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Nodal solutions for Kirchhoff equations with
Choquard nonlinearity
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Abstract. In this paper, we consider the following Kirchhoff equation
with Choquard nonlinearity:

2 ' lu(y)[” p—2
—la+b [ |Vul"dz | Au+V(z)u = ——=—dy | [u["""u (0.1)
R3 3 |2 —y[>~
+|u|*?u, in R®,
where V() is a smooth function, a and b are positive constants, o €
(1,3), ¢ € (4,6). By employing the results from the matrix theory, gluing
approach and Brouwer degree theory, we prove that for any integer k,

the above equation with p € (4, 3+«) has a sign changing radial solution,
which changes sign k times.
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1. Introduction and statement of main result

Consider the Kirchhoff type equation
- (a + b/ |Vu|2dx> Au+V(z)u = f(z,u), uve HY (R, (1.1)
R3

where a,b > 0, V(z) is a smooth function. This problem is related to the
stationary analogue of the equation

0%u L rou\? 0%u

— - b — || dz| =— =0

ot? <a + /0 (3x) i ’
which was proposed by Kirchhoff [12] as an extension of the classical
D’Alembert’s wave equations for free vibration of elastic string. After Lions

[15] introduced an abstract function analysis framework to the problem, many
researchers have paid attention to it, see [1,4] and the references therein.
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There are many interesting results on the existence and multiplicity
of solutions for problem (1.1), such as [6,8-10,13,19,21,23] and references
therein. In particular, He and Zou [10] studied the existence of positive so-
lutions for (1.1) by the variational method, and obtained the multiplicity by
means of Category theory. Moreover, they also studied the concentrated be-
havior of positive solutions. When f(z,u) = |u|P~1u, Li and Ye [13] proved
(1.1) has a positive ground state solution by using a monotonicity trick and
global compactness lemma. This result can be seen as a partial extension of
the results of He and Zou in [10]. Wu [19] considered the existence of non-
trivial solutions and infinitely many high energy solutions for (1.1) using a
symmetric Mountain Pass Theorem. Guo [6] considered the positive ground
state solution of (1.1) without classical Ambrosetti-Rabinowitz condition by
using variational methods. The existence of sign-changing solution of (1.1)
has also been studied in [16,22].

Moreover, there are many results about the existence of nodal solutions
for elliptic problems. Bartsch and Willem [2], Cao and Zhu [3] proved that
for any positive integer k, there exists a pair of solutions u;* having exact k
nodes for the following equation:

—Au+V(|z))u = f(|z|,uv), uve HY(R?).

By gluing method, Deng, Peng and Shuai [5] considered the existence and
asymptotic behavior of nodal solutions for the following Kirchhoff equation:

- (a + b/]RS |Vu|2d:v> Au+V(|z))u = f(|z],u), z € R3. (1.2)

Due to the existence of nonlocal items, gluing method cannot be used to solve
this problem directly. To solve this difficulty, they regard this problem as a
system of k+1 equations with k+1 unknown functions u;, each u; is supported
on only one annulus and vanishing on the complement. Huang, Yang and Yu
[11] showed the existence of nodal solutions of Choquard equation by the same
method as in [5]. Wang and Guo [20] proved the existence and nonexistence of
nodal solutions for Choquard type equations with perturbation by employing
the variational method, gluing approach and the Brouwer degree. Recently,
Guo and Wu [7] showed the existence of nodal solutions for the Schrodinger—
Poisson equations with convolution terms.

Motivated by the above results, we intend to establish infinitely many
nodal solutions to the following equation:

- (a + b/ |Vu|2dx> Au+V(z)u
R3

u(y)|? _ _
- (/ : |x|(y)‘l"°‘dl/> [l ~2u + ful 2, w e HY(RE),  (1.3)
v

where V() is a smooth function, a, b are positive constants, « € (1,3) and
q € (4,6).
Our main result can be stated as follows.

Theorem 1.1. Suppose that V() satisfies
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(V) V(z) = V(]z|) € C([0,00),R) is bounded from below by a positive
constant V.

Moreover, if « € (1,3), p € (4,3 + @) and q € (4,6). Then for any
positive integer k, Eq. (1.3) has a radial solution uy changing sign exactly k
times.

The paper is organized as follows. In Sect. 2, we give some notations and
preliminary results. In Sect. 3, we are devoted to the proof of our main result
which mainly show the construction of least energy nodal solutions changing
sign exactly k times.

