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Abstract

Let v be a rotation invariant Borel probability measure on the complex plane having
moments of all orders. Given a positive integer g, it is proved that the space of v-
square integrable g-analytic functions is the closure of g-analytic polynomials, and in
particular it is a Hilbert space. We establish a general formula for the corresponding
polyanalytic reproducing kernel. New examples are given and all known examples,
including those of the analytic case are covered. In particular, weighted Bergman and
Fock type spaces of polyanalytic functions are introduced. Our results have a higher
dimensional generalization for measure on C? which are in rotation invariant with
respect to each coordinate.
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1 Introduction

In their recent work Haimi and Hedenmalm [16,17], established asymptotics for the
Bergman—Fock type space of polyanalytic functions with respect to a given weight
and mentioned that in general finding explicit formula for these kernels is difficult
([17], p. 4668). This problem was also addressed by Alpay ([3], p. 479). The main
goal of this paper is to answer this question in the general context of rotation invariant
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Borel probability measure on the complex plane having moments of all orders. More
precisely, given a positive integer ¢, we shall establish the formula for the reproducing
kernel for Hilbert spaces of square g-analytic functions with respect to a rotation
invariant Borel probability measure. The reduction of our formula to the unit disc D
gives an explicit formula for the weighted Bergman spaces of polyanalytic functions
on D, which in turn, reduces to the result of Koshelev [20] when the weight is trivial.
We point out that the result of Koshelev is proved by a very specific method based on
integration by parts which does not work for the weighted case. Other applications
are given to provide new results on other Bargmann—Fock type spaces of polyanalytic
functions on C and related projections.

We recall that a function f(z) is called a polyanalytic function of order ¢ (or just
g-analytic) in the domain  C C if in this domain it satisfies the generalized Cauchy—
Riemann equation

M f 0

az4

Polyanalytic functions inherit some of the properties of analytic functions and the
simplest case is the so-called bianalytic functions. However, as in the theory of several
complex variables, many of the properties break down once we leave the analytic
setting. They are naturally related to polyharmonic functions see [7,18] and [25] for
further results.

The properties of these functions have been studied by several authors see Balk and
Zuev [9], Balk [8] and Dzhuraev [14] and the references therein. It is well known that
any g-analytic function in the domain €2 can be uniquely expressed as

(1.1)

q—1
f@=) ;. (1.2)
j=0

where ¢; (z) are holomorphic in §2. This representation was used to study the bound-
ary behavior and integral representation of polyanalytic functions. Hilbert spaces of
polyanalytic functions and related projections were considered for the case of the unit
disc by Koshelev [20] and later by Vasin [33] and Ramazanov [23] and [24]. In the
latter reference a representation of the space of polyanalytic functions as direct sum of
orthogonal subspaces is given and applied to rational approximation. The case of the
Bargmann—Fock and Bergman spaces of polyanalytic functions was studied by N. L.
Vasilevski [29-31], Sdnchez-Nungaray and Vasilevski [32], and later by Abreu [1,2]
in connection with Gabor and time-frequency analysis. A deep study of the general
case of weighted Bargmann—Fock space of polyanalytic functions was considered by
A. Haimi and H. Hedenmalm [16,17], where they obtain the asymptotic expansion of
the polyanalytic Bergman kernel as well as the asymptotic behavior of the generating
kernel and the asymptotic in the bulk for the g-analytic Bergman spaces in the setting
of the weights e=2"€ (see [17]). Their approach relies on the study of polyanalytic
Ginibre ensembles and appeals to the connection with random normal matrix theory
and Landau levels.

Polyanalytic functions of several variables were considered by Avanissian and
Traoré [4] and [5]. They are defined in an analogous way. Namely, a function f (z)
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is called a polyanalytic function of order ¢ = (q1,...,qp) € N{)’ (or just g-analytic)
in the domain  C CP? if in this domain it satisfies the generalized Cauchy—Riemann
equation

341+--»qpf
PR (13)
0z ...0zp
These functions can be uniquely expressed as
(q1—=1,....qp—1)
f@o= Y 7@ (1.4)
j=(0,...,0)

where ¢; (z) are holomorphic in € where for j = (ji,..., jp), k = (k1, ..., kp) €
Ng and z = (z1,...2p) € CP, the inequality j < k means that j; < k; for all
I=1,...,pand z/ = z{ ...z;,”.

However, few results are available in this case.

