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1 Introduction

Forn > 2, let B be the unit ball in R” and S be the unit sphere. We denote the space of
complex-valued harmonic functions on B by /2 (B). The well-known harmonic Bloch
space b is the space of all f € h(B) such that

sup(1 — [x[H)|V f(x)| < oo.

xeB

The space b is a member of the one-parameter family of weighted harmonic Bloch
spaces by, o € R. The aim of this work is to investigate the properties of this family in
a detailed, systematic and unified way. The holomorphic counterpart of this family of
spaces and the related little Bloch and Lipschitz spaces have been studied in [13,26].

To define b, we need to introduce more definitions. We denote by L the Lebesgue
class of essentially bounded functions on B, and for o € R we define

LY ={p: (1= x)p(x) € L®},
so that L§® = L°°. The norm on L’ is

llizee = 11 = 1x)¥ )| o
We will also use the following subspaces of L3°:

Co=fpeLy: (1- 1x|?)%@(x) is continuous on B},
Cao = (¢ € Co : (1 — [x[)%p(x) = 0 on 3B}.

Definition 1.1 For @ > 0, the weighted harmonic Bloch space by is h(B) N LS° and
the weighted harmonic little Bloch space by is 2(B) N Cyo.

Obviously (for @ > 0), byo = {f € by : limy - (1 — x5 f(x) = 0}. The
norm on by (and by0) is the norm inherited from LJ°.

To extend the above definition to the range o« < 0, we need to consider growth
rates of derivatives of f € h(B). For this we will employ three different types of
differentiation. For the usual partial derivatives we will write

3\mlf

I f = —
/ X"

)

where m = (my, ..., my,) is a multi-index, m1, ..., m, are nonnegative integers and
im|l=mi +--- 4+ m,.

Itis well-known that f € h(B) has ahomogeneous expansion f = > ;2 fi, where
fk is a homogeneous harmonic polynomial of degree k and the series absolutely and
uniformly converges on compact subsets of B (see [2]). The radial derivative R f of
f € h(B) is defined as
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Rf@)=x-VfEx)=Y kfi(x), ()
k=0
and

RYf) =RR¥ ' f) = kY ftr), N=2,3,....
k=0

In addition to partial and radial derivatives we will extensively use certain radial
fractional differential operators D% : h(B) — h(B), (s, t € R) introduced in [7] and
[8]. These operators are defined in terms of reproducing kernels of harmonic Bergman—
Besov spaces and are more convenient than partial or radial derivatives in studying
harmonic function spaces. We will review properties of D! in Sect. 2.3. For now, we
only note that # determines the order of the differentiation and s plays a minor role.

The following theorem will enable us to define weighted harmonic Bloch space by
for the whole range o € R. We denote N = {0, 1, 2, ...} with 0 included.

Theorem 1.2 Let o € R and f € h(B). The following are equivalent:

(a) For every N € Nwitha + N > 0, we have (1 — |x|>)No" f € L3P for every
multi-index m with |m| = N.

(b) There existsan N € Nwitha+ N > 0 such that (1 —|x|>)No™ f € LP for every
multi-index m with |m| = N.

(c) Forevery N € Nwitha + N > 0, we have (1 — |x|>)VRN f e L.

(d) There exists an N € N withoa + N > 0 such that (1 — |x|2)N’RNf e LY.

(e) Foreverys,t € Rwitha +1t > 0, we have (1 — |x|*)' D! f € L.

(f) There exists,t € Rwitha +t > 0 such that (1 — |x|?)' D! f € L.

Moreover, ifao + N > 0and o +t > 0, then

I = 1x1) DL flizee ~ 1O+ 111 = [xHYRY £l 100
~ Y @ HOI+ Y I = PN f . @

[m|<N—1 |m|=N
A corresponding theorem holds when LS° is replaced by Cyo.

Theorem 1.3 Let o € R and f € h(B). The following are equivalent:

(a) For every N € Nwitha + N > 0, we have (1 — |x|)N3™ f € Cyo for every
multi-index m with |m| = N.

(b) There existsan N € Nwithoa + N > 0 such that (1 —|x|>)N 3™ f € Cyo for every
multi-index m with |m| = N.

(c) Forevery N € Nwitha + N > 0, we have (1 — [x|>)NRN f € Cyo.

(d) There existsan N € Nwithoa + N > 0 such that (1 — |x|)NRN f € Cqo.

(e) Foreverys,t € Rwitha +1t > 0, we have (1 — |x|)! D! f € Cyo.

(f) There exists,t € Rwitha +t > 0 such that (1 — |x|?)' DL f € Cyo.



1146 0. F. Dogan, A. E. Ureyen

For o > 0, equivalence of parts (a)—(d) of Theorems 1.2 and 1.3 are known and the
main part of the above theorems is that they also hold for « < 0. For @ = 0, see [4,
Theorem 1.4] for the equivalence of parts (a)—(d) and an additional characterization
with a different type of derivative. For« > 0, see [18, Theorem 1.1] for the equivalence
of parts (a) and (b) for the choices of N =0and N = 1.

Definition 1.4 Let « € R. The weighted harmonic Bloch space b, (respectively
weighted harmonic little Bloch space b,0) consists of those f € h(B) such that
any one of the equivalent conditions of Theorem 1.2 (respectively Theorem 1.3) is
satisfied.

If « > Otaking N = 0 in parts (b) of the above theorems shows that Definition 1.4
is consistent with Definition 1.1. Also, taking N = 1 in parts (b) of the above theorems
shows that by = b, the usual harmonic Bloch space and by is the usual harmonic little
Bloch space: boo = {f € h(B) : lim - (1 — X2V f(x)| = 0}.

We mention a few immediate consequences of Definition 1.4. First, for every « €
R, we have by C by. Also, if f € h(B), then f € bgyo; in particular every by
(and by) contains harmonic polynomials and therefore is non-trivial. It is also clear
that

by Chpo Cbg  (fora < B). 3)

The above inclusions are in fact strict (see Remark 4.9 below) and therefore all these
spaces are different.

When o > 0 we have a standard norm on b, but when ¢ < 0 we do not. For
a € Rifwepickany N € Nwithao + N > Oor pick s, € R witha 4+ ¢ > 0, each
term in (2) is a norm on b, . Since all these norms are equivalent, there is no essential
difference in choosing any one of them; and we will denote any one of these norms
by || - [, without indicating the dependence on N or s, ¢.

Fors,t € Rand f € h(BB) we will write

I'fx) =1 — |x»)! D! f(x).

It is clear from Theorem 1.2 that given o € R, if 7 is chosen to satisfy o 4+t > 0, then
f € by ifand only if I/ f € LY and || 1] f||r is a norm on by.

Our next aim is to write b, (respectively by) as quotient spaces of L° (respectively
Cq or Cqo) by using Bergman—Besov projections and obtain integral representations
for elements of b,. For this we need more definitions.

Let v be the volume measure on B normalized so that v(B) = 1. For ¢ € R we
define the weighted volume measures

dvy(x) = Vi(l — x1)9dv(x).
q

These measures are finite only when ¢ > —1 and in this case we choose V; so that
vy(B) =1.Forqg < —1,wesetV, = 1.For1 < p < 00, we denote the Lebesgue
classes with respect to v, by Lf; .
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For 1 < p < oo and ¢ > —1 the weighted harmonic Bergman space bg is
h(B) N Lg . It is well-known that the space bfl is a reproducing kernel Hilbert space

with kernel R, (x, y). In [7,8] the spaces bf; and the reproducing kernels R, (x, y) are
extended to the whole range ¢ € R. We will give a review of these in Sect. 2.2.

Definition 1.5 For s € R, the harmonic Bergman—Besov projection is

0,0(x) = fE Ry (r, »)o(0)dvs (),

for suitable ¢.

Theorem 1.6 Let o« € R. The operator Qg : Ly° — by is bounded if and only if

s>a—1. “
For an s satisfying (4), if t satisfies
a+t>0, (5)
then for f € by,
0:1{f = VSV:’ i ©)

and therefore Qy is onto. Also, Qs : Cq — byo or Qs : Cuo — by is bounded (and
onto) if and only if (4) holds.

By (6) we have the following integral representation: For f € by, if (4) and (5)
holds, then

Vi
F) = /;B Ry e I £ () v (3) = fE Ry(r )DL F () dvsse (). (T)

VH—I

This representation is very fruitful and we will use it many times in Sects. 5 and 6.

