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Abstract In this paper, we will investigate certain properties of some operator prod-
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1 Introduction

Throughout this paper “an operator” means “a bounded linear operator over Hilbert
space”. H, L, J and K denote arbitrary Hilbert spaces. L(H, ) denotes the set of
all bounded linear operators from H to K. Also L(H)=L(H, H). I denotes the unit
operator over Hilbert space and O is the zero operator over Hilbert space. For an
operator T € L(H, K), we use R(T) to denote the range of 7 and N(T) to denote
the null-space of 7. The symbol T* denotes the adjoint of T. The operator T is a
self-adjoint operator if and only if 7% = T'.

Recall that an operator X € L(IC, H) is called the Moore-Penrose inverse of T €
L(H, K), if X satisfies the following four operator equations [1,25],

(ODTXT =T, QXTX=X, 3)(TX)*=TX, @) XT)* = XT.

If such operator X exists then it is unique and is denoted by 7'T. It is well known
that the Moore-Penrose inverse of T exists if and only if R(T) is closed, see [9].

Let¢ # n C {1, 2, 3, 4}. Then T n denotes the set of all operators X, which satisfy
(i) foralli € n. Any X € Ty is called an n-inverse of T and is denoted by 7.
For example, an operator X of the set 7'{1} is called a {1}-inverse of T and can be
written as X = T() e T{1}. The well-known seven common types of generalized
inverses of T are respectively, the {l}-inverse (g-inverse), {1, 2}-inverse (reflexive
g-inverse), {1, 3}-inverse (least square g-inverse), {1, 4}-inverse (minimum norm g-
inverse), {1, 2, 3}-inverse, {1, 2, 4}-inverse and {I, 2, 3, 4}-inverse (Moore-Penrose
inverse). We refer the reader to [1,26] for basic results on the generalized inverses of
bounded linear operators.

Invariance properties of operator product involving generalized inverses are impor-
tant in the theory of operators. They have attracted considerable attention and many
interesting results have been obtained, see [4,16,28,29]. Let 7;,i = 1, 2, 3 be three
operators on Hilbert spaces. Concerning the invariance properties of 7; Tz(l"")T3 for

various type of generalized inverses Tz(l’”‘) of T, are well known in the literature, see
[2,3,5,15,22]. It has quite important applications in operator algebra and applied fields,
such as, nonlinear control theory [10,23], statistics [1,24], projection algorithms and
perturbation analysis of operator [14,19]. Moreover, the invariance properties of oper-
ator product is an useful tool in many algorithms for computation of the generalized
inverses of operators, see [1,14,26].

Another property of operator product is the reverse order laws for generalized
inverses. Let Ty € L(H, £) and T1 € L(KC, H) be two operators such that the product
T1T, exists. An interesting problem is, for ¢ # n < {1, 2, 3,4}, when TonTin <
(T1T2)n? The reverse order laws for the generalized inverses of operator products
first discussed by Greville [17]. Bouldin [6] and Izumino [18] extended the results
of Greville [17] to the bounded linear operators on Hilbert space, by using the gaps
between subspaces. Djordjevié [11] showed that the reverse order law (77 7>)" = TZJr TlT
holds if and only if R(T'T1T2) € R(T2) and R(T>T;'T{") < R(T}). Kohila et al.
[7,20] obtained the necessary and sufficient conditions for the reverse order law of
the Moore-Penrose inverse in C*-algebra. The reader can find more results of the
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reverse order law for the generalized inverse of operator product in [9,12,13,18,27,
30].

Recently, in [28], the authors presented invariance properties of matrix products
related to the reverse order laws for generalized inverses. Liu et al. [21] extended the
results of [28] to the bounded linear operators on Hilbert space. They investigated the
relationship between the invariance properties of the bounded linear operator product
T Tz( L) Tl(1 ) T1T, and the mixed-type reverse order laws for corresponding gen-
eralized inverses, by using a purely algebraic method. The drawback of their method
is that they cannot be applied to some more generalized structures. In this paper, by
applications of completions of operator matrices, we revisited these problem again
and some more simple conditions are derived. Compared with the results given in
[21], our condition can be easily checked and the proof is very simple.

We first mention the following results, which will be used in this paper.