2 Statements of the Main Results

In this section we will state the main results in the one dimensional case. The higher
dimensional analogs will be stated at the end of the paper.

The setting is the following. We recall that a sequence s = (s4), d € Np, is said to
be a Stieltjes moment sequence if it has the form

+0o0
5y = / o),
0

where p is a non-negative measure on [0, +o00[, called a representing measure for s.
These sequences have been characterized by Stieltjes [27,28] in terms of some positive
definiteness conditions. We denote by & the set of such sequences and if s € § we let
M(s) the convex cone of the representing measures of s. It follows from the above
integral representation that each s € § is either non-vanishing; that is, s; > 0 for all
d, or else s; = & for all d. We denote by SZ the set of all non-vanishing elements of
8 having a representing measure p with support containing at least ¢ strictly positive
elements. Fix an element s = (s4) € 8; and let u € M(s). It is known [12] that the

sequence (sq ﬁ) converges to limit Ry €]0, +o00], where R; is the supremum over all
t > 0 such that 7 is in the support of 1. We denote by D; the disc in C centered at the
origin with radius R; and Dy = C when R; = +o0.

For each pair of non-negative integers (d, n) such that n < g — 1, let P,,(u) be
the subspace of the Hilbert L?(x?d 1 (x)) consisting of all polynomials with degree at
most n furnished with the real inner product

+00
(f.g) = /0 Fg)x%du(x), f.g € Pulp)
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and denote by Qg : (0, +00) x (0,400) — C the corresponding reproducing
kernel.
Consider the following function

+00 q—1
FusOux,y) =Y 210aq 106, 0) + Y 2 0ag-1-a(x. ). .1
d=0 d=1

where A is a complex number and (x, y) € [0, +00[ %[0, +00[. Our first result is the
following:

Theorem A For all fixed non-negative real numbers x and y, the series A +>
Fy.s(\, x, y) converges uniformly on compact subsets of the disc centered at 0 with
radius R?.

Next, let © € M(s) and v denote the image measure on C of u ® o under the map
(t, &) — +/1& from [0, +00[ x T onto C, where ¢ is the rotation invariant probability
measure on the unit circle T in C. Then v is rotation invariant. Conversely, it is known
[10] that any rotation invariant Borel probability v on C is of this form. Since u is
supported in the interval [0, +Ry], it follows that the support of v is contained in
closure Dy of the open disc Dy.

We consider the Hilbert space L (v) of square integrable complex-valued functions
in Dy with respect to the measure v. We denote by A%’ 4 the space of those g-analytic
functions on Dy which are square integrable with respect to v. The natural inner product
inherited from that of L?(v) turns A%’ 4 Into a pre-Hilbert space. We are now prepared
to state our second main result.

Theorem B The space .A‘zj’ q 18 a Hilbert space which coincides with the closure of the

g-analytic polynomials in L?>(v). Moreover; for each compact set K C Dy we have
that

sup,e | F@ = C Il £ N2

for all g-analytic polynomials f € L*(v), where

C = C(K) = sup.ciy Fya (212, 212, 2).
Furthermore, the reproducing kernel of .A%y q IS given by

- 2 2
Kv,q(Zs w) = Fq,S(Zw7 |Z| ’ |w| )7 Z,w € DS'

Remark C When the measure p has a finite support and the number of points on
the support of u is g, then Theorem B gives a Cauchy type formula for polyanalytic
functions. Such an example can be obtained using the Kroutchouk measure and related
orthogonal polynomials.
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A first application of our results provides the weighted polyanalytic Bergman kernel
of the unit disc {z € C : |z] < 1}. More precisely, for « > —1, we consider the
space Aﬁv 4 of all square integrable of g-analytic functions with respect to the measure
dvy(z) = (1 — m%"‘%, where dA(z) is the Lebesgue measure on . We will
prove the following

Theorem D The space Ai’ q 18 a Hilbert space which coincides with the closure of the

q-analytic polynomials in L%(vy) and its reproducing kernel is given by
_ (1 Zw)i~! j (a—1\ (a+q+j) lz—w[*
Kaalerw) = 0 528ty S0 () (20
Sforall z,w € D.

We point out that when o = 0, this result was established by Koshelev [20] by a
different method limited to the case o« = 0, but does not work for o #~ 0.