The case « = 0 of Theorem 1.6 is proved earlier in [4,11] and [14] where the
authors use different differential operators than our D!. In [18] a different integral
representation valid for « > —1 is given. We note that Theorem 1.6 covers all o €
R, gives a necessary and sufficient condition for the boundedness of the projection
operator Q; and provides a simple reproducing formula.

For the holomorphic analogue of Theorem 1.6 for the full range —0co0 < o < o0,
see [13,26].

This paper is organized as follows. In Sect. 2 we collect some known facts which
we will need in the sequel. In Sect. 3 we will define a class of integral operators related
to harmonic Bergman projection and determine when they are bounded on LJ° and
Cwo- In Sect. 4 we will prove Theorems 1.2 and 1.3 and derive basic properties of the
spaces by and byo. We will also determine when R, (x, ¢), ¢ € S belongs to by (or



1148 O.F Dogan, A. E. Ureyen

byo) and show that all by and b, are distinct. In Sect. 5 we will prove Theorem 1.6
and as a consequence we will show that the dual of Bergman—-Besov space b; (for
every g € R)is b, and its pre-dual is by under suitable pairings.

Finally in Sect. 6 we will solve the Gleason problem and obtain atomic decom-
position for all « € R. We will also give an oscillatory characterization of b, for
o> —1.

2 Preliminaries

For two positive expressions X and ¥ we will write X ~ Y if X/Y is bounded above
and below by some positive constants. We will denote these constants whose exact
values are inessential by a generic upper case C. We will also write X < Y to mean
X <CY.

The Pochhammer symbol (a); is defined by

[C(a + b)

(@)p = r@)

when a and a + b are off the pole set —N of the gamma function. By Stirling formula

(@)c
(b)e

~c* P (¢ > 0). (8)

For x e E, y € E, we will use the notation

[yl = /1= 26y + I PIy2,

It is easy to see that when x, y are nonzero

(e 1= flvbe = 5] = ety = ],

and when y = ¢ € S, we have [x, ] = |x — ¢].

2.1 Zonal Harmonics

Let Hi (R") denote the space of all homogeneous harmonic polynomials on R” of
degree k. The restriction of f; € Hy(R") to the unit sphere S is called a spherical
harmonic and the space of spherical harmonics of degree & is denoted by Hy (S). The
finite-dimensional space H;(S) C L2(S) is a reproducing kernel Hilbert space: For
¢ € S, there exists (real-valued) Z (-, ¢) such that

fi@) = /ka(n)zk(n, Hdo(m) (Y fi € Hi(S)),
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where do is normalized surface area measure on S. The spherical harmonic Z (-, )
is called zonal harmonic of degree k with pole ¢. It can be extended to R" x R" by
making it homogeneous in each variable: If x = |x|n, y = |y|¢ withn, ¢ € S,

Zi(x, y) = XM lyl* Zem, ©, k=1,2,...

For k = 0, we set Zo(x, y) = 1. For future reference we state the following properties
of Zj (for details see Chapter 5 of [2]).

Lemma 2.1 The following properties hold:

(a) Zi(x,y) is real-valued and symmetric in its variables.

(b) Zr(x,0) = Z;(0,y) =0, foreveryx,y e R*, k=1,2,...

(¢) Fork = 1and ¢ € S,maxyes |Zx(n, O = Zi(¢,¢) and Z(¢,¢) ~ k"2,
Therefore | Zi(x, y)| < 1x[*|y[Fk" 2.

(d) If fr € Hr(R"), then fi(x) = [5 f(n)Zi(x, m)do ().

(e) If fi € Hi(R") and | # k, then [g fi(n)Zi(x, n)do () = 0.

2.2 Harmonic Bergman-Besov Spaces and Reproducing Kernels

Let1 < p < oo and ¢ > —1. The weighted harmonic Bergman space bg consists of
all f € h(B) such that

1/p 1 5 1/p
it = (L) " = (5 [rora-weram) <o
q

It is well-known that the space bg is a reproducing kernel Hilbert space with repro-
ducing kernel R, (x, y):

f(x)=/BRq(x,y)f(y)dvq(y), Vfeb; (qg>-D. (C))

It is also well-known that R, (x, y) has the series expansion (see [16])

o (1+n/2 4 g
Ry(x,y) =Y —————=Zi(x.y) (q> -1,
! = /2

where the series absolutely and uniformly converges on K x B, for any compact subset
K of B. R, (x, y) is real-valued, symmetric in the variables x and y and harmonic with
respect to each variable as these properties hold for Zi (x, y).

The family of weighted Bergman spaces can be extended to all ¢ € R in the
following way: Pick a nonnegative integer N such that

g+ pN > —1. (10)
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The harmonic Bergman—Besov space bg consists of all f € h(B) such that
(1= Mo f e L,

for every multi-index m with |m| = N. When ¢ > —1, choosing N = 0 shows that
b} = h(B)N LY is the usual weighted Bergman space. The harmonic Bergman-Besov
spaces are studied in detail in [7,8] where it is shown that the choice of N is irrelevant
as long as (10) is satisfied. In [7,8] these spaces are called Besov spaces, whereas in
the literature the spaces b”,, are usually called Besov spaces.

For every g € R, the space bé is a reproducing kernel Hilbert space with kernel

o0

Ry(x,y) =Y v(@) Zk(x, y), (1)

k=0
where (see [7, Theorem 3.7], [8, Theorem 1.3])

(I +n/2+q)k . )
(n/—z)k, if q > —(1 +7’l/2),

, ifg < —(1 2).
A=zt anmy Ta=-U+n/2)

Forg > —1, we endow bé with the canonical inner product { f, g) = f]B fgdv, and
R, is the reproducing kernel with respect to this inner product. For ¢ < —1, there is
no standard inner product, there are many possible choices each leading to a different
reproducing kernel (see [8, Theorem 5.2] for the inner product leading to above Ry).
The above choice of R, follows [3] and [12], where holomorphic Bergman-Besov
spaces are studied.

We list a few simple properties that we will use later: For every ¢ € R we have
10(g) = 1 and therefore by Lemma 2.1(b),

R;(x,0) =R;(0,y) =1, Vx,yeB (Vg eR). (13)
Checking the two cases in (12), we have by (8)
ve(q) ~ k' (k — o). (14)

For each x € B, R,(x, -) is harmonic on Bandif K C Bis compact and m is a
multi-index

0" R, (x, WIS 1, VxeK, yeB, (15)

where differentiation is performed with respect to x.
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2.3 The Operators D!

Let s,¢ € R. The radial differential operator D! : h(B) — h(B) is defined in the
following way (see [7,8]): If f =) ;2 fx is the homogeneous expansion, then

Dl f = ZV"(SH) = dis. 1) fi. (16)
k=0 Yk (S) k=0
By (14),
Ay = 28D kS o0, (17)
Vi ()

and therefore roughly speaking D! multiplies the k' homogeneous term by k’. The
exact form of D! is chosen in order to have the relation

DgRy(x, y) = Ryt (x, y), (18)

where differentiation is performed on either of the variables x or y. For every s €
R, D? = I, the identity. The additive property

Dy, Dy = D™ (19)
shows that every D! is invertible with the two-sided inverse D7,
DD =D.D], =1. (20)
The following lemma is Theorem 3.2 of [8].

Lemma 2.2 Equip h(B) with the topology of uniform convergence on compact sub-
sets. Then D! : h(B) — h(B) is continuous for every s, t € R.

In some cases we can write D! as an integral operator. To see this we first show
that we can push D! into some certain integrals.

Lemma 2.3 Letc € Rand ¢ € Ll. Foreverys,t € R,
Déf Re(x, y)o(y)dve(y) = / DgRe(x, y)o()dve(y).
B B

Proof Since, for fixed x the series expansion (11) uniformly converges for y € B,

/ R o) = 3 yce) / 2 o) = 3 ).

k=0 k=0
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As Zi (-, y) is ahomogeneous harmonic polynomial of degree k, so is py and the series
on the right is homogeneous expansion. Therefore by (16),

DE/BRC(X,)’)(P(Y)ch(y) = de(sv’)yk(c)/ﬁzk(x,y)qa(y)dvc(y)
k=0
_ /B DER(x, 1) (3)dve (),

where in the last equality we use uniform convergence of Z,fio di (s, )yr(c) Zr(x, *)
(which follows from Lemma 2.1(c), (14) and (17)). O

If ¢ = s, the following Corollary follows from (18).