Lemma 1.1 [8,11] Let T € L(H, K) have a closed range. Let H| and H> be closed
and mutually orthogonal subspace of H, such that Hy @ H, = H. Let Ky and K;
be closed and mutually orthogonal subspace of K, such that K = K| @ K». Then
the operator T has the following matrix representations with respect to the orthog-
onal sums of subspaces H = HH@ Hy = R(TYY@P N(T) and K = K1 P K2 =
R(T) & N(T*):

_(Tu T2 . (H: R(T) + (THE ' O\  ( R(T)
7= (675) () = (W) e = (7 0) - (V) -

H]), where E = Ty T}} + T2 T}, is invertible on R(T);

H;
_ (T O\ . (R(T*) R(T) + (T7'O0Y . ( R(D)
27 = (0 0) : (N(T)) N (N(T*)) and T = ( T 0) : (N(T*)) -
(I;V((]:))), where Ty is invertible on R(T™).

Lemma 1.2 [1,11] Let T € L(H, K) have a closed range and G € L(K, H). Then

. TGT =T & G eT{1 and T{}={TT+Y —TTTYTT": Y € L(K, H)};

2. TGT = T and GTG = G & G € T{1,2} and T{1,2} = {[TT + (I —
T "TYYITIT T+ Yo(I —TTH]: Y, e LK, H),i =1,2);

3. TGT = T and (TG)* = TG & G € T{1,3} and T{1,3} = {T" + (I —
T'TYY : Y e L(K, H)};

4. TGT =T and (GT)* = GT & G € T{1,4 and T{1,4} = {TT + YU —
TT™: Y e LK, H));

5. TGT =T, GTG =G and (TG)* =TG < G € T{1,2,3} and T{1,2,3} =
(TT+ U —=TTTYYTTT: Y € LIK, H)};

6. TGT =T,GTG = G and (GT)* = GT < G € T{1,2,4} and T{1,2,4} =
(TT+TTTY(U =TT : Y € LIK, H)};

7. TGT =T,(TG)* =TGand (GT)* = GT < G € T{1,3,4}andT{1,3,4} =
(TT+ U -T'THYY(I =TT : Y € L(K, H)}.

Lemma 1.3 [1]1Let T € L(H,K), Er =1 —TT" and Fr=1—T'T. Then

R(Fr) = N(T) and N(Er) = R(A).
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Lemma 1.4 [1] Let T € L(H, K) and W € L(K, H) have closed ranges. Then
(I—-TTH(I —W'W) & N(W) C R(T).

Lemma 1.5 [22] Let T € L(H,K) and W € L(Z,J) have closed ranges. Then
TQW = O forevery Q € L(J, H) ifand only if T = O or W = O.

2 Invariance Property of 7175 Tz(l) Tl(l)Tl T> Related to the Reverse
Order Law T>{1}T {1} € (T11>){1}

Given operators 71 € L(H, £) and T, € L(KC, H). In this section, we will show that
the reverse order law T>{1}T1{1} C (T T>){1} holds if and only if the operator product

T, T2(1)T1(1)T1 T, is invariant, where Tl(l) € Ti{1} and Tz(l) € T»{1} are two variant
operators.

Theorem 2.1 Let Ty € L(H, L) and T, € LK, H) such that T\, T> have closed
ranges and T1T» # O. Then the following statements are equivalent:

() T'1» Tz(l) TI(I)TI T, is invariant with respect to the choice of Tl(l) e T\{1} and
7" € D{1);

(2) N(Ti) € R(T»), ice, (I — ToT))(I — T, T) = O;

() D{T1{1} < (T TH){1}.

Proof FromLemma 1.1, we know that the operators 77, 7> and T 7> have the following
matrix forms with respect to the orthogonal sum of subspaces:

_ (T T (R(T) R(T)
= ( 0 0 ) ' (N(Tz*>) - (N<T1*>) ’ @1
i (@!H*D7 oY (R(TY) R(T»)
1= (eyn o) (Vi) = (Vi) 2
where D = TIH(TIH)’k + T112(T112)* is invertible on R(T}).
_ (T} O . (R(T5) R(Ty)
n=( 0): (M)~ (vh). -
i (@Y7L O\ | (R(T) R(T})
=T 0) (wid) = (Vi) @4

where T211 is invertible.

(1T} O\ . (R(T) R(TY)
= (g 0) (V) ~ (V) .
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and

« _ (@Y oY | (R(TY) R(T)
(1 T») —( 2 0 1 0) : (N(Tl*)) N (N(Ti)). (2.6)

Combining (2.1)—(2.6) with the results in Lemma 1.2, it follows that there exist two
bounded linear operators ¥ € L(L, H) and W € L(K, J):

_ (Y Y2\ . ( R(T1) R(T»)
r= (Yzl Yzz) ' (N(T1*>) ~ (N(T?))’

