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Abstract. We deal with the inquiry about stability for nonlocal differen-
tial equations involving infinite delays. The dissipativity, stability and
weak stability of solutions are addressed by using local estimates, fixed
point arguments and a new Halanay-type inequality. Our analysis is
based on suitable assumptions on the phase space and nonlinearity func-
tion. Our abstract results are illustrated by applying to nonlocal partial
differential equations.
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1. Introduction

We are interested in the following problem

%[k s (u—up)](t) + Au(t) = f(t,ue), t >0, (1.1)
uyp = € B, (1.2)

where the unknown function u takes values in a separable Hilbert space H,
the kernel k € L}, (RT), the notation ‘*’ denotes the Laplace convolution, A
is an unbounded linear self-adjoint operator, and f : RT™ x B — H is a given
nonlinear function. The admissible phase space B satisfies certain conditions
that will be defined later. In our model, u; represents the history of the state
function u up to the time ¢, i.e. us(s) = u(t +s),s <0.

It is worth pointing out that the system under consideration includes
some important classical cases with respect to the kernel function k being of
special ones (see, e.g. [14,16]). Namely, if k(t) = g1—,(t) == t7#*/T'(1 — p),
for p1 € (0, 1), then equation (1.1) is the fractional differential equations since
the convolution represents DY, the Caputo fractional derivative of order p.
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Regarding the fractional differential systems involving finite delays in Banach
spaces, some results on (weak) stability and decay solutions were established
in [1,12,13]. Based on the special features (e.g., the analyticity, subordinate
principle) associated with the kernel g;_,(t), the fractional differential equa-
tions can be considered in a more general framework:

{Dg[x(t) — h(t,z;)] = Ba(t) + f(t,x(t),z;), t >0

z(0) = »(0),6 <0, (1.3)

where B is the infinitesimal generator of an analytic semigroup on a Banach
space X. Considering abstract neutral functional differential equations like
(1.3) involving infinite delays, we refer the reader to [18,21] for the existence
of integral solutions, and [2] for existence of integral solutions with a certain
decay rate. Noting that the approach in the mentioned works heavily relies
on the point-wise decaying of the Mittag-Leffler functions E,, ,(z), which is
no longer available for the general nonlocal derivatives. Nevertheless, sys-
tem (1.1) without delay has received considerable attention over decades. It
appears in mathematical models of various processes in materials with mem-
ory (see, e.g. [5,7,23]). Particularly, Vergara and Zacher [29] mentioned that
equation (1.1) with an appropriate class of kernels can be used to depict
the anomalous diffusion phenomena which includes slow/ultraslow diffusions
when H = L%*(Q),Q ¢ RV, and A = —A is the Laplacian associated with
the homogeneous Dirichlet/Neumann boundary condition. We also refer to
[14,17] and the references therein for recent development on this trend.

It should be mentioned that, in modeling of physical/biological pro-
cesses, the formulated system is usually subject to the history information,
that is, a delay term comes into the model. A class of Caputo fractional
integro-differential equations with bounded delays has been investigated re-
cently in [4,19] by Lyapunov-Razumikhin method. The authors in the recent
work [16] studied (1.1) in the case of finite delay, i.e. ¢ € C([—h,0]; H),
where some stability results were obtained. As far as we know, this is the
first attempt dealing with stability analysis for nonlocal differential equa-
tions involving delays. In this work, we consider the case that ¢ belongs to
the fading memory spaces, which were axiomatically introduced by Hale and
Kato in [8]. This situation is entirely different from that in [16] due to the
complicated structure of phase spaces. Our aim is to find a class of admissible
phase spaces and conditions on the nonlinearity function f under which our
problem is solvable, and its solution is stable/weakly stable. To this end, we
first set the following fundamental hypotheses.

(AO0) The operator A : D(A) C H — H is self-adjoint on H and its spectral
o(A) is bounded from below, that is, there exists A\; := A\1(A) € R such
that o(A) C [A1, +00).

(K) The kernel k € L}, (R") is nonnegative and nonincreasing, and there
exists a function [ € L}, (RT) such that k* [ =1 on (0, 00).

Hypothesis (K) enables us to get a representation of solutions for (1.1)—(1.2).

This hypothesis has been used in a wide range of works (see [14,16,17,22,24,

29,30]).
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Let us give a brief on our approach. The well-posedness of linear equa-
tion is followed by Priiss’ theory of resolvent families and Lemma 2.2 ((2))
below, which extends the recent result [14, Lemma 2.3]. Namely, the exis-
tence and qualitative properties of the solution operators are established for
a general semibounded self-adjoint operator. The assumption (A0) also cov-
ers the case A has a negative spectrum, see Lemma 2.2((1)). The solvability
of (1.1)—(1.2) is obtained by a fixed point argument. This will be done by
proving the compactness of the Cauchy operator in Proposition 2.3 without
regularity assumption on the kernel, see Remark 2.1. The stability of the
solution to (1.1)—(1.2) is proved by applying a new Halanay type inequality,
which is more flexible, in comparison with the one in [16]. In addition, we
utilize of the approach developed in [3,16] to get the weakly asymptotic sta-
bility result, which relies on the fixed point principle for condensing maps
on a special constructed subset. We find that the sufficient conditions for
weak stability result, Theorem 4.4, only depend on the asymptotic behavior
of the coefficients of the system for a large time. This phenomenon provides
a compatible observation of existence result in finite time, where one has
no restriction on the magnitude of Lipschitz constant of the nonlinear func-
tion. Our setting is more practical and relaxes some conditions proposed by
previous works in the literature.

The paper is organized as follows. In Sect. 2, we collect some necessary
results on the theory of resolvent, establish a compactness of the Cauchy
operator and propose a new Halanay-type inequality. Section 3 is devoted to
studying the existence of mild solutions and the dissipativity via the existence
of absorbing sets. In Sect. 4, the stability results and the weakly asymptotic
stability of the zero solution are formulated under certain assumptions on
the nonlinearity as well as on the phase space. The last section presents an
application to a class of nonlocal partial differential equations with infinite
delays.

2. Preliminaries

2.1. Phase spaces

We recall in this subsection the axiomatic definition of the phase space B,

see [8]. The phase space B is a linear subspace consisting of functions from

(—00,0] into H, which is furnished by a suitable seminorm |-|z and satisfying

the following. If a function v : (=00, T + o] — H is such that v|, 714 €

C(lo,T + o]; H) and v, € B, then

(Bl) vy e Bfort e [o,T+0ol;

(B2) the function ¢t — v, is continuous on [0, T + o|;

(B3) |velp < K(t—0)sup, < < [v(s)l|+M(t—0) v |5, where K, M : [0,00) —
[0, 00) are independent of v, and K is continuous, M is locally bounded.

In the present work, we put a further assumption on B:

(B4) there exists ¢ > 0 such that ||p(0)| < o|¢|s, for all ¢ € B.

We recall here some examples of phase spaces 3. We refer the readers to the
book by Hino, Mukarami and Naito [10] for more details. The first one is
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given by
Cy={p € C((~o0,0]; H) : lim 67930(9) exists in H},

60— —o0
for a given v > 0. It easily sees that C, satisfies (B1)-(B3) with
K{t)=1, M(t)=e ",
and C, is a Banach space with the following norm

ol = supe??|p(0)].
0<0

The second example is defined as follows. Assume that 1 < p < +00,0 <r <
+oo and a function g : (—oo, —r] — R is nonnegative, Borel measurable on
(=00, —r). Let C'LY denote a class of functions ¢ : (—o00,0] — H such that
¢ is continuous on [—r,0] and g(0)||¢(0)||P € L'(—o0, —r). The associated
seminorm in C'LY is given by

-

dles = sw_[e@l+] [ g@)le@)as].