Corollary 2.4 Lets € Rand ¢ € L%. Foreveryt € R,

DﬁéRs(x,y)fp(y)dvs(y)=/BRs+z(x,y)<o(y)duS(y)-

Corollary 2.5 Lets > —l and f € Lé N h(B). For everyt € R,
Dif(x) = /B Ry (x, y) f(y)dvs (y). 21

Proof 1Tt is standard that the reproducing formula (9) remains true for all f € b;
(g > —1). Therefore

Fx) = /B R ) £ (s ().

We apply D! to both sides and use the previous corollary. O

The operator D! as an integral operator as in (21) appears in [11].

2.4 Estimates of Reproducing Kernels
Fora;,b;j >0(j=1,...J)andx € B, y € B, let

o0

o T@ k)T +k)
Wi(x,y) _Zr(bl +k)y---T'(by+ k)

Zi(x, y). (22)
k=0

Note that by (12), R, (x, y) is of the form (22) forevery g € R. The following estimates
for W(x, y) and its partial derivatives are taken from Section 7 of [8].
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Lemma 2.6 Letaj,b; > 0(j =1,...J) andm be a multi-index. Setc =n — 1+
(ar+---4+ay)—(b1+---+by)+ |m|. Then for every x € B,y € B,

L if c <0
@ W)(x, y)| < {1+ 108 ﬁ if ¢ =0;

X, v if ¢ >0,
where differentiation is performed with respect to the first variable.

Checking the two cases of (12), one immediately obtains the following estimate for
reproducing kernels.

Lemma 2.7 Let g € R and m be a multi-index. Then for every x € B, y € B,

1, if g+ |m| < —n;
1 .

(@ RG] < (IR gy St Iml =
1 .

W’ if ¢+ |m| > —n.

The g > —1 part of the above lemma is proved in many places including [4,11].
Since by (16), D R, (x, y) is also of the form (22), we have the following estimate.

Lemma 2.8 Let q,s,t € R and m be a multi-index. Then for every x € B, y € B,

1, ifq+t+1Im| <—n;

l .
" (DR )| S {1 HI08 g Fatidiml=—m

W’ if g+t+|m|l> —n.

Wheny =¢ € Sandx =r¢, 0 < r < 1, the following two-sided estimate follows
from part (c) of Lemma 2.1 and (14).

Lemma2.9 Let € Sand 0 <r < 1. Then

17 lfq < —n;

1 .
IRy (rg, )| ~ {1 Flog =7 if ¢ = =

a— e a>-n

For g > —1 the following estimate on weighted integrals of R is proved in various
places. For the whole range g € R, it is a special case of [8, Theorem 1.5].
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Lemma 2.10 Let g € R and ¢ > —1. Then for x € B,

L ifq <c;

1 .
[ a1 = v ~ e T =
if g >c.

(1 — |x[?a=e’

We will also need the following integral estimate. For a proof see [15, Proposi-
tion 2.2] or [17, Lemma 4.4].

Lemma 2.11 Leta > —1 and ¢ € R. Then for x € B,

1, if c <O

1— 2\a 1 . A
( |y|)‘dv(y)~ 1+log—l_|x|2, if c =0;
B [x, y]n+a+c l

a—ppe Tt
We mention one more integral estimate.

Lemma 2.12 Leta > —1,¢ > 0and 0 <r < 1. Then

1 1 — t2 a
/ ( ) dt < .
0 (1 _ r2t2)1+a+c (1 _ r2)c
For a proof see, for example, [11, Lemma 2.1].
3 A Class of Integral Operators

In this section we will consider a class of integral operators and determine when they
are bounded on L° or Cyo.

For a, ¢ € R we define

Tacp(x) = (1 — [x[H)? /B Rate(x, ) o)A — [yH)<dv(y)

Suc 9(x) = (1 — x[2)¢ /B | Rase(r. )] 00 — [yP)dv(y)
a 1 C

Egep(x) = (1 —xI) /BW e (1 =y dv(y)

The following theorem determines exactly when the above operators are bounded from
L3 to LS. Later, we will invoke this theorem many times.

Theorem 3.1 Let o, a, c € R. The following are equivalent:

(a) T, is bounded on LY.
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(b) Sa,c is bounded on LY.
(¢c) Eq4is bounded on LY.
(d) a+a>0andc > o — 1.

Before proving this theorem we first show the following lemma. Recall that by (13),
R;(0,y) = 1forevery g € Rand y € B. The lemma below shows that if x stays
close to 0, then R, (x, y) is uniformly away from O for every y € B.

Lemma 3.2 Let g € R. There exists € > 0 such that for all |x| < € and forall y € B,
we have Ry(x,y) > 1/2.

Proof Since yp(q) = 1 and Zp(x, y) = 1, we have
o0 o0
Ry(x,y) =Y w@)Zi(x,y) = 1+ Y wl@) Zx(x, y).
k=0 k=1
By (14) and Lemma 2.1(c), for |x| < 1/2,

> v(@) Zi(x. y)

k=1

oo oo 1 k—1
< k1+qkn72xk k < X ki’l“rq*l - < xl.
NI; |||y|N||I; ) Skl

Hence, for small enough e, Z,fil vi(q) Zi (x, y)| < 1/2 for |x| < € and the lemma
follows. =

Proof of Theorem 3.1 We first show the equivalence (a) < (b) < (d).
(b) = (a): This is immediate by the inequality |7 . ¢(x)| < Sq.c(l@])(x).

(a) = (d): We first show that ¢ > o — 1. Let ¢(x) = (1 — |x|?)~%. Then ¢ € Ly
and with € as in Lemma 3.2, for |x| < € we have

2\a 1 2\c—a
Toeo() = (1— xP) /5(1—|y|) dv(y).
B

If ¢ < o — 1, the last integral will be divergent and T, . ¢ couldn’t be in L3°.

To see that a + o > 0, we again let p(x) = (1 — |x|2)_“ and integrate in polar
coordinates to obtain

Tuco() = (1= x]2)° /1;; Ruse, »)(1 = [y dv(y)
1
— (1= X /0 np" (1 = P2y /S Ruse(x, pm)do (n)dp.

By mean-value property the integral over S is R,45(x, 0) which is 1 by (13). So,

I'n/24+DI'(c—a+1)
'n/24c—a+1)

Tucp(x) = (1—[x[H*=C — |xH.
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Since T, . ¢ € L3° we must have a + « > 0. What remains is to show thata +o = 0
is not possible. So, suppose a + o = 0. For xo € B, let

ARt (x0. V)|
(1 — [y)-a 2t X0 e gL (o, y) # 0;
Y (y) = Ra+c(x0,y)

(1—ly»H™ if Ryte(x0,y) = 0.

Clearly, [[¢x,llzee = 1. On the other hand by Lemma 2.10 we have
Tuc 9xo(x0) = (1 — |x0H)* /E | Rase (X0, V(1 — [y[H) ™ *dv(y)

1
~ 1= lxol»* (1 +1log ——— ).
(1= Ixol?) ( +0g1_|xO|2>

This implies, by continuity of 7} . ¢y,, that

I Tu,c oxollige = 1L = 1X)* Tac 9o (0l 220 = (1 — |x013)* T 9, (x0)

= 1+1log R

Since [|¢x [|Lee = 1, we get a contradiction with boundedness of 7 ..
(d)= (b): Supposea+a > Oandc > o —1.Letp € L3°. Then almost everywhere
lo| < llgllzee (1 — [y[*)~ and it follows from Lemma 2.10 that

|Sa.c ()] < (1 — |x[H? /B | Rae(x, M eI = [y1)dv(y)

< llgllzee (1 — |x|3)* /B |Rasc(x, MIA — [y dv(y)

1
< o(l — 2 a___ -
Sl (= WP
Hence [[Sa.c ¢llLge S llellLge-

We next show (¢) < (d).

(c) = (d): To see that ¢ > a — 1, we let p(x) = (1 — |x|>)~*. Note that for
x| < 1/2wehave 1/2 < [x,y] = ||x|y — y/|y|| < 3/2. Therefore, for |x| < 1/2,

Eqcp(x) 2 (1— x| /B (1= [y[Hdv(y).

