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Abstract The characterization of normal truncated Toepltiz operators is first given
by Chalendar and Timotin. We give an elementary proof of their result without using
the algebraic properties of truncated Toeplitz operators.
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1 Introduction

Let D be the open unit disk in the complex plane. Let L? denote the Lebesgue space of
square integrable functions on the unit circle 8. The Hardy space H? is the subspace
of analytic functions on D whose Taylor coefficients are square summable. Then it
can also be identified with the subspace of L? of functions whose negative Fourier
coefficients vanish. Let P and P be the orthogonal projections from L? to H? and
[H?]*, respectively. Here [H2]* is the orthogonal complement of H? in L?. For
f € L*, the space of essentially bounded Lebesgue measurable functions on 9D, the
Toeplitz operator Ty with symbol f € L is defined by

Trh = P(fh).

forh € H?.
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An analytic function 6 is called an inner function if |0| = 1 a.e. on T. For each
non-constant inner function 6, the so-called model space is

Ko = H* © 0H.
It is a reproducing kernel Hilbert space with reproducing kernels

1 —0(w)o(z)

kG (z) =
w(@ 1—wz

Let Py denote the orthogonal projection from L? onto Kg,
Pof =Pf—0P@f). (1.1

For ¢ € L?, the truncated Toeplitz operator Ay is defined by

ADf = Pyof),

on the dense subset Ky N H® of Ky. In particular, Ky N H* contains all reproducing
kernels kz). The operator Az may be extended to a bounded operator on Ky even for
unbounded symbols ¢. The symbol ¢ is never unique and it is proved in [2] that

0 _
A% =0

if and only if
pcOH 24 0H?.
If 6(0) = 0, then Az has a unique symbol
9 e Kg+Kp.

The set of all bounded truncated Toeplitz operators is denoted by 7p.

Recall that a bounded operator 7 on a Hilbert space H is normal if T*T = TT*.
The characterization of normal truncated Toepltiz operators is first given by Chalendar
and Timotin using the algebraic properties of truncated Toeplitz operators obtained
by Sarason [2] and Sedlock [3].

Theorem 1.1 [1, Theorem 6.2] Let 6 be a non-constant inner function vanishing at
0. Then Az is normal if and only if one of the following holds

(nH AZ belongs to %y, for some unimodular constant c.

2) Ag is a linear combination of a self-adjoint truncated Toeplitz operator and the
identity.

Here % is a class of truncated Toeplitz operators introduced in [3]. In this note,
we give an elementary proof of their result.
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2 Proof of the Main Result

In this section we offer a proof of our characterization of normal truncated Toepltiz
operators AZ. We begin with some reduction. Notice that for any constant C, Ag o=
Ag + C1, which implies Ag is normal if and only if Az +c 1s normal. Thus we may
assume, without losing of generality, that ¢ (0) = 0.

Fora € D, let u, be the Mdbius transform

Z—a

ug(z) = 1—az

The Crofoot transform is the unitary operator J : K9 — K, ,0¢ defined by

1 — 2
sp=""ky

It is proved in [2] that

J% J* = Ztaoﬂ-
Taking a = 6(0), we see that it is sufficient to consider the normal truncated Toeplitz
operators for 8(0) = 0. In this case, constant functions are in Kg. Write ¢ = ¢ + @2,

where @1, @2 are in Ky. We may also assume ¢ (0) = ¢2(0) = 0.
It is easy to see that

O\k 40
(AD)* = AY.

Our approach to characterizing normal truncated Toeplitz operators starts with a com-
putation of

0. .12 Ok 112
ASull? — [1(A%)*ul .
Lemma 2.1 Let 0 be a non-constant inner function. Suppose
¢ =91+ 92,
where @1, @3 are in Kg. Then for every u € Kg N H*,

ASull* — [1(AD)*ull?
= [[PE@1w)|1> = 1IP(@w)|1* — (1P @pa)|* — | P(gau)| ).

Proof By (1.1), we have for every u € Ky N H*®

Adu = Py(pu)
= P(pu) —OPOou)
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= giu+ P(gou) — OP@piu + Ogru)
= giu — OP(O¢iu) + P(¢ru).

