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Abstract. In this note we study the systoles of convex hypersurfaces
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1. Introduction

Let ¥ be a smooth manifold of dimension 2n — 1 equipped with a global 1-
form a such that aA(da)™ ! is nowhere vanishing. Such a pair (X, ) is called
a (co-oriented) contact manifold. We assume throughout that X is closed and
connected. There exists a unique vector field R = R, on X characterized
by the conditions da(R,-) = 0 and a(R) = 1. The vector field R is called
the Reeb vector field associated with «. A periodic (Reeb) orbit is a smooth
curve v: R/7Z — ¥ solving the differential equation 4 = R o 7. The systole
of (¥, ) is defined as

Lin (E, &) = inf{r > 0| 7 is the period of a periodic orbit on (X, «)} > 0.

By convention, the infimum of the empty set is infinity.
Suppose that the contact manifold (¥, «) is equipped with an anti-
contact involution p, meaning that p? = Id and p*a = —a. The triple
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(X, «, p) is called a real contact manifold. A periodic orbit v on (¥, «, p)
is said to be symmetric if p(Im(v)) = Im(v). By definition, the symmetric
systole €701 (%, o, p) is the infimum over the periods of symmetric periodic

orbits on 3. We then define the symmetric ratio R(3, a, p) as

V(S a,p
%(E,a,p)f((zoo) € [1,00}, (11)

provided that there exists a periodic orbit on (X, a).

Ezample 1.1. Let ¥ C R?™ be a smooth, compact, and starshaped hypersur-
face with respect to the origin. Assume that ¥ is invariant under the complex
conjugation

90(1'17.7417 s 7xn7yn) = (xlv —Yi,--.,Tn, _yn)~

The triple (X, «, pg) is a real contact manifold, where o = Ag|y is the re-
striction of the Liouville form Ao = 3 Y7, (x;dy; — y;dz;) to . The Reeb
orbits on ¥ are reparametrizations of the Hamiltonian orbits on ¥ of any
Hamiltonian H: R?” — R having ¥ as a regular level set. The existence of a
symmetric periodic orbit was established by Rabinowitz [27], implying that
R(E, a, po) is finite.

As of a prominent class of real contact manifolds, we are mainly in-
terested in symmetric convex hypersurfaces in R?". In this paper convex
domains in R?” are assumed to contain the origin in the interior, and star-
shaped domains are starshaped with respect to the origin. Let K C R?" be a
compact convex domain with smooth boundary which is invariant under an
anti-symplectic involution p of R2?, i.e. p? = Id and p*d)\g = —d\g. We call
the boundary of K a symmetric convex hypersurface. Assume that the fixed
point set Fix(p) intersects the boundary 0K . This condition necessarily holds
if (0K, p) admits a symmetric periodic orbit. We can find a Liouville form
A on the symplectic manifold (K,d)\g) such that its Liouville vector field
is transverse along the boundary 0K and p is exact with respect to A i.e.
p*A = —\. For example one takes the average \:=3(\g — p*A¢), see Lemma
4.7. We define the (symmetric) systoles of the symmetric convex hypersurface
(0K, p) by the ones of the real contact manifold (0K, a:=\|ax, p):

linin (0K ):=liin (0K, ) and Y7 (0K, p):=L>2 (0K, a, p). (1.2)

min min
They are independent of the choice of the Liouville form A because the (sym-
metric) systoles coincide with the minimal actions of (symmetric) closed char-
acteristics on (0K, p).

n

Remark 1.2. More precisely, recall that the symplectic form dA\g = ) =1 dx;
Ady; induces the characteristic line bundle Lok :=ker(d\o|sx) over OK . This
defines a 1-dimensional foliation of 0K whose closed leaf v (i.e. an embedded
circle whose tangent spaces lie in Lor) is called a closed characteristic of
OK. Its action is defined by A(7):= [4 v*A where X is a Liouville form on K
such that d\ = d\g. By Stokes theorem .A(7) is independent of the choice of
A. A closed characteristic v on K is called symmetric if v is invariant under
p. Now if X is chosen as above so that (0K, Mok, p) is a real contact manifold,
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then there is the correspondence between (symmetric) closed characteristics
of 0K and (symmetric) periodic orbits on (0K, A|sx). Indeed, any closed
characteristic of 0K is parametrized by a periodic Reeb orbit, and vice versa.
The action of a closed characteristic and the period of the corresponding
periodic orbit coincide. Therefore, (1.2) is independent of the choice of A, but
does depend on the hypersurface 9K and the symplectic form d\.

The main result of this note is the following estimate on the symmetric
ratio for symmetric convex hypersurfaces.

Theorem 1.3. Let K C R?" be a compact and convex domain with smooth
boundary which is invariant under an anti-symplectic involution p of R?™.
Assume that Fix(p) N OK # (0. Then the symmetric ratio of the symmetric
convex hypersurface (0K, p) satisfies

1 < R(OK, p) < 2. (1.3)

In particular, on the boundary 0K, there exists a symmetric periodic orbit of
period less than or equal to 20, (OK).

It is particularly interesting to ask when the symmetric ratio is exactly
equal to one. This means that the smallest period among all periodic orbits
can be realized by symmetric one. In Sect.2 we examine this question with
explicit examples of symmetric hypersurfaces. Smooth starshaped toric do-
mains, for instance, admit a family of anti-symplectic involutions including
complex conjugation, and we can explicitly understand their Reeb flows. We
observe in Sect. 2.3 that the symmetric ratio in this case is always equal to
one even without convexity. On the other hand, there are symmetric star-
shaped domains whose boundary has the symmetric ratio bigger than 1. In
Sect. 2.4, we construct such examples by perturbing the standard contact
form on the unit sphere following the Bourgeois’ perturbation scheme for
Morse-Bott contact forms [8, Section 2.2].

Remark 1.4. Even if the symmetric ratio is equal to one, there can exist a
non-symmetric periodic orbit of the smallest period. Moreover, a symmet-
ric periodic orbit of the smallest period might not be unique. For example,
consider the unit round sphere $?"~! C R?" = C" for n > 2 with complex
conjugation pg. The contact form is given by the restriction of the Liouville
form as in Example 1.1. The associated Reeb flow is periodic, and the peri-
odic orbit v through z € §2"~1 can be parametrized as (t) = e?z, t € R.
Then ~ is symmetric with respect to pg if and only if v(t9) € R™ for some
to € R.

Another interesting aspect of the estimate (1.3) is that it gives a uniform
upper bound of the symmetric ratio for convex hypersurfaces in R?”. Such
an upper bound does not necessarily exist for a larger class of hypersurfaces.
For example, in Sect.2.5, we exhibit symmetric starshaped hypersurfaces,
which are Bordeaux-bottle-shaped, whose symmetric ratio is arbitrary large.
In Sect. 2.6, we provide examples of restricted contact type, not starshaped,
hypersurfaces in Hamiltonian systems whose symmetric ratio is also arbitrary
large.
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Our discussions up to now suggest the following questions:

e Is the symmetric ratio for symmetric convex hypersurfaces in R?" equal
to exactly one?

e Under what conditions on real contact manifolds can we find a uniform
upper bound of its symmetric ratio? For example, one can consider
dynamical convexity for contact manifolds as a substitute of geometric
convexity.