—r<6<0 —o

Furthermore, suppose that
/ g(0)df < +oo, for every s € (—oo, —r) and (2.1)
g(s+60) <G(s)g(d) for s <0 and 0 € (—o0, —r), (2.2)

where G : (—00,0] — R* is a locally bounded function. It is shown in [10],
CLY satisfies (B1)-(B3) provided that (2.1)—(2.2) hold true. More precisely,

1 ) for0<t<r,
) = 1+[f__tTg(9) dﬂ} v for t > r; 23)
Mt = max{l—l—[f__glg(&) dIQ} %,G(—t)%} for0<t<r, (2.4

max{ [f__trg(Q) de} E,G(—t)%} for t > r.

2.2. The resolvent families

Consider the following scalar Volterra equations which describe the relaxation
functions

s(t) +A(+s)(t) =1, t>0, (2.5)
r(t) + A x7)(t) = U(t), t>0. (2.6)

The solvability of s and r was mentioned in [20]. The solutions of (2.5) and
(2.6) are denoted by s(-,A) and r(-,\), respectively. The kernel [ is said to
be completely positive if and only if for every A > 0, s(-) and r(-) take
nonnegative values. An equivalent criterion is that (see [5, Theorem 2.2]),
there exist a > 0 and a nonnegative and nonincreasing kernel k € L}, (RT)
which satisfy al(t)+1xk(t) = 1 for all t > 0. Hence, our assumption (K) yields
that [ is completely positive and particularly, [ takes nonnegative values by

[5, Proposition 2.1 (1)]. Consequently, the functions s(-, A) and r(-, A) take



Vol. 25 (2023) Stability analysis for nonlocal evolution equations Page 5 of 33 22

nonnegative values (for even A < 0, see also explanation in [30]). We remind
some further properties of these relaxation functions.

Proposition 2.1. [14 30] Let the hypothesis (K) hold. Then for every A € R,
s(, ), (-, A) € LY (RT). In addition, we have:

(1) The function s(-,\) is nonnegative and nonincreasing. Moreover, for
A >0,

loc

s(t, \) {1+A/ dr} <1, Vt>0. (2.7)

Hence if | ¢ LY(RT) then limy_, s(t,\) = 0 for every A > 0.
(2) The function r(-,\) is nonnegative and one has

s(t ) =1— )\/tr(T, Ndr = kxr(,A)(), t>0,
0

sofo r(r,\)dr < A7 Ve > 0. If L ¢ LY(RY) then [J° (7, A)dr = A7!
for every A > 0.
(3) For each t > 0, the functions X\ — s(t,\) and X\ — r(t,\) are nonin-
creasing in R.
(4) Equation (2.5) is equivalent to the problem
d
&[k* (s=1)]+As=0, s(0) =1.
(5) Let v(t) = s(t,\)vg + (r(-,A) * g)(t), here g € L}, (R"). Then v solves
the problem

Sl (0= w))(6) + Me(t) = g(0), 0(0) = .

Using spectral theorem for self-adjoint operator [26, Theorem 1.7], the
hypothesis (A0) implies that there exist a measure space (Z,du), a unitary
map U : L*(Z,dp) — H and a real-valued function a on = such that

UTTAUf(€) = a(§)f(€), Uf € D(A). (2.8)
Note that for f € L?(E,du), Uf € D(A) iff M,f(-) = a(-)f(:) belongs to
L2(Z,dp).
Based on this spectral representation of A, the Borelian functional cal-
culus of A is given by

(U_lg(A)Uv) (&) = g(a(&))v(§), for almost every & € =, (2.9)

for arbitrary Borel function g : R — C. In general, g(A) is unbounded linear
self-adjoint in H for an arbitrary Borel real-valued function g. If ¢ is bounded
in R then so is g(4) and [g(4)]| () < 9] zce)-

The spectral boundedness from below of A implies that

a(&) € [A1,+00), for almost every £ € E.

Therefore, the functional g(A) only depends on the essential value of g in
[A1, +00). In particular, if g € L™ ([A1,00),du) then g(A) is a bounded linear
map in H and furthermore

19(A) L) < esssupgez |g(a(§))]. (2.10)
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Note that if A\; > 0 then for v > 0, the fractional power of A can be
defined as follows
D(AY) ={Uw € H :w € L*(E,dp), (a(¢))" w(¢) € L*(Z,dp)},
UTAUw(€) = a(§) w(€),Uw € D(AY).
Let V, = D(A”). Then V,, is a Banach space endowed with the norm

2

[vllpeavy = (/: (1+a(e)) |U‘1v(§)|2du)

For A\ > 0, this is equivalent to the following norm

lolh =1%ol = ( [la@Prlo-to@Pan) . @

Moreover, for v > 0, V_, can be identified with the dual space V7 of V.
By formula (2.9) and properties of the functions s(t, ), r(t, 1), we now
define the resolvent operators

U™LS(t, A\Uv(€) = s(t,a(&))v(€),6 €, >0,Uv € H, (2.12)
U'R(t, AUv(€) = r(t,a(&))v(€), £ € E,t > 0,Uv € H. (2.13)
Obviously, S(t) := S(t, A) and R(t) := R(t, A) are linear self-adjoint opera-

tors in H and fulfill the following fundamental relation
S'(t,A) = —AR(t, A),t > 0, (2.14)

due to Proposition 2.1(2) and the relation (2.12)-(2.13). In the following
lemma, we prove some properties of S(¢), R(t) which extend the recent result
[14, Lemma 3.2]. By relation (2.14), the statement in Lemma 2.2 ((2)) below
implies that S(¢, A) is differentiable in the sense of Priiss [23, Definition 1.4].
A consequence of (2.17) is a smoothing effect of the solution operator. This
estimate plays an important role in analyzing semilinear nonlocal evolution
equations since the assumption on the nonlinearity can be relaxed consider-
ably, as mentioned in [23, Section 13.5].

Lemma 2.2. Let {S(t, A)}+>0 and {R(t, A) }+>0, be defined by (2.12) and (2.13),
respectively and T > 0 be given.
(1) For eachv € H, S(-,A)v € C([0,T); H) and AS(-,A)v € C((0,T); H).
Moreowver,

15(t, A)oll < st M)l ¢ € [0,T;

[[o] .
1 LN\ A Z 07
48, Ayoll < { WD) o
Aals(t =[ADlvll, o A <0,
fort € (0,T7].
(2) Letwv e H. Then R(-,A)v € C((0,T); H). Furthermore,
IR, A)vl| < r(t, A)llvl], ¢ € (0,7, (2.15)

[AR(t, A)v|| < r(t, \)||Av|,v € D(A),t > 0. (2.16)
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In particular, for t > 0 one has ||S'(t, A)v|| < r(t, \)||v][pcay for all
v e D(A).

(3) Assume further that Ay > 0. Then the convolution with R possesses
a smoothing effect in the sense that if g € C([0,T];V5),y > 0 then
A(R+g) € C([0,T]; V. _1)

4RO,y < ([ re-rlslfar) re .l @)

~

Proof. The first part in (1) and (2) follow by the same argument as in [14,
Lemma 2.3], so we verify only the remain statement in (1). By (2.10), one
has

||s(t,A)||L(H) < ;};15 s(t, A) = s(t, A1), (2.18)

where the last relation follows from the monotonicity of s(t,-) with respect
to A. Analogously, one also gets

[AS(E, A)ll i) < sup |a(§)]s(t; a(€)) (2.19)
= sup |Als(t,\) < sup |A|s(t,\) (2.20)
A>X A=~
= max{ sup  |A|s(¢, A), sup As(¢, )\)} (2.21)
— A1 [<A<0 A>0
1
S maX{|)\1|S(t,_)\1|),l*l(t)}, (222)

here the last inequality follows from Proposition 2.1 (1).
The proof of the first part in (3) goes similarly the one above, hence we
show only the last estimate (2.17). Using the representation

U~ AR * Ug)(t,€) = / a(€)r(t — 7,a(€))g(r,)dr,

where §(t,-) = U~ 1g(t), we have
2

t
ol [ a@rtt - ra@)atr.or) d
0
thanks to (2.11). Then utilizing the Holder inequality, we get
IAR % g()I[V,,_,

oty ([ @t~ ratenar) ([ at@re—rateiatr.oPar )

[AR g1}, . = [

IA
TR

o]

< [ s(t.ae)) ( / a(©)>'r(t - 7€) 4 ( §>|2dr) du

INA

S— 5—

t (/_ r(t —7,a(€))a(€)*|3(r, §)|2du) ar

t

< (r(HM a<s>2”|g<f,£>|2du)d7: [ =l an
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which ensures (2.17). In particular, ||R*gllc(o,11,v, . /0) < ﬁ”g”c([oﬂ"],v’y).
This is the half smoothing effect of the resolvent operator R. O

Let E and F' be Banach spaces. The notations L(E, F), K(E, F') stand
for spaces of bounded linear operators, linear compact operators from E to
F, respectively. Note that IC(E, F) is closed subset in L(FE, F) with respect
to the operator norm.

