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Abstract We describe the C*-algebra generated by the Toeplitz operators acting on
each poly-Bergman space of the upper half-plane IT C C. We consider bounded
symbols depending only on y = Im z and having limit values at y = 0 and y = oo.
This C* algebra is isomorphic to the C*-algebra of all matrices of dimension n x n
whose entries are continuous functions over the positive reals, and are scalar multiples
of the identity matrix at y = O and y = oo.
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1 Introduction

Recall that the space .A% (D) of n-analytic functions is the subspace of L, (D) consist-
ing of all functions ¢ = ¢(z,7) = ¢(x, y) that satisfy the equation
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where D C C is a bounded domain with smooth boundary. We denote by A%n)(l"l)
the space of all true-n-analytic functions, that is,

AL, (D) = As(D)© Ar_ (D),

forn > 1, and .A%O)(D) = {0}. Of course, .AZ(D) is the usual Bergman space of

D, which is simply denoted by .A%(D). Similarly, we introduce the spaces AZ(D)
and A2 (D) of all n-anti-analytic and true-n-anti-analytic functions, respectively.
Actually, each n-anti-analytic function is just the complex conjugation of a n-analytic
function.

For the upper half-plane I, Vasilevski [10] proved that L, (IT) has a decomposition
as a direct sum of the n-true-analytic and n-true-anti-analytic function spaces:

L) = @5 A%, (T & @) A, (D).
= k=1

The spaces A(n) (IT) and A? (IT) are isomorphic and isometric to

(n)
LyRy) ®Ly—1and Lry(R_) ® Ly,

respectively, where L,_ is the one-dimensional space generated by Laguerre func-
tion of order n — 1. Moreover, N. Vasilevski found the explicit expressions for the
reproduction kernels of all these function spaces.

We introduce as well the following bounded singular integral operators on L2 (D):

1 (&)
S ————dv
(Spp)(z) = T =22 (©),
" (&)
(Spe)(z) = / c _Z)2d v(¢),

where dv = dxdy is the usual Lebesgue measure on D. Dzhuraev [1] showed that
the orthogonal projections Bp , and Bp , of L2(D) onto the spaces A%n)(D) and
.Z%n) (D), respectively, can be expressed in the form

Bpn=1—(Sp)"(SH)" + K,
and
Bpa=1—(55)"(Sp)" + K,

where K}, and K, are compact operators. Moreover Ramirez and Spitkovsky [8] proved
that the compact summands K, and K, are equal to zero for D = I1. Vasilevski [11]
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described a direct connection between the poly-Bergman type spaces on the upper
half-plane and the operators Sr; and Sf;, each of them is unitary equivalent to the
direct sum of two unilateral shift operators with infinite multiplicity.

On the other hand, consider the algebra of pseudodifferential operators R(C (D);
Sp, Sﬁ)), which is generated by Sp), S]B) and the multiplication operators a(z)/, where
a(z) € C(D) and D is the unit disk {z : |z| < 1}. Sénchez-Nungaray and Vasilevski
[9] studied the C* algebra 7, (R(C(D), Sp, Sp)) generated by the Toeplitz opera-
tors over the poly-Bergman spaces of DD with defining symbols from the algebra
R(C(D); Sp, S§;). They proved that the algebra 7,(R(C(D), Sp, S3;)) is unitary
equivalent to the matrix algebra

T(C(D)) ® M, (C),

where 7 (C(DD)) is the algebra generated by the Toeplitz operators over the Bergman
space with symbolsin C (ﬁ). The Fredholm symbol algebra of 7, (C (ﬁ)) is isomorphic
and isometric to C(S'), where S is the unit circle {z : |z| = 1}; while the Fredholm
symbol algebra of 7,,(R(C (D); Sp, Sp)) is isomorphic and isometric to the matrix
algebra

M,(C(SY) = C(S") ® M, (C).