2. Variational framework and some results in the matrix
theory

In this section, we give some notations and preliminary results. First, we
present the variational framework. The space Hy (R?) is defined by

Hy (R?) := {u € HY(R?) : /RB (a|Vul® + V(|z|)u?) dz < oo} ,

with the norm

lully = ( [, @V + Vi) dw)lﬂ.

The energy functional associated with problem (1.3) is given by

L(w) = Sul? + /|Vu| dr)’ - // [u@)Plu@)I ;g
' glv T 2p Jra Jrs |z —yPe Y

1
—= |u|?dz.
q Jrs

By Hardy-Littlewood—Sobolev inequality ([14, Theorem 4.3]), I}, is well de-
fined on H'(R3) when p € (4,3 + ).
For any integer k, we define
Ty = {pr = (p1,- -, 1) ERF| 0:=py<p1 < <prp =00},
and for each p;, € I'y, set
Bfk:{xeRS:OS\m|<p1},

Bt ={zeR®:piy <|z|<p;}, fori=1,2,.k;

Byt ={xe R®: |z > py} .
11, we denote
HY* = {ue Hy(B*)| u(z) = u(jz]),u(z) =0 if = ¢ B{*},

for i =1,...,k + 1. Therefore, H’* is a Hilbert space with the norm

1/2
lull; = </B/.’k (a|Vu|2 + V(|x)u2)dx> .

Fix p,=(p1,-...,pr) € T'y and thereby a family of {Bp’“}
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Let us set
(ws, uj)« :/ |Vui|2dx/ |Vu;*da, (2.1)
BYk BYk

and

|wi (@) [P |u; (y) |
(wi,uy) dzdy. 2.2
! /Bﬂf» /Bpk |z —y[3- Y 22

We now define the function Jy: 'HZ’“ — R by

k41
J (ul,.. uk+1 —Ib (Zm)

k+1 2
-2 gl + ( / |wi|2dw>
BYFk
i i 1
O PRI g
2 Bre Jpre  |lr—yPe q./px

k+1

+ Z < / |V’Lti|2d.’£/ _|Vuj|2dac—
,] 1 B; BJ'
Bex Jpow |$_ |3 ¢

k+1
1 b 1 1
=S Bl + 2w — sy i) — / g ok
: 2 4 2p q Jp°r

where HZ"’ = H{* ><~~~><H,’;’“_1 and u; € HY* fori = 1,...,k+ 1. Obviously,
foreachi=1,...,k+1

Oy To(ua, -y upgn)us = [lugll 4+ b(us, wi)s — (i, )
k+1
—/ |u2|qu+z (ui, wj)s — (Ui, uj)a) -
Bi
J;ﬁz
If (up,...,ups1) € H’,z"' is a critical point of J, then every component u;

satisfies

k1
— (a—i— by [pen |Vuj2dx> Au; + V(|z|)u; =
i=1
S w )l (2:3)
( RS Wdy)|ui|p72ui + Jug %y € BY*,
u; =0 x & B
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We regard u; € H* as an element in H!(R?) by setting u = 0 in R3 \ B*.
To find least energy radial solution which changes signs exactly k times of
(1.3), let Nehari manifold

N, = {u € Hy : there exists p;, such that (—1)""'u; > 0 in BY*,

u; =0 on 5‘Bf’°, and Ij(w)u; =0, V1<i< k+1},
and ¢, = ian Jp. Obviously, u = Zfill u; and N}, consists of nodal functions
k

with precisely k& nodes.

Least energy radial solution of (1.3) which changes signs exactly k times
will constructed by gluing the solutions of the system (2.3). To this end, we
look for critical points of J, with nonzero component by considering the
following Nehari type set

MZ"" = {(ul, cey Ukg1) € Hgk tu; # 0, <8uin(’u,1,UQ, R ,uk+1),ui>
=0,i=1,....,k+1}.
Next, we will present some results of the matrix theory in order to prove
that MZ"‘ is nonempty.

Lemma 2.1. [11] For any (u1,...,uk+1) € HYF withu; #0,i=1,...,k+ 1,
define the matriz A := (a;) (o41)x (k1) Y @ij = (Ui, uj)a. Then the matriz
A is positive definite.

Lemma 2.2. (Gersgorin Disc Theorem [18, Theorem 1.1]) For any matric
B = (b;j) € C"*™ and any eigenvalue A € o(B) :={p € C: det(uE — B) = 0},

there is a positive integer m € {1,... ,n} such that
k+1
A = bmm| < Z |bm7j|-
j=1
Jj#Em

By this lemma, we have the following result.