A second application of our results provides the weighted polyanalytic Bergman
kernel for the weighted Fock space. Namely, let @ > 0, and denote by JF ,(C) the
space of all square integrable of g-analytic functions with respect to the measure
dvy(z) = |z|2“e_|z|2@, where d A(z) is the Lebesgue measure on C. We will
establish the following

Theorem E The space Fy 4 (C) is a Hilbert space which coincides with the closure of
the q-analytic polynomials in L*(vy) and its reproducing kernel is given by

g—1
Kogzw) =Y Eqrx@n)LE_ | (12— wl?)

k=0

qg—1r—1
Z 1 ! s (- dtetr+l 2 2
L
+,1,;)<d'F(r+a+1) r'F(d+oe+1)>(Zw) (@) LI (12 + [wl)

forallz, w € C, where LZ—] is the classical weighted Laguerre polynomial of degree
q — 1 and weight o and E i is the generalized Mittag-Leffler’s function defined by

Z

dk
Eqx(z) = %ﬁ (zke_ZEa(z)> 2.2)

where E,, is the Mittag-Leffler’s function defined by

+o00 d
Z
E“(Z):;—F(wraﬂ)' (2.3)

We point out that when o = 0, then Ey x(z) = ¢* and hence

Koz w) =Ly (I = wP).
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This result was established by Haimi and Hedenmalm [16] using different methods
which do not go through for o # 0. This particular case was also treated in a very
recently work by Maximenko and Telleria-Romero [22].

3 Preliminary Results

We collect a few preliminary results from [13] or [19]. Let s = (s,) be a Stieltjes
moment sequence and u € § be a representing measure of s. We assume in this
section that the support of u has N(u) > g elements. For each non-negative integers
n<N(u)—1set

D
S1 S22 eee Sn+l

D/L,n =
Sn Sn+1 *° S2n

and for x € C, let

S0 81 ... Sn
ST 82 ... Sp+1

Dy u(x) =

Sp—1 Sn = S2n—1

1 x e x

It is well-known that the sequence (P,L,,,),Il\,:(’é)_1 of orthogonal polynomials with
respect to the measure d . (x) is given by

Dyin(x)
Ppun(x) = —=== G.D
D[l n—lDu n
so that the reproducing kernel Q, , is given by
—~ Dyu,j (¥) Dy (v)
Qualx,y) =) —pE— = 32)
jZO Uﬂjil e

We recall the following classical theorem of Heine a proof of which can be found
in [13]

Lemma 3.1 The determinants D,, , and D,, ,(x) have the integral representations

1
Dyn = m/ 1—[ () —x0)%dp(xr) . .. dp(xns)
n—+ . [O,+oo["+1 I<j<k<n+1

(3.3)
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Dy y(x) = n‘/[o+ l_[(x—x, [ & —x0%du@)...duc).

1<j<k<n

(3.4)

In what follows we shall fix the measure w, and for each d € Ng, we consider
determinants and orthogonal polynomials with respect to the measure x¢d 1 (x). Then
we simply set

D := Dy, and Dxdﬂ(x)’n(x) = Dg n(x). 3.5)

x?pu(x),n

The sequence of orthogonal polynomials with respect to the measure x?du (x) will
be then denoted by (Py, m)nl\f(:’f))_l and it is given by

Dgn(x)

Pan(x) = e, (3-6)
Dd,n—lDd,n

so that the corresponding reproducing kernel Q , is given by
n
Dy j(x)Dyg, (y)
Qan(x,y) = —_— 3.7
! ]Z:(:) Dg,j-1Da,j

Lemma 3.2 Suppose that the support of w is unbounded. Then for any positive integer
n and x € [0, +00[, there exist t, > 0 and a constant C, > 0 such that

| Pan (o)l ([t 400D < 17 (3.8)

forallt > t.

Proof In view of Lemma 3.1 by Cauchy—Schwarz inequality we see that

|Dano)]* < Dd,,H/ H(x - [ Gy =G x)?dux) - dp(e).