Remark 1.5. A convex body K C R?", i.e. a compact convex subset in R?"
with non-empty interior, is called centrally symmetric if it is invariant under
the antipodal map on R?”. Note that the antipodal map is not anti-symplectic
but symplectic. It is shown in Akopyan—Karasev [4, Corollary 2.2] that any
closed characteristic of minimal action on the boundary of K is itself centrally
symmetric, cf. Remark 1.4.

In Sect. 4, we present an approach to obtain the upper bound in The-
orem 1.3 employing symplectic capacities from Floer theory. We first bound
the symmetric ratio from above in terms of the symplectic homology capacity
(the SH capacity) cspy and the wrapped Floer homology capacity (the HW
capacity) epgw. An essential ingredient is the recent result of Abbondandolo—
Kang [1] and Irie [19] showing for convexr domains that the systole £, (OK)
coincides with the SH capacity csp(K). Together with the spectral property
of the HW capacity in Proposition 4.4, we deduce that

gsym(aKu P) < 2CHW(K7p)

Emin(aK) o CSH (K)

We can then bound the ratio of the capacities from above using Floer the-
ory. In Sect.3.3 we recall a construction of well-known comparison homo-
morphisms in Floer homology, called closed-open maps. They are defined
by counting certain Floer disks with one interior puncture (asymptotic to a
Hamiltonian 1-orbit) and one boundary puncture (asymptotic to a Hamilton-
ian 1-chord) with Lagrangian boundary condition. See Fig.4. We call them
Floer chimneys as in [5, Figure 11]. Closed-open maps are compatible with
the action filtrations on the Floer homologies in the sense of Theorem 3.9. As
also observed in [7], it is rather straightforward to obtain the desired upper
bound from the existence of filtered closed-open maps.

At the heuristic level the underlying geometric idea is the following.
By the spectral properties, the SH capacity csu(K) is the action A(7) of a
periodic orbit v on 0K and the HW capacity cyw (K, p) is the action A(z) of
a chord x on (0K, 0 Fix(p)). Closed-open maps in principle tell us that there
exists a J-holomorphic chimney asymptotic to v at the interior puncture and
asymptotic to x at the boundary puncture. Since the energy of J-holomorphic
chimneys is necessarily non-negative, one has cgw (K, p) = A(z) < A(y) =
csu(K) by Stokes’ theorem.

The wrapped Floer homology capacity for symmetric domains can be
seen as a symplectic capacity for symplectic manifolds with symmetries,
which we call a real symplectic capacity. The upper bound in Theorem 1.3
hinges on relationships between real and non-real symplectic capacities. In
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Sect. 5 we discuss further examples of real symplectic capacities which might
be of independent interest. See also [11] for more information on symplectic
capacities.

Remark 1.6. One finds a motivation to study the symmetric systole in the
context of the planar circular restricted three-body problem (PCR3BP). This
problem studies the motion of a massless body influenced by two bodies
of positive mass according to Newton’s law of gravitation, where the two
massive bodies move in circles about their common center of mass, and the
massless body is confined to the plane determined by the two bodies. Denote
by ¢4 the energy value of the Hamiltonian H of the PCR3BP such that
for every ¢ < cx, the level set H~!(c) contains two bounded components
near either massive body. In what follows, we concentrate on one of the two
bounded components, denoted by .. It is invariant under the anti-symplectic
involution p whose fixed point set projects into the configuration space R?
as a subset of the horizontal axis. In [6] Birkhoff found a Reeb chord on
Y. via shooting argument and closed it up using p to obtain a symmetric
periodic orbit, called a retrograde periodic orbit. In a real-world situation, a
direct periodic orbit is more important since most orbits of moons in the
solar system are direct. However, Birkhoff did not give an analytic proof of
the existence of a direct periodic orbit. Instead, he conjectured that for each
¢ < ¢4, the retrograde periodic orbit on ¥, bounds a disk-like global surface of
section. Birkhoff believed that a fixed point of the associated first return map,
whose existence is assured by Brouwer’s translation theorem, corresponds to a
direct periodic orbit. One way to prove this conjecture is to look at the period
of the retrograde periodic orbit. Indeed, the SFT-compactness theorem says
that if the retrograde periodic orbit has the smallest period, then this would
imply Birkhoff’s conjecture. For details, we refer to a beautiful exposition
[15].

2. Examples

In this section we discuss examples for the symmetric ratio (1.1) on various
symmetric hypersurfaces.

2.1. In dimension two

Let W be a subset of R? that is diffeomorphic to a closed disc and invariant
under an anti-symplectic involution p. There exists a unique simply covered
periodic orbit v, which is a parametrization of the p-invariant circle OW.
Moreover, 7 is p-symmetric. It follows that £, (W) = €71 (OW) and hence
R(OW,p) = L.

2.2. Ellipsoids

Given a; € Ry, j =1,...,n, the associated ellipsoid is given by

i 7|z |? < 1}
= Y

E(aq,.. .,an):{z eCn
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With respect to the standard contact form, i.e. the restriction of the Liouville
form from Example 1.1, complex conjugation py provides an anti-contact
involution on the boundary dF(aq,...,a,). The Reeb flow can explicitly be
written by coordinate-wise rotations on C™. Periodic orbits are of the form

2mit 2mit 2mit
"Y(t) = (6 1 21,€ 92 Zg,...,€ 9n Zn) (21)

for some (z1,z29,...,2,) € OE(ay,...,a,). Assuming a1 < as < -+ < a,
2mit

without loss of generality, the periodic orbit v1(t) = (e *+ z1,0,...,0) with

z1 # 0 attains the minimal period and is symmetric with respect to pg. Hence

the symmetric ratio is equal to one. In general, a periodic orbit of the form

(2.1) is po-symmetric if and only if v(tp) € R™ for some t; € R.

2.3. Smooth starshaped toric domains

Define the moment map p: C* — R%, as

Wiz, zn) = (2% - [2n)?).
It is invariant under the exact anti-symplectic involution
po(2) = (e'7z1,...,e"%,) (2.2)

for each § = (01,...,0,) € R”. For a domain @ C RZ,, the preimage
Xa:=p~1(Q) C C" is called a toric domain. Note that any toric domain
is pp-invariant. For example, the ellipsoid E(ay,...,ay) is a smooth toric
domain associated to the simplex

Q:{xe go

A toric domain is not necessarily smooth, but, in this note, we only consider
smooth ones.

In what follows we assume that a domain 2 C R% is smooth, compact,
and starshaped (with respect to the origin). Then the associated toric domain
Xqo € C™ is a smooth toric domain that is compact and starshaped.

We shall show that R(0Xq, pg) = 1 for every 6 € R™.

Note that Xgq is invariant under the T"-family of the exact symplecto-
morphisms

oy(z) = (ewlzl,...,ew"zn), o= (d1,...,0,) €ER".

If v is a periodic orbit on dXgq, then so is o4(v). Each fiber torus p=!(w),
w € , is foliated by periodic orbits, see e.g. [17, Section 2.2], and hence any
periodic orbit on X is contained in a fiber torus.