Lemma 2.3. [7] For any b;;=bj; >0 withi# j € {1,...,n} and s; > 0 with
i=1,...,n, define the matriz C := (¢ij)nxn bY

k+1
= > Smbim/s; for =4,

ey =1q iz
bij >0 for i #j.

Then the real symmetric matriz (¢;j)nxn s non-positive definite.

3. The proof of Theorem 1.1

In this section, we are devoted to the proof of Theorem 1.1. First, we give
the following lemma.

Lemma 3.1. Assume that p,, € Ty is fized. Then for each (v1,...,vk41) €
HY* with v; # 0 fori = 1,...,k + 1, there exists a unique (k + 1) tuple
(t1,. . teg1) € (R > 0)5FY such that (tyv, ..., tkr1vk41) € MEE.
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Proof. When ¢ > p, for each (vi,...,v541) € Hp* with v; # 0 for i =
.,k +1, we define G : (R > 0)**! — R by

1 1
G(Cl, .. 7Ck+1) = Jb(cfvl, - ,C£+11}k+1).
Then
KH1 Ty
12 b o4 1 1 s
G(cry- -y Cry1) :_E:: [QCf lJosl|17 + et (vis Vi)« — ?pcf(w,vi)a - ;Cf /Bfk |Ui|qd$}
kt1 1
+ ) ( ¢ C] 7 (01, 05)x — Cicj(vivvj)a)
4,j=1 2p
J#i
It is clearly that G is continuous and G(c1, . .., cg+1) — O0as|(c1, ..., crt1)| —
0 and G(ey, ..., chq1) — —00 as |(c1,. .., crq1)| — 00, due to p € (4, + 3)
and ¢ € (4,6). Thus, G possesses a global maximum point (é1,...,¢41) €

(R > O)kJrl.

We claim that ¢; > 0 for all i = 1,...,k 4+ 1. Otherwise, there exists
iop € {1,...,k+ 1} such that ¢ = 0. Without loss of generality, we assume
¢1 = 0. Then since

G(Tv C2, ... 7ék+1)
2 q
TP b a 2 TP
= Sl G e = e e =T [ e
k+1
b 2 2 1
+Z {27"’ jp(vlvvj)* 7¢;(v1,v;5) ]
j=2
k+1 9 b
1.2 5 b_2 c ¢l
+ ; iczp ||’U7H,L =+ chp (quz)* — i(vl,w)a — i\/B |vl|qu]
k+1
b 2 2 1
+ Z [455 Jp(vuvj)* ¢ij(vi, v;) ]
i,j=2
J#i

is increasing with respect to 7 > 0 when 7 is small enough. Thus, (0, ¢, ...,
Ck+1) 1s not a maximum point of G. This contradicts the assumption above.
Therefore, the claim follows.

Next, we prove that this global maximum point is unique in (R > 0)*+1.
In fact, by direct computation, we have

oG 1 21, 5 b 21 1 1 a1
5o =5tz el o atona = 1T [ it

k+1 5 k+1

2.7 2 1

+=3 ek e (0i0)e — = > (03, 0))as
j=1 j=1
j#i J#i

PG 2—p 2.2 —p) 4 1
Oc2 ) ¢l HUzH?"’TCf (vivvi)*_i(viavi)a
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k+1

q—p 52 b(2—p) 3-2 3
T a4 /B |vZ‘de+ZTi” i (Vis vj)s,

i j=1
J#i
0°G _2b 2-1 2
—cl ¢
801(%] p J

Let the matrix

1 . .
(Uiyvj)*_g(vivvj)a for i #7.

(82G> 1(a) +2b(b>
= S5 \Uij5 ) (k+1 k+1 S5 \Vij ) (k+1 k+1
96005 ) vy wiisny P2 3) (k1) (k1) T 23 (0 (et 1) x (k1)

1
+]§(Cij)(k+1)x(k+1),
where
2_9 2 1_9
2—=pe; villi + (4 —pbe]  (visvi)«
k41 2_2 2
+(4-p) Z bel ek (Vi V) —
Qij = m;ﬁz
2 _
(a=p)ef [ luiltda, i=J,
0 i FJ
k+1 2 _9 2 ) )
; Z ¢l cinvivm)s 8=, —(Vi,Vi)a  P=]
b = = Cij = ’ .
N gmf’g_l o N {_('Uiavj)oc i F
e cf (vi,v))« i # 7,

Note the fact that p > 4 and ¢ > p, thus (a;;) is negative definite. By

17

Lemma 2.3, (b;;) is non-positive definite. By Lemma 2.1, (¢;;) is negative

definite. Thus, ( 2 26 ) is negative definite and G is strictly concave in (R >

0)k*1. Therefore, G has & unique maximum point in (R > 0)*+1.