0, +OO[" 1<j<k<n
Since the degree n of the polynomial Dy ,(x) is positive, there is £, > 0 such that
|Dgn(x)| < |Dgn()|, forallt > 1,

and thus by Lemma 3.1 we get

2

Dd, (x) +00 +00

|Dn—’/ xf+1dlt(xn+1) 5/ |Dd n(xn-i-l)| n+1d/'L(xn+l)
d,n—1 Iy Iy

<+ D'Dgn

Taking C = 4/(n + 1)! and using (3.6) completes the proof. O
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4 Orthogonal Polynomials with Respect to Rotation Invariant
Measures

Throughout this section, fix an element s = (sg) € 8(’; and let © € M(s). For
each pair of non-negative integers (d,n), with d arbitrary and n < g — 1, let
(Pax),k € {0,...,n} be a sequence of orthonormal polynomials of Hilbert space

P (x? ) equipped with the L2(x?du(x)) inner product. For all integers m, n € Ny,
set

m An :=min(m, n). “.1)
andforallz=r§ €C,r >0,|§| =1,
Hm,n (z) = r\m—nlsmén le—nl,m/\n(rz)- 4.2)

Lemma 4.1 The family (H,, ,) forms an orthogonal system in L2 ().

Proof Let (m,n), (m’,n’) € N(z). We first observe that for m +n’ = m’ + n, we have
+o00 +00
/ Hm.n(rl/z)Hm’,n’ (rl/z)d““(r) = / r|M7n‘P\m7n|,mAn (r)P|m—n|,m’/\n’ (}’)dﬂ(}")
0 0
= Sm/\n.m’An’-

By the change of variables formula, we see that

+00
/ Hipon () Hyy v (2) = / / Hipon (r2€) Hyy o (F1728)dor (€)1 ()
Dy 0 T

+o0o - )
Z/ Hm,n(l’l/z)Hm/’n/(r]/z)dpL(r)/é—'m+n EMtndo (£)
0 T

= 8m+n’,m’+n (Sm/\n,m’/\n’

= 8(m,n),(m’.n’)-
This completes the proof. O

Lemma 4.2 Letn and d be positive integers such that n < q — 1. Consider a polyno-
mial f in n-variables such that f(x1, ..., x,) > 0 for all pairwise distinct elements
X1, ..., Xy Of [0, +00[, and set

+00 +00
Ya.n(f) :=/0 A f@r )G fdpe) - dpx). (4.3)

Then

Vari0(f) =< i Sd+1)" 4.4)

d—>+o0o Ya.n(f) d—+oco  Sq
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Proof Letn be theimage of the measure on [0, +oo[of f(x1, ..., x,)du(x1)...du(xy,)
under the map (x1, ..., X,) — X1 ...X,. Then

+00
Van(f) = fo x4dn(x) (4.5)

so that by [12] we see that

yd+1,n(f)

=R, 4.6
=0 Yan () (46)

where R is the supremum over all # > 0 such that ¢ is in the support of 1. Moreover,

it can be easily checked that if # > 0, then  is in the support of 7 if and only if 1 is
in the support of w. This completes the proof. O

Now we can prove Theorem A.

Proof of Theorem A We only need to prove that for all non-negative real numbers x
and y, the series

g—1 +o0

Seq) =D " A" Poyn () Prn (1), 4.7)

n=1m=0

converges uniformly on compact sets of D;. We shall distinguish two cases. First,
assume that the support of p is bounded; that is Rj is finite. In view (3.6), the latter
series can be written in the form

q—1 400

S g =33 ,\mM

ne=1 m=0 mn len

Using the integral expressions (3.3) and (3.4) with respect to the measure r"du(r)

instead of du(r), we see that D,, ,(x) is a finite sum of terms of the form xjym,n(f)
where j € Ny and f is a function of the form

fay=xtxb T o —x0? (4.8)

1<j<k<n
The same holds for D,, ,(y) with y instead of x. Finally, we observe that
Dm,n = Vm,n(g)v and Dm,n—l = Vm,n—l(g)

where

gy = [] j—x0% (4.9)

1<j<k=<n
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Therefore the series Sy 4 is a linear combination of series of the form

g—1 +o00

Ss (A = A Jl ym,n(f))/m,n(h)
,q’j’l( ) ZZ Y Vm,n(g)ym,n—l(g)

n=1m=0

where f and & are of the form (4.8) and g is given by (4.9). Appealing to Lemma
4.2 and using D’ Alembert’s rule yields that the series S 4, /(1) converges as long as
] < RSZ. From this it is also clear that the series converges uniformly on compact
sets of Dy.