To gain the compactness of the solution operators, we need further as-
sumption as follows:

(A) The operator A : D(A) C H — H is nonnegative, self-adjoint on H
with compact resolvent.

This assumption guarantees that H possesses an orthonormal basis {e,, }° ;,

where e,,n > 1 are eigenfunctions of the operator A with corresponding

eigenvalues \,, > 0. The domain

D(A) = {v = ivnen : i)\ivi < oo} ,
n=1

n=1

and A admits the presentation

(oo}
Av = Z AnUn€n, vy = (v,e,),v € D(A).
n=1
The assumption (A) implies that 0 < Ay < Ag < --- < A, — 00 as n — o0.
In this case, = is the set N of natural numbers and the measure du is thus

the counting measure, the function a(n) = A,,¥n € N and the unitary map
U : L*(N,du) — H is given by

f=Wfori S ) ELPN) > Uf = frep € H.

k=1

For a real number s we denote X, = C([0,7]; D(A®)). We need the following
result to investigate the existence results.

Proposition 2.3. Let assumptions (A) and (K) hold. Then the operator
Q: C([0,T]; D(A%)) — C([0, T]; D(A**/2)), f = Qf (1) :== R+ f(t)
is compact for any s € R.

Proof. Based on the approximation argument, the proof is divided into sev-
eral steps.

Step 1. We first remind that for a given g € C[0,T], the convolution
map Cq : C[0,T] — C[0,T],v — g*v is compact. This is a classical result, but
for the convenience of the readers, we provide a proof here. Fix any bounded
subset D C C[0,T], that is, there exists a positive constant R > 0 such that

|v|| <R, VveD.

Clearly, [gxv(t)| < [lgllz1(0,7) maxsepo,r) [v()], v € D, which implies the point-
wise bounded of C, (D).
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On the other hand, for any € > 0, by the uniform continuity of g on
[0, T, one chooses a positive number § < €/(2R|g|| + 1) such that

o(s1) ~ 9(s2)] < 5 for amy s, 52 € [0.7], 1 — sa] <&
For any t1,t2 € [0,T], 0 < ts —t; < § and v € D, one has

g% 0(tz) — g% v(t))] < / gt —7) — glta — 7)|[o(r)[ds

+ / glt — 7yo(r)|ds

t1

T
€
< g7 [, PO+ ma o(r)ls = ta] ma. [o(r)
< <
< (5ggT + lolls) sup ol <

for any v € D. Therefore, the equi-continuity of C,(D) is testified. Thus,
Cq4(D) is relatively compact in C[0,T] by Arzela—Ascoli Theorem.
Step 2. Extend the statement above to the singular kernel. For a given
g € LY(0,T) Then g+ : C[0,T] — C[0,T] is compact. Indeed, by density
of smooth functions in L!(0,T), one can choose a sequence of continuous
function g,, such that g, converges to g in L'(0,T). Then, we have
t

[(Cg,, = Cg)vll = sup [ [ (gu(t —7)—g(t —7))v(7)d7|
te0,7] Jo

t
< swp [ lgalt =)~ glt = 1)l o(r)ldr
tefo,1]Jo
< gn — gllro.m)lIv]l-
Thus, lim,, . [|Cy,, — Cyllz(clo,77) = 0, which implies the compactness of C,.
Step 3. Let denote

n

Quf(t) =) </Ot7”(t -, )\k)fk('r)d7> ek

k=1
for any f =377, fr(t)er € C([0,T]; D(A%)).
By Step 2, @, is a compact operator from C([0,T]; D(A4%)) to C([0,T7;
D(AS+1/2)).
Step 4. By Step 3, it reduces to show that @, converges to ) with
respect to the operator norm in £(X, X, 1/2). Indeed, we have

”(Q - Qn) ( )HQD(AS-H/z)

= Z |)\1+2s/ t—T )\k)vk( )(31’7'|2

k>n

< Z/ Apr(t — 7, A\ )dT - / r(t—r, >\k)|)\21)k(7)|2d7'
k>n
(by Holder’s inequality)
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/ (t=7.20) D [Niok(r)Pdr

k>n
t
(since / A (T, Ak )dT =1 —s(t, \,) < 1 and (-, \g)
0
An) for k > n)

/ o(r) |3 aeydr
([
1-—

IN

>dr) sup o) Bae,

s€[0,T

( ) i

Hence, we obtain

1
190 = @llx. i = 510 1@ = @Ol < - ol

In other word, we get

1Q = Qull(x.xr1)s) <A/ — 0as n — oo

This finishes the proof. U

Remark 2.1. The standard argument for checking the compactness of a sub-
set in C([0, T], D(A**1/2)) is applying Arzela—Ascoli Theorem directly. How-
ever, due to the singularity of the kernel I (so (-, \)), it is difficult to testify
the equi-continuity of Q(D) directly without further regularity assumption
on the function [. So the proof of compactness for @ in this work requires
less conditions than those in [15, Lemma 3.5].

2.3. Halanay type inequality

We denote by BC(R™; X) the space of continuous and bounded functions
defined on R* taking values in a Banach space X. It is a Banach space with
the norm given by ||y||pc = sup;s¢ ||y(t)]|. Let BC(RT) = BC(R*;R) and
BCy := {v € BC(R") ‘ lim; o v(t) = 0}. We verify now a Halanay type
inequality in the integral form, which plays a crucial role in our approach.

Proposition 2.4. (Halanay type inequality) Let v be a continuous and non-
negative function on RT. Assume that for any t > 0, it holds

v(t) < p(t) + /Ot r(t —7,a)q(T)dT + b/ot r(t—7,a) o su[() : }v(f)dr,
T—p(T),T
(2.23)

where p,q € BC(RY), a >b> 0, and p is a given function such that t > p(t)
fort > 0. Then, v € BC(R") and

a
o(t) < (Ipllc + Ir() * gllc) =, ¥t > 0. (224)
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Moreover, if lim; . (t — p(t)) = oo, then
a
a—>b

hmmmmwghmwp@um4m3@*@u» (2.25)

t—oo t—o0

In particular, for any € > 0, there exists T'(¢) > 0 such that

*

ar

v(t) < 7 +e, Vt > T(e),

here r* = limsup p(t) + limsup r(-, a) * ¢(t).
t—oo

t—o0

Proof. First, we prove (2.24). By (2.23), for all t € [0,T7], one has

t
o(t) < lp+ (- a) * qllse +b sup v(E) / r(t — 7,a)dr
£€[0,T) 0

1—5s(t,a
< Iplse +lIr(sa) allse + b sup v(e) =2t
£€(0,77 a

b
<llpllsc + (@) * gllpe + — sup v(E).

@ ¢elo.7]
It implies
a
sup (&) < (Ipllse + Ir(a) * qllse ) ——.
¢elo.7) a—b
Let T'— oo, we get
a
sup (&) < (Ipllne + 7o) < allne) 7.

£€[0,00)

Thus, (2.24) is verified.