When g < p, for each (v1, ..., v511) € Hi* withv; #0fori=1,....k+

1, we define G : (R > 0)**! — R by

1 1

G(eiy oo Cpg1) = Jb(cfvl,...,c,g+1vk+1).
Then
G(Cl,... Ck+1)
k+1
b 4 1 2 1
= Z [ ||Uz||2 1 ¢ (vi, vi)sx — %Ciq (V35 Vi)a — 501' /B‘.’k |Ui|qd$1
k1 2 2 1 22
+ Z (c ] (viyvj)x — %cfcj‘-’ (vi,vj)a).
1,7=1
J#i

By the same arguments as above, the conclusion follows.
We define v, : (R > 0)k*! — R by
Up(t1, .oy tir1) = Jp(t1v1, o tpr1Vk+1),
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where (v1,...,v541) € Hp*. Then we have the following corollary.

Corollary 3.2. Let p;, € T'y,. Then for any (vi,...,v541) € H’,Zk with v; # 0
fori=1,...,k+1, there exists a unique global mazimal point (t1,...,tx+1) €
R of 4y such that

wb(ilv s 7Ek+1) = sup wb(th cee 7tk+1)7
RAH

and (tyvy, ..., tep1vp41) € MEE.

Lemma 3.3. Forp € (4,3+a), q € (4,6), MY* is a differentiable manifold in
H‘Z’“. Moreover, all critical points of Jb|M£k are critical points of Jy in HZ"‘
with no zero component.

Proof. Note that
MZ’C Z{(ul,...,uk+1)€HZ’“ :ui#O,F(ul,...,ukH):0,2':1,...,k;+1},
where F = (Fy,..., Fy1) : Hi* — R is given by

Fi = 8uin(u1, e ,uk+1)ui.
Then
Fo =l + s, 00). = (s = [ fufrdo
BYk
k41 k+1
+ Z b(uz, u]‘)* — Z(ui, Uj)a.

j=1 j=1

JFi ji
When g > p, by direct computation, we have that at each point (w1, ..., ug+1)

€ ./\/l’,:"‘, there holds that
Mz‘i = <6uiFi(u17 . ,Uk+1), ui>

= 2l + ab(u, ).~ 2p(s, 0o~ [ Jusftda
B'i

k+1 k+1
+ QbZ(Ui,Uj)* —pZ(Unuj)a
j=1 j=1
J#i J#i
= (2= p)[lwillF + (4b — bp) (i, us)« — pus, ti)a
k+1
- - i 4d 2b—b iy Wy )*
(@) [, It )3 )
JF#i
fori=1,...,k+1, and
Mij = <auiFj(u1» s uk+1)vui>
= 2b(ui, uj)s — p(Usi,Uj)e, fori#j and ¢,j=1,...,k+1L
By the same arguments as Lemma 3.1, when ¢ > p, the matrix

(Mi) 1y ey = (@) (k) (k1) F (i) k) x (1) + 20(C35) (b1 x (41)
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is negative definite and, therefore, det(1;;) # 0, where
(2 = p)lluill® + (4 = p)b(us, wi)s — (¢ = p) [or luil7d
k+1
Qaij = +(4—p)b Zl(ui»um)*» if i =7,
0, if i # j,
k+1 o
b —p(ui,ui)a, if 1 =j, - Zl(uiaum)*’ if 1 =7,
ij = oo . Cij = m=1
J _p(uiauj)a7 le?éj, J m##i
(uiauj)*v le%]
When ¢ < p, by direct computation, we have that at each point (w1, ..., ug+1)
€ M‘,Zk, there holds that
Mii = <auiFi(u1, e 7uk+1), u2>
=2||wi||? 4 4b(us, ui)s — 2p(wi, i) o — q/ |u;|7dx
Bk
k+1 k+1
+20 (ui ) —p (5, u5)0
j=1 j=1
J#i J#i
=(2 = @)lluill? + b4 — @) (ui, wi)s — (2p — @) (uis ui)a
E+1 k+1
j=1 j=1
JFi J7#i
fori=1,...,k+1, and
M;; = 2b(u;, uj)« — p(ui, uj)a, fori#j and 4,j=1,....k+1
By the same arguments as above, when ¢ < p, the matrix
(Mij) (1) x o1y = (@) 1) x (k1) F (0i5) (1) x (k1) + 26(C35) (k1) x (k+1),
is also negative definite and, therefore, det(M;;) # 0, where
(2 = @)llwil® + (4 = @)b(uz, ui)s — (p — q)(ui, wi)a
k+1
Qij = +b(47q) J; (ui7um)*7 if ¢ =17
0, if i # j,
k41 o
b — —p(ui,ui)a, if Z:], o - zl(uiyum)*a lfl:.]a
TN bl g)a, iy T W
(uivuj)*7 lfl#]
Thus, (M;;) is nonsingular at each point (u1,...,u41) € My*. So My* is