For a fixed 6 € R", each fiber torus contains a pg-symmetric periodic
orbit. Indeed, in view of the fact that py R = — R, where R is the Reeb vector
field on 90X, a periodic orbit 7 is pg-symmetric if and only if v(R)NFix(pg) #
(). For a periodic orbit «y in a fiber torus 7, it is always possible to find ¢ € R™
such that o4(y) intersects Fix(pgp). Then o4(7y) is a pg-symmetric periodic
orbit in 7.

ZaJ < 1}.

j=1"
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As all periodic orbits belonging to the same fiber torus have the same
period, this implies that JR(0Xq, ps) = 1. Actually, for every periodic orbit
v on 0Xgq, there exists 6 = 0(y) € R™ such that v is a pg-periodic orbit.

Recall that a toric domain X is said to be convez if

Q={(z1,...,2) €R" | (|21],...,|2zn]) € Q} C R

is convex. In this case, we know which (symmetric) periodic orbit attains
the smallest period. From the convexity of (AZ, we can show by computing the
Reeb vector field that the fiber orbit at a point of 92 along a coordinate axis,
i.e. an intersection point of 02 with a coordinate axis, attains the smallest
period. Moreover, it is also obvious from the Reeb flow that such a periodic
orbit is pp-symmetric for every 6 € R™.

2.4. Starshaped domains with the symmetric ratio slightly bigger than one

For every § € R™ we can construct a pg-symmetric starshaped domain K
in R?" with R(OK, pg) > 1, where pg is defined as in (2.2), by perturbing
the round sphere. Without loss of generality, we only consider the case of
complex conjugation p = py.

Let B C (R?", )\g) denote the closed unit ball. For h € C*° (9B, R) with
h > 1, we define the starshaped domain in R?"

Kp:=BUyp {(r,x) € [1,00) x 0B | z € OB, r < h(zx)}

by attaching the graph of h along the boundary 0B via the Liouville flow of
Ao- Note that 0K, is contactomorphic to the unit sphere 0B equipped with
the contact form hayg. Since the Reeb flow ¢! on (0B, o) satisfies pog~top =
¢!, the involution p of B descends to the involution p of 9B/S! = CP"~ 1,
where the S'-action on OB is given by the Reeb flow.

Take a p-invariant Morse function f > 0 on dB/S' which attains the
minimum precisely at a pair of two critical points away from the fixed point
set of p. We write f € C°°(0B,R) for the lifting of f. Set he:=1+¢f for ¢ > 0.
Since h. is p-invariant, the starshaped domain K, is symmetric. We claim
that for e > sufficiently small we have R(0K},_, p) > 1, but this will be close
to 1. We denote by Ty, the minimal period of the Reeb flow of the standard
contact sphere (0B, agp). Recall from Bourgeois [8, Section 2.2] that for any
T > Thin there exists € > 0 such that the periodic orbits of (9B, ae:=h.a) of
period less than T are non-degenerate and correspond to the critical points of
f. For a critical point Z of f the corresponding periodic orbit is the S'-fiber
vz of the fibration B — dB/S' at Z, and its period is given by Tininhe(7)
for any lift x € OB of Z. The periodic orbit 7z is symmetric if and only if
T is a fixed point of p. Now we take T" > 0 slightly bigger than T},;,. For
€ > 0 small enough, the minimum period of non-symmetric periodic orbits
is strictly smaller than the minimum period of symmetric periodic orbits.
This shows that R(OK},, p) > 1. It is worth noting that (0K}, p) can be
arbitrarily close to one.
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FIGURE 1. A symmetric Bordeaux-bottle-shaped domain
having two necks

2.5. Bordeaux-bottle-shaped hypersurfaces of arbitrarily large symmetric
ratio

Recall that the classical Bordeaux-bottle K C R?" is a smooth starshaped
domain obtained by gluing a thin neck, modeled on the symplectic 2-subspace
R? x {0}, along the boundary of the unit ball B, see [18, Section 3.5]. Let
p denote complex conjugation on R?". For a given symplectic 2-subspace
V C R?™ with p(V) NV = {0}, we glue the two thin necks, associated
to V and p(V) respectively, along the boundary 9B to form a p-symmetric
Bordeaux-bottle-shaped domain Ky with two necks. See Fig. 1. Since p sends
one neck to the other, any periodic orbits on the thin necks are not symmetric.
Moreover, symmetric periodic orbits on 0Ky exist on 0B, and the period of
any symmetric periodic orbits of JKy is uniformly bounded from below.
Making the necks narrow, we obtain a symmetric starshaped domain Ky
with arbitrarily large symmetric ratio. Below, we provide a detailed account
of this construction.

Consider the symplectic 2-subspace V' in (R**,wy = 37, dz;j A dy;)
spanned by

v = (1,0,0,1,0,...,0),
Juy = (0,1,-1,0,0,...,0),

where J denotes the standard complex structure on C" = R?", A simple
computation shows that

p(V)NV = {o}. (2.3)

Since p is anti-symplectic, p(V') is a symplectic 2-subspace. We then obtain
a symplectic orthogonal decomposition

R*™ =V @pV)oW,

where W = (V @ p(V))* denotes the symplectic complement of V @& p(V).
Since V @ p(V) is p-invariant, so is W. Using the Gram—Schmidt process [24,
Lemma 2.6.6], we can construct a unitary basis on R?",

{v1, Jv1, ..., Un, JUp }, (2.4)
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such that
o vy:=p(v1) and Juvy = Jp(vy) = —p(Jvy),
o {v3, Jus,...,vpn, Ju,} is a unitary basis for W.
We denote by
(ley/) = ('rllvyl17""x;7y:z) (2'5)
the symplectic coordinates on R?" with respect to the basis (2.4). Then Ky

is defined to be a p-symmetric smooth starshaped domain in R?" consisting
of

e a bounded piece of the neck NV = { x,y') | (@1)* 4+ (y))? < €} of V;
e a bounded piece of the neck N, ={(x,y") | (#5)% + (y4)? < €} of
p(V);
e the unit ball B = {(x',y’) | Z?Zl(x;-)Q + (y)? <1}
Here, a smoothing procedure is required as in the well-known case of a
Bordeaux-bottle having one neck. We emphasize that the smoothing pro-
cedure in the standard Bordeaux-bottle is still enough for our case, since the
gluing regions of Ny and 9N,y along B are disjoint due to (2.3). More-
over, the unit ball in the coordinates (2.5) coincides with the unit ball in the
standard coordinates.
We claim that the symmetric ratio R(OKy, p) can be arbitrarily large
by choosing € > 0 small enough. Since V is chosen to be symplectic, every
periodic orbit on the boundary of the neck Ny is of the form

~y(t) = (wle c wg,...,wn),

where the identifications (2.5) and w; = 2’ + 4y are used. They have small
periods depending on € > 0. The similar holds for periodic orbits on N ,y).
Thanks to (2.3), any periodic orbits on the necks 9Ny and 0N,y are not
symmetric under p. As mentioned before, symmetric periodic orbits of 0Ky
exist on the boundary 0B, and the period of any symmetric periodic orbits
of 0Ky is uniformly bounded from below. Therefore, the claim follows.

