) }
((sin%”—i— n?) (B—C)) .

H(szn— —szn—) }
(sm— —l—sm—) (B—-C) ||

B c 1|

_”2(B+C)” +2||(sm——szn5)(C B)”p
+2||(sm—+szn—) (B — C)Hp forl < p < 0.

Remark6 Let A, B,C, D, E, F € % (H)and let T be a 6 x 6 Hankel operator matrix

ABCDEF
BCDEFA
CDEFARB
. ©) . o
1n@(H )glvenbyT_ DEFABC . Then
EFABCD
FABCDE
Ki 0 000 O
0 Ky 0O 0 0 L,
_ 0 0 K3 0Ly O
t(T)=rt 00 0K,0 0 , Where
0 0 L, 0 K5 0
0 L 0 0 0 Kg

V3

Ki=A+B+C+D+E+F Ky=""(B+C—E—F) K
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N&)

=5 (B-C+E-F)

V3

Ki=A-B+C—D+E—F Ks="-(-B+C—E+F) K
V3

=7(—B—C+E+F)

1 1
Li=(A-D)+5(B-C-E+F).andLy=(A+D)+ 5 (-B-C—E~F).

11 1 1 1 1

L' w p =l—p—p

1 —u 1 —

: _ 1 o —u P —u
Toseethls,letU_\/g 1—1 1 -1 1 —1 ® I, where

l—p p 1 —pu p

lL—p—p-=1p pn

u:%—l—*g,p:—%%—*g.Then it is easy to prove that U is a unitary operator in
B H(6)) and
Ki 0 00 0O
0 Ky 0O 0 0 Ly
0 0 K3 0L, O
*_
UTu: = 0 0 0Ks0O
0 0L, 0 K50
0 L; O 0 0 Kg

Hence, from the invariance property of weakly unitarily invariant norms we have the

desired result.

Note thatif A = C+E and D = 8 JZFF in Remark 6, then we get the following result

&
+
~

S5 B C B EF
B C BE g F CtE
c BtE p g C:E
I e
E F £ B c BE
C+E B+F
F SE p ¢ BE g
X;0 0 0 00
0X,0 0 0 0
=1 00X500°0 where
- 00 0Xx400|}|
000 0Xs0
00 0 0 0 Xg
3 V3
X, E(B+C+E+F) Xz——(B—i—C E—F),
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3
X3:§(3—C+E—F),

V3

3
X4=5(B+C+E—-F), Xs= - (-B+C—E+F),and

/3

Xg="-(-B-C+E+F).

Specializing the norm equality in the last equality to the numerical radius, the usual
operator norm, and to the Schatten p-norms, we obtain the following equalities:

1. St B ¢ BE E F
BocoBEE PG
c Bf g f CtE p )
@\ | B+F é F CHE é C =max{w(X;):i =1, 2, 3, 4}.
é‘ F C—;E é C B;‘-F
F S B ¢ BHE E
2. -C;E B C B;F E F
B c Hf g F HE
c B8 £ F YE B ,
BiF g C+E p ¢ =max{||Xill :i =1, 2, 3, 4}.
E P GE B o
| P GE B C Bk
3. IT<$E B ¢ 25 E F
B C B E F C3f .o
c B g g CLE p r
BiE g e 5 oo || =2 IXilp) forlsp<oo.
E F GE B BE -
F Yt B c HBE E
p

3 New Inequalities

The results in this section are inequalities for n x n Hankel operator matrices. The
following four lemmas can be found in [11, p. 48], [12], and [13, p. 44], respectively.

Lemmal Let A € #(H). Thenr (Ak) =(r (A))kfork =1,2,....

Lemma2 Let A € B (H). Then w ([2 13i|> = w (A).

Lemma3 Let Hy, H>, ..., H, be Hilbert spaces, andletT = [T,-j] be n x n operator

matrix with T;j € % (H;, H;). Then o (T) < w ([ti/}]),



95 Page 16 of 26 W. Bani-Domi et al.

where

o (T;;) ifi = j,
tl/)z 0 T‘l‘] oo .
a)<|:le_ 0 ifi # j.