We next show that (2.25) holds. Since t —p(t) — oo as t — oo, it follows
that for any T > 0, there exists T} = T1(T) > 0 such that

t—pt) =T, vt=>T1,
and T} — oo as T' — oco. Using (2.23) with ¢ > T} yields

Ty
u(t) < p(t) + (r(-,a) * q) (t) + b/o r(t—7,a) sup  v(&)dr

ge[r—p(7),7]

+ b/ r(t—7,a) sup wv(§)dr

Ty §e[r—p(1),7]

T
< plt) + (r(~a) ) () + bllo] 5 / r(t — 7, a)dr

+ bsup v(&) /t r(t—T7,a)dr

T Ty

<0(0)+ () <) (0 +C [ €. + L sup (o),

ae>r
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here C' = <||pHBc+ Ir(-, a) >x<q||BC) -ab-Taking the supremum over [27},00),

we have
C b
sup o(t) < sup (p(t) + (r(0) % 0) (1)) + —5(T1,0) + = sup v(€).
t>2Ty t>2Ty a a¢>T

Let T — o0, then T} — oco. So we obtain

lim sup v(t) < lim sup (p(t) + (r(-,a) * q) (t))
Ty —o0 t>2T Ty —o0 t>2T

C b
lim —s(T; lim — :
Tt i ()

Hence, it implies

limsupv(t) < (lim supp(t) + limsup (r(-, a) * q) (t)) a_

t—o0 t—o00 t—o00 a—2>b
Consequently, the last statement in Proposition 2.4 holds. The proof is com-
plete. O

Corollary 2.5. If p € BCy and q(t) = qo(t) + goo(t), t > 0, g0 € BCo,qoo €
BC(R™) then there exits T'(e) > 0, for each given € > 0, such that

|90 || BC

v(t) < -

+e, t>T(e).

Halanay-type inequality plays an essential role in the stability analysis of
nonlocal evolution equations. Another approach is combining the Lyapunov-
Razumikhin method [9] and the nonlocal chain rule [17, Lemma 6.1]. We
refer the readers interested in this approach to [28] for asymptotic stability
result for a class of nonlinear Volterra integral-differential equations in the
finite-dimensional case with the continuous kernel. A version of nonlinear
Halanay-type inequality which utilizes the nonlinear structure should be more
interesting in applications to nonlinear systems to obtain the optimal results.

2.4. Definition of mild solutions
For ¢ € B, we define
Cy={ueC([0,T]; H) : u(0) = ¢(0)}

as a closed subset of C([0, T']; H) with respect to the supremum norm denoted

by [ - [|oo-
For any v € C,, the function v[p] : R — H is defined by

e, —o0 <t <0,
vlel(t) = {v(t), t>0.
Then, obviously
_Jelt+0), oo <h<t,
v[‘p]t(e) - {U(t + 0)7 = [—t,O]

Motivated by arguments in [14], the definition of mild solution to the
system (1.1)—(1.2) is given as follows.
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Definition 2.1. A function u € C((—o0,T]; H) is said to be a mild solution
to (1.1)—(1.2) on (—oo, T iff u(t) = p(t) for t € (—o0,0] and

ult) = S(t)p(0) + / R(t - 7)f (7, ulgl,)dr,
for ¢ € [0, 7.

3. Existence results and dissipativity of solutions

We use the fixed point method to get our results by considering the operator
defined by

F:C, —C,

F)(t) = S(t)p(0) + / R(t — ) f(r.vlg],)dr, t € [0:T).

Obviously, if v is a fixed point of F, then v[p] is a mild solution to (1.1)—(1.2).
So F is referred to as the solution operator.

The first result is obtained in the case that f has a superlinear growth
and the initial datum is sufficiently small.

Theorem 3.1. Let (A) and (K) hold. Suppose that the function f is continuous
and satisfies the following estimate

IIf(t,w)|| < Blw|s + Y(|lw|g),Vt > 0,w € B, (3.1)
where > 0, ¥ € C(R™;R) such that lim,_ ) _ g, If 86 < M\

(SUPse[o;T] K(s))_l, then there is a positive number § such that a mild
solution to (1.1)—(1.2) emists globally provided |p|p < 0. Furthermore, if f

is locally Lipschitzian, i.e., for each ¥ > 0, there is L(T) > 0 such that

[f (8, w1) = [t wa)|| < L(F) w1 — wels, (3-2)

for all t > 0, |wi|g < 7,i € {1,2}, then the mild solution to (1.1)~(1.2) is
UNLQUE.

Proof. By definition of F, we see that it is a continuous map from C, into
itself. We employ the Schauder theorem to prove that F has a fixed point in
C,. Firstly, we find a number 7 > 0 such that F(B,) C B,, provided that
|| is small enough. Here B, = {w € C,, | supyeo, 1y llw(®)[| < n}-

Due to the assumption on f, for 6 € (0; I’}—lT — ﬂ), where
Kt = supp,r) K(s), there exists 7) > 0 such that

||f(t7w)|| < (6 + 0)|w|3a for all w € 67 |’LU|B < 7.

Now we choose n = % and let ||ulloo < 7. If p|p < 61 = ﬁ, here
Mr = sup,cpo.r) M (s), then |u[p]-[s <7 for 7 > 0.
One gets

[F)(@)] < st A)[l0)] +/0 r(t =7, M) (6 + 0)|ule]-[sdT
< (8, M) [l (0)]
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+(ﬁ+9)/0 r(t =7 M) [K(7) :}ép]IIU(S)H + M(7)lplsldr

< S(t7 >‘1)Q|W|B
t

(@10 / Pt — 7 M) K + Malgls)dr.
0

Using Proposition 2.1, we have

IF @O < s(t M)elels + (8+ 0N (1= s(t. M) [Krn + Mrlgls]
p+6
A1

L8 (R + Malels)
(s MuCHO ) KrlO20),
1 1

< olels + (K1n+ Mrl|o|s)

< olyls +

Putting d; := n%, we obtain || F(u)(®)|| < n if |p|g < 2.
Thus F(B,) C By if |¢|p < 6 := min{dy,d2}. Employing Proposition
2.3, we see that F is compact. Therefore, by the Schauder theorem, the
operator F : B, — B, possesses a fixed point. We gain the solvability of
problem (1.1)—(1.2).
Finally, suppose that the Lipschitz condition (3.2) holds. If u;, i € {1, 2},
are solutions of (1.1)—(1.2), then

ui(t) = S(1)p(0) + / R(t — 1) f(r, wilg], )dr.

Set 7 = max{|u;[¢]|g : i = 1,2}. Then
s () — us(B)]] < / r(t =7, \) L) (1 — )], |7
0

< L(r) / F(t — 7 \) K sup s (€) — ua(€) dr.

(0,7
Since the last term is nondecreasing with respect to t, we get
t
sup [[ur (§) — u2(§)|| < L(7) / r(t =7 ) Kr sup [ur(€) — u2(§)|ldr.
,t 0 T
Employing [14, Proposition 2.2], we conclude that u; = uy. The proof is
completed. O

In the next result, we get a global existence to problem (1.1)—(1.2) by
relaxing the smallness condition on both the initial datum and coefficients.
However, the nonlinearity part must satisfy the sublinear condition.

Theorem 3.2. Assume the hypotheses (A) and (K). Let f be continuous and
obey the condition given by

If(t, w)ll < aft) + Blwls, vt > 0,w € B,
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where o € L}, (RT;RT) and B is a nonnegative number. Then the problem
(1.1)~(1.2) admits at least one global mild solution.

Proof. Since F is a compact operator, we just find a closed convex set which
is invariant under the solution operator. On the other words, we construct a
closed convex set D C C,, such that F(D) C D.

Indeed, from the formulation of F, we obtain

IF @I < st A)[(0)]
# [+t = 20 (alr) + Blulglls o
< s(t, A1) |le(0) || + /Otr(t — 7, A\1)a(T)dr
+ / (e = r)8(Kr sup )] + Mrlels )dr, ¢ € 0.7).