2.6. Hypersurfaces of arbitrarily large symmetric ratio in Hamiltonian sys-
tems

Recall that a hypersurface ¥ in R?" is called of restricted contact type if there
exists a Liouville vector field X which is defined in a neighborhood of the
hypersurface and which is transverse to X. If ¥ is of restricted contact type
with the radial vector field X = 50, then it is starshaped. Here we provide a
restricted contact type, but not starshaped hypersurface of arbitrarily large
symmetric ratio.

Consider a mechanical Hamiltonian H(q,p) = %|p|2 + Vi), (¢,p) €
R? x R?, where the potential V is invariant under the involution (q;,q2) —
(—q1,92). It follows that H is invariant under the anti-symplectic involution
p(q1,q2,p1,p2) = (—q1,42,P1, —p2), and hence for every £/ € R, the energy
level set H~!(E) is p-invariant. We assume the following.

e There exist exactly two saddle points (+a,0) of V such that V(+a,0) =
0.
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> it >

@ @
EF=0 FE > 0 small

FIGURE 2. The projections of the energy levels H ~!(E) into
the position space R?

e For E > 0 small enough, H~!(—FE) consists of three 3-spheres.

The first condition implies that the equilibriums (+a,0,0,0) of H are of
saddle-center type, and the second condition implies that the energy level
H~Y(E) for E = 0 and for E > 0 small enough project into the position space
R? as in Fig. 2. For every E > 0 sufficiently small, H~!(E) is not starshaped,
but of restricted contact type as H is of mechanical type. Since (+a,0,0,0)
are of saddle-center type, in view of a well-known theorem by Lyapunov, if
E > 0 is small enough, H(E) carries periodic orbits 71,72 = p(71), called
the Lyapunov orbits (red curves in Fig.2). As E — 07, they converge to
equilibriums. Moreover, in a sufficiently small neighborhood of equilibriums,
there exists no periodic orbit other than the associated Lyapunov orbit, and
periodic orbits that pass this neighborhood have sufficiently large periods.
This in particular implies that if £ > 0 is small enough, then the periods of
the Lyapunov orbits are extremely small, but the periods of other periodic
orbits are bounded from blow by some positive constant. As the Lyapunov
orbits are not p-symmetric, we conclude that the symmetric ratio can be
chosen arbitrarily large.

3. Closed-open maps

3.1. Symplectic homology

We briefly recall the construction of symplectic homology without technical
details. We refer the reader to [9, Section 2] for a detailed description. We
work with Liouville domains, and prominent examples are starshaped do-
mains in R?" including smooth convex bodies. In this paper, we always use
Zo-coefficients.

Let (W, \) be a Liouville domain with a Liouville form A. This means W
is a compact smooth manifold with boundary and A is a 1-form on W such
that d\ is symplectic and its Liouville vector field is positively transverse
along the boundary. The restriction « := A|gw of the Liouville form defines
a contact form on the boundary, and we denote the contact boundary by
(3, ) := (OW, Algw ). The completion (W,X) of the Liouville domain (W, \)
is an open symplectic manifold defined by attaching (a positive part of) the
symplectization ([1,00) x ¥, ra) to the domain (W, A) along the boundary
via the Liouville flow. Here r € [1,00) denotes the Liouville coordinate.
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Ezample 3.1. The closed unit ball B?" C R?” with the standard symplectic
form wo = Z?=1 dx; A dy; is a Liouville domain with a Liouville form Ag =
z Z?Zl(l'jdyj — y;dz;). The contact type boundary is the standard contact
sphere (82"~ 1 ag) with g = Ao|sp2n. The completion of B2" recovers R2?".
More generally, any starshaped domains in R?”, including smooth convex
ones, fit into our setup for Floer theory.

3.1.1. Admissible Hamiltonians. We take an admissible time-dependent
Hamiltonian Hg1 : S x W — R, meaning that all 1-periodic orbits of the
Hamiltonian vector field Xp_, are non-degenerate, Hg1 is negative and C?-

small (and Morse) in the interior of W C W7 and Hg: is linear at the end
with respect to the Liouville coordinate r, independent of the time parameter
t € S*. The derivative H{, (r) at the end is called the slope of the Hamilton-
ian Hg1. We assume that the slope is positive and not equal to the period of
a periodic Reeb orbit in the contact boundary (X, ). See Remark 3.4.

Remark 3.2. Our convention for Hamiltonian vector fields is that w(Xpg,-) =
dH.

Denote the set of contractible 1-periodic orbits of Hg1 by P(Hg1). To
each 1-periodic orbit v € P(Hg:) we can associate an integer called the
Conley—Zehnder index CZ(vy) by taking a capping disk of 7. We assume that
¢1(TW) vanishes on ma (W) for well-definedness of the index CZ(vy). See [9]
for details on the index.

3.1.2. Chain complex. Let Jg: = {J;}1es1 be a time-dependent family of

compatible almost complex structures on (W, \) which is admissible in the
sense of [9]. The Floer chain group CF.(Hg:, Jg1) for the pair (Hg1, Jg1) is a
Z-graded vector space over Zsy, generated by the 1-periodic orbits of P(Hg1)

and graded by the negative Conley—Zehnder index |y| = — CZ(y):
CFi(Hs1,Js1) = @ Za(y).
YEP(Hg1)
[vI=k

For two distinct 1-periodic orbits v4 € P(Hg1), define the moduli space
of Floer cylinders M(y—,7v4+,Hg1,Jg1) from ~v_ to 4, modulo the natural
R-action, by

M(y_ v, Her, Jg1) = {u: R x St — /V[7| ligl u(s,t) = v£(t),
S§— 00
(du— Xp_, @dt)>" = 0}/R.
(3.1)
See the left in Fig. 3.

Proposition 3.3. Let v_ # 4. For generic Js1, the moduli space M(y—, v+,
Hg1,Jg1) is a smooth manifold of dimension |y_| — |v4| — 1.

Remark 3.4. Since Hg: and Jg: are admissible, Floer trajectories must lie in
a compact region in W by a maximum principle.
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FIGURE 3. A Floer cylinder (left) and strip (right)

The differential 0 : CFy(Hgi,JJg1) — CFi_1(Hg1,Jg1) is defined by
counting rigid Floer trajectories between 1-periodic orbits as follows:

ov-)= Y. #2M(y—, 74, Hsr, Jsr)vs (3:2)
v+ E€P(Hgr)
[+ |=k—1
The Floer—-Gromov compactness and the gluing construction in Floer theory
show that 9% = 0, and hence we obtain the Floer chain complex (CF,(Hg1,
Jg1), ). The Floer homology HF,(Hg1, Js1) of the pair (Hg1, Jg1) is defined
by

HF, (Hg:, Jg1) = H,(CF.(Hg1, Jg1), 9).

3.1.3. Symplectic homology. Standard continuation maps in Hamiltonian
Floer homology define a direct system of Floer homology groups HF . (Hg1, Jg1)
directed by increasing the slope 7 of Hamiltonains. See e.g. [12, Section 4.4].
The symplectic homology of the Liouville domain (W, \) is defined to be the
direct limit

SH,. (W, \) = lim HF.(Hg1, Jg1).
3.1.4. Action filtration. For an admissible Hamiltonian Hg: we have the as-
sociated action functional Ay, : LW — R on the free loop space LW of the
completion W given by

1

A () == [ 3= [ Hs e

0

We call the value Ap, (7) the action of 7. Since Floer trajectories decrease
action values, we obtain an action filtration on Floer chain complexes by
collecting generators of action less than a € R

CFi(Hs,Js1) = @B  Za(y).