Next, suppose that R, = +o00. Let x, y be arbitrary non-negative real numbers.
Then by Lemma 3.2, there is ., such that

1)!
’Pm,n(x)Pm,n()’)’ = (1) )

tm

forallt > #, y.This proves that the series (4.7) convergence absolutely. This completes
the proof. O

Next, we denote by AZ(s) the subspace of L2(v) consisting of all functions of the
form

q—1 +00

f)= Z Z A Hn i (2)

n=0m=0
on D that satisfy

q—1 +c0

Z Z |am,,,|2 < +o00.

n=1m=0

We equip the space A2 (s) with the natural inner product

g—1 +o0
(f,8)s = Z Zam nbm,ns (4.10)
n=0m=0
for all members f@) = Z ;ln-ooo Am.n m n(z) and g(z) = Z m Ob

Hyy 5 (2) of AZ(s). Tt is standard that this is a Hilbert space which contalns all g-
analytic polynomials, which is contained in L?(v) and its inner product coincides
with the scalar product inherited from the scalar product of L2(v). Indeed, we have

Theorem 4.3 The space A*(s) consists of q-analytic functions and its reproducing
kernel K 4 is given by

- 2 2
Ks,q(z» w) = Fs,q(Zwv |Z| ’ |w| )7 Z,w € Ds»

where F 4 is the function defined by (2.1).
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Proof By virtue of Theorem A, the series

g—1 400

Kog@w) =Y """ Hpun(@) Hyn(w). 4.11)

n=0m=0

converges uniformly for zw lying in a compact subset of Ds. Since the system
(Hmn),m,n € Nog,n < g — 1 forms an orthonormal basis of .A2(s), a little com-
puting shows that

g—1 400

KS,q(Zv w) = Z Z Hm,n (Z)Hm,n(w)
n=0m=0
g—1 +o0

= > @) Pua((21?) Pun(lw]?)

n=0m=0
q—1n—1

30 GW Pacmm (27 Pacmm (1w]).

n=1m=0

When ¢ = 1, we are in the analytic case. Since P, ¢ is constant, the latter sum gives

+o0
Ks1(z,w) =Y ()" Pu.oPn.o-

m=0

However, , when ¢ > 2, we have

400 q—1
Kog(@w) =Y @0)" Y Pun(z?) Pun(wl?)
m=0 n=0
q—1 n—1

+ ) G " Pam (12 Pacm ((w)

n=1m=0

- 2 2
= s,q(Zw, |Z| s |w| ).
Now each element f of A2 (s) admits a unique representation

qg—1 +o0

f@) = Z Z am,nHm,n(w)-

n=0m=0

By Cauchy—Schwarz inequality, it follows that this series converges uniformly on
compact sets of Dy and hence it defines a g-analytic function. Moreover, it can be
easily checked that

f@)={f, Ks‘q(', 2)).
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for all z € D;. This completes the proof. O
Now we are ready to prove Theorem B.

Proof of Theorem B 1t suffices to show that each g-analytic function which belongs to
L2(v) is an element of the space A2(s). Now let f be a g-analytic function which
belongs to L>(v). By (1.4) we know that f has a unique representation of the form

q—1
[ =) 7" fu(2), €Dy,

n=0
where the functions f;, are analytic on Ds. Therefore, f can be written in the form

g—1 +o0

f@ =) 7" fu(), z€D,

n=0m=0

where f;,, are analytic polynomials and the series converges uniformly on compact
sets of Dys. In view of Theorem 4.3, we see that f admits a unique representation of
the form

q—1 +oo

f@) = Z Z CmnHmn, z €Dy,

n=0m=0

where ¢, , are complex coefficients and the series converges uniformly on compact
sets of Dy. Since f is in L2(v) it follows that

q—1 400

Z Z |Cm,n|2 < 4009,

n=0m=0

showing that f € A2(s).
Finally, the inequality in Theorem B follows by Cauchy—Schwarz inequality. The
remaining equality in the theorem is straightforward. The proof is now complete. O

5 The Polyanalytic Bergman Space on the Unit Disc

In this section we apply our approach to different classes of orthogonal polynomials
to give natural examples of Hilbert spaces of polyanalytic functions.

We start with the weighted polyanalytic Bergman space on D. Consider the weighted
Lebesgue measure on D given by

dAy(z) = (1 - Izlz)a d[:T(Z), a>—1,
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where d A(z) is the Lebesgue measure on D. We denote by A7 (D), the weighted ¢-
polyanalytic Bergman space on D where ¢ € Ng and « > —1. This is the space of all
g-polyanalytic functions f on ID which are square integrable with respect to d Ay (z).

It can be easily checked that the measure v is the image measure in D of u ® o

under the map (¢, &) — /1€ from [0, 1[x T onto I where u is the measure [0, 1]
given by

du(t) = (1 —1)*dt.