Grudsky et al. [3] characterized all the commutative C*-algebras of Toeplitz oper-
ators acting on the Bergman space of the unit disk. Every commutative C*-algebra
of Toeplitz operators arises from a class of symbols invariant under the action of a
maximal abelian group of Mdbius transformations on the unit disk. There exist three
types of such maximal abelian groups: 1) the group of elliptic transformations, 2) the
group of parabolic transformations, 3) the group of hyperbolic transformations. Since
D and IT are diffeomorphic to each other, all the commutative C*-algebras of Toeplitz
operators on the Bergman space of IT are automatically classified.

Lozano and Loaiza [6,7] used the three classes of symbols described in the pre-
vious paragraph and studied the corresponding Toeplitz operator algebras acting on
the harmonic Bergman space. An interesting and unexpected result is that two such
operator algebras are commutative whereas the last one (hyperbolic case) is not.

The main result of this work is the isomorphic description of the C*-algebra gen-
erated by the Toeplitz operators with bounded vertical symbols and acting over each
poly-Bergman space Aﬁ(l’[). This paper is organized as follows. In Sect. 2 we intro-
duce preliminary results about the n-polyanalytic function spaces and their relationship
with the Laguerre polynomials. In Sect. 3 we prove that every Toeplitz operator, with
bounded vertical symbol a(z) and acting on A%(H), is unitary equivalent to a mul-
tiplication operator y">%(x)I acting on (L(R4))", where y™“(x) is a continuous
matrix-valued function on (0, c0).

Finally, in Sect. 4 we consider bounded vertical symbols having limit values at
y = 0, oo and prove that the C* algebra To(£ generated by all the Toeplitz operator
acting on A%(H) is isomorphic and isometric to the C*-algebra

D ={M e M,(C)®C[0,00] : M(0), M(c0) € CI}.
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To prove the above statement, we will use the non-commutative Stone-Weierstrass
conjecture: Let B be a C*-subalgebra of a C*-algebra A, and suppose that I3 separates
all the pure states of A (and 0 if A is non-unital). Then A = B. For type I C*-algebras
this conjecture was proved by Kaplansky [4]. In our case, we have that © is a type I

C*-algebra, and we prove that the C*-algebra ’26%2 separates the pure states of ©.

2 Bergman and Poly-Bergman Spaces

Let IT be the upper half-plane in C, and consider the space L, (I1, dv), where dv(z) =
dxdy is the usual Lebesgue measure and z = x +iy. Let A?(IT) be the Bergman space

of I, and By be the Bergman projection of A% (IT). The Bergman space A2 (IT) is the
closed subspace of L, (IT), which consists of all functions satisfying the equation

5 5 .
22— (Z+il)p=o.
077 (8x+l3y)(p

Introduce the unitary operator
Ur=FQ®I: LI = L(R) ® L2(Ry) — L2(R) ® L2(Ry), 2.1

where F is the Fourier transform given by

(Fh)(x) = h(t)e ™ dt.

1 o0
A 2 ~/—oo
The image space A% = U;(A%(I)) is the subspace of L,(IT) which consists of
all functions ¢(x, y) = +/2xf(x)e ™, where f € Lr(R;) and R is the set of

the positive reals. Let x4 be the characteristic function of R.. Then the orthogonal
projection By from L;(IT) onto .A% is given by By = U By Ufl, and

(B1p)(x, y) = x+(x) er_xy/R @(x, 1) e dr.

Introduce the unitary operator U, on L3 (IT) by the rule

Y ) . 2.2)

1
(U2p)(x,y) = ﬁ(ﬂ (X, 2l

Then B, = UzBle_1 is the orthogonal projection from L, (IT) onto A3 = Uz(A%),
and is given by

(B29)(x, y) = x4 (x)e "2 / o(x, 1)e " dr.