£€[0;7]

Then, in view of Proposition 2.1, we have

IF@) D] < st DO + (- A1) a)(8) + BMrATL(L = s(t, A1)l
\ BKr / rlt = 7.0 sup u@)r

< (o+ BMrATY)lpls + sup(r(; A1) * @) (¢)

)

t
+6KT/ r(t— 7, A1) sup u()|ldr, t € [0,T].
0 [0,7]

Because 7 +— supyq ) [|u(§)]| is a nondecreasing function, the last integral
is nondecreasing with respect to ¢t. Therefore, one gets

t
sup || F(u)(§)| < Mo +5KT/ r(t — 7, Ar) sup [[u(§)[|dr, t € [0,T], (3.3)
[0,] 0 0,7

where Mo = (¢ + BMrA;Y)|ls + supjo 7y(r(-, A1) * a)(t).
Let v € C([0,T];R™") be the unique solution of the integral equation
t
o{t) = Mo+ BEr [ r(t =7, M)o(r)dr.t € 0.7).
0

We define the set
D= {w € C, :sup |lw(§)]| <wv(t), YVt e [O,T]} )
[0,2]
Obviously, D is a bounded closed convex set. Then, inequality (3.3) implies

that F(D) C D. The proof is completed. O

The rest of this section is devoted to showing the dissipativity of the
system. Let S(p) be the solution set corresponding to a given initial datum

@Y.
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The problem (1.1)—(1.2) is said to be uniformly dissipative with an ab-
sorbing set B, if we can find a constant o > 0 such that: For each bounded
set D C B there exists T'(D) > 0 such that Yu € S(¢), ¢ € D, we have

lug|p < o, ¥t > T(D).
We now in a position to state a dissipativity result for (1.1)—(1.2).

Theorem 3.3. Let (A) and (K) hold. Suppose that f is a continuous function
and satisfies the condition

£t w)ll < a(t) + Blw|s, Vi > 0,w € B,
where 3 > 0 such that K. < M\, Koo = supgsq K(s), o € L, (RT) is

loc
a nonnegative nondecreasing function such that r(-,\1) * « € BC(RT). If

I ¢ LY(RY) and M € BCy, then the system (1.1)—~(1.2) is dissipative with the
absorbing set B, for any o satisfying

> Ala*Koo
>\1 - 6Koo’

where o = supp+ (1(-, A1) * ) (t).

Proof. Let D C B be a bounded set, ¢ € D and u € S(¢). Then
t
u(t) = S(0)p(0) + [ Rlt =) f(rulgl)dr, ¢ > 0.
0
Thus,
O] < st A0 + [ (¢ =700 [a(r) + Blule], dr
< st Melels + [ rlt =m0 [a(r) + BV el
+BKo sup [u(€)]]dr
£€[0;7]
< (st 2+ [ rlt =AM el

t t
+/ T‘(t*T,Al)O[(T)dTﬁ*/ r(t —7,\)B8Ks sup |u(§)|dr
0 0 £€[057]

BMe

t
< (o+ 252 )lels + [ rit=raa(rdr+ 5= sup Ju(@)].
A1 0 AL gefost)
It implies
A1 BM A1
su U <—— o+ —— 4+ ————sup(r(-, A1) * a)(t
b )] < 53— (o + 5% Iele + e suplr( M) xa)(9)
)\1 ﬁMoo >\1C¥*
A — PPN IDlg + — 2%
= Al—ﬁKoo<Q+ N )' L v

here |D|p := sup{|w|z : w € B} and a* = supg+(r(-, A1) * ) ().
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Combing the last estimate and the formulation of solution, we have
[u(@)]l < s(t, A)elels

+ / r(t =7 0) [a(r) + BM(r/luz |5 + 8K (/2) _sup [u(©)]|dr
0 3

€[r/2;7]

< st Melels + [ (e =m0 [a(r) + BM(r/Dfus lo]dr

t
b BK / rt—7M) sup [u(€)dr
0 ger/2;7)

< S(t7 )‘1)Q|D|B

+ /Ot r(t = 7. M) [(r) + BM(/2) (Ko Kp + M| D]s) | dr

t
+ﬁKoo/r(t—r,A1) sup [[u(§)[ldT,
0 gelr/2;7]

where Kp = Ali’\ﬁle (g+ 2 )|D|B + /\1’\10‘
In view of Proposition 2.4 with v(t) = ||u(t)]|, p(t) = s(t, \1)o|D|g, and
q(t) = a(t) + B(KsKp + Mo |D|g) M(t/2), we have [[u(-)|| € BC(RT) and

litnigp u@)]l < [li]{isolip s(t, A1)o|D|s + li?lsolip (r(-, A1) * ) (t)} )\1_)\%
. : A1
+ h?lsogp [T('a A1) * M(i)(t)]ﬂ(KooKD + Moo‘D|B) m
Ao
> )\1 — /BKoo’

thanks to the fact that M (3) € BCy. So for € > 0 there exists T} (¢) > 0 such
that

)\1C¥* €

< t>T; .
Sg;llu(é)ll SN k. Tako 2 1(€)
Thus,
Ao’ €
|ut|B§Koo()\l —1ﬂK . )+M( )|ut|3, Vt> 2T ().  (3.4)

On the other hand, we get
t
M(7)|u£|g < M( ) KooK p + Mao|Dlp).
By virtue of M € BCy, there exists To(D, €) > 0 such that
t
M<§>|u%|g < g Vt > Ty(D, ). (3.5)
From (3.4) and (3.5), we arrive at
|u | )\10[ K
1B = N K
where T'(D,e) = max{T}(e), T2(D,€)}. We choose a sufficiently small num-
ber € to get the uniform dissipativity with any o > :\\lla K The proof is
completed. O

+e¢ Vt>T(D,e),
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4. Asymptotic stability and weakly asymptotic stability

In this section, we utilize the well-known Lyapunov stability theory [9] to
nonlocal evolution equations involving infinite delays. Note that the Lya-
punov stability theory is also a basic tool to analyze other general systems,
for instance, fractional with impulsive effects [12,13], fractal differential sys-
tems [27] or Volterra integral-differential systems [28]. We will establish this
asymptotic (weak) stability for the system with (without) the uniqueness,
respectively.

4.1. Asymptotic stability

In the following theorem, we prove the asymptotic stability of solution to
(1.1)=(1.2) when the nonlinearity is globally Lipschitzian.

Theorem 4.1. Let (A) and (K) hold. Assume that f satisfies the Lipschitz
condition

| f(t,w) — f(t, wa)|| < Blwr —walp,Vt>0,w,ws € B,

where 3 > 0 such that 8K < M. If 1 ¢ LY(RT) and M € BCy, then an
arbitrary solution of (1.1)-(1.2) is asymptotically stable.

Proof. Let u(-, ) and v(-,1) be solutions of (1.1)—(1.2) with initial data ¢
and 1, respectively. Then

lu(®) —v(@®)I < s(t, A1)lle(0) —p(0)]l
+ /Otr(t =7, M) f (7, ulel7) — f(r,v[¢]-)||dr
< s(t, A1)[(0) — ¥ (0) ]
+ /Ot r(t — 7, 30)Blulolr — vl lsdr
< s(t, A1)[(0) — ¥ (0)]]

t
8 /0 r(t— 7 A0) Koo sup [u(€) — v(E)]| + Mool — ]s]dr

£€(0;7]
BK oo LM
<50 s @) = w(@l+ (e+ =0 )lo vl
Therefore
A+ BM o
sup Jlu(€) —v(e)]| < 21T Moo ) (4.1)

¢clost] A — K
Using (B3) and the estimate above, one gets
lue — vl < K (1) Sup [u(€) = v(€)Il + M(t)|e — I8

it

< o0
>\1 - 6Koo

+Moo> lp =g, ¥VE>0.  (4.2)
Thus,

l[u(t) — o) < s, A1)[[(0) = P(0)]] + ﬁ/(; r(t =7, M)M(7/2)|ug —vz|sdr
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v /0 r(t—m ADK(/2) sup  [[u(€) — v(€)|dr

gelr/2;7]
< st A1)[l(0) — ¥ (0)|
t
b 8K % Moo)|¢—¢|5/0 r(t— 7 A\ )M(r/2)dr

t
t BKo / rt—70) sup [u(€) — v(€)dr

EE[T/2;7]

By Proposition 2.4, we have

A1
| < Whﬁi‘gps(t ;A1) [l (0) — ¥ (0)]

+ Climsup (r(-, ) « M(-/2)) (1),

lirn sup [[u(t) = v(t)

here C = §( 009/\’\11+3M°° + Moo)|p — ¥|g. Then
lim sup ||u(t) — v(t)|| = 0,
t—o0
thanks to M € BCj.
It follows that

Ve >0, 3T1(e) > 0:sup|u(§) —v()| < ,
&>t 2Koo

Consequently,
€ ,Q)\l +5Moo
_ < K. — M(t/2), YVt > 2T (e),
lur — vils < Y T o lp —¥lsM(t/2) 1(€)

due to (4.1). Since M € BCy, there exists Ty > 0 such that

%| —plgM(t)2) < % vt > T
This gives
|ut—vt|5§§+§:6, Vt> T, (4.3)
here T' = max{2T} (¢), T>}.
Combining (4.2) and (4.3) gives us the desired conclusion. O

The next theorem states the asymptotic stability of the zero solution
when f satisfies the hypotheses in Theorem 3.1 with K, in place of K.