The corresponding moment sequence is

1
M:ftﬂltw _T@+hre+h (5.1)
0

Cd+a+?2)

Lemma 5.1 Suppose that ¢ is an automorphism of the unit disc. The Bergman kernel
Ky of AZ (D) follows the transformation rule

p— GRS DY
(v v ®)
Kga(z,8) = G2 Kaa(@(@), 9)) (5.2)
(r@e®)
forall z, & € D.
Proof 1t is sufficient to assume that ¢ o ¢(z) = z, for all z € D. We recall

that the measure (1‘1_/&'12))2 is invariant under the action of the automorphism group

of the unit disc. We also observe that for any fixed & € D, the function z +—
(a+q+1)/2 ) )
% Kq.4(¢(2), &) is an element of A (D). By the reproducing property

and change of variables formula we see that

((p/ (Z)) (a+g+1)/2

, (a+q+1)/2
(¢'(w) Kq.a(@(w). §)Ky.a(z w)d Au(w)

Kq,a(w(z),é)Zf T __\@ b2
D ((p/(w)>q

(a+g+1)/2
(V)
=‘/H;WKq,a(wsg)Kq,a(Z»‘/’(w))dAa(w)

(a+gq+1)/2
D(‘” — o Koo (& W) Ky a(p(w), dAg (w)
(7))

<¢/(E)>(a+q+l)/2

C (@E)ah2

Kya(z, 9(&)).
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Replacing & by ¢ (&) the latter equalities yield

((p/(z)m) (a+g+1)/2

(v@e©

)((]—1)/2 Kq,oc((p(z)a (p(g)) = Kq,c((Z, g)

This completes the proof. O

We shall make use of the classical Jacobi polynomials P,fa’d) with parameters (¢, d)
and degree n. An explicit formula for these polynomials is given by

1 K (a+n\[(d+n
(a,d) _ _ 1\h—k k
P (x) = o kgzo ( L )(n B k) (x— D" x4+ D 5.3)

It is well-known by formula (3.96) in ([26], p. 71) that these polynomials verify the
equality

P@D (1 —2x) = Tntot+D i(_l)j(n>r(n+j+05+d+l) i

_n!F(n+a+d+1)j:0 j FG+a+1)

5.4)

The Jacobi polynomials satisfy the orthogonality condition

! d
f P x — 1) PYD 2x — Dx?(1 — x)%dx = 8,,,rh&? (5.5)
0
where

od . Fla+n+1)d+n+1) (5.6)

T D (@4+d+n+D@+d+2n+1)

and hence for each non-negative integer d, the reproducing kernel of the space of
polynomials of degree at most ¢ — 1 with respect to the L>-inner product associated
to the measure t4d w(t) is then

L prlx — P2y - 1)

Qd,qfl (-x9 y) == Z ha’d
n=0 n
_ qi‘ P (1 = 20) P (1 = 2y)
- b .
n=0 hg

By the identity (3.114) in ([26], p. 75) we see that

Q041 (x,0) = (g + @) P, (1 — 2x) (5.7)
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so that by (5.4) we obtain

Fq,S(Osx’O) = QO,q—l (xs 0)
! g—1\[a+q+]j
=q (—1)f( . >( )xf
JX:(:) j oa+qg—1

We observe thatif z € D, then K 4(z, 0) = Fy 5(0, |z|2, 0). Forz, w € D let

Z—w
Yy (2) = —.
1 —zw
By Lemma 5.1, we have
pp— S AR DY
(¢1 0, w)
Kq,oz(za w) = G—D/2 Kq,a (pw(2), 0).
(w&, (z)%(w))
Since
, ; (a+qg+1)/2
(sow(z)ww(w)) o a- Zw)d~!
— (g—1/2 7 (1 — sp)eta+]
(%(z)%(w)) (1= zw)
and
—_ wl2i
2j _ le—wl”

it follows that
(1-zwyi~! & a+q+j\ Iz —w?*
K ’ — 1 J —_—
q,ot(Z w) (1 )a+q+1 Z( ) a+qg—1/|1— ZTI)|2J