Ry
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Introducing lo(y) = e /%, we have [y € L>(Ry) and ||lp]| = 1. Denote by L the
one-dimensional subspace of L, (R;.) generated by /y(y). Then the one-dimensional
projection Py from L, (R4 ) onto Lo has the form

(Pop)(y) = (@, o) - lp = e V/? A ¢(U)€_v/2dv_
+

Theorem 2.1 (Vasilevski [10]) The unitary operator U = U, U, gives an isometric
isomorphism of the space L>(IT) = L2(R) ® L2(Ry), under which

1. The Bergman space A*(I1) is mapped onto Ly(R;) ® Ly.

2. The Bergman projection By is unitary equivalent to the following one:

By :=UBnU ™' =y, (I ® P.

The poly-Bergman space Aﬁ (IT) consists of all n-analytic functions in L (IT), that
is, itis the closed subspace of L, (IT) consisting of all functions satisfying the equation

I\ (2 Y
— = — | — 11— = V.
0z) P \ox Ty ) ¢

Similarly, the anti-poly-Bergman space flﬁ(l’[) consists of all functions in Ly (IT)
satisfying the equation (9/9z)" ¢ = 0. Introduce the true-poly-Bergman and true-
anti-poly-Bergman spaces as follows:

A2 () = A2(TD) & A2_ (D),

AL, () = AZ(m) © A% (1),
where A2(IT) = AZ(IT) = {0}. Of course A3(IT) = AZ,(IT) is the usual Bergman
space.

Poly-Bergman spaces are related to Laguerre functions as shown below. Recall that
the Laguerre polynomial L, (y) of degree n and type O is defined by

e’ d"
Ly,(y) = -

! dy ey, n=0,1,2,...

The system of Laguerre functions
W) = D" PLy(y), n=0,1.2,...

form an orthonormal basis for Ly(Ry). For n = 0, 1, ..., denote by L, the one-
dimensional space generated by [, (y). Further, define

L® = éLk.
k=0
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The one-dimensional projection P, from L>(R;) onto L, is given by (P,y¢)(y) =
(@, 1n) - 1,(y). Thus, P, = P ® - - - ® Py is the orthogonal projection from L, (R} )
onto L?, and

n>

n

(Pa) () = D46 16) - 1e(y) = D i(y) /R ¢ W)l (v)dv.
k=0 +

k=0
Let Br,(») and By, be the orthogonal projections from L (IT) onto A%n)(l'[) and
AZ(T1), respectively.

Theorem 2.2 (Vasilevski [10]) The unitary operator U = Uy U, gives an isometric
isomorphism of the space L, (I1), under which

1. The true-poly-Bergman space ,A%n) (IT) is mapped onto Lr(R4+) ® L, .
2. The true-poly-Bergman projection By () is unitary equivalent to the following
one:

UBn,mU ™" = x4+()I ® Ppu—y).

The poly-Bergman space Aﬁ (IT) is mapped onto Lr(R1) ® L,?_l.
4. The poly-Bergman projection Bry p is unitary equivalent to the following one:

bt

UBn U '=x, (x)I®P,_;.
Introduce the isometric embedding
Ro,n) : L2(Ry) — La(R) ® La(Ry)
by the rule
(Ro,m) /) (x,y) = x4+ () f () n-1(y).

Of course the adjoint operator RS o) - Lo (IT) — Lo(Ry) is given by
(RS,(n)(p)(x) = X+(X)/R o(x, v)l,—1(v)dv.
+

Since the image of Ry, (») is the space U(.A%n)(l'l)) =Ly(Ry)® L,_1, we have
RE‘;’(n)RO,(n) =1:LR;y) - LrRy)
and

Ro,i Ry (ny = X+ ® Pu—1y : Lo(T1) — La(Ry) ® Ly—1.
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On the other hand, we introduce the operator
Ry = R; onU

which maps L, (IT) onto L(R), and its restriction to A(zn)(l'l) is an isometric iso-
k

morphism. Thus, the adjoint operator R( n =U *Ro,(n) is an isometric isomorphism

from L,(R;) onto the subspace .A%n)(l'l). The operator Rz‘n) plays the same role as
the Bargmann transform does in the Segal-Bargmann space [10]. Thus we have