Theorem 4.2. Let the hypotheses of Theorem 3.1 hold where K is replaced
by Keo. If I ¢ LY(RY) and M € BCy, then the zero solution of (1.1) is
asymptotically stable.

Proof. Choose the numbers 6 € (0, ]?‘; — ), n and ¢ as in the proof of Theo-

rem 3.1. Combining (3.1)—(3.2) and ||¢|/c < d, problem (1.1)—(1.2) possesses
a unique solution u € B,,. Moreover, this solution verifies the following

[u(®)I < st A)lle0)] + /O r(t =7, 2)(8 + 0)|ulplrsdT
< st A1) le0)]
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t
+(8+0) / r(t— 7Aoo sup [Ju(s)]| + M(r)|g|sldr
0 s€[0;7]

t
< DB sup Ju@)ll+ (04 (3+6) [ o= ranpr(r)ar) els,
1 s€[05t] 0

for all t > 0. Then

)\1 *
521[10%] [u(s)[] < m(g‘f' (B+0)M >|SD‘B:

for all ¢ > 0, where M* = sup,> fg r(t — 7, A\ )M(7)dr.
From the last estimate and (B3), we see that

M Koo (o+ (B+60)M~)
fusls < ( N -+ 0) K

+ Moo> lo|s- (4.4)

By the same arguments as in Theorem 4.1, one gets

lim sup [Ju(¢)|| = 0.
t—o0

Then
tlirn lut|g = 0. (4.5)

From (4.4) and (4.5), we obtain the asymptotic stability of the zero solution.
O

4.2. Weakly asymptotic stability

In this subsection, we do not assume that f is Lipschitz continuous. Conse-
quently, the solutions of problem (1.1)—(1.2) are not necessarily unique. We
aim at the weakly asymptotic stability for the zero solution.

Definition 4.1. [3] Let S(¢) be the solution set of (1.1)—(1.2) with respect to
the initial datum . Assume that 0 € S(0), that is (1.1) admits zero solution.
The zero solution of (1.1) is said to be weakly asymptotically stable iff

(1) Tt is stable, i.e. for every € > 0 there exists 6 > 0 such that if |p|g < &
then |ut|p < € for all u € S(p);

(2) It is weakly attractive, i.e. for each ¢ € B, there exists u € S(¢) such
that |u|p — 0 as t — oo.

In the present situation, we employ a version of fixed point theory for
condensing maps. We now collect some essential properties of measure of
noncompactness (MNC), and fixed point principles.

Definition 4.2. [11] Let E be a Banach space and B(FE) the collection of all
nonempty and bounded subsets of E. A function w : B(F) — R™ is said to be
a measure of noncompactness (MNC) if w(co D) = w(D) for all D € B(E).
An MNC is called

e nonsingular if w(D U {z}) = w(D) for all D € B(E), x € E.
e monotone if w(D;) < w(D3) provided that Dy C Ds.
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The Hausdorff measure of noncompactness is an MNC which is defined
by

x(D) = inf{e > 0: D admits a finite ¢ — net}.

Definition 4.3. [11] Let E be a Banach space and D € B(F). A continuous
map F : D — E is said to be condensing with respect to MNC w (w-
condensing) iff the relation w(B) < w(F(B)),B C D, implies that B is
relatively compact.

The following theorem states a fixed point principle for condensing
maps.

Theorem 4.3. [11] Let w be a monotone and nonsingular MNC on E. Assume
that D C E is a closed convex set and F : D — D is w-condensing. Then F
admits a fixed point.

In this subsection, we consider the solution operator on BCq(R™; H)
where

BC(RY: H) = {y € BORY: H) : Jim [[y(+)]| = 0}.

It is known that BCo(R™; H) is a closed subspace of BC(R™; H). Given
p € B, put BC§ = {u € BCy(R"; H) : u(0) = ¢(0)}. Then BC{ is a closed
convex set of BCy(R™T; H).

Let mp : BC§ — C([0,T]; H) the restriction operator on BCJ, which is
defined by 7y (u)(t) = u(t),Vt € [0, 77, for all u € BC. For a bounded set D
in BC§, we set

doo(D) = lim sup sup [[u(t)]),
T—o0yeDt>T

Xoo(D) = sup x(D),
T>0

where x7(-) is the Hausdorff MNC in C([0,77; H). Put

X" (D) = doo(D) + Xoo (D).
It is shown in [2] that x* satisfies all properties stated in Definition 4.2.
In addition, if x*(D) = 0, then D is relatively compact in BCo(R™; H).
Especially, if u € C(R*; H), then doo ({u}) = 0 if and only if u € BCo(R™; H).

We are now in a position to present the main result in this section.

Theorem 4.4. Assume (A) and (K) hold. Let the nonlinear f be continuous
and satisfy the estimate
[f (8 w)l| < B(t)|w]s, YVt >0,w e B, (4.6)

where 3 € BC(R™) is a nonnegative function. Suppose that | ¢ L'(RT),
K € BC(R") and M € BCy. Then the zero solution of (1.1) is weakly
asymptotically stable provided that

= limsup/t r(t—7,A\1)B(1)K(r/2)dr < 1. (4.7)

t—o0 /2
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Let us outline the proof. The idea is employing the fixed point theo-
rem for condensing maps. We first establish the well-defined and condensing
property of the solution operator in Lemma 4.5. Then Lemma 4.6 reduces the
condition on functions K and M to the auxiliary functions K7 and Mj. Using
this preparation, Lemma 4.7 constructs a closed bounded invariant subset of
the solution operator. Combining all these results, the poof is finished by
following the standard argument. We are now in a position to show the proof
in details.

Lemma 4.5. Assume the hypotheses of Theorem 4.4. Then
ds(F(D)) < £+ dso(D)
for all bounded set D C BC{. In particular, F(BCJ) C BC.

Proof. We first show that
t
limsup/ r(t—m7, \)M(r/2)B(7)dr = 0. (4.8)
t——+oo 0

Indeed, we see that
t t/2
/ r(t —7,\)M(1/2)8(T)dT < Mooﬁoo/ r(t — 71, A\)dr
0 0

t
+ Beo / r(t—7, A1) M(r/2)dr,
t)2

where Mo, = sup,>q M(t) and S = sup,~q 3(t). Moreover,

t/2 ¢
/ r(t—m7,A)dr = / r(r,A\)dr — 0 as t — oo,
0 t/2

according to r(-, A1) € L*(RT). In addition,
t t/2
/ r(t—7, A1) M(7/2)dT < sup M(r) r(r, A\y)dr
£/2 r>t/4 0

<A\ ! sup M(7) — 0 as t — oo,
T>t/4

thanks to the assumption M € BCj. Thus, (4.8) takes place.
Now let D C BC§ be a bounded set and u € D. Put Rp = sup,¢p
ullBe + |¢ls. Then

[F )@ < st A)lle(0)] + /Ot r(t =7, A)B(T)|ufg] - sdT

< s(t, A1) || (0)]|

T/2,7]