Since E; . ¢ € LS°, we musthave c —« > —1. Thata + o < 0is not possible follows
from Lemma 2.11: Letting again ¢(y) = (1 — 1y|>)~®, we have

1— 2\e—a
Eqcp(x) = (1 — x| f A= 2 4,
B [x,

y]n+a+c
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If a + o < 0, then by Lemma 2.11, the above integral is ~ 1 and if a + o = 0, it is
~ 1+ log(l — |x|2)_1. In each case E, . ¢ cannot belong to L5°.
(d) = (c): This part easily follows from Lemma 2.11. O

Remark 3.3 Theorem 3.1 remains true when LJ° is replaced with Cyo. This can be
verified by repeating the above proof with making appropriate modifications (for
example, we change ¢(x) = (1 — |x|*)™® with p(x) = (1 — |x[*)7*/(1 + log(1 —
Ix[>)7"), etc.). We omit the details.

4 Proofs of Theorems 1.2 and 1.3

Before dealing with the general case « € R, we will first consider the case « > 0. As
is mentioned before when o > 0 the equivalence of parts (a)—(d) of Theorems 1.2 and
1.3 are known. Nevertheless for the convenience of the reader and to make this work
self-contained we will not refer to other sources and give a complete proof.

For future reference we record the following simple lemma which is a special case
of the reproducing formula (7).

Lemmad4.1l Leta > 0ands > o — 1. If f € by, then

1 ,
fx) = /153 R (x, y) f(y)dvs(y) = A /B Ry(x, ) (A = [y[») dv(y).

N
Proof The conditions imply f € bs1 and the lemma follows from the reproducing
formula (9) which is well-known to be true when f € b;. O

We begin the proof of Theorem 1.2 with the following lemma. This lemma is
standard and can be proved by more elementary techniques. We include a proof for
completeness and to illustrate how it follows from the reproducing formula, the kernel
estimates and Theorem 3.1. Later, we will employ this technique many times.

Lemma 4.2 Let o > 0 and f € h(B). The following are equivalent:

(@) f € bq.
(b) (1 —|x)IVf(x)] e L.
(c) (1 —|x|»HRf(x) e L.

Moreover,

Lf = £ O, ~ 1A= kP V@ llzge ~ 10 = xPRF)rge-  (23)

Proof (a) = (b): Let f € by. Picks > a — 1. By Lemma 4.1,

1
Jx) = f0) = A /B Ry (e, () = FO) (1 = [y[*) dv(y).

Taking partial derivative we obtain

0 1 0
=L /I; L R () — FO)1— Iy Py dv(y),

8x,~
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where changing the order of the derivative and integral is easily justified using (15).
Applying Lemma 2.7, we get

af 1 s
(1- |x|2>|a<x)| Sa- lez)/BWV(y) — FO|A =y dv(y),

and part (b) now follows from Theorem 3.1.
(b) = (c): This immediately follows from (1).
(c)= (a): Let M := ||(1 — |x|2)Rf(x)||Lgc. Then

M
Rf(x)| < W’ for x € B. (24)

By calculus and (1),

2 R f(tx) dr 4 /1 R f(tx)
1

t /2 t

1
f(x)—f<0>=/ x~Vf(tx)dt=/ di =1 + b,
0 0

To estimate /; note that Cauchy’s estimate and (24) implies, for |x| < 1/2,

IVRf()| =C sup [RF(ISM. (25)
lyl=3/4

Since R f(0) = 0, we have R f(x) = fol x - VR f(tx) dt and using (25) we deduce
IR f(x)| < M|x| for |x| < 1/2. Therefore

1/2 Rf(t 1/2 Mt
|11|5/ RICI < [T MO gy oy M
0 t 0 t (1 — x|

For the second integral I, we use (24) and Lemma 2.12 to obtain

1 1 1
IR f(tx)| / / M M
bL| < — > dr < Rf(tx)|dt < dr < .
'2'—/1/2 ‘ ), RIS | e S T wpye

Hence || f — f(O)llp, S 11— xRS @) 2z o

We note that we can write (23) in the following form:

1 lbe ~ £ O]+ 10 =[x [V @] zge ~ 1O + 11 = [xHRF () Lo
It is straightforward to extend the previous lemma to higher order derivatives.

Lemma 4.3 Let o > 0 and f € h(B). The following are equivalent:

(a) f € by.
(b) For every N € N, we have (1 — |x|)No" f e LgP for every multi-index m with
lm| = N.
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(c¢) There exists N € N such that (1 — |x|2)N8mf € L2 for every multi-index m with
|m| = N.

(d) Forevery N € N, we have (1 — [x|>)NRN f € LS.

(e) There exists N € N such that (1 — |x|>)NRN f L.

Moreover,

1o~ Y 1@ DO+ Y I = PN fll

[m|<N—1 |m|=N (26)
~1FO+ 1A = xDYRY £l 0.

Proof We show (a) < (b) < (c). The equivalence (a) < (d) < (e) can be justified
similarly.
a
(a) = (b): Suppose f € b,. By Lemma4.2, 8_f € by41 foreveryi =1,2,...,n.
X

i
2

Applying Lemma 4.2 again we obtain € by4o forevery i, j =1,2,...,n.

8x.,~ 3)6,‘
We continue until we obtain 0" f € by4n for every m with |m| = N.
(b) = (c): This part is clear.
(c) = (a): Suppose (1 — Ix|H)Nom f e L3P, thatis 8" f € by for every multi-

index m with |m| = N. Let m’ be a multi-index with |m’| = N — 1. Then a—i)m/f €

Xi
bo+n foreveryi = 1,2,...,n and Lemma 4.2 implies a’"’f € by+nN—1. We repeat
the same argument sufficiently many times until we obtain f € by.
It is not hard to verify (26) and we omit the details. O

We next show that instead of partial or radial derivatives we can use the operators
D!. We remain in the region o > 0.

Lemma 4.4 Let o > 0 and f € h(B). The following are equivalent:

(a) f € ba.
(b) Foreverys,t € Rwitha +t > 0, we have (1 — |x|*)' D! f € L.
(c¢) There exists,t € Rwitha +t > 0 such that (1 — |x|2)’D§f e L.

Moreover, || fllp, ~ (1 — [x[*)' DL f| Lo

Proof (a) = (b): Suppose f € b,. Pickc > @ — 1. By Lemma 4.1,

Fx) = /R Re(ra ) f (e ().

We apply D! to both sides, push it into the integral by Lemma 2.3 and then use
Lemma 2.8 (withn +c+t>n+a—14+1t>n—1 > 0)to obtain

1 c
e [ = YD) dv(y).

(1= xIDL ) S A - |x|2)’/
B [x, y]

Theorem 3.1 now implies |[(1 — |x|2)’D§f(x)||Lgo < | f1lLee and part (b) follows.
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With (b) = (c) being clear, we show (c) = (a): Suppose (1 — |x|?) D! f(x) € LY
that is D! f € by Pick ¢ with¢ > o +1¢ — 1. By Lemma 4.1,

Dif(x) = /E Re(x, )DL £ (0)dve(y).

We apply Dy, to both sides, use (20) on the left, push D, into the integral by
Lemma 2.3 and obtain

fx) = /B Dy Re(x, y) D} f(y)dvc(y).

Applying Lemma 2.8 shows (withn +c—t>n+a+t—1—-t>n—-1>0)
1 -
()] S/BW(I — XY IDLf WA = [y dv(y).

It now follows from Theorem 3.1 that || f]| e <|a- |x|2)’D§f(x)||Lgo. O

Before proving Theorem 1.2 for all « € R we mention one last elementary lemma.
We include a proof for completeness.

Lemma 4.5 Let N > 1 be an integer. Then

RN = Z pmd"™,

I1<|m|=N
where py, is a polynomial with degree equal to |m|.

Proof Let f be a smooth function. Then R f (x) = x - V f(x) = >/, x; 3f/x; , s0
the lemma is true for N = 1. For N = 2 we compute

Rz B n ' 9 n af n
f(x)_;xfﬁj ;x 0x; Z ’xfax,ax, Z j

i,j=1

and the lemma is true for N = 2. The general case follows from induction. O

We are now ready to deal with the main part of Theorem 1.2, i.e. extending the
previous lemmas to all @ € R.

Proof of Theorem 1.2 We will show (a) = (b) = (c) = (d) = (e) = (f) = (a); the
implications (a) = (b), (¢) = (d) and (e) = (f) being clear. We will refer many times
to Lemmas 4.3 and 4.4 and in these cases we will make sure that the subscript of b is
always greater than 0.