differentiable in HZ k.
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If (w1, ..., uks1) is a critical point of Jb|MZk, by the Lagrange multiplier
principle, there exist 7, ..., 741 such that
Jé(ul, ey Uk+1) = 7]1F1,(U1, ey Uk+1) + R + nk+1F,g+1(u1, e ,uk+1).

Applying (u1,0,...,0),(0,uz,...,0),(0,...,0,ur+1) into the identity above,
we get

Mhet1 0

Since det (M;;) # 0, we see that n; = 0 for all ¢ = 1,...,k + 1. Thus
(ug,... ,Uk-+1) is a critical point of .Jp. O

Consider the infimum level

d(py) == inf Jp(ury .oy Ugyr).

(U1, upg1) EMGE

Then we have the following result.

Lemma 3.4. For any p € (4,3 + a), ¢ € (4,6) and p;, € Ty, there is a
minimizer (§0%,...,&05,) € MEF of Jb|M/];k with (—1)1EP% > 0 in BY* | for
i=1,...,k+1 such that

I ( 7'-~7£k+1> (Pk) (3-1)
Moreover, (£0*,...,&0% ) satisfies (2.3).

k+1
Proof. For (u1,...,up+1) € My, denote by u = 3" u;, then
i=1

k+1 k+1 k+1
0 :Zauﬂb(uh-- JUgs1)u; = I (Z “l) (Z u’)
i=1

2 2 ) [Plu(y)|? q
=lull{ +0 [Vul*da 5o dydz — |u|?dz.
R3 RS JR3 |517 -yl R3

By Hardy-Littlewood—Sobolev inequality and Sobolev embedding theorem,
we can see

z)|Pluy) [P ’ 2 g
[ullF < oo dydr + [ fulfdz < cfjulli7 + cf|ully
R3 JR3 |9C— Y| R3

Since p € (4,3 + «), q € (4,6), we have |Ju||y > ¢; > 0 for some ¢; > 0.
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When g > 2p, we have

k+1
1
Jb(ul, . ,Uk+1) =1 (Z Ul) = Ib(u) - %Ié(u)u

i=1

2
11 ) 1 1 )
(2 2p> el + (4 219) < RS IVl x)
11
+ ( - ) |ul9da
2p  q) Jgs
1 1 )
> (575, ) luly 2 e >0 (3.2)

When g < 2p, we have

k+1

Jp(ur, .. upsr) = Iy <Z u1> = Iy(u) — é]{,(u)u

i=1

/11 ) 11 5\
(3 q)“ulv+b(4 o) ([ worae)
z)[Pluy) [P
- —————"—dydx
(q 229) /R/R |z —y[3—
1

Thus, d(p,) > ¢z > 0. We can choose a minimizing sequence
{(uf, .. up, )}, © MY of Jb|MPk From (3.2), (3.3), we know that
{ur}>, is bounded in Hp*. Up to a subsequence, (uf, ..., uj, ) converges
to an element (uf,..., ukH) weakly in Hp".