6 Weighted Polyanalytic Fock Spaces
The second example is the weighted measure defined on C by
dv (2) == Izlzo‘e_|Z|2dA (@), a>—1,
where d A (z) is the normalized Lebesgue measure on C. We denote by Af; (C) the

weighted g-polyanalytic Fock space on C where ¢ is a positive integer. This is the
space of all g-analytic functions f on C which are square integrable with respect to
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dv(z). The measure v is the image measure in C of £ ®o under the map (¢, &) +— 112
from [0, +o0[x T onto C where wu is the measure on [0, +00[ given by

du(t) == ;t"e*’dt.
C(a+1)

The corresponding moment sequence is

o0 F(a+d+1)
= d = -— 1
Sd /0 t“du(r) RS 6.1)

We will use the classical weighted Laguerre polynomials L% of degree n and weight
a. These polynomials satisfy,

F(d+(x+n+1)8

+00
/ LI (x) L (x) x¥ e dx = p 6.2)
0 .
They have the following explicit representation
n —
d | _ n—r
L+ (x) = Z n+d+a (—x) 6.3)

il (n+d+a+1-7r) n—r)

Laguerre polynomials enjoy the following product formula due to Bailey [6]

r (d foatn+ 1) Zn: (xy)nfl L;l+01+2n72l (x + y)

d+o d+o _
L™ @ L7 0) = n—DT@d+a+ntl—1)

n!

1=0
6.4)
and the following transfer equalities due to [15]
n y, +00 y,
By —v) — Y B — o) 2y BHr
Lfx—y =) Ll (0 =e > LT ). (6.5)
r=0 r=0
We recall some other useful formulas
n
LEFPH (x4 y) =Y LY (LY (). (6.6)
k=0
In particular, if y = 8 = 0, then
n
Lot = Z LY. 6.7)
j=0

which can be found in ([19], p. 104).
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Finally, a little computing shows that the generalized -Mittag-Leffler’s function
Eq k defined by (2.2) has the explicit form

X AL

E = _ 6.8
wk(2) ZF(d+a+1) (6.8)
d=0
forall z € C.
Next, we prove Theorem E. For z, w € C, we shall set & := zw, x =: |z|> and
y := |w|? so that
ot and 2= (6.9)
A A

To compute the series Fy s (A, x, y) in this case, itis sufficient to calculate the following
expressions

q—1+o0

nird d+ d+a
Sa,q(V) = E E Ly (x) Ly ™ (y) .
far o OF(n+d+a+1)
q—1qg—1-d n'kd
S/ * Ld+0l Ld-‘rol h >2
dzl nzo Totdtarnr O (). when ¢

Using first (6.4) and then (6.5) and (6.6) we have

)»de_Hx (x) Ld—Hx (y)
Sea ) = X(:) Z Fd+a+n+1)

qg—1+00 n

A (xy)” d
— L +a+2r
Z:X:X:r!l"(dJronth) ner @ EY)

n=0d=0r

q—1 400

—1
My Sy
— L +a+2r
ZZV'F(d—l—a—i—r—i—l) ner o ()

q—1 400

)Ld(xy)r d’ 4
— L +a+r
Z:2:r'l"(d—l—oz—i—r—i—1)d)c’ ; (49

r=0d=0

—1
(R A9 (xy)”

— Z Z Ld+a+l+2r (x + y)
! g—1-r
i r'Cd+a+r+1)

q—1 400

— ZZ Ld+ot+1+r (x+y)
| q—1-r
s rF(d+a+1)
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qg—1 +o00
_ZZ d+til+l+r(x
! g—1-r
o Or[‘(d+a+1)
g—1r—1
_ZZ d+(1x+1+r
! q—1-r
— 0rF(d+a+1)
Applying (6.5), (6.6) and (6.8) yields
q—1 +o00 400
d+a+l+r
S e o =
= Orl"(d—l—oe—i—l) I
qg—1 400 drd
AL (D) _
=> > LY (x+y—A—))
q—1—k
Pt 0F(d+a+ 1)
g—1
=Y EqsMLE_ | (x+y—2—1).
k=0

—— %
= +a+1)

+y)

x+y).

a4
d+a+1 (x +y— by

On the other hand, when g > 2, then using (6.4), (6.5), (6.6) and (6.9), we see that