.AHS1 (v)<a

The corresponding filtered Floer homology is denoted by HF{ (Hg:1, Jg1), and
taking the direct limit we define the filtered symplectic homology

SHY(W, ) = lim HF!(Hg:, Js1).

T—00



Vol. 24 (2022) The systoles of symmetric convex hypersurfaces Page 13 of 26 28

3.1.5. Tautological exact sequences. Let a < b. The action filtration on the
chain complex CF,(Hg1, Jg1) induces the following natural short exact se-
quence of chain complexes:

0 — CF%(Hg1, Jg1) — CF’(Hg1, Jg1) — CFl%Y) (Hg1, Jg1) — 0
where CFLa7b)(H5'1, Jg1) is the chain complex defined to be the quotient
CFLG‘?b)(HSla Jsl) = CFZ(Hsl ) Jsl)/ CF::(HSH JSI)

with the induced differential. We obtain, passing to the direct limit, an asso-
ciated long exact sequence in symplectic homology

— SHE(W) — SHY (W) — SH"P (W) = SHY (W) —.  (3.3)

In particular, due to the assumption that Hg: is C?-small and Morse on W,
if € > 0 sufficiently small, we have a canonical identification

SHE (W) 2 Hy o (W, OW). (3.4)

We then have the (filtered) tautological exact sequence in symplectic homol-
ogy

— Hiyn (W, 0W) — SHE(W) — SHI (W) — Hy 1 (W, 0W) —

For each a > 0, we shall denote the map from Hy,,(W,0W) to SHj, (W) in
the sequence by

J% Hgqpn (W, 0W) — SHE(W).

3.2. Wrapped Floer homology

We shortly review a construction of wrapped Floer homology which is an
open string analogue of symplectic homology. We refer to [3,21] for details.

3.2.1. Chain complex. Let L be an admissible Lagrangian in a Liouville do-
main (W, ), meaning that L is a connected and exact Lagrangian which
intersects the contact boundary (X, «) in a Legendrian £:=0L = LNY and
the Liouville vector field is tangent to T'L near the boundary. By attaching
[1,00) x L to L along the Legendrlan boundary L we have a completed ex-
act Lagrangian L in the completion (W )\) Roughly speaking, the wrapped
Floer homology HW (L) is a version of Lagrangian Floer homology of L in
. N

A time-independent Hamiltonian H : W — R is called admissible if
every Hamiltonian 1-chord relative to Lis non-degenerate, H is negative and
C?-small in the interior of W C W, and H is linear at the end with respect
to r € [1,00). We assume that the slope 7 of H is positive and is not equal to
the length of a Reeb chord in (X, «, £). Recall that a Reeb chord in (X, a, L)
is an orbit x : [0,7] — X of the Reeb flow on (¥, ) with x(0),2(T) € L. We
call T the length of the Reeb chord .

Denote the set of contractible, as an element of 71'1( ) Hamiltonian
1-chords by Pr,(H). We associate the index |z| = —u(x) -5 E Z for each non-
degenerate contractible 1-chord in Pr(H), where p(z) is the Maslov index
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defined in [21, Definition 2.3]. Assume that ¢, (TW) = 0 and 71 (L) = 0 for
well-definedness of p(z).

Example 3.5. Consider complex conjugation py on the closed ball B%". Its
fixed point set L = Fix(pg) = B?" NR", called a real Lagrangian, defines an
admissible Lagrangian in (B?", \g). More generally, let W be a starshaped do-
main in R?" invariant under an exact anti-symplectic involution p of (R?", \g)
i.e. p* Ao = —Ag. Then the fixed point set L := Fix(p|w ) defines an admissible
Lagrangian:
e From the classical Smith theory, we have dim H,.(W;Zy) > dim H,(L; Z2)
and x(W) = x(L) mod 2. It follows that L is nonempty and connected.
e Since the Liouville flow on (R?", \g) commutes with p and flows radially
from the origin, the real Lagrangian L intersects the boundary oW'.
e Asin [22, Lemma 3.1], L is an exact Lagrangian, the intersection LNOW
is a Legendrian, and the Liouville vector field is tangent to T'L near the
boundary.

Note also that ¢;(TW) = 0 for any starshaped domain W whereas 71 (L) is
not necessarily a trivial group. If the anti-symplectic involution p is linear
e.g. complex conjugation, then L is diffeomorphic to the closed ball B™ and
hence 71 (L) = 0 in this case.

Let J = {Jt}+e[0,1) be an admissible time-dependent family of compat-
ible almost complex structures. For two distinct 1-chords x4 € Pp(H), the
moduli space M(z_,zy,H,J) of Floer strips from z_ to x4, modulo the
natural R-action, is defined by

M_,ap H,J)={u:Rx[0,1] > W| lim _u(s,1) = z(),

(du— Xgod)® =0, (3.5)
u(s,0),u(s,1) € L}/R.

See the right in Fig. 3. For generic J, the moduli space M(z_,z1,H,J) is a
smooth manifold of dimension |z_| — |z4| — 1.
The Floer chain complex for the pair (H,J) is defined by

CFu(H,J)= @ Zolx)

z€Pr(H)
|z|=k
equipped with the differential 0 : CFy(H, J) — CFy_1(H, J) given by
O(z_) = Z #HoM(z_,xq, H, J)z4. (3.6)
I+€73L(H)
|4 |=k—1

We obtain the Floer homology group HF . (H, J) as the homology of the chain
complex (CF.(H,J),0), and by taking the direct limit as in the symplectic
homology, we define the wrapped Floer homology of the Lagrangian L in
(W, A) by

HW, (L) = lim HF,(H,J).

T—00
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3.2.2. Filtered wrapped Floer homology. Wrapped Floer homology shares
many analogous properties with symplectic homology. In particular, we have
a natural action filtration and tautological exact sequences. The action fil-
tration on HW, (L) is given by the action | functional AH LW — R on the

free path space £ LW of the completion W relative to L defined by
Auw) == [ aa- / H(a(t))dt + fu(x(1)) ~ f1(x(0)).
[0,1]

Here f;, € C>(L,R) is a primitive of the form X|E For a € R, we denote the
filtered chain complex by CF¢(H, J) and the filtered wrapped Floer homology
by HW{(L). For a < b a long exact sequence analogous to (3.3) is written as

— HW{(L) — HWS(L) —» HW"? (L) —» HW¢_, (L) — . (3.7)
In particular, for € > 0 sufficiently small so that
HW (L) 2 Hgy (L, OL) (3.8)
we have the tautological long exact sequence in wrapped Floer homology
— Hyyn(L,OL) — HW}(L) — HWS (L) — Hy g1 (L, OL) —

For each a > 0, as in symplectic homology, we denote the map from H,
(L,0L) to HW(L) in the sequence by

7% Higyn(L,0L) — HWy(L).

3.3. Closed-open maps

Closed-open maps are natural homomorphisms from symplectic homology to
wrapped Floer homology. In Sect. 4 we use them to relate symplectic capac-
ities from the two Floer homologies. In this section we shall briefly outline a
construction of closed-open maps based on [2,16,29]. See also [5].