Then

HADull® = |[(@r1u — 0 P(Opiu)) + P(gou)|?
= |lpiu — 0P @prw)||* + || P(¢2u)]|* + 2Relpru — O P (Opu), P(gu))
=101l = [|P@¢ru)|)> + || P(g2u)||*
+ 2Re(piu — 0P @pru), P(Gu))
=P @pw)|* + | P(@2u)]1* + 2Re(pru — O P(Opiu), P(gau)).

And
giu, P(gau)) — (0P Opiu), P(pru))
gru, gau) — (POpru), 0 P(gau))

o1u, gou) — (P@pru), Ougy — 6 P (gou))
piu, (/72U>

(pru — 0P @Opiu), P(gou)) =

o~~~ —~

Thus
1AGul? = [|P@¢10)]1* + | P(@2u)| I + 2Re(p1u, gau). @1

Similarly

1(AQ ul? = [|AG, 5y ull® = 1| P~ @pau)| >+ P(G10)| > +2 Re{gou, gru). (2.2)

Subtracting (2.2) from (2.1), we get the desired identity. O

For w € D, let

ku(2) = 1—wz

be the reproducing kernel of H2.
First we show that if Ag is normal then ¢ /¢; is a unimodular function.

Lemma 2.2 Let 0 be a non-constant inner function vanishing at 0. Suppose ¢ =
©1 + @2, where @1, @2 are in Kg, and ¢1(0) = ¢2(0) = 0. Ing is normal then

lo1] = |2l

a.e.onT.

Proof By Lemma 2.1, Az is normal implies

IPE@piuw)|]> — [|P (@) > = [|PT@pau)|)* — || P(¢ou)]]?, (2.3)
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for every u € Ky N H*°. Take u = 1, we get

IPE@eDI1? = IIP@DII* = [IPT@eDII* — IP(@)I.

Since ) )
PL@¢)) =6g;, (2.4)
and
P(gj) =0, 2.5)
we have
lotll = lle2ll. (2.6)

Next we consider the reproducing kernels of Ky:

1 —6(w)d(z)

k0 (2) = g

’

and take u = u,, = ka + 1in (2.3). Using (2.4) and (2.5), we have

IPE0pjuw)l|* = [|1P@¢;K)[1* + [|P-@¢))|I* + 2Re (PH(09;kE), PH(G¢)))
= [|P@g,;K)[1> + 1169 11* + 2Re (PH(0p;k0), B¢,

and

P (@jun)l* = [|P(@ikS)I1* + [IP(@)1* + 2Re (P(¢jkE), P(¢)))
= [|P(gjkE)II*.

This together with Lemma 2.1 and (2.6) implies
Re (P*(0g1ky)., 0¢1) = Re (PH(Gpaky,). Gga). @7
Since
K = (1 —0(w)0)ky,
we get

PL@gikl) = PH(09;(1 — 0(w)0)ky) = PL(Opjky) — 0(w) P (pjky)
= PL(0gjky).

Hence

Re (P (0¢;kl). 0p;)
=Re (P-(Opjky), 0p;)
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=Re (0 ky, 0p;)
By
0

1 — we't 27

f2n| (@) (Re ) &
= i(e e——— ) —
, 7 1 —wei' ) 21

- 1[2n oy @OR (14 Re L2 Y &
- J
0

2 1 elt) 2w

1 2 1 27 it 1+we dt
11 . R _)

Sllejll +2/0 9i P( e )5

1 —
= S UlojI1* + lj 2 (w)).
The last equality holds because

1 4+ we't

Re — ——
1 — welt

is the Poisson kernel at w. Here |@; |2 is the harmonic extension of the function lo; 2.

It follows from (2.7) and (2.6) that

o112 (w) = |g2|*(w).
Let w — ¢ € T nontangentially, we see that
lp1] = lg2l,

ae.onT. O

Let U is the unitary operator on L? defined by
Uh(z) = Zh(2),
where /1(z) = h(Z). Let Vj be the operator
Voh = P(6h),
for h € L?. Consider the decomposition
[H?" = 0K ® 0[H*™ .