We claim that for all i = 1,...,k + 1, uf # 0. If u?* — u? strongly in
Hf’“,foranyi:17...,k—|—1,

p

+
> )| @

i dad m4d
s [ [ ey [ i

i
P

k+1

C <
=1

n
P

[l |17 + IIU?II?> < c(uflF + [l lIf) -

Hence,
liminf ||u]]]; > 0. (3.4)
n—oo

This implies that u{ # 0 for all i = 1,...,k + 1. Thus, the claim follows.
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If u? — uf weakly but not strongly in H*, then there exists i €
{1,...,k+ 1} such that |[u?[|; < liminf ||u?|;, we have
n—oo

k+1 2
[|u?]? —|—b/ ‘ ( (z) )
|U (z)|P

/RS /Bﬂk |x—y‘3 o dl‘dy—F/ |U’ ( )|qu

By Hardy—Littlewood—Sobolev inequality and Sobolev embedding theorem,
the claim also follows.

dx/ |Vl |?da
Bk

We further claim that (uf,...,u}, ;) — (uf,...,u) ) in H}*. Suppose
by contradiction that the claim does not hold. There exists i € {1,...,k + 1}
such that [[uf]]; < hnniio%f [uf||;- By Lemma 3.1, there is (£9,...,t) ) #

(1,...,1) satisfying (£0u?, ... ¢, ul, ) € My*, then

d(pk) < Jb(t(l)ulv B at2:+1u2+1)

1k+1 b k+1 2
.. n 2 0\2 n 2
<liminf § =3 (#)? |y 2 + 4<Z<m / |Vuf (@) dx)

i=1 i=1
k+1
1 ul(y)?) uj p
vy [ [ ORGSR,
QP” | Bk JBok |z —y[3~
k+1

— 0yq u(x)|9dx
> /Bfkmnd}

< liminf Jy(uf, ..., up ) = d(py),
n—oo
which is a contradiction. Thus, the claim follows and (u{,..., u? 1) € MP*

is a minimizer of Jb|MPk
It is easy to check that

(€%, &0h) = ([l =lusls o (1) fuppa])
belongs to M7* and is a minimizer of Jb|M2k satisfying (3.1). From Lemma 3.3,
it is a critical point of J; in Hz’“ and satisfying (2.3). Using the strong maxi-
mum principle, each component (—1)™1¢%% > 0in Bf*, fori=1,...,k+ 1.
The proof is complete. O
Lemma 3.5. For anyp € (4,34 «), g € (4,6) and p,, = (p1,-..,pk) €Tk

(i) For uniformly bounded py,, if pi — pi—1 — 0 for some i € {1,...,k},
then d(py,) — +o0.
(ii) If px — oo, then d(p;,) — +oo.
(iii) d is continuous in I'y. Therefore, there exists a p, € 'y, such that

d(py) = PiIelfl;k d(py)-
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Proof. (i) By lemma 3.4, it is easy to see that for each p, € Ty, there exists
a solution &% = (&7%,..., &%) € M}* such that d(p,,) = Jy (7", ..., &0% ).
By Hardy—Littlewood—Sobolev inequality, Hlder inequality and embedding
inequality, we have

| Z & WPIE ()l

Pr |2 Pr|q
et = [ [, ey [ s

k+1

/Zwsf'k o [ 1960 P
BYk

k+1

<c ‘ngqpﬁip'gfklpﬁip + |£sz %‘1
j=1 L3+ L3+«

k+1
3+a— 6
<[ ISE o I B o fef g B
«@
j=1

k+1
< || QoI | e 17182

Jj=1

3+a—p
6

, 6—q
+ €17 1BE

Since p;, is uniformly bounded, then if p; — p;—1 — 0 for some ¢ € {1,...,k},
k1

we have |Bf*| — 0. From p € (4,3 + ), q € (4,6), we have ||§f"H§ — 00.
j=1

By the same arguments as in (3.2) or (3.3), we have

dlon) > (5 - )'ilg“n%oo

or

USEICE ) ki €042 — oo,

Then, (7) holds.

(i) By the Strauss inequality [2], for every radial function w € Hy, we
can find ag > 0 such that u(z) < % for a.e. |z| > 1.This combined with
Hardy-Littlewood—Sobolev inequality and embedding theorem, yields

| Z fpk(y)|p|§k+1(x)|p
134 / / =t d:pdy—i—/ &P 19dx
€051 s = -~ TPpER BZL' ki1l

k+1

k+1

/ Z|V§Pk(x)| dx/ﬂ |V§k+1($)\2dx

k41

| Z fpk(y)|p|§k+1( z)|P

j=1 ' Pk
dzd k_19d
/RS /B” |z — y—= € y"’/BM1 €517 de

k+
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k1 . 348~
PP Pr |3 a

c : 3ta dx c dz
e[ | (g 600 £ g 60

k+ k4

k1 3%
sc |Z§5k‘p 6p </ (S48 ‘37‘72|5k+1| da:)
j=1 Lt B£+l

+C/p |§k+1|q 2|§k+1| dz

Bk

- e L 24
(Z ||s”*|’°) ey ) ( [ el >|sk+1<m>|2dm>

Byt

+ c||fZ+1||k+1 (/B”’f x|_(q—2)§zi1(x)|2dx>

k+1

k+1 e o) sta
<c (Z ||€§-”“|§> okl (s -2) 5 |I€k+1\|£”a )%
j=1

( /. sk+l<x>|2dx>
B

6
k+1

+elpx|” (a=2) ||€k+1||k+1 (/B"