(b) = (c): Suppose there exists Ny with « + Ny > 0 such that (1 — |x|2)N°3mf €
Lo, thatis 0™ f € by, for every multi-index m with |m| = Np.
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We first show that if m’ is a multi-index with |m’| < No, then 8" fisalsoinbyn,:
For |m| = No, by Lemma 4.3, 3" 9" f € bgy N+ jm/|- Since by (3), besnosim'| C
ba+2n,, we deduce that 9™ am f € bayon, for every multi-index m with [m| = Ny
and it follows from Lemma 4.3 that 8" f € bgyn,. Applying Lemma 4.5 now shows

RN f € by, (27)

Suppose N € Nissuch thate + N > 0. If N > Ny, Lemma 4.3 and (27) implies
RNf = RNfNO(RNOf) € bytNy+(N—-Ny) = batn. Similarly, if N < Ny, then
RN f = RNo=N(RN f) and Lemma 4.3 and (27) implies R" f € by Ny—(Ng—N) =
bo+N-

(d) = (e): Suppose there exists Ng € N with « + Ng > 0 such that
(1 — |x|HNoRNf ¢ L3P, that is RN f e by+n,- Take any s,¢ € R such that
o+t > 0. Then by Lemma 4.4, we have D! (R™° f) € by ny+- By considering their
actions on homogeneous expansions it is clear that D’ and RNo commute. Therefore
RN(D! f) € by ny++ and we conclude by Lemma 4.3 that D! f € b4

(f) = (a): Suppose there exists sg,fop € R with o 4+ 9 > 0 such that (1 —
|x|2)’0D§?)f € L%, that is Df‘(’) € byt Pick ¢ > o + 19 — 1. Then by Lemma 4.1,

DY f(x) = | Re(x,y)DY f(y)dve(y).
B

Applying D;Otjg,o to both sides, using (20) on the left and pushing D;OZ%O into the
integral by Lemma 2.3, we obtain

fx) = /B Dy, Re(x, y) DI f(n)dve(y).

Take N € N with @ + N > 0 and let m be a multi-index with |m| = N. Then

" £ =" [ DL Rex, 3D FOIv)
B
- / 0" (D3 Re(x. ) DI F Ve,
B
Applying Lemma 2.8 (withn +c—1t+ N >n+a+ N —1>n—1> 0), we get

(1= Iy»)°Ds f )

2\Cc—1
e (= P,

A= PHM" fl S (4= Y
B
Theorem 3.1 now implies that (1 — [x|})V3™ f € LS.
By retracing the above proof it is not hard to see that (2) holds. O

Proof of Theorem 1.3 is similar to the proof of Theorem 1.2; the main difference
is we refer to Remark 3.3 instead of Theorem 3.1. We omit the details.
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We now show the basic properties of the spaces by and b,0. As mentioned before,
by (2) we can endow b, (and its subspace byn) with many equivalent norms. In the
sequel we will mainly use the norms induced by D!: Given « € R, pick any s, ¢ with
a+t > 0,then | (1 — |x|2)’D§f||Lgo = ||1{ fllLe is a norm on by; all these norms
are equivalent and we will denote any one of them by || - ||, without indicating the
dependence on s and 7.

We first show that all b,, (resp. by() are isomorphic. We emphasize that the propo-
sition below is true for every ¢ € R without any restriction.

Proposition 4.6 Let o« € R. For any s,t € R, the map D% : by — bgys (resp.
D! : by — b(g41)0) is an isomorphism and is an isometry when appropriate norms
are used.

Proof Pick u such that @ + ¢t +u > 0. We endow b, with the norm || f|l;, =

757" fllLge and by, with the norm [Igllp,., = 11,8 llre,, - By (19),

D5 f b = 114, D fllze, = 11— x)* DYy (D Pl
= (= XDy fllge, = 1 fllzge = 11 llb,

a+t

ForO <r < 1,let f, : B — B, f.(x) = f(rx) be the dilate of f.

Corollary 4.7 Let a € R. The following properties hold:

(a) by and by are complete spaces.

(b) Let f € by. Then f, — f (asr — 17)in by if and only if f € byyo.
(c) byo is closure of polynomials in b,.

(d) byo is separable whereas by is inseparable.

Proof 1t is well known that these properties hold for by and by (it is also elementary
to verify them for « > 0). The general case then follows from the isomorphism in
Proposition 4.6, the fact that D! maps polynomials to polynomials and the simple
identity D! (f,) = (DL f),. o

Fix ¢ € S. Then for any ¢ € R, we have R, (-, ¢) € h(B). In the next theorem we
determine when R, (-, ¢) belongs to by, (or byo) and therefore provide non-trivial (i.e.
non-polynomial) examples of elements of by (or byp). This theorem will also allow
us to distinguish between these spaces.

Theorem 4.8 Let g, € Rand ¢ € S. Then

(i) Ry(-.¢) € by ifand only if & > n + q.
(ii) Ry(-,¢) € bao if and only if & > n + q.

Proof Pick t large enough that +¢ > O and n + g + ¢ > 0. By (18), we have

I1Ry(x. &) = (1 — |x)' D! Ry(x. ©) = (1 — [x ) Ry (2, 0),
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and Lemma 2.7 implies

R, (x. )] < - A= _ 1
ST L gttt =gt Y (1 =[xyt

Hence, if @ > n + ¢, then Iq’ Ry(x,¢) € L and therefore Ry(x,¢) € by. Similarly,
ifa > n+ g, then I(;Rq(x, ¢) € Coo and Ry (x, £) € byo.
For the reverse implications, note that by Lemma 2.9, we have

1
Ryt4(rg, o) ~ W’ 0<r<l,

and so I} R;(r, ¢) ~ (1 —r?)~"+9 . Now, if @ < n + g, then I/R,(x,¢) ¢ LY
and therefore R;(x, ) ¢ by. Similarly, if @ < n + g, then Iq’ Ry (x,2) ¢ Cyo and
Rq(x, ) ¢ bao. o

Remark 4.9 Using the above theorem it is easy to see that the inclusions in (3) are
strict. First, if « < B, let ¢ = (a + B)/2 — n. Then we have R;(-, ) € bgo but
Ry(-,8) ¢ by. Next, for B € R, we have Rg_,,(-,¢) € bg but Rg_,, (-, &) ¢ bgo.

5 Projections

In this section we will prove Theorem 1.6 and then apply it obtain duality results.

Proof of Theorem 1.6 We first show that Qg : LS — b, is bounded if and only if
s > a — 1. Suppose s > o — 1. For ¢ € LJ°, the integral fB Rs(x, y)o(y)dvs(y) =
Q¢ (x) converges by (15) and is harmonic on B. Pick 7 such that « +¢ > 0. We need to
show that || Qs¢llp, = 1! Qs ll oo < @l Leo . For this we note that by Corollary 2.4,

1! 0y0(x) = (1 — |x2)' D! /R Ry (x. Yo () dvy ()

1 25t 2\s 1
= — (1 —[x[") /BRS-H(X»)’)(P()’)O = yI")dv(y) = v 5,0 (X)),

Vs
(28)
and Theorem 3.1 shows || 1} Os¢llLye S lelirge.

Ifs <a—1,letg(x) = (1 —|x|?)~ and € be as in Lemma 3.2. Then for |x| < ¢,

1
2V

0,0(x) = fB Re(x, o ()dvs(y) = fB (1= [y dv(y).

Since the integral on the right diverges, Q¢ can not be in L3°.

We now show (6). Suppose (4) and (5) hold. Then s +¢ > —1.If f € b,, we have
(1—|x>)'DLf € L and so | DL f(x)| < (1 — |x[*) =@+, This shows D! f € L},
and applying Corollary 2.5 and (20), we obtain
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1
0,1/ (1) =+ /}; RoCe, I FO(1 = [y dv(y)

V.
= ‘Sf'/Rs(x,y)D.if(y)dvm(y)
s B
Ve Vite
= ;S Dsi,Déf(X)=€/—sf(x).

Oy : LY — by isonto since f € by implies I! f € LY and O, ((Vi/ Vsy)IL f) =
f by above. Hence all the claims related to b, hold.