It is easy to check that Vg maps 6Ky onto Ky, and maps O[H?]* to 0. Thus Vj maps
[H2]* onto Ky. Since U maps H? onto [H2]1, we see that

VoU : H®> — Ky
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is also onto.
We shall use the following identity.

Lemma 2.3 Let 0 be an inner function and let g be in H>. Then for every function
feH™®

IP(EVaU)I| = [I1PE@gf)l,

where f*(z) = m

Proof Notice that for all & € L2, we have

(Uh)* = U™

and
(Ph)* = P(h").
Thus
P(gVeUf) = P(ZP(OUS)) = P(30Uf) = P(Z03 f)

= PU(09)" )= P(U @)

= (PU®Bgf")* = (UPBgf*)".
Here we used PU = U P~ in the last equality. Since ||h|| = ||h*||, for all h € L?
and U is an isometry, we get the desired identity. O

The following result is well-known (see e.g. [4, Lemma 8]).

Theorem 2.1 If f € H?, then for every w € DD,

P(fky) = f(W)ky.

Now we can prove the main result.

Theorem 2.2 Let 0 be a non-constant inner function vanishing at 0. Suppose ¢ =
©1 + @2, where @1, @2 are in Kg. Then Ag is normal if and only if either

2 — 92(0) = a1 — ¢1(0))
or
@2 — ¢2(0) = ab (g1 — ¢1(0)),

for some unimodular constant .
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Proof We may assume ¢1(0) = ¢2(0) = 0. Sufficiency follows easily from Lemma
2.1.
Suppose AZ is normal. By (2.3) and Lemma 2.2, we have

1P (@1uw)||> + 1IP@@1w)|]* = || P(@u)||* + || P@pau)?, (2.8)

for every u € Ky N H®. According to the discussion before Lemma 2.3, if we write
u=VoUf,where f € H*, (2.8) is equivalent to

1P @ VoUNII> + 1P @1 VaUNII> = [|P(@2VeUDII* + [|PO@eaVaU I,

for every f € H®. Using Lemma 2.3 and that f — f* is a bijection on H*>, we
have

IPE@e1 HIF + PG HOIF = [IPE@oa )P + 1P (g2 I, 2.9)

for every f € H*. By Lemma 2.2,

1601 £11 = 1@ 1],
and
1 f1l = llgafll.
We see that (2.9) implies
1P @1 HIF + [IP@1HOII = [IP@p2. NI + [1P(@2. )%, (2.10)

for every f € H*.
Take f = ky, in (2.10). By Theorem 2.1, we get

lo1 (W) I* + [(061) (W) > = [g2(w)|* + [(Bg2) (w) |2, (2.11)

for every w € D. Here (B¢1)(w) means (0¢1, ky).
On the other hand, using Lemma 2.2, we have

1) (OF1) (W) = (P1(0¢1), ku) = (0191, kuw) = (0lga]*, k)
= (02(092), kw) = @2(w)(0¢2) (w). (2.12)

for every w € D.
Multiplying both sides of (2.11) by |@>(w)|? and using (2.12), we have

lo1 ()2 (W) 1* + |2 (W) @G (W) > = [p2(w)* + |92 (w) (Og2) (w)
= |pa(w)|* + g1 (W) (Og1) (w)|?,
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which is equivalent to

(p1w) > = [p2(w) ) (1(0F1) (W) > — |g2(w)|*) = 0.

Thus for every w € D, either

lp1(w)| = |p2(w)],

or

lp2(w)| = [(O@1) (w)].

Then it follows from the properties of analytic functions that either

Q1 = aes,
or
2 = by,
for some unimodular constant «. O

Remark 2.1 The characterization given in Theorem 2.2 is equivalent to that in Theo-
rem 1.1. In fact, if we write ¢ = @1 + @» + ¢(0), where @, ¢, are in Ky N zH?, it is
shown in [1, Section 5] that Az € %y if and only if ¢y = ag;.
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