R Rwy = Briny : La(TD) — A, (IT)
and
R(H)R?n) =1:Ly(Ry) — LyRy).
Similarly, introduce the isometric embedding
Ron i (L2(Ry)" — La(R) ® Lao(Ry)

by the rule

(Ron )X, ) = D~ x4 (0) fir k-1 ()

k=1
= X+ OIN. T f (%),

where f = (f1,..., f)7,
Na(y) = (o), -+ L1 YD
and the super-script 7" means that we are taking the transpose matrix. Further, the

adjoint operator RS’H 1 Ly(TT) — (La(R4))™ is given by

T
(Ry,9)(x) = (x+(x)/]R <p(x,y)lo(y)dy,-.-,><+()6)/]R w(x,y)ln_l(y)dy)
+ +
= X+(x)/R @ (x, Y)N, (y)dy.

Since the image of Ry, is the space U(.A%(l'[)) =LRH)® Lf?_l, we have
Ry Ron =1 : (L2(Ry))" — (L2(Ry))"

and

RonRG, = x+1 ® Pucy s Lo(Tl) — LyRy) @ LY.
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Now the operator
R, = R;,U 2.3)

maps Ly (IT) onto (L (R4))", and its restriction to .A% (IT) is an isometric isomorphism.
Furthermore, the adjoint operator R, = U*Ry , is an isometric isomorphism from
(L2(R4))" onto the space A%(H). Thus

R Ry = By : La(IT) — A2(ID)
and

RuR, =1: (Ly(Ry)" — (La(Ry)™

3 Toeplitz Operators with Vertical Symbol

In this section we introduce a certain class of Toeplitz operators acting on the poly-
Bergman spaces, and we prove that they are unitarily equivalent to multiplication
operators by continuous matrix-valued functions on (0, c0). Let a(z) = a(y) be a
function in L, (IT) depending only on y = Im z. We shall say that a(z) = a(y) is
a vertical symbol. The Toeplitz operator acting on A(IT) with symbol a(y) is the
operator defined by

T, : ¢ € A1) —> Bri(ag) € A2(1D).

Theorem 3.1 (Vasilevski [12]) For any a(y) € Loo(I1), the Toeplitz operator T, act-
ing on A%(TD) is unitary equivalent to the multiplication operator y,(x)I = RoT, RE)“
acting on Lo (Ry), where Ry is defined in (2.3). The function y, is given by

— RN D
Va(x)—/ﬂha(m')e dy.

Our aim is to generalize this known result for Toeplitz operators acting on the poly-
Bergman spaces. The Toeplitz operator acting on A%n)(l'[) with symbol a(z) = a(y)
is the operator

Ty ¢ € ALy (T —> Bry oy (ag) € A7, (IT).
Theorem 3.2 Forany a(y) € Loo(I1), the Toeplitz operator Ty, 4 acting on A%n)(l'l)

is unitary equivalent to the multiplication operator Yn).al = RuTn),a Ry, acting
on Ly (Ry), where the function y() q is given by

_ Yy 2
Y(n),a(X) = /R+ a (2|x|) (n—1(y))dy. 3.1
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Proof We have
Ry Tiny.aR(yy = Ry Bri,ya@Bn, () R(,,)

= R(n)Rz(n)R(n)aRz(n) R(n)REkn)
= (R RG) Rina R (Rin) RG))
= R(n)aRzﬁn)

= R(ﬂ)‘,(n)U2U1a(y)U17]U{lRQV(n)
= R§,(»y U2a()U5 ' Ro.n)