We next show that under (4), Qs maps C,, (and therefore Cyg) into byg. For this we
first show that if p is a polynomial, then Qs ((1 — |x |2)~% p) is a harmonic polynomial
of the same degree and therefore belongs to byo. By linearity of O, we can assume p
is a homogeneous polynomial. Then, by [2, Theorem 5.7], there exists p; € H;(R")
such that

p =i+ xPpia@) 4+ 4 XX pr_a(x), (29)

where k is the degree of p and / = [k/2]. We have

Os((1 = X)) ™ p)(x) = /B Ry(x, y)(1 = [y[) ™ p(y)dvs ()

and using uniform convergence of the series expansion (11), (29), integrating in polar
coordinates and using Lemma 2.1 (d) and (e) we obtain that Q((1 — x|>)"*p)isa
harmonic polynomial of degree k.

Now, if ¢ € Cq, then (1 — |x|?)%p =: ¥ € C(B). By Stone-Weierstrass theorem
we can approximate v with polynomials and therefore we can find a sequence (p;) of
polynomials such that ||¢ — (1 — Ix|%) "% p; lLge — O (as i — 00). Boundedness of
Qs 1 LY — by shows Qs((l — |x|2)_"‘p,~) — Q;(¢) and by completeness of by,
we conclude Qs¢ € byo.

To see that (4) is necessary for boundedness of Q; on Cy, or Cyg, suppose s < o — 1
andletg(x) = (1—|x[*)~*/(14+log((1—|x*)~"). Then ¢ € Cyo, butby Lemma 3.2,
0Os¢(x) diverges for sufficiently small |x]|.

That Q5 maps Cyo (and C,) onto by follows from (6) and Theorem 1.3.

Remark 5.1 In case o > 0, we have by, C Lg° and for an s satisfying (4), Oy is a true
projection on LS° with range b, (that Q? = Q) follows from (6) by choosing t = 0).
When a < 0, by is no longer a subspace of L3° but for ¢ satisfying (5), I!(by) is an
isometric copy of b, in L3°. Under (4) and (5), the operator

Vs
P=——I0,
Vg *°°

satisfies P2 = P by (6) and is a projection on LS with range 17 (by), the isometric
copy .

We record the following relations between the operators Qy, I! and T ;.
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Corollary 5.2 Let « € R. Suppose s, t satisfy (4) and (5). The following operator
identities hold:

Vs+t

(a) Qs = I on by,
(b) Ty, 1! = Vsj_, 1! on by.
(c) I{Qs = ‘1 Ty, on LY.
(d) QsTsr = Vst Qs on LY.

Proof Part (a) is just (6) and part (c) is (28). The other parts follow from these. O

An immediate consequence of (7) is the following growth estimate. The « > 0 part
of this estimate is clear by definition of b,.

Corollary 5.3 Leta € Rand f € by. Then
(1— |x|2)—“ if a > 0;

NECIIBSY A TS 1+10g | 7 fa=
1, if @ <0,

for every x € B.

Proof Pick s, t such that (4) and (5) holds. Then by (7),

Fo) = / RoCr NI F () dvy ().

Vv+t

Using [I!f()] S (1 — x| I fllzee and [[fllp, = III!fllzee and applying
Lemma 2.10, we get the above estimates. |

5.1 Duality

When 1 < p < ocoand g > —1, it is well-known that (bf; )’, the dual of the harmonic

Bergman space b!, can be identified with bé’ /, where 1/p + 1/p’ = 1. It is shown in
[8, Theorem 13.4] that this statement is true for all ¢ € R. Our aim in this subsection
is to show that (bé)’ can be identified with b, and (by0)’ can be identified with b;.
Here, g, @ € R without any restriction and the aforementioned identification can be
obtained using many different pairings. More precisely, we have the following.

Theorem 5.4 Let g € R. Pick s, t such that

s>q, (30)
g+1t>—1. 31)
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The dual of bcll can be identified with by, (for any o € R) under the pairing

(f.8) = /B e g dvgea,  (f €b), g €ba). (32)

Before proving Theorem 5.4 we need to review a few facts from [8]. Recall that in
Sect. 2.2 we defined harmonic Bergman—Besov spaces bg in terms of partial deriva-
tives. Analogous to Theorems 1.2 and 1.3 we have the following: Given 1 < p < co
and ¢ € R, pick 5,7 € R with ¢ + pt > —1. Then f € h(B) belongs to bf]’ if and
only if I f € L([; and ||1S’f||Lg is a norm on bf; (see Theorem 1.2 of [8]).

The following projection theorem for bg spaces is Theorem 1.4 of [8].

Theorem A (See [8]). Let 1 < p < oo and g € R. Then Qs : L("; — bg is bounded
(and onto) if and only if

g+1<pls+1). (33)
Given s satisfying (33) if t satisfies
g+ pt > —1, (34)

Vs +t
Vs

then for f € bY, we have Q1! f = I

The following theorem is Corollary 11.1 of [8]. It is similar to Corollary 5.2 but it is
for the spaces L} and b}

Theorem B (See [8]) Let 1 < p < oo and q € R. If (33) and (34) holds, then

1%
(a) QsI§ = ;;H I on bf;.
N
(b) Ts 11! = Vi I on b,
1
(c) Isth = v 5,6 ONn Lzl;'

N

(d) QsTs,t = Vs+t Qs on Lg.
We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4 First, note that (30) and (31) are just (33) and (34) with p = 1.
Lett’ =5 — g —aand s’ =t + g + a. Then by (30) and (31), we have

s >a—1, (35)
a+t >0. (36)

If g € by, then I',g € L by (36) and if f € b, then I! f € L], by (31). Therefore
the pairing (32) defines a linear functional on bé.
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Conversely, let £ € (b;)/ . We will show that there exists g € b, such that L(f) =
(f, g). We begin by observing that Lo O, € (L ;)’ by Theorem A and (30). Therefore
by Riesz representation theorem there exists x € L such that for ¢ € L/,

ﬁQs(¢)=/§07qu =/¢deq+a,
B B

where we set ¥/ (x) := (1 — |x|®)"*x (x). It is clear that Y € L3°.For f € b; we have
I'f e L}I and by first part (a) and then part (b) of Corollary B,

V. \4 — % _
L(f)= Vi ACQvatf = er /Blstfwdvq-ﬁ—a = VTSA;Ts,tlgtfdeq+a~
s+t s+t s+t

Explicitly writing the action of T ;, and then applying Fubini’s theorem and Corol-
lary 5.2 (c), we obtain

V. — Vs Vg A
L(f)=—3 f Lf Ty oW dvgra = —5— f L1 00% dvgig.
Vi JB Vi /B
ViV
Let g = V2 Qy¥. Then g € b, by Theorem 1.6 and (35), and L(f) = (f, g)-
s+t
Retracing the above proof it is easy to see that ||g||5, ~ [|£||. Finally uniqueness of g

follows from the uniqueness part of Riesz representation theorem. O
We now consider the dual of b,.

Theorem 5.5 Let o € R. Pick s, t such that

s>o—1,

o+t >—1.

The dual of byo can be identified with b; (for any g € R) under the pairing

(fog) = / I I8 dvgrar (F € buo. g € b)),

Proof The proof is very similar to the previous proof. We interchange the roles of
Theorem 1.6 and Theorem A, and also interchange the roles of Corollary 5.2 and
Corollary B, and make minor modifications. We omit the details. O

For o = 0 and g > —1 Theorems 5.4 and 5.5 have been proved in [11, 14,22]. For
the holomorphic analogues of these theorems with the full range « € R and ¢ € R,
see [13,26]. The pairings in [13] are exact holomorphic counterparts of our pairings,
whereas in [26] slightly different pairings (involving a limit) are used.
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6 Gleason Problem, Atomic Decomposition and Oscillatory
Characterization

6.1 Gleason Problem

Leta € B. The Gleason problem for weighted harmonic Bloch (or little Bloch) spaces
is to determine whether there exist bounded operators Ay, Az, ..., A, : by — by (oOr
byo — bgo) such that

fo) = f@) =Y (xj—aj)A;fx).

j=1

This problem is solved in the affirmative for @ = 0, « = 0 in [4] and for general
a € Bando > —1in[18]. In[10] this problem is solved not just for B but for bounded
convex domains with C2 boundary, but still with the restriction ¢ > —1.

Our aim here is to solve Gleason problem for all « € R. The main ingredients of
our proof are the reproducing formula (7) and the kernel estimates of Sect. 2.4.