3.3.1. Floer data. Closed-open maps are defined by counting curves in W
which we call Floer chimneys. The domain 7 of Floer chimneys is given by
the closed unit disk D with an interior puncture and a boundary puncture,

T = (D\ {07 1}7i)
where i is the standard complex structure. See the left in Fig. 4. We equip
T a negative cylindrical end g : (—00,0] x S' — 7 near 0 and a positive
strip-like end &7 : [0,00) x [0,1] — T near 1.

A Floer data (Hr,J7) for chimneys is given as follows. Let Hgi :
S'xW — R and H : W — R be admissible Hamiltonians for symplec-
tic homology and wrapped Floer homology, respectively, of the same slope 7.
A Hamiltonian Hy : 7 x W — R is called admissible if

o Hr(eo(s,t),w) = Hgi(t,w);

® HT(61(57 t)v ’LU) = H(w)v

e for each z € 7, the Hamiltonian Hr(z,-) : W — R is admissible with
slope 7 and is independent of z at the end. We call 7 the slope of Hr.
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FIGURE 4. A Floer chimney

For admissible almost complex structures Jg, and J as in Sect. 3.1.2 and 3.2.1,
we take an admissible 7-family of compatible almost complex structures Jr
given in an analogous way to the Hamiltonian case so that Jr = Jg: and
Jr = J near the punctures.

3.3.2. Floer chimneys. To write the Floer equation for chimneys, we fix a
1-form 3 on 7 with the following properties.

e df < 0 with respect to the fixed volume form on 7.
¢ Blor =0, and B3|, (57) = 0 where v(97) is a neighborhood of 97 .
e With respect to the coordinate charts €9 and &1, we set 3 = dt.

Remark 3.6. The conditions on [ guarantee that Floer chimneys stay in a
compact region in W. One can show this using a convexity argument in [3,
Lemma 7.2], which replaces the maximum principle.

Take ~ G/\P(HSI) and x € Pr(H). A Floer chimney from « to x is a
map u : 7 — W satisfying the following conditions, see Fig. 4.
e (Floer equation) u is a solution of the equation
(du — Xpg, ® 3)*! = 0.
e (Asymptotic condition)
Sgrjloou(so(s,t)) =~(t), lim wu(e1(s,t)) = z(t).

e (Lagrangian boundary) w(97) C L.
We denote the moduli space of Floer chimneys from v to = by
M(v,x,Hr, JJr) ={u:T — 1% | u is a Floer chimney from + to z}. (3.9)
Proposition 3.7. (See [2, Lemma 5.3]) For generic Jr, the moduli space
M(y,x, Hr, JT) is a smooth manifold of dimension
dim M(y, z, Hr, J7) = || — |2| — n.
If |v| = || +n, the moduli space is compact and zero dimensional. This
allows us to define the map
CO :CFy(Hg1,Js1) — CFr_pn(H,J)
by counting rigid Floer chimneys

CO(y) = Y. #2M(y,z,Hr,Jr)x. (3.10)

zEPL (H)
|z|=k—n
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L

FIGURE 5. Broken Floer chimneys showing 0 o CO = CO o 0

The codimension 1 boundary strata of the moduli space of Floer chimneys,
described in [2, Lemma 5.3], shows that the map CO : CFy(Hg1,Js1) —
CFi—_n(H,J) is a chain map; see Fig. 5. We have the induced homomorphism
on homology groups

CO :HF(Hg1, Jg1) — HF_,,(H, J).

Taking homotopies of admissible Hamiltonians H7, a standard argument in
Floer theory in [12, Section 4.4] allows us to pass it to the direct limit via
continuation maps

CO : SHy(W) — HW,,_,(L).

We call this map the closed-open map from symplectic homology to wrapped
Floer homology.

Remark 3.8. In [29, Theorem 8.2], it is shown that CO : SH, (W) — HW.,(L)
is a unital ring homomorphism with respect to the standard ring structures
described e.g. in [28].

3.3.3. Filtered closed-open maps. Closed-open maps respect the action fil-
trations. To see this, one introduces the topological energy of Floer chimneys
as follows:

E(u)::/ uw'd\ —uw*dHy A B — u*HrdfS
T
where u € M(vy,x, Hr,Jr) as in Sect. 3.3.2. It is observed in [2, Appendix
BJ] that E(u) > 0, and a direct computation shows that
E(u) = A, () — An ().

In particular, Floer chimneys decrease action values. For each a € R, we have
filtered closed-open maps

CO® : SHR (W) — HW;_, (L).
The filtered closed-open maps are compatible with the tautological exact
sequences (3.3) and (3.7) in the following sense. This is also observed in [7,
Section 5.2.1] and essentially follows from [5, Theorem 1.5].

Theorem 3.9. The closed-open map
CO® : SHy (W) — HW;_, (L)
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for a >0 fits into the following commutative diagram:

Hy o (W, OW) —— SHE(W)

f‘ lcoa (3.11)

a

Hy(L,0L) —— HW;_, (L)

where the left vertical 4y : Hyp,,(W,0W) — Hy(L,0L) is the natural map
induced by the inclusion i : L — W.

Proof. Let ¢ > 0 be a sufficiently small number such that (3.4) and (3.8)
hold. The commutative diagram (on the right) in [5, Theorem 1.5] together
with the compatibility of closed-open maps with the action filtrations yields
the following commutative diagram.

Hpsn (W, 0W) —2—s SHE(W) —“— SHE(W)

li! lCOE lCOa (312)

Hk(LuaL) L Hwirfn(L) L> szfn(L)

Here, the maps 1, constructed in [28, Section 15], are the analogues of the
(relative) Piunikhin—Salamon—Schwarz isomorphism [26], and the maps ¢, are
the natural inclusions from the respective tautological exact sequences (3.3)
and (3.7). Indeed, the exactness of L replaces the monotonicity assumption in
[5, Theorem 1.5] from which we obtain the commutativity of the left square
in (3.12) modulo conventional differences between Floer homology and co-
homology. The commutativity of the right square in (3.12) is an immediate
consequence of the fact that the closed-open map CO respects the action
filtration on SH,(W) and HW,(L). As in [28, Lemma 15.1], we know that
J% = 14 01, and the commutative diagram (3.11) in the assertion therefore
follows from (3.12). O

3.3.4. Without absolute grading. Even though we have worked with the ab-
solute Z-grading on SH, (W) and HW, (L) for the sake of completeness, the
Floer homologies and the filtered closed-open maps with Theorem 3.9 readily
work regardless of the grading. The discussions in Sect.4 do not require the
Floer homologies and the closed-open maps to be graded, and the topological
assumptions ¢; (TW) = 0 and 71 (L) = 0 are therefore not necessary for our
applications; see Example 3.5.