+ [Cre=m 08 <M<T/2>|u[w17/2|3 LK(r/2)  sup |u(§)|> ar
0 e
< st ) (O]
7 s MMl + KRl + [ 1= ARG _swp [u(©)dr,
0 celr/2,7] (49)
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for all t > 0, where M(7) = 3(r)M(7/2), K() = B(1)K(7/2).
In order to estimate the last term, fixing a 7' > 0, for ¢t > 4T, we get

t ~ ~ t/2
/ r(t—7,\)K(r) sup |u(§)|ldT < RpK / r(t — 7, A1)dr
0 g€(r/2,7] 0

t ~
tsup @l [ ot = AR ()
€>T t/2
(4.10)
Combining (4.9) and (4.10) yields
sup sup [|[F(u)(t)[| < sup s(t, \1)[[(0)]]
weD t>4T t>4T

+ sup (r*z“w’@)(MMwKocRD)
t>4T

—I—Rpf}oos(t/z )\1) — S(t,)q))

A1
t ~
+ ( sup sup |Ju(§)]| sup/ r(t — 7, 1) K(r)dr.
w€D E>T t>4T Jt/2
Letting T' — oo, we conclude
0o B(D)) < £+ doy (D),
thanks to (4.7)—(4.8) and
sup s(t,\1) = s(4T,\) = 0as T — oc.

t>4T
Consequently, if D = {u} then doo({F(u)}) < £-ds({u}) = 0. This yields
F(u) € BCY for all u € BC. It follows that F(BCY) C BCY. O

Lemma 4.6. Assume that (4.7) is satisfied. Let K1(t) = K(t/2)+K(t/2)M(t/2).
Then, there exist two positive numbers Ty > 0 and l; < 1 such that r(-,\1) *
(ﬁK1)<t) S ll f07“ all t Z Tl.

Proof. We get
r( M) % (B ) (8) = / r(t — 7, A)B(r) K (r/2)dr
+/0 r(t — 7, \)B(r)K (r/2) M(7/2)dr
t/2
§/ r(t—71,\)B(7/2)K(7/2)dr
0

+ /t/2 r(t—7, 1) B(T)K(7/2)dr

+/O r(t— 7 A)B(F)K (7/2) M (7 /2)dr

< Koo Boo /t/2 r(7,A\1)d7 + /t/2 r(t—71,\)B(T)K(1/2)dr
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+ Ko /o r(t —7,\)B(T)M(1/2)dT.

Obviously, the first term tends to zero when ¢t — oo thanks to r € L*(RT).
The last term goes to zero by (4.8). Thus, it follows from (4.7) that

t
limsupr(-, A1) x (BK4)(t) = limsup/ r(t—7,\M)B(NK(1/2)=1< 1.
t—o0 t—o0 t/Q

The last inequality implies the desired result. O

Lemma 4.7. Assume the hypotheses of Theorem 4.4. Then, there exists a
bounded closed convex set which is invariant under the solution operator.

Proof. Take T and [; from Lemma 4.6, that is,
T(',)\l)*(ﬂKl)(t) Sll, VtZTl.

The construction of the invariant set consists of two steps. We first use a
suitable weight function to obtain the invariant set for finite time. Then we
combine the estimate on this finite time interval with Lemma 4.6 to get the
estimate for large time, which gives us the invariant set for all time.

Step 1 (Estimate on the interval [0,77]). We have

t
[ =08 (e ar
0
t
= “Ml”wom/ r(t — 7, \)e Pt dr
0

Ty
S HﬂKlnL”(O,Tl) / 7’(’7’7 )\1)6_}”—(31’7', Vit € (O,Tl]
0

Observing that

T
lim r(r,A\1)e #7dr =0,
H—+00 0

one can take a positive number p such that
t
r(-, A1) * (BK1m)(t) < ?, for all t € [0,T1], (4.11)

where m(t) = e #t. Let My (t) = M(t/2)?, then one sees that
lut|g < K(t/2) sup [[u(€)] + M(t/2)|ui/2|8
§€[t/2,]

< K(t/2) sup |[[u(§)] + M(t/2) <K(t/2)
§€(t/2,]

< Ki(t) sup [[u(@)] + Mi(t)lols, (4.12)
£€(0,¢]

sup IIU(§)||+M(t/2)I¢B>

£€[0,t/2]

according to the axiom (B3) of phase spaces.
Choose

B2 sup (LHITCA) < (BM)le)lols

4.13
te[0,71] m(t) (4.13)
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[[u(®)]l
m(t)

[F @)@ < st A1)l 0)] +/0 r(t =7, \)B(7)|ulelr | sdT

Then for all u € BCy(R™; H) such that sup,¢(o 7 < Ry, one has

<) + Ry / F{t — 7, A)B(T) Ky (T)m(r)dr

—|—|<p|5/0 r(t — 7 ) 3(r) M (F)dr

< (o4 I )« (831 o) Il + B ™52,

here we employ (4.11) and (4.12). Hence, combining with (4.13) one gets

o WD _
tefo,y) m(t)

Step 2 (Estimate on the infinite interval [T7,00)). Fixing a number R
such that

(0 +1Ir(s A1) * (BM1) o) [0l + Rim(Th)||r (-, A1) * (BK1) || e < (1= 11)Re.
(4.14)

Then for all u € BCy(R*; H) such that sup,>, |u(t)|]] < Ry and for t > T,
we obtain

@O < s(e A+ [ 0= 728 ulel |
T,
< IO+ Fam(T) [ r( = 0B K (1)dr
[ re = ransorae) | mes Tu©l + ma @] ar

+|g0|3/0 r(t — 7, \1)B(T) M1 (7)dT

< (o+lr( M) * (BM1)lloo) [¢ls + Ram(T1) |7 (-, A1) * (BK1)llBc + L1 R2
S R27

thanks to (4.14).
Finally, let consider the set

D =< ueBC: sup Il < Ry;sup |lu(®)]| < Rz p - (4.15)
[0,T1] m(t) t>T

It is evident that D is a closed bounded convex subset of BCg satisfying
F(D) C D. This completes the proof. O

Proof of Theorem 4.4. By Lemma 4.7, we have
F(D) C D,

where D is given by (4.15). Let D* = ¢ F (D), then and 7 (D*) is compact
for all T > 0 thanks to Proposition 2.3, and it is also a convex set. In addition,



22 Page 26 of 33 N. T. Nguyen et al. JFPTA

we get F(D*) C D*. Considering F : D* — D* we show that F is x*-
condensing. If D C D*, then obviously xr (D) = 0, which implies x (D) = 0.
Using Lemma 4.5, we have

X' (F(D)) = Xoo(F(D)) + doo(F(D)) = doo(F (D)) < £+ dos(D) < £- X" (D).

If x*(D) < x*(F(D)), then x*(D) < £-x*(D), which yields x*(D) = 0,
since ¢ < 1. This implies that D is relatively compact. Therefore, F is x*-
condensing. By Theorem 4.3, F possesses a fixed point.

We now show that for all u € S(y), |ut|g < C|¢|p for some C > 0.

Let t € [0,77]. The following estimate holds

[u(®) < st A1)l (0)]

+ [ = r0se (Ki(r) s (€] + 3 (el o

£€[0,7]

< s(t, A)elels + ol / r(t — 7, \1)B(r) M (r)dr
0

+ o [ rle— 700 (sup (@)} dr

[0,7]
t
< (o + I (BMD )l + B Ko [ 10— 7.0) sup [u(6) 7
0 0,7

Since the last integral is nondecreasing with respect to ¢, one can take the
supremum over [0, ¢] to get

sup [u(@)] < (o + lIr(-, A1) = (BM1)llso) ||

t
+ B Ko / r(t — 7, 1) sup Ju(€) | dr.
0

0,7]
The Gronwall type inequality [14, Proposition 2.2] gives
sup [[u(§) [ < Y (£)C1(p), Vit € [0, T1],

,t

where C1 () = (04 |7(-, A1) * (BM1)||00) |5 and Y () is the unique solution
of Volterra equation

Y(t) =14 BocKino /t r(t—71,\)Y(7)dr.
0

Particularly,
[u®)|| < Y(T1)Ci(p), vt € [0, T1]. (4.16)
Now estimating for ¢t > T, we have

u()] < st M) + [ (e =7 xBm (Ka(r) sup [u@©)ll + Ma()lels)ar
0 £€[0,7]
< st Aelels +1els | r(t = )8 (r)ar