Theorem 6.1 Let « € R and a € B. There exist bounded linear operators
A1, Aa, ..., Ay on by (respectively byg) such that for all f € by (respectively byo)

f(x)—f(a):Z(xj—aj)Ajf(x), Vx € B. 37
j=1

Proof Let f € b,. For x € B, by calculus,
1
f(X)—f(a)=/ Vf(tx+ 1 —1)a) - (x —a)dr
0

n 1
- Z(xj —aj)/ 3; f(zx + (1 = v)a)dr,
j=1 0

where we write d; f for df/dx;. Defining A; by A; f(x) = fol 0; f(rx +(1— r)a)dr,
it is obvious that (37) holds. It is also clear by differentiating under the integral that
A f € h(B). We proceed to show that A is bounded on b, . For this we pick N € N
with @ + N > 0. By Theorem 1.2 it suffices to show that

Y 1@ AHO+ Y 1A= xPHNO" A fllze S 11 £ b,

lm|<N-1 lm|=N

We choose s, t € R so that (4) and (5) holds and in addition we choose s > —n.
Then I5 f € Lg® and || flp, ~ 15 fllLge- By (7),

Vs
Vs +t

Flx) = /B Ry y) I £ () dvy (),
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and so

Vs
Vv+t

1
A fx) = /0 é(a,»Rs)(rx (1= D, ) I () dvs(y) d,

where pushing the derivative into the integral is possible by (15). Let m be a multi-index
with [m| < N. Differentiating and using the chain rule we obtain

1
IMAGf(x) = Vvi fo ! /B ("3 Ry)(tx + (1 — D)a, y) IL f () dvs (y) d.
S+t

Application of Lemma 2.7 and Fubini’s theorem gives

1
[tx + (1 = D)a, y]rtstimi+

1
10" A f(x)] s/Bu;f(yn/o dr dvg(y).

The inner integral is estimated in [18, Lemma 2.1] where it is shown that

! 1 1
dr < ——————
0 [tx + (1 — 7)a, y]n+s+|m\+1 [x, y]n+s+|m|

Therefore
1
my . < R ¢4 _ 2\s
[0"A; f(x)l N/]B[x’y]nﬂﬂml g OO = 1y[7) dv(y).
If |m| = N, then it follows from Theorem 3.1 that

1= e PHNo™ A Fllrg S I flleg-

If m| < N — 1, then since [0, y] = 1, we have

10" A f(0)] S/BII;f(y)I(l — Iy dv(y) < I fllLee /Ba — ) dv(y)
S fllzge-

We conclude that A is bounded on b .
For by we repeat the same argument. In this case f € by implies I! f € Cyo by
Theorem 1.3 and at the end we refer to Remark 3.3 instead of Theorem 3.1. O

6.2 Atomic Decomposition

Atomic decomposition for the standard harmonic Bloch space bq (and the little Bloch
space bqo) is obtained firstin [6]. That resultis slightly extended in [5] where a different
proof based on Md&bius transformations is given. Their result is generalized in [23] to
standard harmonic Bloch space on smooth bounded domains.
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Here, by using the isomorphism in Proposition 4.6, we will provide atomic decom-
position for all by, @ € R.

We first introduce some definitions. For details see [1,5] or [6]. Let a € B. The
canonical Mobius transformation ¢, on B that exchanges a and 0 is given by

(I —a*(a—x)+la —x|*a
B [x, a]? '

@a(x)

The pseudohyperbolic metric p(x, y) on B is defined by p(x, y) = |, (y)]. Clearly,

=] e
x, y]
pseudohyperbolic ball with center a and radius ,0 < r < lis E,(a) = {x € B :
p(x,a) < 1}.

LetO < r < 1and (x,,) be asequence in B. The sequence (x,,) is called r-separated
if the pseudohyperbolic balls E; (x,,) are pairwise disjoint. The sequence (x,,) is called
an r-lattice if | ,, Er (x») = B and (x,,) is r/2-separated.

The following theorem gives the atomic decomposition for by and bgg. Here, £ =
{(xm) : x;n is bounded} and cg = {(x;;) : lim,, 00 X, = 0}.

0 < p(x,y) < 1 and a straightforward computation shows p(x, y) =

Theorem C (See [5,6]). Let s > —1. There exists §o = do(s) > O with the following
property: If (x,,) is a 8-lattice with § < 8o, then for f € by, there exists (Ay) € £*°
such that || Ay |lee ~ || fllpy and

=" A= xR Cx, xm).

If additionally f € b, then (A;) € co.
The following is generalization of the above theorem to all @ € R.

Theorem 6.2 Let « € Rand s > o — 1. There exists 5o = do(c, s) > O with the
following property: If (x,,) is a §-lattice with 6 < &, then for f € by, there exists
(Am) € £ such that || km e ~ || f llb, and

F@ =" A = L P 7 Ry (. ). (38)

If additionally f € by, then (Ay) € co.

Remark 6.3 The index s of the reproducing kernel R in (38) need not be greater than
—1, in these cases extended kernels are involved.

Proof of Theorem 6.2 Let §g = So(s — «) be as provided by Theorem C and (x,,)
be a §-lattice with § < &g. Let f € by. Then by Proposition 4.6, D% f € by and
D% fllbg ~ | fllp, - Applying Theorem C with s replaced by s — o we see that there
exists (A,,) € £°° such that

DI () = Am(1 = x| Ry (x, xm), (39)
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with [[ Ay llee ~ 1D fllog ~ Il fllb,- We now apply DY, to both sides of (39).
Using the fact that (x,,) is a §-lattice it is not hard to see that the series on the right of
(39) uniformly converges on compact subsets. Therefore we can push D¢, into the
sum by Lemma 2.2 and obtain

DY D f(x) =Y dw(1 =[xl D) DY Ry (x, X).
m
(38) now follows from (20) and (18). The claim for by is justified similarly. m]

6.3 Oscillatory Characterization

Throughout this subsection we will assume o« > —1. Then one can choose N =
1 in Theorem 1.2 (a) and therefore f € h(B) belongs to b, if and only if ||(1 —
X2 IV £ |l Lge < 00. Our aim is to show that instead of V f one can characterize
by in terms of growth rate of | f (x) — f(y)|/|x — y|. For the standard harmonic Bloch
space by = b, the following result is shown in [19].

Theorem D (See [19]) Let f € h(B) Then f € by if and only if

K= sup (1= a2 — [y L ZIOD
x,yeB, x#y |x _yl

Moreover, K(f) ~ |(1 — [x|*) [V £ )| [ ~ IL.f — £(O)]lpy-

The analogue of Theorem D for standard holomorphic Bloch space B on the unit
ball of C" is proved in [9] for n = 1, in [21] still with n = 1 but with an elementary
proof and in [20] for arbitrary n.

In [25], Zhao generalized the result of [20] in two directions. First he showed that
the power 1/2 of 1 — |x|> and 1 — |y|? can be replaced by A and 1 — A for suitable
A, second a similar result holds for weighted holomorphic «-Bloch spaces B* for
—1 < a < 1. (We note that [25] uses a slightly different notation than ours and writes
« 4 1 where we write « and therefore denotes the standard Bloch space by B').

We will first show the harmonic counterpart of the main result of [25] and after that
we will consider the case o > 1.

Theorem 6.4 Let —1 < « < 1. Let A satisfy the following properties:

(1) 0<ir<a+1lif—-1<a<0,
2) 0<i<lifa=0,
3) a<i<lif0<a=<l.

Then f € h(B) belongs to by, if and only if

Kan(f) = sup (1= x(1 = [ypyert=+ LD =S

(40)
x,y€EB, x#y |x - yI

Moreover, Ko 5 (f) ~ (1 = [xI) [V ()] llLge ~ ILf = £(O) I,
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Choosing in each case A = (« + 1)/2 we obtain the following symmetric form.

Corollary 6.5 Let —1 <« < 1 and f € h(B). Then

) —
febue= s (1= e ez LD ZION
x,yeB, x#y lx — yl

One can prove Theorem 6.4 following the arguments of [25]. Here we want to give
a different proof based on the integral representation (7) and the following estimate
of the oscillation of reproducing kernels.

Theorem E (See [24]) Lets > —nand 0 <t < 1. Then

[Ry(x, u) — Rs(y, u)l < 1 ( 1 1 )

+
|x — y| ~ Ix, y]lfr [x, u]n+s+r [y, u]n+s+r
forevery x,y,u € Bwith x # y.