(Wi Wi\ . (R(T») R(T;)
W= (W21 sz) : (N(T;)) - (N(T»)’

=1 +y-1/TYT T
(Tlll)*D—l + Yll _ (Tlll)*D—lTlllyll _ (Tlll)*D—lT112Y21 Y12
(Tllz)*D_l + Yy — (T112)*D_1T112Y21 _ (T112)*D_1T111Y]] Y
2.7

such that

2.8)

O _ gt w7t i (YT Wi
T =T + - T, TTWT T, = s
2 2 141 14 ( Wy W

where Y;; and W;;, i, j = 1,2 are arbitrary bounded linear operators on appropriate
spaces.

(1) = (2): Since the Moore-Penrose inverse is unique and belongs to the set {1}-
inverses, then 717> Tz(l) Tl(l) T1T5 is invariant with respect to the choice of Tl(l) e T\ {1}
and Tz(l) € T»{1} if and only if the following equation

N T VT = TLT T T, (2.9)

holds with respect to the choice of Tlm e T1{1} and Tz(l) e Tr{1}.
Substituting TlT for Tl(l) in (2.9), we have

NOLL T/ T = VLT T T T, (2.10)
By (2.1)—(2.5), (2.8) and (2.10), we have
NLLVT TiT = T T T T

- (TIH(TIH)*D_lTlHTZH +TlllT21]W12(T112)*D_1T1”T211 O)
(0] (0]

0
s T W r? D' = 0. (2.11)

B (Tlll (Tl“)*D_l T]lszll 0)
o o
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Since 7,'! is invertible, T}'! T,)! # O and Wy, is arbitrary, then from Lemma 1.5, we
have

(r»*p='rl = 0. (2.12)

Substituting (2.1)—(2.8) and (2.12) in (2.9), we have
NonT"TNn = LT T T
- (TIH (Tlll)*D—l TI] 1 Tzll + Tll 1 TZH W12YZ1 Tll 1 TZ” _ Tl” T2]1 le(TIIZ)*D—l T112Y21 Tll 1 Tzll 0)
0 0
_ (T]II (Tlll)*D—l Tl“ T211 0)

0 0
N Tllszll W12Y2|T1“T211 _ TlllTzllWIZ(TIIZ)*D—ITII2Y21TIIITzll -0
o THT Wi — (2 D' )y T T = 0. (2.13)

Since Tl1 1 T211 # O and Wy, Y» are arbitrary, then from Lemma 1.5 and (2.13), we
have

I —(1{**D7'1}? = 0. (2.14)
By Lemma 1.3, and Lemma 1.4, we know that

N(T\) S R(Ty) & (I — T — T, Ty) = 0. (2.15)

Substituting (2.1)-(2.4) in (2.15) yields
N(T\) CR() & (I — T, =T, T)) = 0

- (0 0) I_(Tlll)*D—lTlll _(T]ll)*D—lT112 B (0 0)
O 1 _(T112)*D—1T111 I — (Tllz)*D_lTllz “—\Oo o
o o 00
< (_(T112)*D]T111 I — (TIIZ)*D1T112) - (0 0) . (216)

According to (2.12) and (2.14), we have (2.15) and (2.16) hold. That is (1) = (2)
holds.
2) = (3): If N(T1) € R(T»), then from (2.16) we have

(o't = o (2.17)

and

I —(1»*p~'1/? = 0. (2.18)

On the other hand, from the formula (1) in Lemma 1.2, we know that the reverse
order law T>{1}T1{1} < (T 7>){1} holds if and only if the equation

N T T = Ti T (2.19)

holds for any Ti(l) e T;{1},i =1, 2.
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Since D = T}N(T)* + T/2(T}!*)*, then according to (2.1)~(2.8), (2.17) and
(2.18), we get that for any 7\ € T;{1},i = 1,2
N TOT T

_ (Tlll(Tlll)*DflTllszll 4 T111T211W12Y21T111T211 _ TllszllWIZ(TIIZ)*DflTIIZYZITllszll 0)
- o o

_ Tl”(T]”)*D’lT]”Tz” o
o o

_ (D — TIIZ(TIIZ)*)D—IT]IITZH 1o)
- o o
=TD. (2.20)

Combining (2.19) with (2.20), the result (2) = (3) is true.