M
= fiuwe (557) o

Finally

* y _ R 20y = :
(RO,(n)a (m) Ro,(n)f) (X)—/R+ a (2|x|) J @) Un1 () dy =y(m).a(x) - f(x).

m}

The Toeplitz operator acting on Aﬁ(l’[) with vertical symbol a(z) = a(y) is the
operator

Tha:¢€ Aﬁ(l’[) > Br(ap) € .A,%(H).
Theorem 3.3 Forany a(y) € Loo(I), the Toeplitz operator T, 4 acting on .A%(l'[) is

unitary equivalent to the matrix multiplication operator y"™*(x)I = R, T, 4R} acting
on (Ly(Ry))", where the matrix-valued function y™* = (yi’;.’a) is given by

yhrhx) = / a (L) Ny DIN.DIT dy, (3.2)
R. \2lx]
that is,
n,a _ Y . .
v (")‘/R+“(z|x|) Lioi () 11 dy., (3.3)

fori,j=1,...,n
Proof We have

RuTyaR} = RyBrinaBn R}
= R,R'R,aR’R,R*
= (R,R*)R,aR*(R,R})
= RnaR;
= R} ,U2U1a()U; Uy ' Rou
= R}, U2a(y)Us ' Ron

y
= Riya (57y) fon
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For f = (fi,..., f)T € (La(R)",

[Rana (ﬁ) Ro,nf} x) = R}, (a (ﬁ) X+(x)[Nn()’)]Tf(x))

= X+ (x) / [a (i) [Nn<y>]Tf<x)] Ny (y) dy
r, L\ 2

= x4 (x) / a (i) Np () INa )17 £ (x) dy
e\ 2]

= x+(0) Y (x0) f(x).
Finally, it is easy to see that each component of Y is given by (3.3). O

The component function (3.3) is bounded because of the Cauchy—Schwarz inequal-
ity. Further

i) = 2|x|/]R a(y) li—1Q2lx|y)lj-12l|x[y) dy.
+

Thus, the continuity of /;—;(2xy)/;_1(2xy) implies the continuity of yl.';.’”(x) on
(0, 00).

4 C*-Algebra Generated by Toeplitz Operators

Denote by L£’+°°} (R) the closed subspace of L, (R) which consists of all func-

tions having limit values at the “endpoints” 0 and +o0, i.e., for each a € Lé%’oo} Ry)
the following limits exist

lim a(y) =a(0) and lim a(y) = a(+400).
y—0 y—+00

We will identify the functions a € Li%‘"’}(&) with their extensions a(z) = a(y)
to the upper half-plane IT, where y = Im z. We shall say that a € Lé%c’"}(&) is a
vertical symbol.

In this section we study the C*-algebra generated by all the Toeplitz operators on

Aﬁ(l’[) with such vertical symbols.
Lemma 4.1 Take a vertical function a(y) € Lé%’JrOO}(RJr), and let

ap = lim a(y),
y—07F

Iim a(y).

y—>+00

Aoo
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Then the matrix-valued function y™“(x) satisfies
sl = lim y™%(x),
x—0t

apl = lim yp™%(x).
X—> 400
Proof We will calculate the limit value of each entry of y™“. Consider C;; =
Jo o lli—1()j—1(»)|dy. Take € > 0. Then there exists yo > 0 such that fyff 1Li—1(y)

lj—1(y)|dy < €. Assume that ap = 0. Let § be a positive number such that |a(¢)| < €
for 0 <t < 4. Then

= [Ca(3) monamla [

Yo
+)
- €.
a(3)] +lall

Let N = yp/(28). We have |y/(2x)| < §forx > Nandy € (0, yg). Thus |yi';.‘a(x)| <
(Cij + llalleo)€ for x > N. We have proved that liT yl.’;.“(x) =0.If gy # 0, take
X—>+00

b(y) = a(y) — ap. Then

e¢]

@ (5) tim1 0100 dy

< Cij max
O<y<yo

. n,a T n,b . n,aop
Jim 0 = lim 0+ lim i)

:ao/o LiciLj—1(y)dy

= a()aij.
The proof of the equality lirrb yi’]'.’”(x) = doodjj is similar. |
X—>

Let M, (C) denote the algebra of all » x n matrices with complex entries. Let
¢ = M,(C) ® C[0, 0o], and let © be the C*-subalgebra of € given by

D ={(Mec: MO),M() e CI}.