In this case, as a fairly standard way in Floer theory, we take the zero-
dimensional component of the moduli spaces (3.1), (3.5), (3.9) of Floer solu-
tions instead of fixing the difference of the absolute gradings of asymptotes;
the Fredholm index of underlying Fredholm problems determines the local
dimension of the corresponding moduli spaces. Then we define the differen-
tials (3.2), (3.6) and the chain map (3.10) on ungraded Floer chain groups
by counting elements of the zero-dimensional component of the respective
moduli spaces. The analysis on Floer solutions and the action filtrations on
Floer chain complexes are independent of the absolute grading. We therefore
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obtain the ungraded filtered closed-open map CO® : SHY (W) — HW{(L)
with the commutative diagram:

H, (W, 0W) — SHY (W)

! e

a

H,(L,0L) —1— HW*(L)

4. Floer homology capacities

4.1. SH capacity
Let (W, \) be a Liouville domain as in Sect.3.1. We define the symplectic
homology capacity or shortly the SH capacity csg(W, A) of the domain (W, A)
by

csg(W) = csg(W, A) = inf{a > 0] j*[W,0W] = 0} € [0, x]
where the map 5 : H (W, 0W) — SHg (W) is constructed in Sect.3.1.5. If
JOW,0W] # 0 for all a > 0, then we conventionally put csg(W) = co.

Proposition 4.1. The SH capacity satisfies the following properties.

(1) (Conformality) For a positive real number r, we have
csu(W, ) = regu(W, A).

(2) (Monotonicity) For a generalized Liouville embedding (Wi,A1) —
(Wa, A2), we have

csu(Wh, A1) < csu(Wa, Ag).

(8) (Spectrality) If csu(W) < oo, there exists a periodic Reeb orbit vy on the
contact boundary (X, o) such that

csu(W) = €(v)
where £() denotes the period of .

Remark 4.2. A symplectic embedding ¢ : (Wi, A1) — (Wa, Ag) is called a
generalized Liouville embedding if (o*Xa — A\1)|aw, = 0 in H'(OW)). In par-
ticular, if W, and W, are both starshaped domains in R?", every symplectic
embedding is a generalized Liouville embedding since Hl(Sznfl) = 0 for
n > 2.

Remark 4.3. The SH capacity cgu(W) is finite if and only if SH, (W) = 0.

Proof of Proposition 4.1. For smooth convex domains in R?", the above prop-
erties are presented e.g. in [19, Section 2.4]. For general Liouville domains, the
monotonicity comes from the existence of a natural homomorphism SHY (W3)
— SH{ (W), called a transfer map, in symplectic homology for generalized
Liouville embeddings as in [17, Theorem 1.24]. The spectrality follows from
essentially the same argument as in [17, Lemma 4.2], using the relationship
between action values of Hamiltonian 1-orbits of admissible Hamiltonians
and Reeb orbits on the contact boundary; see [17, Remark 5.6].
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4.2. HW capacity

We can define an open string analogue of the SH capacity using wrapped
Floer homology. Let L be an admissible Lagrangian in a Liouville domain
(W, A). Recall that L is assumed to be connected; Sect. 3.2.1. The wrapped
Floer homology capacity or shortly HW capacity is defined as

CHw(W) = CHw(VV, )\,L) = inf{a >0 ‘ ja[L, 8L] = 0} S [0, OO]

where the map j® : H.(L,0L) — HW{(L) is defined in Sect. 3.2.2. We set
cuw (W) = oo if j¢[L,0L] # 0 for all a > 0. The following is completely
analogous to that for the SH capacity in Proposition 4.1; we omit its proof.

Proposition 4.4. The HW capacity satisfies the following properties.

(1) (Conformality) For a positive real number r, we have
CHV\](VV7 ’I’)\, L) = TCHw(VV, )\7 L)

(2) (Monotonicity) For a generalized Liouville embedding ¢ : (Wi, 1) —
(Wa, Aa) with ¢p(L1) C La, we have

CHW(Wl) < CHW(WQ)'

(3) (Spectrality) If caw (W) < oo, there exists a Reeb chord x on the contact
boundary (X, «, L) such that

CHw(W) = é(l‘)
where £(x) denotes the length of x.

Remark 4.5. The SH capacity is also known as the Floer—Hofer—Wysocki ca-
pacity defined in [14], and the HW capacity is referred to as Lagrangian
Floer-Hofer-Wysocki capacity in [7].

Remark 4.6. The HW capacity cuyw (W, A, L) is finite if and only if HW, (L) =
0, which is in particular the case when SH.(W) = 0, see [28, Theorem 10.6].

4.3. Proof of Theorem 1.3

In this section, we give a proof of the estimate (1.3).

Let K be a smooth compact convex domain in R?® which is invariant
under an anti-symplectic involution p of (R?",d)\g), and the real Lagrangian
Fix(p) intersects the boundary 0K. To apply our Floer setup, we choose a
Liouville form A on K with dA = d\g such that p is an ezact anti-symplectic
involution with respect to A and the associated Liouville vector field is pos-
itively transverse along the boundary. For example one takes the average
)\Z:%()\O — p*)\o)l

Lemma 4.7. Let (W, o) be a Liouville domain with an anti-symplectic invo-
lution p : W — W. Then \:=%(X\g—p*Xo) satisfies that dX = dXg, p*A = =\,
and the corresponding Liouville vector field Xy of A\ is positively transverse
along the boundary OW .



Vol. 24 (2022) The systoles of symmetric convex hypersurfaces Page 21 of 26 28

Proof. Tt is immediate to see that dA = d)\g and p*A = —A. We claim that
the Liouville vector field X of A, defined by dAg(Xy, ) = A, is positively
transverse along the boundary 0W. Observe that X, -\, = —p*X},. Indeed,
for any vector Y € TW,

dXo(p" Xxe, Y) = p"dAo(X, 0 p, " (Y 0 p))
= _dAO(X)\o O P, p* (Y o p))
— —M(p*(Y 0 p)
= —p*"N(Y).
Since the diffeomorphism p : W — W preserves the boundary W and the
interior of W, respectively, the push-forward of any outward normal vector
along the boundary under p is again an outward normal vector. From this

fact, we deduce that the pull-back p*X,, is positively transverse along the
boundary. Therefore the convex sum

1 1 .
Xn=5(& = Xprg) = 5 (X0 + 07 X00)
is positively transverse along OW as well. g

Note that the systoles {min (OK) and £ (0K, p) defined in (1.2) do not
depend on the choice of the Liouville form A as explained in Remark 1.2, and
we can work with A instead of A\g. The triple (K, A, p) now fits our Floer setup
as in Example 3.5. Note that we do not assume (L) = 0; see Sect. 3.3.4.

Abbreviate « = Mgk and denote the restriction of p to 0K again by
the same letter. First we relate the above Floer homology capacities with
(symmetric) systoles. The following is a non-trivial fact relating the systole

lmin(OK) with the SH capacity, which is recently proved in [1] and [19].

Theorem 4.8. (Abbondandolo-Kang, Irie) Let K be a smooth convex body in
R2". Then the SH capacity of K coincides with the systole of the contact
boundary (0K, «)

CsH (K) = gmin ((9[()

Remark 4.9. The inequality csy(K) > lmin(OK) is obvious from the spec-
trality of cgg(K) in Proposition 4.1. There is a starshaped and non-convex
K for which the strict inequality csp(K) > €min(0K) holds. See for example
[18, Section 3.5].

Since SH,(K) = 0, it follows from Remark 4.6 that HW,(L) = 0 as
well. By the spectrality of cyw in Proposition 4.4, there exists a symmetric
periodic orbit on (0K, p). In view of the one-to-one correspondence between
symmetric periodic orbits and pairs of Reeb chords on the symmetric convex
hypersurface 0K, the spectrality of cyw yields the following comparison.