()\') qz_iq_li n')_»d d+(¥( )Ld-H)l( )
= X
4 Frn+d+a+1) " no W
d=1 n=0
q—1qg—1—-d n Td+r
=X 2 Y rara e A e
d=1 n=0 r=0r. d+ot+r+ )
q—2q—1g—1-n T
— Z )\‘d—i-r)\’r d+a+2r ()C + y)
- | n—r
i r'’T’'d+a+r+1)
q—2 q—1 q—1+r— ~d
DD S e
r=0d=r+1 n=r d+a+D)
g2 gq-1 —d ydyr
A4N d
I B S
| n
S e r'’’'d+a+1)
qg—2 q—1 -
-y A dHatril (o 4y
| q—1=
- r'lC(d4+a+1)
q—ld—1 ydyr
ACA d+a+r+1
=22 ravagpliid G4y
i Hd+a+1)
qg—1r—1 Trad
ATA d+a+r+1
Tl et o Y
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Hence

Fys (o x,5) = Saq(h) + g, (V)

g—1
= Z EPOILE | (x+y—A—1)
k=0

s Al Al dtatrtl
_ L o .
+§d§)(d!r(r+a+1) r!l"(d+a+l)> g1 @)

In particular, when o = 0, we have

Fy O, y) = L), (x—i—y—)»—%). (6.10)
7 The Higher Dimensional Case
Consider n Stieltjes moment sequences s(1) € 8;1, ...,5(n) € SZ", where g1, ..., gn

are positive integers and for each j let u; € M(s(j)) and denote by v; denote the
image measure on C of 1 ; ® o under the map (¢, &) J/t& from [0, +oo[ x T onto
C, where o is the rotation invariant probability measure on the unit circle T in C. Then
the support of each v; is contained in the closure of the disc D; centered at O with
radius Ry(j). Then we set v := v ® --- ® v, and consider the Hilbert space L*(v)
of square integrable complex-valued functions in D; x - -- x D, with respect to the
measure v. Let ¢ = (q1, ..., gn) and denote by A%’ 4 the space of those g-analytic
functions on D X - - - x I, which are square integrable with respect to v. The natural
inner product inherited from that of L?(v) turns A%’ o into a pre-Hilbert space. We are
now prepared to state the higher dimensional analog of Theorem B.

Theorem B’ The space .A%’ q is a Hilbert space which coincides with the closure of the

g-analytic polynomials in L?>(v). Moreover; for each set compact K C Dy we have
that

sup.ex | f (@I = C Il f 22y

for all g-analytic polynomials f € L*(v), where

n
€ = CCK) = supecr [Ty Fayui (12 P 12 125,
j=1

Furthermore, the reproducing kernel of A‘Z) is given by

n
- 2 2
Kug(@w) =[] FopspGiwg I2j1% wjl?), z,w €Dy x -+ x Dy,
Jj=1
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Remark C' As in Remark C, when each of the measures 1 ; has a finite support with
exacly g; elements, Theorem B’ provides the polyanalytic Cauchy type kernel of the
unit polydisc

.....

In a similar manner, from Theorem B’ we obtain the weighted polyanalytic Bergman
kernel of the unit polydisc D". More precisely, for « > —1, we consider the space

Afw’ q of all square integrable g-analytic functions with respect to the measure

dvg n(z) == # ?:1 (I—|z; 1)2dV (z) on D", where dV (z) is the Lebesgue measure

on C". We obtain the following

Theorem D' The space ‘Atzx,n,q

the g-analytic polynomials in L*(vy) and its reproducing kernel is given by

is a Hilbert space which coincides with the closure of

Kong(z,w) = H?=1 Kag;(zj, wj)

foral z = (z1,...,zZ0),w = (wy,...,w,) € D", where Kog; is the weighted
polyanalytic Bergman kernel of the unit disc.

We also obtain by similar arguments the weighted polyanalytic Bergman kernel for

the weighted Fock space in C". Namely, let o > 0, and denote by F,, , (C") the space
of all square integrable g-analytic functions with respect to the measure

20,22 dvaZ) ’

dvy(2) = |z| o> —1

where dV (z) is the Lebesgue measure on C". We will establish the following

Theorem E' The space F, 4(C") is a Hilbert space which coincides with the closure
of the g-analytic polynomials in L*(vy) and its reproducing kernel is given by

Ka,n,q(zs w) = H’}:l Kot,qj (Zjv wj)
forall z = (z1,...,2p), w = (wy, ..., w,) € C", where Ka,qj(zj, w;) is the one

reproducing kernel of the one dimensional space F4,4;(C). In particular, when o = 0,
the expression of reproducing kernel K, 4(z, w) reduces to

KO,n,q(Z’ w) = e(z,w) ]—1?=1 L;j,1(|zj - wj|2)y

where (z, w) 1= Z;'»:l Z;jW;.
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