Let B be the C*-subalgebra of © generated by all the matrix-valued functions
y™%(x), witha € L{o%’+°°}(R+). Obviously %5 is isomorphic to the C*-algebra gen-
erated by all the Toeplitz operators 7, ,. We will prove that ‘B = ® by using a
Stone—Weierstrass theorem [4]. Actually, we are going to prove that B separates all
the pure states of ©. We know that © is a C*-bundle, and the set of its pure states is
given by the pure states on the fibers O (xg) = {M(xg) : M € D}, where x¢ € [0, co].
See [2] for more details. Thus, each pure state of © has the form

J(M) = fry(M(x0)), MeD,

where xg € [0, oo], and fy, is a pure state of D (x¢). Of course D (xg) = M, (C) for
xo € (0, 00), whereas D (xg) = CI for xg = 0, oco.
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For a matrix A = (a;;) € M,(C), let tr A denote the trace of A, thatis, tr A =
z:’zl a;j;. Further, consider the following linear functional on M, (C) associated to
A:

fa@) = D aijgij, Q= (gij) € My(C).

i,j=1
Consider the set of all positive matrices of trace 1:
MU= = (A = (a;j) € My(C)] A>0and tr A = 1}.

Theorem 4.2 (Lee [5]) Let St,, denote the set of all states of the matrix algebra M,, (C).
We have

1. The functional fa belongs to St, if and only if A belongs to M =1 The mapping
A > f4 is a one-to-one correspondence from Mﬂ:zl onto St(Mp).

2. The functional fa is a pure state of M, (C) if and only if A € Mﬁ:zl is an
orthogonal projection with rank 1. In such a case, there exists an unit vector
v € C" such that A = vvT, and

Ja(Q) = (Qv, v),

where (-, -) denotes the usual inner product on C".

Thus, the set of pure states of © consists of all functionals having the form
Jrow(M) = (M(xo)v,v), MeD,

where x( € (0, 00) and v is a unit vector in C”*, or xg = 0, coand v = (1,0, ..., 0)7.
That is, © (xo) has only one state for xog = 0, co.

Let Fy, Fs be the (pure) states of ©(0) and D (00), respectively. If a(z) is any
vertical symbol in Lé%’+00}(R+) satisfying ag # do, then Fy(y"™%(x)) = as and
Foo(y™"%(x)) = ag. Thus, Fy and F, are separated by y'>¢(x). In the general case,
we will separate pure states using vertical symbols of the form ¢(z) = x[«,51(), for
which

p(x) = / c(i) NaO)INa )T dy
. \20x]

2Bx
— Na)IN, (01T dy.

2ax

Let v € C" be a unit vector. Consider the function /1, (y) = (v, N, (y))|*. We have
hy(¥) = qy(y)e™”, where

(3 = oLo() + -+ Va1 (D" Lo ()
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is a polynomial of degree at most 2n — 2 taking non-negative values. Of course, there
exists K, > 0 such that 4, (y) is decreasing on [K,, 00).

Lemma 4.3 Let v € C" be a unit vector, and y'(x) be the symbol of the Toeplitz

operator T, ., where ¢ = x[qp)- Let Ky be a positive real number such that h,(y)

is decreasing on [K,,00). If 0 < xo < x1 < 00 and «, B satisfy K, < 2axo and
o

;ﬂf <7< 1, then y™(x) separates the pure state fy, , from fy, v.