Proposition 4.10. The HW capacity of (K, p) and the symmetric systole of
(0K, p) satisfy

Coin (0K, p) < 2cuw (K, p).

min
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Remark 4.11. Tt should be possible to establish a real analogue of Theo-
rem 4.8 for symmetric convex hypersurfaces, asserting that 2cgw (K, p) =
lin (0K, p).

Closed-open maps give the following relationship between the SH ca-
pacity and the HW capacity, which was also observed in [7, (i) in Theorem
1.5]. We state it for general Liouville domains:

Proposition 4.12. For an admissible Lagrangian L in a Liouville domain
(W, A),

cnw (W) < esu(W).
Proof. This is a direct consequence of Theorem 3.9. If j[W,0W] = 0 in
SH{ (W), it follows from the commutative diagram (3.11) that
0= (CO%0 j")[W,0W] = (50 i))[W,0W] = j*[L,0L]

where the last equality holds because the natural map i, : H.(W,0W) —
H.(L,0L) sends the fundamental class [W,0W] to the fundamental class
[L,0L]. Therefore we have a > cgw (W), and consequently we conclude
CHw(W) S CSH(W). O

We now obtain the desired estimate.

Proof of Theorem 1.3. Theorem 4.8 and Proposition 4.10 tell us that
_ G (0K, p) _ 2caw (K, p)

1 <R aK, _ _min <
o ( p) gmin (aK) CSH (K)
An application of Proposition 4.12 to (K, «, p) provides
2cHVV (K7 p) <9
CSH (K) -7
finishing the proof. O

5. Real symplectic capacities

Let (M,w, p) be a real symplectic manifold, meaning that a symplectic man-
ifold (M, w) is equipped with an anti-symplectic involution p, i.e. p*w = —w.
We always assume that Fix(p) # ) so that it is a Lagrangian submanifold
of M. A real symplectic embedding V: (M1, w1, p1) — (Ma,ws, p2) between
two real symplectic manifolds is an embedding of M; into My such that
U*wy = wy and ¥*ps = py.

Definition 5.1. A real symplectic capacity is a function ¢ which assigns to a
real symplectic manifold (M, w, p) a number ¢(M,w, p) € [0, +0o0] having the
following properties:

e (Monotonicity) If real symplectic manifolds (M7, w1, p1) and (Ma, wa, p2)
have the same dimension, and if there exists a real symplectic em-
bedding ¥: (My,w1,p1) — (Ma,ws, p2), then we have ¢(My,wq,p1) <
c(Mz,ws, p2);

e (Conformality) ¢(M,rw, p) = re(M,w, p) for all r > 0;
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e (Nontriviality) 0 < ¢(B?*(1),wo, po) and ¢(Z?"(1),wo, po) < oo, where
B?"(1) = {z € C"|||2||*> < 1} and Z?"(1) = {z € C"||21|* < 1}. Here
wg = d\g denotes the standard symplectic form on R?", and py denotes
complex conjugation.

A real symplectic capacity c is said to be normalized if
C(an(l)vaa PO) = C(Zzn(]-)a wo, PO) =1

Remark 5.2. The notion of real symplectic capacities was first introduced
by Liu and Wang [23], where the authors referred to it as “symmetrical”
symplectic capacities.

Ezample 5.3. We provide several examples of real symplectic capacities.

(i) The real Gromov width ¢ (M, w,p) is defined as the supremum over
all 7 > 0 such that (B?"(r),wp, po) real symplectically embeds into
(M,w,p). Tt is normalized and the smallest in the sense that if ¢ is
a real symplectic capacity, then ci$®!(M,w, p) < ¢(M,w, p) for all real
symplectic manifolds (M, w, p).

(ii) In [23], Liu and Wang constructed the real Hofer-Zehnder capacity cita!,
which is normalized, by imitating the construction of Hofer—Zehnder ca-
pacity [18]. Let K C R?" be a compact convex domain invariant under
a linear anti-symplectic involution p. It was shown in [20, Theorem 1.3]
that the real Hofer-Zehnder capacity of (K, p) agrees with the symmet-
ric systole, i.e. i3l(K, p) = (21 (0K, p).

(iii) Following the construction of the (first) Ekeland-Hofer capacity [13],
Jin and Lu defined the real Ekeland—Hofer capacity ci&3l(-, p) for com-
pact domains K C R?" invariant under a fixed linear anti-symplectic
involution p, see [20]. It is normalized. Strictly speaking, it is not a real
symplectic capacity as it is defined only for domain in R?" and satis-
fies only restricted monotonicity: if K1 C K, are compact domains in
R2” that are invariant under a fized linear anti-symplectic involution p,
then we have ci$3(K1, p) < ci8l(Ky, p). Nonetheless, we call it a real
symplectic capacity. For a compact convex domain K C R?" invariant
under a linear anti-symplectic involution p, it agrees with the symmet-
ric systole of (0K, p). Consequently, for every symmetric convex domain
(K, p) with p being linear, the real Hofer—Zehnder capacity and the real
Ekeland—Hofer capacity agree, see [20, Theorem 1.10].

(iv) Let (W, A, p) be a real Liouville domain, i.e. (W, ) is a Liouville domain
equipped with an exact anti-symplectic involution p. The wrapped Floer
homology capacity cpw (W, A, p), constructed using wrapped Floer ho-
mology, satisfies restricted monotonicity, meaning that if there exists a
generalized real Liouville embedding from (W7, A1, p1) into (Wa, Aa, p2),
then epgw (W1, A1, p1) < caw (Wa, Aa, p2). See Sect. 4.2 for the construc-
tion. Recall that a generalized real symplectic embedding is a real sym-
plectic embedding ¢: (Wi, A1, p1) — (Wa, Ag, p2) such that (p*Ao —
A)low, = 0 in H1(8W1). In particular, if W; and W5 are both star-
shaped domains in R?", every real symplectic embedding is a gener-
alized real Liouville embedding since H'(S?"~1) = 0 for n > 2. We
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expect that the argument of [19] applies to all compact convex domains
K C R?" invariant under a linear anti-symplectic involution p, implying
that caw (K, p) = 620 (0K, p).

(v) Analogously to Gutt—Hutchings [17], we can construct, using positive
equivariant wrapped Floer homology defined in [21], a sequence of real
symplectic capacities ¢; < ¢ < -+ < oo for real Liouville domains.
They satisfy all the conditions for real symplectic capacities, but the
monotonicity. Instead, they satisfy the restricted monotonicity as the
wrapped Floer homology capacity. Using a Gysin-type exact sequence
in wrapped Floer theory (see [21, Proposition 3.27] and [10, Proposition
2.9]), it is not hard to see that c; (W, A, p) < caw (W, A, p) for every real
Liouville domain (W, A, p).

There is an old question about symplectic capacities asking if all nor-
malized symplectic capacities agree on compact convex domains in R2?, see
[24, Section 14.9, Problem 53] and [25, Section 5]. We finish this article with
the following related conjecture.

Conjecture 5.4. For convex domains in R?" invariant under a fized linear
anti-symplectic involution, all normalized symplectic capacities and normal-
ized real symplectic capacities are the same.
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