Lemma4 If A = [a,-j] € M, (C) with a;j > 0, where M), (C) is the algebra of all
n X n complex matrices. Then w (A) = r (Re (A)), where Re (A) = % (A4 A%) is
the real part of A.

[Ty T T - Ty Tyen
n T - Ti2Tw1 To
n - .- T, Ty T
Theorem2 LetTy, Ty, ..., Ty—1 € Z(H)andT = L, T T
Ty 2Ty 1 To -~ - :
| Th1 To T T -+ Ty |
Then

(1) Casel If n is odd, we have

with equality if To = "42, T\ = T3 =Ts = - - =Ty and T = Ty = To =

= 1In-1-

Case 2 If n is even, we have

n—1
a)(T)gmax{a)(ZTk),w(sj),w(c;) Ci=1,2,...n—1, j;é%}
k=0

+maX{a)(Cj)Zj:l’z,“"n_land]’#%}’

withequality if ) = T3 =Ts = - =Ty1and To=Tr =Ty =--- =T, ».
(2) Case I If n is odd, we have

’

I < max:

n—1
2T
k=0

+max{||CjH : j=1,2,...,n—1},

Si| - j=1,2,...,n—1}

with equality if To = 32 T/ = T35 = Ts = - =Ty 0 and Tr = Ty = Tg =

= 1Ip—1.
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Case 2 If n is even, we have

)

Sj

Cn
2

cj=1,2,...n—1,]

n—1
7| smax[HZTk E
k=0

+max[HCj”:J'=1,2,...,n—1andj7&g],

~
T
S
[p—

with equality if ) =Tz =Ts = ---=Tp_1and To=Tr =Ty = --- = T;—».
(3) Casel If nis odd, we have

L
P

n—1
+1 2 l<ily
j=1

Sl

1T, =

n—1
>
k=0

P p-1
+2_Isil;

p J=1

with equality if Ty = 1512

s i =Th=T5=-=ToadTh =Ty =Ts =

n—1-.
Case 2 If n is even, we have

)4

n
p
| X e

S

I3 n—1
+ 3 Isily+ ey

n—1
171, < ”Z Tk
k=0

p =1 j=1
i#3 J# S
withequality if ) =Tz =Ts =---=Ty1and To=Tr =Ty =--- =T, ».
Proof (1) Casel Using U in Theorem 1, we get
o(T)=w(UTU*) =
S -
ZTk 0 0 0
k=0 ¢ 0 ¢
w ! g + 0 C,
2 0o .-
. 0Cpr—q 0
L 0 Sn—l_
— _
> T 0 0 0
k=0 s 0 C;
<w 1 +w 0 C,
S 0
. 0 Cph—q 0
L 0 Sn—l_
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n—1
§maxia)(ZTk),w(Sj): j=12,...,n—1
k=0

0 0
0 w(Ch)
+w 0 w(Cy)
0
0w (Ch-1) 0

(by Lemma 3, the identity C; = C,,—;, and Lemma 2)

0
0
0 w(C2)
0
0w (Cyu-1)

(by Lemma 4 and the identity C; = C,—;)

n—1
= max w(ZTk> ,a)(Sj) 2
k=0
0
w* (Cy)
. w* (C2)
0

(by Lemma 1 when k = 2)

The equality conditions follow from Corollary 2.

=1,2,....,n—1

0

w (Cy)

1,2,..

.,n—l}

0 2

o (Cn—1)

..,n—l}
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Case 2 Using U in Theorem 1, we get