(3) = (1): I To{1}T1{1} € (T1T2){1}, then the result T, T, € (T3 T»){1} holds
for any Tl(l) e Ti{1} and Tz(l) € T»{1}. So, from the formula (1) in Lemma 1.2, we
know that the equation

N TN =11 (2.21)

holds for any Tl(l) e T1{1} and Tz(l) € T»{1}. Namely, (3) = (1) is true. O

3 Invariance Property of 717> T. 2(1’2) T1(1,2) T1T> Related to the
Mixed-Type Reverse Order Law T>{1, 2}T1{1, 2} € (T11>){1}

Let 77 € L(H, £) and 7> € L(K, H) be two given operators, T1(1,2) e T1{1, 2} and
T2(1,2) € T»{1, 2} are two variant operators. In this section, we have the following
interesting results.

Theorem 3.1 Let Ty € L(H, L) and T, € L(K,H) such that T\, T» have closed
ranges and T\ Tp # O. Then the following statements are equivalent:

1. Ty T2T2<1’2)T1(1’2)T1 T» is invariant for any T1(1,2) e T{1, 2} and T2(1,2) e Tx{1, 2},
2. N(T1) € R(1);
3. T»{1,2}T1{1,2} € (T1 To){1}.

Proof Combining (2.1)—-(2.6) with the results in Lemma 1.2, it follows that there
exist four bounded linear operators W € L(L, H), M € L(L, H), U € L(H, K) and

Ve L(H, K):
_ (Wi Wi\ . ( R(TY) R(T»)
v = (i) (V) = (V).

where W;j, i, j =1,2are arbitrary,

(M M2\ . ( R(TY) R(T2)
M= (Mm Mzz) ' (N<T1*>) - (N<Tz*>)’

where M;j, i, j = 1,2 are arbitrary,
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_ (U U\ . (R(T2) R(TY)
U= (U21 Uzz) : N(T;)) - (N(Tz))’

where Ujj, i, j = 1,2 are arbitrary,

(Vi1 Vi2\ . ( R(T») R(T)
V= (vzl sz) : (N(T;)) - (N(Tz))’

where Vij, i, j = 1,2 are arbitrary,

such that

TP = (1 + (1 - Tl W + MU -7 = (Z; Z;) . 6D

@H™ v
U Uirt'vi)”
3.2)

T = (1) + (1 = T ) UIDIT + VU - BT = (

where Uj, V) are arbitrary bounded linear operators and

D = TN 1Y + 121",
win = (Y D (1 — (Y D T W — (1Y D T W,
iz = pir (T} Mia + T/ My),
par = (D™ + U = (D DT IWa — (1) D Wiy,
122 = par (T My + T2 Mp)).

(1) = (2): Since the Moore—Penrose inverse is unique and belongs to the set
{1, 2}-inverses, then T} TzT(l’z)T(l’z) T, T is invariant with respect to the choice of
2 1 p
7" € Ty{1,2} and T,"? € T>{1, 2} if and only if the following equation

NPT TG = LT T T D, 3.3)

holds with respect to the choice of Tl(l‘z) e T1{1,2} and Tz(l’z) e Tr{1, 2}.
Substituting TlT for Tl(l’z) in (3.3), we have

NLT 2T TiT = VT T Ty . (3.4)
By (2.1)—(2.5), (3.2) and (3.4), we have
NPT T = LT T T

- (Tlll(Tlll)*D_lT]“Tzll +TllszllV](Tllz)*D_lTluTzll 0)
o 0

_ Tlll(Tlll)*D71T1]1T211 0
o (0] 0]
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s v 7T = 0. (3.5)

Since TZ]l is invertible, T1”T2]l # O and Vj is arbitrary, then from Lemma 1.6, we
have

(r»*p-'rl = 0. (3.6)
Substituting (2.1)-(2.8), (3.1), (3.2) and (3.6) in (3.3), we have

nnLL TP = 1T T T
N Tl]](Tlll)*D—lTllszll + T111T211V1[1 _ (TI]Z)*D—IT112]W21T111T211 0
o 0
_ Tlll(Tlll)*D_lTllszll o)
o o

s v — @y D r?ywy T T = 0. (3.7)

Since T111T211 # O and V|, Wy are arbitrary, then from Lemma 1.6 and (3.7), we
have

I —(1{*»*D'1}? = 0. (3.8)

Combining (3.6), (3.8) with (2.15) and (2.16), we have (1) = (2).
(2) = (3): From the formulas in Lemma 1.2, we know that the reverse order law
T>{1, 2}T1{1, 2} € (T1T»){1} holds if and only if