Proof We have
Frow (™) = (¥ (x0)v, v),
2Bxq
= < /2 Ny DIN. D17 dy v, v>

axg
2Bx0

_ /2 (NaOINa )1 v, v) dy

X0

2Bx0
_ /2 (v, Na () (Na (1), v) dy

X0

2Bx0 )
=/2 [(v, Nn ()" dy.

X0

From f{—? < % < 1 we get Ky < 2ax0 < 2Bxp < 2ax; < 2Bx;. Thus, the

matrix-valued function y"“(x) separates the pure states fx,,v, fx,,v:

2Bx0

fxo,v(yn’c(x)) = / hv(y) dy

2ax0

2Bx1
. / ho(y) dy
2

x|
= fu ,v(yn’c(x))'
[m}

Consider c(z) = xja,g1(y) and xp € (0, 00). Then the function " (x) separates
fro,v from Fp and F, because fy, (¥ (x)) > 0and Fo(y"™“(x)) = Foo(y"“(x)) =
0.

Lemma 4.4 below says that the functions y'“(x) separates the pure states
Sxo,vs fxy,w from each other if xo # x1, with xg, x1 € (0, 00).

Lemma 4.4 Let v, w € C" be unit vectors, and xo, x; € (0, 00). Let y™(x) be the
symbol of the Toeplitz operator T, ,, where ¢ = X[, p)- Suppose that

Jrow (") = fr w(M(x), forall0 <o <p <oo.

Then xo = x1 and

(v, NuO)I? = w, NuOW)I? for all y € (0, 00).
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Proof The assumption fy, (¥ (x)) = fx,w(y"(x)) means

2Bx0 2pBx1
/2 hv<y>dy=/2 h(y) dy.

X0 x|

Take the derivative with respect to § in both sides of this equation:

2x0 hy(2Bx0) = 2x1 hyy (2Bx1), VB
X0 qu(2Bx0)e 2P0 = x| gy, (2Bx1)e 2P, VB
X0 qu(2Bx0) = x1 qu(2Bx )P0 g,

Since ¢y, qy are polynomials, the exponential growth behavior in both sides of this
equation implies that xo = x;. Therefore ¢, (28x0) = qw(2Bxp) for all B > 0, which
means that the polynomials ¢,, gy, are equal to each other. Thus %, (y) = hy,(y), that
is, [(v, NaO)? = [{w, Na)I> V. o

Lemma 4.5 Let yy, ..., y, be positive real numbers different from each other. Then
the set {N,(yr)};_, is a basis for C". Actually, the determinant of the matrix N =

[Ne(y1), .., Na(y)1T is given by

=14ty /2
e
Hk:l : 1<i<j<n

Proof Since N,(y) = e™/2(Lo(y), =L1(¥), ..., (=1)"'L,_1(»)T we have

Loy —Li(yn) -+ (=D)""'Ly_1(y)
_ Lo(y2) —Li(y2) -+ (=D)"'Lp1(y2)
LoOw) —Li(ya) -+ (=" 'Ly1(yn)
where D = diag{e /2, ..., e/}, Since 1/k! is the leading coefficient of

(=D L),
1
(—1)kLk(y) = E(yk + lower degree terms)

Therefore the determinant of N has the form

I yidao yi+biyi+bo -y 4
detD |1 yr+ag y2+biya+by - ¥y '+
det N = _9¢ Y2+ao yy +biy2+bo A3
e ‘ ~

1 yodao y2+biya+by - yrt4...
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Applying the linearity of the determinant with respect to the second column, and then
with respect to the third column, and so on, we get

—1

Loy yb o )
detD |1 2 L gl

detN = © 2% 72

n—lk| .

k=0 %+
1oy, y2 ooyt
We have here the Vandermonde determinant, it is well known its value. O

Next lemma completes the separation of all pure states.