Proof of Theorem 6.4 Let —1 < «a < 1 and X satisfy the given properties. Suppose
additionally that in case —1 < o < 0, we have 0 < A < o + 1. We will separately
consider the cases —1 <o <OandA =0or A =« + 1.

Pick any s, ¢ such that (4) and (5) holds. Since Ky (f — f(0)) = Kaa(f),
we can assume f(0) = 0. Then by Theorem 1.2, || fllp, = ||I§f||L3c ~ (1 —

X2 IV £ |l Lo - By the integral representation (7), we have

Fa) = 2 f RoCe, i) I ) dvy ()
B

Vst
and therefore

[ f(x) = f) </ [Ry(x, u) — Rs(y, u)l
~J |x

1 F )| (1 — [ul*) dv(u).
lx — yl -yl

Using that (1 — |u|2)°‘|IS’f(u)| < ||IS’f||Lgo = || fllp, and applying Theorem E we
obtain

(1 — [x[H*(1 = [yHeti= (1 — |u?)s—
<
Kar(F) S 1 £l L ( [l v
(1 — [u?)s—@

We now choose 0 < 7 < 1 in the following ranges:

(1) —a<t<mnA—a,1—-Aif -l <a<0andO < A <a+1,
2) 0<7<min{A, 1 —A}ifea=0and0 < A < 1,
B O0<t<minA—a l—-Alif0<a<landa <A <I1.
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Then the following inequalities will hold:

a+1t >0, (42)
T<1—2, 43)
T<A—o. (44)

Estimating the integrals in (41) by Lemma 2.11 (with & + t > 0) gives

(1 —x2 A — [yP)er=* (1 —[x))* (1 - |y|2)a+1—x>

Ko S ' - -
A(f) I/ 1lb < [x, y]l (1 — |x|2)a+r [x, y]l (1 — |y|2)a+r

Since [x,y] > 1 —|x|and [x,y] >1—|yland ]l —t > Xandl —7 >a+ 1 — A by
(43) and (44), we conclude Ko 5 (f) S I flln, S N — X1 [V Q] llge.

We now deal with the remaining case —1 <o <0and A =0or A = « + 1. For
this part we follow the proof of [19]. Let —1 <o <Oand A =0 (thecase A = o + 1
will follow from symmetry) and let f € b,. As before we can assume f(0) = 0 and
therefore ||(1 — |x|?) |V £ (x)] llLge ~ Il f1lp, - By calculus,

1
f(x)—f(y)=/0 Vitx+ 1 —-0y)-(x —y)dt

and therefore

. 1
) = 5/ V£ (tx + (1= Dyl dr.
lx — yl 0
Using that |V f (tx + (1 — 0))] S (1 — [t + (1 = )y~ @ D] £}, we deduce

_ 1 d
[f(x)— f() < ||f||ba/ t .
|x — yl o (I —Jtx 4+ (1 —=1)y>)>

Since |tx + (1 — )y| < t|x|+ (1 —)]y] <t+ (1 —1)|y|, we have

l—jtx+A =0y >1—|tx+ A —0)y| > 1 =) —|y]).
Hence

2011/ () = fO)]
lx — yl
SIA =P IV g

U ar
Koo = (1 =1yl S N, A @5 I llb

To see the “if” part, let ¢; = (0,...,0,1,0,...,0) with 1 in the i'" slot be the
standard i’ basis vector. Then
. fx+te) — f(x)
m .

A 2y =i

0X; t—0 t
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By (40), we have

t Kot,)L (f)

YA [x e Py

If(x +tei) — f(x)| < i

and therefore

of Kes (f)
‘a_x,-(”' = A ket
Hence [|(1 — [x[3) [V f )| e S Kan () u]

Remark 6.6 In case —1 < a < 0, by Theorem 1.2 we have

f € by < sup (1 — |x]>)*TVFx)| < .

xeB

On the other hand choosing A = @ 4 1 in Theorem 6.4 shows

feby= sup (1- m%aﬂM >
x,yeB, x#y |x — y|

So in this case one can replace |V f| in the definition of by with | f (x) — f(¥)|/]x — y|.

The conditions on « and A in Theorem 6.4 are all unimprovable. As an example,
let us consider the case « = 0 and show that Theorem 6.4 is not true for A = 0 (by
symmetry this will show that Theorem 6.4 is not true also for A = 1).

Pick ¢ € Sand let f(x) = R_,(x, ¢). Then f € bg by Theorem 4.8. On the other
hand by Lemma 2.9, for x = r¢,

fre) =R ,(rg,0) ~1+log

1—r2
Therefore
|f(x)— fO)] 1 1
sup —— > sup -—log 5 =00
x€B, x#£0 |x| O<r<1 T I—r
and so,
[f(x)— fDI
Koo(f)= sup (I—[|yP)=————— =00
x,yeB, x#y lx — ¥l

In the other cases we argue similarly: We let f(x) = Ry—,(x,¢) for ¢ € S.
Then Theorem 4.8 implies f € by. On the other hand using the estimate for f(r¢) in
Lemma 2.9 one can easily show that if A is outside the given ranges, then K 5 (f) = oo.
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Note that in case @ = 1, the only choice for A in Theorem 6.4 is A = 1 and for
f € h(B) we have

febi = sup (1—|x|2)(1_|y|2)w - o0

(45)
x,y€B, x#£y [x — ¥l

We now generalize (45) to o > 1 in the following form

Theorem 6.7 Leta > 1 and f € h(B). Then f € by, if and only if

— 2\« _ 2\« _
Ma(p) = sup  LZEOAZDBTIO O
x,yeB, x£y [x, y]* Ix — y|

Moreover, Mo (f) ~ ||.f — f(O)llp,-
Proof The proof is similar to the proof of Theorem 6.4. Let f € b,. Pick s > o — 1.
By (7) we have (with r = 0)

fx) =/BRS(x,u)f(u)dvs(u)

and so

[f(x)— fD)] </ |Rs(x,u) — Ry(y, u
~ |x

) |fa)] (1 — [ul®) dv(u).
[x — ] -

Applying Theorem E with 7 = 0 and using that | f(u)| < (1 — |u|2)’°‘||f||ha we
obtain

(L= xP)*A =y [ (A= u]?)
<
e e )
(1= fuP) ™
L Da dv(u)).

Estimating the above integrals with Lemma 2.11 shows

Mo (f) S N1 Nlba

(1—|x|2>“(1—|y|2>“< 1 N 1 )
[x, y]* (I—|x[D* (1= [y )’

Since [x, y] = 1 — |x] and [x, y] > 1 — |y| we deduce M, (f) < || fll5,- Replacing
f with f — f(0) and noting that M, (f — f(0)) = M,(f) we conclude My (f) <

ILf = fOllp,-
The proof of “if” part is same as the proof of the “if”” part of Theorem 6.4. We only
note that lim; . o[x, x +t¢;] =[x, x] =1 — |x|2. O

With making suitable modifications in the above proof one can easily verify the
following generalization of Theorem 6.7.
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Theorem 6.8 Leta > 1,11, A2 > a and f € h(B). Then f € b, if and only if

(I =[x A=y | f(x) = fO)
< 0

Map.02(f) == sup [x, y1T2—(tD Ix — y|

x,y€B, x#£y

Moreover, My ., 5, (f) ~ | f — f(O)llpg-

Finally, we mention that all the results of this subsection have counterparts for
little Bloch spaces. When —1 < « < 1 the “little” counterpart of Theorem 6.4 is the
following.

Theorem 6.9 Let —1 < o < 1. Let A satisfy the following properties:

(1) O<A<a+lif—-1<a<0,
2) 0<A<lifa=0,
(3) a <A<lif0<a =<l

Then f € h(B) belongs to by if and only if

tim (sup (1= e LT
X|=17 \ yeB, y#x lx —
We note that in case —1 < o < 0 we need A to be strictly greater then 0. For o > 1
we have the following “little” counterpart of Theorem 6.8.

Theorem 6.10 Leto > 1, A1, A2 > o and f € h(B). Then

. (I =[x A=y | f(x) = fO)
€ byo < lim su =0.
/ @ [x[=17 \ yeB, S;éx [x, y]kl+k27(a+l) lx — vl

Theorem 6.9 (respectively 6.10) can be proved by using Theorem 6.4 (respec-
tively 6.8) and following the arguments of [19, proof of Theorem 3.2]. The details are
straightforward and omitted.
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