N P11 = T (3.9)

holds for any 7,""? € T3{1,2},i = 1,2.
Since D = T'(T!')* + T/2(T}!*)*, then according to (2.5), (3.1), (3.2), (3.6) and
(3.8), we get that for any Ti(l’z) eTi{1,2},i=1,2
11 11\« n—171111
(1,2) ~(1,2) T, (T, Y*D~'T,'T," O
TiT>T, 7T, T1T2=( (IS p () o
_ (D — T112(T112)*)D—1T111T211 0 _ T111T211 o)
0 0 o 0
=TT. (3.10)

That is the results (2) = (3) holds.
(B) = (1): If To{1,2}T1{1,2} < (TiTo){1}, then the result T, T2 €
(TiT2){1} holds for any T\"? € T1{1,2} and T\"* € T»{1,2}. So from the for-
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mula (1) in Lemma 1.2, we know that the equation
non P11 = T (3.11)

holds for any 7\""* € Ty{1, 2} and T,""? € Ta{1, 2}. Namely, 3) = (1) is true. D

4 Invariance Property of 77175 T2(1’3) T1(1’3) T1T» Related to the
Mixed-Type Reverse Order Law T>{1, 3}T1{1, 3} € (T1T»){1}

Given operators 71 € L(H, £) and T» € L(JC, H). In this section, we will show that
the mixed-type reverse order law 7>{1, 3}71{1, 3} € (T172){1} holds if and only if
the operator product 77 T2T2(1’3) Tl(l’S)Tl T» is invariant, where T1(1’3) e T1{1, 3} and
TZ(I’S) € T»{1, 3} are two variant operators.

Theorem 4.1 Let Ty € L(H, L) and T, € LK, H) such that T\, T> have closed
ranges and T1T» # O. Then the following statements are equivalent:

() T, T2T2(1’3)T1(]’3)T1 T is invariant for any T1(1’3) e T{1, 3}andT2(1’3) e Tr{1, 3};
@) N(T\) € N(T D TY), ie, TTT) (I =T, Ty) = O;
(3) To{1,3}Tn {1, 3} < (i T2){1}.

Proof Combining (2.1)—(2.6) with the results in Lemma 1.2, it follows that there exist
two bounded linear operators P € L(L, H) and Q € L(H, K):

P P R(T)) R(T?) .. .
P = (P; PZ) : (N(Tll*))_) (N(Tj*) , where Pij, i, j =1,2arearbitrary,

R(T R(T; .. .
0= (g; g;) : (NgTj*))) — (N((]%;) , where Q;j, i, j=1,2are arbitrary,

such that

(1,3) il i T11 T12

T =1+ 1 -1T)P = : 4.1
1 p ) (T21 Tzz) 4.1
(1,3) ¥ f (rhH=t o

T =T, +U—-T,T; = , 4.2
2 2 2120 ( 021 O» (4.2)

where

D = 1M1 + 102 (1)),

T = (Tlll)*D_l +1[1I - (Tlll)*D_lTlu]Pn _ (Tlll)*D_lT112P21,
te = [ — (Y D71 "P — (T})* D712 Poa,

| = (Tllz)*D7] +[I - (Tllz)*DflTllz]P21 _ (Tllz)*DflTl]]Pll’
Ty = [I — (Tllz)*D_lTlu]PzQ _ (Tllz)*D_lTluPu.
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(1) = (2): From (2.1)~(2.6), (4.1) and (4.2), we know that forany T,'> € T {1, 3}
and T, € Ta(1, 3},

il o 7iIh-1 o Tl o

(1,3) (1,3) Tl T2 ( 2 ) 711 T12 1 2
1T T N = 0 0
1421, 1 142 ( o O 021 On) \m21 ™2

_ (TlllfllTllszll 0
_( v o) 4.3)

It is well known that the Moore—Penrose inverse is unique and belongs to the set
{1, 3}-inverses, then T 7> T2(1’3) T1(1’3)T1 T, is invariant with respect to the choice of
7Y € Ty{1, 3} and T, € {1, 3} if and only if the following equation

N VT = N T T T, (4.4)

holds with respect to the choice of T1(1’3) e T1{1,3} and T2(1’3) e T»{1, 3}.
Combining (2.1)—(2.6) with (4.1) and (4.2), we have