k+1

|€k+1(w)|2dw>
k+1 ( 2)

c E ||f§k”§ [or| \3te ||‘£k+1“ +1+C‘Pk| (2= 2)||fk+1||k+1
=1

k+1
,HJ
(Z ||s”k|‘°) ol == NIERE 124 + clorl =@l 12,

j=1

k+1
which yields that > [[€7*? — oo as pr — oo, due to p € (4,3 + a),q €
=1

j
(4,6), € (1,3). So d(p;,) — oo and (i7) follows.
(#ii) Take a sequence {p}'} >~ satisfying p — p; € I'y. We will prove
the conclusion by showing d(p,) > limsup,,_, . d(p}), d(p;,) < liminf,, . d(p}).
First, we prove that d(p;,) > limsup d(p}). In order to emphasize that

TL‘)OO

W% is radial in BPE, we will rewrite v/ (|2])=v* (p). Define v*:[p1_,, p7]

7 )

— R by
nePr [ = Pz 1 R
’[)Zpg(p) _ t 5 (plf + (p pz 1)) L= 17"'ak7
+1§k+1( )a i=k+1,

where (&7 ,...,§k+1)and( ,...,§k+1) are minimizers ofJb|MZg and Jb|M’Z’“
respectlvely (t7,...,tf, 1) is the unique (k+1) tuple of positive numbers such
that (v1 ,e vk+1) € /\/lp’c By the definition of (&7 ,...,fl’ﬁl), we know
that

Jb(vfkw Uk+1) 2 Jb( a~~~7fk+1) = d(py). (3.5)
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Since pj} — p;. € 'y, we can easily get the following equations,

[ b e =@y [ i pae o)

[P 2 = (218 2 + o(1)

/ o p;|qu, (1) / € 9da + o(1)
”k Bfk

2P ()P
// \x— ERC

Pk p P P
= (t7)P(t7)" / / &= @) 53 )l dady + o(1),
B+ JB7* |x— yP

and
/,,n |wf7¢(x)|2dx/pn Vol ()2 de
B;* B;*
= @R [ Ve @Pds [ 19 @) Pda + o)
Bk BIk
Since (vf’“,.. ka) € MZ’“ and (&7 ,...,§k+1) € MZ’“, there holds that
k+1 B
CHEDY [ VP [ 9 s
k+1 Pk p P P B
S O [ e
Bk JBlk —yl3 B
and
k+1 ~
(122 €72 + bt 2/ Ve (@) dx/ Ve (o) P

k+1 €PA ‘p fpk( )|p )
Z/Bﬂk /Bpk |J;_y|3 « (t )q/ |§p \qu—o(l)

This combined with Lemma 3.1, we have lim ¢* =1 for all 7. Hence, from

n—oo

(3.5) we can see that

d(py,) = Jp( fkv“-’flfil) = lim sup Jb(vfk,...,inl) > limsup d(p}).

(3.6)

Next, we prove that d(p;,) < liminf d(p}). By the same argument as former
case, let ufz = [pi—1, pi] — R be defined by
nePr n PL—pia = L
ufz(p) _ 5; g <pi71n+ pi—pi_ (p Pz—l)) ) if = 17"'7ka
52+1fk+1 (pk P) ) if i=k+1,
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where (s,...,s7, ;) € (R4)" such that (ui’z, . “k+1) e MPx.
By the same arguments, we can deduce s} — 1 as n — oo for all
i=1,...,k+ 1. Thus

d(ﬁ ) = Jb(ﬁfkﬁ s 7§k+1)
< lim inf Jb(u1 ) uk+1) = hmlnf Jb(fl Yo ’€k+1) = liminf d(py).

n—oo

This combined with (3.6) yields that d is continuous in I'y. Furthermore,
this combined with (7), (i7), we know that there is a p, € I'y such that

d(p,) = inf d(p;). Hence, (iii) holds. O
pLET
Proof of Theorem 1.1. By Lemmas 3.4 and 3.5, there exist p,, € I'x and
(€7 ,...,@H_l) € MP* with (—1)"1€P% > 0 in Bf’“ such that
‘] ( 5"'a§k+1) 7d(ﬁk) 7P;I€1£k d(pk)