Lemma 4.6 Letv, w € C" be unit vectors, and xo € (0, 00). Let y™*(x) and y™ (x)
be the symbols of the Toeplitz operators T, , and T, p, respectively, where a = X[0,«]
and b = x0,8). Suppose that

Lo Y (0)) = frgw @)y (), Ya,Bel0,00l. (41
Then v = Aw, where X is a uni-modular complex number, that is, fv,.v = fxo,w-

Proof Note that y"b(x) = I if B = 0o. Thus fy, ,(¥™* (X)) = frow(¥" (X))
Va € (0,00). Since ¢ = xop = X0,8] — X0.o] for ¢ < B we have
Frow () = fro,w (¥ (x)). According to Lemma 4.4, we have [(v, N, =
[(w, Ny(»))|> Vy. Therefore

(v, Ny () = 0w, Np(y) ¥y,
where 0(y) is a certain function. On the other hand, the assumption (4.1) means that

(" (x0) Y™ (xo)v, v) = (¥ (x0)y™ " (xo)w, w). (4.2)

Since

2a.x0
Y™ (x0) = /0 Ny WDIN )1 dy,

the left-hand side of (4.2) equals

20x0 2830
ol (/0 Nu(DIN, )T dy) (/O N, ()N, ()1" dt) 0.

Without lost of generality we can assume that xo = 1/2. By taking partial derivatives
with respect to « and S in the left-hand side of (4.2), we get

7 (Na(@INa@)1") (NaBINa (BT 0.
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We have N, (8) # 0O for every positive number 8 according to Lemma 4.5. Thus,
et/ ZN,, (oz)TNn (B) is a nonzero polynomial with respect ¢, and it could be the zero
scalar for at most n — 1 values of «. Therefore, if we take partial derivatives in both
sides of (4.2), we obtain

T Ny (@) [Ny (B)1 v = 0" Ny(@) [Ny (B w
or

(v, Nu (@) (v, Nu(B)) = (w, Ny (@) (w, Ny (B))
(w, Np(@)){w, Nu(B))e!?P=10@ = Ty "N, (@) (w, Ny (B))

Thus ¢!P)=0(@ = 1 for all a, B, which means (v, N, (y)) = "% (w, N, (y)) for all
y € (0, 0o) and some constant 6y. If u = v — %, then (u, Ny(y)) = 0. Take now
n values for y in the last equation, then

(u, Ny(k)) =0, k=1,...,n.

Thus, u must be the zero vector because of { N, (yx)};_, is a basis for C". O

We are going to describe now the C*-algebra generated by the Toeplitz operators.
The non-commutative Stone-Weierstrass conjecture Let B be a C*-subalgebra of a
C*-algebra A, and suppose that B separates all the pure states of A (and O if A is
non-unital). Then A = B.

Kaplansky [4] proved this conjecture for type I (or GCR) C*-algebras. Recall that
A is a type I C*-algebra if K C w(A) for every irreducible representation 7 of A on
a Hilbert space H, where K is the ideal of all compact operators. In our case, ® is a
type I C*-algebra, and ‘B separates the pure states of ©.

Let 7., be the C*-algebra generated by all the Toeplitz operators T}, , acting on

the poly-Bergman space A2 (T1), with a € Lé%’oo} (R4).

Theorem 4.7 The C*-algebra 1! | is isomorphic and isometric to the C*-algebra ®.
The isomorphism is given by

Tt T —> (Sym Ty 0)(x) =y (x),

where y™%(x) is given in (3.2).
Let 76(;0) be the C*-algebra generated by all the Toeplitz operators T(;) , acting on
the true-poly-Bergman space A%n)(l'l), witha € L{O%‘OO} RL).

Theorem 4.8 The C*-algebra ’ZE)(CQ is isomorphic and isometric to the commutative
C*-algebra C|0, 0o]. The isomorphism is given by
7 Tny,a —> (Sym T(ny.a)(X) = Y(n),a(x),

000

where Y q(x) is given in (3.1).
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