N 1T = 1T T T

11 11711 11 11 —1711711
o (@'rtn o) _ (ritathy ottt o
0 0 0 0

4.5)

Let P11 = (Tlll)* and P>; = O, then from (4.5), we have
T112(T112)*D_1T1“(T1“)*T1“T2“ —0 & (Tllz)*D—lT]ll —0. (4.6)
By Lemma 1.3, and Lemma 1.4, we know that
N(T)) € N(T'2T,)) & T LT, (I — T, Ti) = 0. 4.7)
Substituting (2.1)—(2.4) in (4.7) yields

N(T)) € N(TI\T2Ty) & TiDT, (I =T, T) = O
- (Tlll 0) (I _ (Tlll)*D—lTlll _(Tlll)*D—lTllz )= (0 0)

o0 O _(T112)*D—1T111 I — (T112)*D—1T112 0 0
1212y« =111 _ 1l pllyx n—1712
o (RPN IO _(00) g,

From (4.6), we get that (4.8) holds. That is (1) = (2) holds.
2)= Q3): If N(T)) C N(T TZTZT), then from (4.8), we have

(r»*p-'rl = 0. (4.9)
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By (2.1)~(2.4), (4.1), (4.2) and (4.9), we get that for any T\"¥ € T;{1,3},i = 1,2

11 1111 1 1lye p—1 11711
T1T2T2(1‘3)T1(1’3)T1T2= (Tl t“gl n 0) = (Tl (T, )10) I'T, 0)

(0] o
_ (D — Tll2(T112)*)D—lTlllT211 10} _ Tllszll 10)
o o 0o O

=TT. (4.10)

According to the formulas in Lemma 1.2, we know that the mixed-type reverse
order law T»{1, 3)T1{1, 3} € (Ti T2){1} holds if and only if for any 7,"¥ € T;{1, 3},
i = 1, 2 the equation T} T2T2(1’3) T1(1’3) T, T, = T, T holds. So from (4.10), (2) = (3)
holds.

(3) = (): If To{1,3}T1{1,3} < (T1T2){1}, then the result 7, 7Y
(TyT2){1} holds for any T\ € Ti{1,3} and T,"? € T»{1,3}. So from the for-
mula (1) in Lemma 1.2, we know that the equation

nonn TN = T 4.11)

holds for any Tl(l’3) e T1{1, 3} and T2(1’3) € T>{1, 3}. Namely, (3) = (1) is true.
From Lemma 1.2, we know that G € T{1, 4} ifand only if G* € T*{1, 3}. So from

the results obtained in the above section, we can get the following results without the

proof. O

Theorem 4.2 Let Ty € L(H, L) and T, € L(K,H) such that T\, T» have closed
ranges and T1Th» # O. Then the following statements are equivalent:

1. T T YTy is invariant for any T € Ti{1, 4y and TSP € To{1, 4);
2. R(T; T\ T2) € R(D), i.e, (I — TaT)T, Ty T> = O;
3. {1, 4Ti{1,4} € (T1T»){1}.

5 Invariance Property of 77175 T2(1’2’3) T1(1’2’3) T1 T Related to the
Mixed-Type Reverse Order Law T>{1, 2, 3}T1{1, 2, 3} S (T1T>){1}

Let 71 € L(H, £) and T € L(K, H) be two given operators, Tl(]’2’3) e T1{1,2,3}
and T2(1’2’3) € T»{1, 2, 3} are two variant operators. In this section, we will show that
the mixed-type reverse order law 7>{1, 2, 3}7T1{1, 2, 3} C (717>){1} holds if and only

if the operator product T; T2T2(1’2’3) T1(1’2’3)T1 T, is invariant.

Theorem 5.1 Let Ty € L(H, L) and T, € L(K,H) such that Ty, T have closed
ranges and T\ Ty # O. Then the following statements are equivalent:

1. Th T2T2(1’2’3)T1(1’2’3)T1 T, is invariant for any T1(1’2’3) e TW{1, 2,3} and T2(1’2’3) €
1»{1,2,3};

2. N(T1) € N(MT)), ie, T T, (I — T, Ty) = 0;

3. T»{1,2,3}T1{1, 2,3} C (1 T»){1}.
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Proof Combining (2.1)—(2.6) with the results in Lemma 1.2, it follows that there exist
two bounded linear operators A € L(L, H) and B € L(H, K):