-1 _
ZTk 0
k=0

M 0 C

o(T) =0oUTUY) =w Si g 0 Cyy

0 C%
Cn+1 S%+]
0o . .
L 0 Cn—l Sn—l_
M n—1 T
ZTk 0
k=0
Si
= S;—]
Cn
2
S§+1
L 0 Snfl n
-0 0
0 Cy
0Cy
+ 0 0
TG
0
_O Cn-1 0 _
[ n—1 T
ZTk 0
k=0
Sy
<w Sn_4
Cn
2
Sup1
| 0 Sn—l a
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0 0
0 Cy
0Cn_,
to 00
Cup
0
L 0Cy 0
n—1 n
fmax{w(ZTk>,w(S]),a)(Cn) j=12,...,n—1, j#z}
k=0
o 0
0 w(Cr)
Ow(C%_1>
to 0 0
3 w(C%H)
0 .
_Ow(cn—l) 0 _
( by Lemma 3 and the identity C; = C,,_; )
n—1 n
= max w(ZTk),w(Sj),w(Cg):j=1,2,...,n—1,j7é§}
k=0
"o 0
0 w(Cy)
OC()(C%,])
+ 0 0
a)(C%_H)
0
_Oa)(cn—l) 0 a

(by Lemma 4 and the identity C; = C,—; )

[SE]
N—"
~

=max[w<ng> o (5), o(c
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0
w? (C1)

(by Lemma 1 when k = 2)

n—1
=max{w(ZTk),a)(Sj),w<C;):j=1,2,...
k=0

o (Cn—1) |

+max | (C)) j=1,2,...,n—landj7ég}.

The equality conditions follow from Corollary 2.

(2) Case 1 Using U in Theorem 1, we get

1Tl = |uTu*| =

Mn—1
> Ti
k=0
N
$2

IA

0

:]naX{

)

n—1
S
k=0

n—1
> T
k=0
S
AY)
.0
0
+
Sﬁ*l_
Si|:ji=12...

Sh—l

(e

=
|
—_

+max{”CjH : j=1,2,...,n—1}.

The equality conditions follow from Corollary 2.

1
2
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Case 2 Using U in Theorem 1, we get

[ n—1
> T
k=0
S
IT| = |uTU*| = Su_; 0 Cu_,
2 2
0 Cn
. 2
Copr Sugy
o .
L 0 Cni
— -
ZTk 0
k=0
M
= S%—l
Cn
2
Sut1
L 0 Sn—l
0 -
0 Cy
0Cn_y
2
0 0
- Cip
0o .
| 0 Cr—1 N
_— -
ZTk 0
k=0
N
<
< Sy
Cn
2
Sny1
L 0 Sn—l_
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0 0
0 C
OC%_I
+ 00
- Copi
o .
| 0Cy 0 |

Sj

El

Cn
2

n
ci=1,2,....n—1, j £ =
J n J#z}

n—1
=maXHZTk , |
k=0

+max || ¢ j=12n—1 £ S}

The equality conditions follow from Corollary 2.

(3) Case 1 Using U in Theorem 1, we get

n—1 7]
> Tk 0 0 0
k=0 S 0 C;
T|,=|UTU*| . = ! 0C
iri, = Jurve], N w0
- 0Cy_1 0
. 0 Sp—1
-1 -
ZTk 0 0 0
k=0 ¢ 0 C
< ! + 0 &
S2 0
.. 0C, 0 »
L 0 Sn—l_ »
1 1
n—1 p n—1 » n—1 P
=12 n] w2 Isilh ] (2 lely
k=0 j=1 j=1

p

The equality conditions follow from Corollary 2.
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Case 2 Using U in Theorem 1, we get

T n—1 7
> T 0
k=0
S1 0
”T”p = ”UTU*”p = S%,l 0 C%,l
0 C%
Cﬂ+] S"+]
0
L 0 C,,_l Sn—l_ p
S _
S :
k=0
S
Cn
2
Suy1
B 0 Sn—l_
-0 0
0 Cy
0 C%_l
+ 0 0
TG
0 .
0Cn_1 0 »
S -
S :
k=0
S
<
< Sy
Cn
2
Sap1
0 Sn—l
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-0 0
0 Cy
n 0 C% 1
0 O
Cup
0
L0 Chy 0 | »
n—1 P n—1 » n—1
_ P e
=X+ sl +fes | +] X el
k=0 p j=1 j=1
J# 5 J#5

The equality conditions follow from Corollary 2.
Finally, we remark that using Theorem 2, it is possible to give norm inequalities for

special Hankel operator matrices as those given in Remarks 2, 3, 5, and 6. We leave
the details to the interested reader.

Data availibility There is no data availability statement in the manuscript.
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