This implies that

k1
ek = d(py) = 1 <Z§f’“> :

i=1
O
k+1
We claim that u = > £7* is a solution of (1.3). Suppose by contradic-
i=1

tion that the claim does not hold, that is, u? is not a weak solution of (1.3).
Then by the density argument, there is a radial function ¢ € C5°(R?) such
that

k+1
ut (Z 55’"’) 6 =-2. (3.7)
i=1

For 8 = (s1,...,8k+1) and 1 = (1,...,1) € R¥*! we define function
g =R xR — HY(R?) by

k41
Z Spgpk + o
i=1
k41
Since Y fp ¥ is continuous and has k£ nodes, we know that there exists a neigh-

i=1
borhood B-(1) := {s € R*!:|s—1| <7} such that g(s,7) also changes
signs exactly k times and

Ji(g(s,€))p < —1 V(s,€) € B+ (1) x [0, 7] (3.8)
for all (s,€) € B-(1) x [0, 7].

Let n € C*(R?),0 <n < 1withn(s) =1ifs € Bz (1,...,1) and n(s) =
0if s ¢ Bz (1,...,1). We define another continuous function g : RE+1T — Hy,
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by
Bl
= Z sPEP + 1n(s)o.
Obviously, for any s € B,(1), g(s) also changes signs exactly & times and has
k nodes 0 < p1(s) < --- < pr(s) < co. Moreover,
Ji(g(s,€))p < —1 V(s,e) € B-(1) x [0,7].

Next, we will prove that there exists 5 € Bz (1) such that g(5) € N
changing sign k times. Denote

G(s) = Jp (sfff’“, .. sngkH) )

For any s € 0Bz (1), we have

VG(s)(1—s) =V (s%ff’“, . s;kaH) (1—3)

1 11 1 1 _ _
:Z 2;55 <6u'i‘]b (ngfk7 ey 8]5+1€]€i1> 7£fk> (1 - Sz)
=1
k+1 1 1 1
= ps; — (1 —s) <6ui<]b(31p gfk’ .- Sk+1§k+1)a 87 zpk> :
=1

By Lemma 3.1 and Corollary 3.2, we obtain G(s) is strictly concave function
in Rﬁ“ and attains its unique global maximum point at 1. By the Taylor
expansion at s # 1 in [0,00)**! and the strictly concavity, we have

0 < @p(1) — @i(s) — D*pp(s)(1 —8)* = VG(s)(1 - s),
that is
VG(s)(1—s) > 0.

-

Set Gi(s) = Ls;! <8uij(sf Pk S ER ), sp fk> and G(s) = (G1(s),
., Gr+1(5)). Define a map F(0,s) : [0,1] x Bz (1) — RF1 by
F(0,s) = 0G(s) + (1 — 6)(1 —s).

Obviously, F(0,s) = 1—s, F(1,s) = G(s). Thus, 1—s and G(s) are homotopy.
Moreover, for any 6 € [0,1] and s € Bz (1), we obtain F'(,s) - (1 —s) > 0.
Thus, F(6,s) # 0. By the Brouwer degree theory, we have

deg(G, B; (1),0) = deg(1 — id, Bz (1),0) = (=1)*+* £ 0,

Therefore, there exists some 3 € Bz (1) such that g(5) € N} . The claim
follows.
According to the claim, we have

Th(3(3)) = . (3.9)
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On the other hand, by the mean value theorem and (3.8), we have

k+1 1 k+1 1

h(9(5 <Zs”f”k> + <1;, <Zsfffk+97n<§>¢>,m<§>¢>>d0
o =1
<Zsp£”k — (3 )

If s € Bz (1) for each 4, then 7(8) > 0, by Corollary 3.2

k+1 1 B
Ju(9(8)) < I <Z 8‘“5“) = Jb(Sl &, SLER)

i=1
< Jb( 1 yooee a€k+1) (pk) = Ck,
and if s ¢ Bz (1), then n(3) = 0, by corollary 3.2
k+1 L
Jo(4(5) Zspgpk =Jb <31 51 ’---751§+1§1€il>
j=1
<Jb( 7"'7£k+1) (pk):Ck,

which also contradicts to (3.9). Therefore, the function u? is a solution of

(1.3), such that Jy(u?) = ¢;. The proof of Theorem 1.1 is complete.
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