A= (ﬁ;: 32) : (ng:*))) - (;g}))) , where A;j, i, j = 1,2 are arbitrary,
*
B = (Z; g;i) : (]]\fég*))) - (Z((%;) where Bjj, i, j = 1,2 are arbitrary,

such that

"% =1+ -1 THAT T
B (Tlll)*D_l + [1 _ (Tln)*D_lTln]All _ (Tlll)*D—lTll2A2l 19)
- (Tllz)*D_l +[I - (Tllz)*D_lTllz]AZI _ (T112)*D—1T111A11 o)’
(5.1)

and

(1,23) _ ot o i (@H o
T =1 1 T2T2)BT2T2_( S By) (5.2)

(1) = (2): From (2.1)=(2.6), (5.1) and (5.2), we know that for any T;"*? €
Ti{1,2,3} and T, € Tr{1,2, 3},

AV LY Pl Al oF i)
_ (Tlll 0) ((Tlll)*D_l + [I _ (Tlll)*D—lTlll]AH _ (Tlll)*D_1T112A21 0)

0O 0 (TIIZ)*D—I +1[I - (TIIZ)*D—ITIIZ]Azl _ (Tllz)*D_lTlllA]l o)
5 Tllszll o)
o O
_("9
(29 5
where

—Tlll(Tlll)*D_lTllezlT111T211.

It is well known that the Moore-Penrose inverse is unique and belongs to the set
{1, 2, 3}-inverses, then 71 T» Tz(] 2.3) Tl(1 2.3) T1 T, is invariant with respect to the choice
of ("> € Ty{1,2, 3}and T, € Tr{1, 2, 3} if and only if the following equation

N VTN = LT T T T, (5.4)

holds with respect to the choice of T1(1’2’3) e T1{l1, 2,3} and T2(1’2’3) e {1, 2, 3}.
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Combining (2.1)-(2.6) with (5.1) and (5.2), we have

N 1T = T T T

N n 19) _ Tlll(Tlll)*D_lTllszll 0
00 (0] (0]

Let A = (TIH)* and Ay = O, then from (5.5), we have
2 = TN Yy 1 T = 0 & (112 DT = 0. (5.6)
According to the proof of Sect. 4, we know that
N(Ty) € N(I'T)) & T LT, (I T, T) = 0

- Tlll 19} I — (Tlll)*D—lTlll _(Tlll)*D—lTIIZ _ 00
0O 0O _(T112)*D—1Tlll I — (TIIZ)*D—1T112 0 0

TIIZ(TIIZ)*D—ITlll _Tlll(Tlll)*D—lTIIZ _ 00
& ( 0 0 =\oo): 5.7
From (5.6), we get that (5.7) holds. That is (1) = (2) holds.
(2) = (3): It N(Ty) € N(Ti T»T, ), then from (5.7), we have
(r»*p-'rl = 0. (5.8)

By (2.1)~(2.4),(5.1),(5.2) and (5.8), we get that forany 7, > € T;{1,2,3},i = 1,2

11y =11l
NI T2 7y = (g g) _ (T1 (T, )g T, g)

_ ((D _ T112(T112)*)D—1T111T211 0)
o

0
_ (11" o
0o O
=TNT. 5.9)

According to the formulas in Lemma 1.2, we know that the mixed-type reverse
order law T>{1, 2, 3}T1{1, 2,3} < (T17>){1} holds if and only if for any Ti(l’2’3) €
T;(1,2,3}), i = 1,2 the equation T3 27, ">V 1" *P 1T, = T\ T holds. So from
(5.9), (2) = (3) holds.

(3) = (1): If T2{1, 2, 3}T1{1, 2, 3} € (T1 T2){1}, then the result 7, "> 11> ¢
(TyT2){1} holds for any T\""*¥ e Ty{1, 2,3} and 7,"*? € T»{1, 2, 3}. So from the
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formula (1) in Lemma 1.2, we know that the equation
N1 =1 (5.10)

holds for any 7> e T1{1, 2,3} and T,"*? € T>{1, 2, 3}. Namely, (3) = (1) is
true. [m]

From Lemma 1.2, we know that G € T({1, 2,4} if and only if G* € T*{1, 2, 3}.
So from the results obtained in the above section, we can get the following results
without the proof.