# [ o= a0B@K ) ( s @]+ sup u(©)])dr
0 [T1,7]

[0,71]

< Ci(p) + lIr(-, A1) * (BK1) | BcY (T1)C1 ()
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+ sup [[u(©)] / r(t — 7 )BT K (7))dr
[Th,t] 0
< P+ Y DI, A1)+ (FKDllsc] +1a sup [w(©)]

thanks to Lemma 4.7. Let ¢t vary on [Ty, T] for an arbitrary T > T3, one
concludes that

sup [lu(t)]| < Ci(p) (1 + Y (T1)[lr(; A1) * (BK1) [ Bo) + 1 sup [lu(€)]]-

[T1,T) [T1,T)
Consequently,
1
sup [|lu(t)]| < Ci(p) L+ Y(T)llr(-, M) = (BKY)|Be) - (417)
t>T 1-10

Combing (4.16) with (4.17), we finally obtain
lu()]| < Calels, ¥t >0,

where

_ ot lIr( M) * (BM1) ]l

C
2 1-1

(L+Y(T0)llr(-, A1) * (BK) BC) -
This implies

ez < M(8)lp]s + K(1) sup (I < [M(t) + K(t)Cal [¢ls < Clels,

(4.18)
where C' = My, + Koo Co.
We now show that lim;—, |ut|s = 0. By properties of phase space, we
have

luels < K (t/2) o [w(€)]l + M(t/2)|uleli/2]5 (4.19)
< Keo i ()l + M(t/2)Clels, (4.20)

thanks to (4.18).
Because lim;_« ||u(t)|| = 0 and M € BCy, for any € > 0, there exists a
positive T'(e) > 0 such that

lu(t)]| <€ |IM(t)] <e, forall t > T(e).
Combining with the inequality (4.20) gives
lut|p < (Ko + Clolg)e, VE > 2T (€).
The proof is completed. O
Remark 4.1. The statement in Theorem 4.4 presents a new observation, even
for bounded delays. In [16, Theorem 7], the weakly asymptotic stability was
proved under a condition on the magnitude of coefficients on the half-line.
In contrast to the latter, the conditions in Theorem 4.4 involves only the

asymptotic information of 3(¢) near infinity. For example, if 3 € BC(R™)
such that

limsup B(t) < A\ /K,

t—o0
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then the assumptions in Theorem 4.4 are testified even for 3 possessing large
values in a finite interval.

5. Example

Let Q ¢ RY be a bounded domain which has smooth boundary 9. We
consider the following multi-term fractional-in-time PDE:

m 0
> ultn)  Ault,z) = bta) [ [ vl0.ela.ut +6,)dpds,
i=1 —o0 JQ
(5.1)
for t > 0,z € Q,
u(t,z) =0, fort >0, v €09, (5.2)
u(s,z) =p(s,x),z € Q,s € (—o0,0], (5.3)

where 0 < a1 < g < -+ < apy < 1, p; > 0, 97 denote the Caputo fractional
derivatives of order «; in ¢, for i = 1, m. The operator A is determined by

N
D(A) = {u€ Hy(Q) : Au € L*(Q)}, Au= > 0, (aij(x)ds,u),
i,j=1
where a;; € L>(Q),a;; = aj;, 1 <i,j < N, and fulfills the uniformly elliptic
condition Zgjﬂ a;j(2)&&; > 0|¢|%, for some 6 > 0. Applying the Friedrichs
theory [25, Prop. 8.5], —A is a positive self-adjoint operator with compact
resolvent.

Let H be the Hilbertian space L?(2) furnished with the standard inner
product (u,v) = / u(z)v(xr)dz. Set
Q

k'(t) = Z Hig1—o; (t)a

A=—-A.

Clearly k is completely monotonic, so the associated kernel [ exists.
Furthermore, the Laplace transform of [ is calculated as follows

. . 1
N =2\ s —
i ; A
Thus
=D : o asA—0
= ~ as — U.
Hi f) A1 At
i=1
Hence [ ¢ L*(R*) which follows from the asymptotic expansion
to
1x0)(t) ¥~ ———— 5 ¢
(T=D)(¢) ulr(a1+1)—>ooas — 00,

thanks to the Karamata—Feller Tauberian theorem (see [6]).
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We are now in a position to give the description for the nonlinearity:
(A1) be BC(RT; L*(Q2)).
(A2) v: (—00,0] x 2 — R is a continuous function and there exist a nonneg-
ative function w € L?(Q2) and 1 € (0,1) such that

lv(t,z)| < w(x)e™?, for all t € (—o0,0],2 € Q.
(A3) k: 2 xR — R is continuous and there exist a nonnegative function
p € L?(Q) and q € R satisfying
|k(y, 2)| < p(y) + ql2|-

In this example, we choose the phase space B = C’L; with » = 0 and g¢(s) =
€"°®. The seminorm in B is given by

0
|w]p = IIw(0)||+/ e"?||w(6)|de.

Then one can see that (2.1)—(2.2) are satisfied with G(s) = g(s). Then B
satisfies (B1)—(B3) with

K(t)=1+ 1/0_1(1 —e N M(t) = e 0,

thanks to the expressions of K and M in (2.3) and (2.4), respectively. Obvi-
ously, M € BCy and Ko, =1+ yal.
Let f:RT x B — L*(Q) be defined as

£t &) () = b, ) / / v(0,4)(y, (6, y))dydo.

Then the problem (5.1)—(5.3) can be rewritten in the form (1.1)—(1.2).
We now testify the conditions related to f in Theorems 3.3 and 4.4.
For every ¢ € BB, we obtain

o= [ ) [ [ v Gydyde‘dx

<1 [ [ oo + doe.nl)ayee)]

<[ e [ e + aswioe.naa)]

<2 [ el (ia +q||¢<e,->||)de}2

0

< e, )Pl [ el + |

— 00

2
e?6(0, )6

thanks to (A2) and (A3) and the Holder inequality.
Hence

1 @)l < bt ) Hlwll [Vo Hlpll + Q|¢|B}
By taking
a(t) = bt )llwlvg Il 8= gllwllsup b(z, )]l
t>0
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we see that r(-, A1) * « € BC(RT) due to (Al).
Applying Theorem 3.3, if ﬁ(1+1/0_1) < A1 then our system is dissipative.
On the other hand, let p = 0 then (4.6) takes place with

B(t) = qllwlllo(, )|
Let 3 = limsup B(t). Then the condition

t—o0
Bl+vyt) <M (5.4)

implies (4.7). By Theorem 4.4, the zero solution of (1.1) is weakly asymptot-
ically stable if the last inequality (5.4) holds. Note that condition (5.4) holds
even for sup,~, 3(t) being large.

We now replace (A3) with the following one

(A3b) k: QxR — Ris a continuous function and there exists ¢ > 0 such that

|k(y, 21) — K(y, 22)| < qlz1 — 2.

Then, we have the following estimates

17(t,61) — £t 62)]°
0 2
- / \b(m) | 0.5 (500 64(6,) = w0 6102, e

<[ [ [ 0.0016:0.0) - 62001000
<[ e [ ol - 6a0.0)10a0)]

< [t ) Pg [/_Oo e o] 616, ) — 62(6.)|49)]

< @b, )P wlPler — pal-
It leads to

1f @, 01) = (&, d2)ll < allwlll|b(t, )l[|¢1 — d2ls,
that is, f satisfies the Lipschitz condition with Lipschitz constant

B = qllw|[sup [[b(t, -)||-
t>0

Employing Theorem 4.1, one concludes that the solution to (5.1)—(5.3) is
asymptotically stable provided that 5(1 + v, <AL

6. Conclusion

In this paper, we establish stability results for a class of nonlocal evolution
equations in Hilbert spaces involving infinite delays. The techniques are based
on local estimates, fixed-point arguments, the resolvent theory of Priiss and
the phase space axioms. By relaxing some sufficient conditions, the obtained
results have improved and extended the previous works in the literature.
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