Theorem 5.2 Let Ty € L(H, L) and T, € L(K,H) such that T\, T» have closed
ranges and T1To» # O . Then the following statements are equivalent:

1. Th T2T2(1’2’4)T1(1’2’4) T1T, is invariant for any T1(1’2’4) e T\{1, 2,4} and T2(1’2’4) €
(1,2, 4);

2. R(T{TiTy) € R(T»), ice, (I — TaT))T, T\ Tr = O;

3. To{l,2, 4111, 2,4} C (T To){1}.

6 The Invariance Property of 77175 T2(1’3’4) T1(1’3’4) T1T> and the
Mixed-Type Reverse Order Law T>{1, 3, 4}T1{1, 3,4} € (T1T>){1}

Given operators 71 € L(H, £) and T» € L(IC, H). In this section, we will study the

invariance property of 7175 T2(1’3’4) T1(1’3’4) T1T; and the mixed-type reverse order law
o{1,3,4}T11{1, 3,4} < (i To){1}.

Theorem 6.1 Let Ty € L(H, L) and T, € L(K,H) such that T\, T» have closed
rangesand T1T>» # O. Then the operator product Ty T2T2(1’3’4 T, 34) 11T, isinvariant

forany T\ € Ty{1,3, 4} and T, € {1, 3, 4).

Proof Combining (2.1)—(2.6) with the results in Lemma 1.2, it follows that there exist
two bounded linear operators S € L(L, H) and N € L(H, K):

S = (g; g;i) : (552*))) — (55;}))), where S;j, i, j = 1,2 are arbitrary,

Ni1 Ni2 R(T?) R(Ty) .. .
N = (N21 sz) : (N(Tz*)) — (N(]gz) , Where Njj, i, j = 1,2 are arbitrary,

such that

3 =1 (1 -1/ T)SU - T T))

B (Tlll)*D71 [I _ (Tlll)*DflTlll]Slz _ (Tlll)*D71T112S22
=\ 712 1 12 1712 12 1l (6.1
(Ty*D™" U = (T{)* D7 T "1822 — (I} )*D™ T " Siz
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and

Tll -1 19)
oY =T + (1 - I )N - TTy) = (( 20) sz) : (6.2)

From (2.5), (6.1) and (6.2), we know that for any T\">* e T{1,3,4} and
T, € T{1,3,4),

nn@mmﬁmmnn

(T o\ (1Y D7 U — (@Y DTS 1 — (1)) D T2 80
“\Oo O (T112)*D*1 [ — (T112)*D71T112]S22 _ (TIIZ)*DflTlHSlz

1111
(Tt o
o O
_ Tlll(Tlll)*D_lTllszll 10)
o (0] 0]
= VT, T T\ Ts. (6.3)
Since the Moore-Penrose inverse is unique, then from (6.3), we know that
T T2T2(1’3’4) T1(1’3’4)T1 T is invariant with respect to the choice of T1(1’3’4) e T{l1, 3, 4}
and T € Ty(1, 3, 4}. o

Theorem 6.2 Let Ty € L(H, L) and T, € L(K,H) such that T\, To have closed
ranges and T1T>» # O. Then the following statements are equivalent:

1. N(T1) € N(T\ T3, ice, T T, (I — T, Ty) = O;
2. To{1,3,4)T1{1, 3,4} C (1 To){1}.

Proof (1) = (2):If N(T1) € N(Ty TzT;), then from (5.7), we have
(r»*p-'rl = 0. (6.4)

By (2.1)~(2.4), (6.1), (6.2), (6.3) and (6.4), we get that for any 7, e T;{1, 3, 4},
i=1,2

1 iy p—Lpll il
LTI TI3 7 7y — (T1 (T )g T, O)

o
_ (D _ T]]Z(Tllz)*)DflTllszll 0 _ T111T211 19)
o o 0o O
=TT. (6.5)

According to the formulas in Lemma 1.2, we know that the mixed-type reverse
order law T»{1,3,4)T1{1, 3,4}  (TiT2){1} holds if and only if for any T,"** ¢
Ti{1,3,4), i = 1,2 the equation Ty 12T, YT 1Ty = Ty T, holds. So from
(6.5), (1) = (2) holds.



Applications of Completions of Operator Matrices to Some Properties of . .. 139

2) = (1): If T»{1,3,4}T{1, 3,4} C (T T2){1} holds, then from (2.1)-(2.6), we
have

1 i1y =1 1111 il
T1T2T2(1’3’4)T1(1’374)T1T2=T1T2<:> (Tl (T DT T, O) = (Tl T, 0)

0 o 0o O
o (D — Tllz(Tllz)*)D_lTluTzu _ T1“T2“
s (1**p7r = 0. (6.6)
Combining (5.7) with (6.6), we get that the result (2) = (1) holds. O
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