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Abstract. In this paper, we use the property of compact sets to propose a
unified approach to the Nash equilibrium existence in large games. Our
main technique is to convert the large game into a game with finitely
many players. We shall use the method to prove the existence theorems
of Nash equilibria in different games with infinitely many players.
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1. Introduction

The purpose of our paper is to propose a unified approach to the Nash equi-
librium existence in large games by aid of the equilibrium existence theorems
with finitely many players. Nash [9] first proved the existence of noncooper-
ative equilibria in n-person games by the fixed point theorem. Following the
work of Nash [9], Shafer and Sonnenschein [14] showed the existence of equi-
libria in generalized games with nonordered preferences and feasible-strategy
correspondences.

Nash [9] and Shafer and Sonnenschein [14] studied the model with
finitely many players. As a development, the existence of Nash equilibria
was extended to allow infinitely many players. For the model with infinitely
many players, there exist two aspects. First, Aumann [3] introduced the econ-
omy with a measure space of players, and Aumann [4] analyzed the existence
of competitive equilibria in a market with a continuum of agents. Following
the work of Aumann [3,4], by assuming that the set of players is a measure
space, the existence theorems of Nash equilibria were studied by Balder [5],
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Khan et al. [8], Noguchi [10], Rath [11], Schemeidler [13] and so on. Second,
Yannelis and Prabhakar [22] analyzed the maximal element theorem and gave
an existence theorem of Nash equilibria in games with a countable number of
players. Furthermore, Yuan [24] proved the existence of equilibria in games
with any nonempty set of players. The work was also analyzed by Deguire
et al. [6]. Note that the proofs used the maximal element theorem and fixed
point theorem. Later, Salonen [12] used a new proof method to obtain the
existence of Nash equilibria in large games. Salonen [12] assumed that the set
of players is an infinite index set and completed the proof using the n-person
game as approximations.

Recently, following the work of Weber [16], an argument line was con-
sidered to analyze the cooperative equilibria by Askoura [1,2], Yang [17–19],
Yang and Yuan [20] and Yang and Zhang [21], where the game with infinitely
many players is converted into a game with finitely many players. Inspired
by above work, we propose a unified approach to the Nash equilibrium ex-
istence in games with infinitely many players. Inspired by Deguire et al. [6],
Yannelis and Prabhakar [22] and Yuan [24], we assume that the set of players
is a nonempty infinite index set, where the measure or topology is removed.
We shall convert the large game into a game with finitely many players, and
prove the existence theorems of Nash equilibria by the existence theorems
with finitely many players. Note that some Nash equilibrium existence theo-
rems with infinitely many players had been proved in the past. However, our
main contribution is to propose a unified approach to the Nash equilibrium
existence in large games with aid of the existence results with finitely many
players.

The rest of our paper is organized as follows. Section 2 recalls the models
and results of games with finitely many players. Section 3 propose a unified
approach to the Nash equilibrium existence in large games. Section 4 is the
conclusion.

2. The models and results of games with finitely many players

2.1. Normal-form games

A normal-form game is defined by

Γ = (N, (Xi, ui)i∈N ),

where N = {1, . . . , n} is the set of players; Xi is the strategy set of player i,

X =
∏

i∈N

Xi, X−i =
∏

j �=i

Xj ;

ui : X −→ R is the utility function of player i.
A Nash equilibrium of Γ = (N, (Xi, ui)i∈N ) is a point x∗ ∈ X satisfying

that for any i ∈ N,

ui(x∗
i , x

∗
−i) = max

yi∈Xi

ui(yi, x∗
−i).

We give the following result, which is a special case of Theorem 3.2 in
[23].
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Theorem 2.1. Suppose that a normal-form game Γ = (N, (Xi, ui)i∈N ) satis-
fies the following conditions:

(i) for any i ∈ N, Xi is a nonempty convex compact subset of a Hausdorff
topological vector space;

(ii) for any i ∈ N, ui is continuous and ui(·, x−i) is quasiconcave on Xi for
any fixed x−i ∈ Xi.

Then there exists a Nash equilibrium.

2.2. Qualitative games

A qualitative game is defined by

Γ = (N, (Xi, Pi)i∈N ),

where N , (Xi)i∈N are defined as Sect. 2.1; Pi : X ⇒ Xi is the preference
correspondence of player i.

A Nash equilibrium of the qualitative game Γ = (N, (Xi, Pi)i∈N ) is a
point x∗ ∈ X satisfying that

Pi(x∗) = ∅, ∀i ∈ N.

We next give Theorem 2.2, which satisfies the conditions of Theorem 3
in [6].

Theorem 2.2. Suppose that a qualitative game Γ = (N, (Xi, Pi)i∈N ) satisfies
the following conditions:

(i) for any i ∈ N, Xi is a nonempty convex compact subset of a Hausdorff
topological vector space;

(ii) for any i ∈ N, P−1
i (yi) = {x ∈ X|yi ∈ Pi(x)} is open in X for any

yi ∈ Xi;
(iii) for any i ∈ N and any x ∈ X, Pi(x) is convex and xi /∈ Pi(x).
Then there exists a Nash equilibrium.

2.3. Generalized games with payoff functions

A generalized game with payoff functions is defined by

Γ = (N, (Xi, ui, Gi)i∈N ),

where N , (Xi, ui)i∈N are defined as Sect. 2.1; Gi : X ⇒ Xi is the feasible-
strategy correspondence of player i.

A Nash equilibrium of the generalized game Γ = (N, (Xi, ui, Gi)i∈N ) is
a point x∗ ∈ X satisfying that for any i ∈ N , x∗

i ∈ Gi(x∗) and

ui(x∗
i , x

∗
−i) = max

yi∈Gi(x∗)
ui(yi, x∗

−i).

Theorem 2.3. Suppose that a generalized game Γ = (N, (Xi, ui, Gi)i∈N ) sat-
isfies the following conditions:

(i) for any i ∈ N, Xi is a nonempty convex compact subset of a locally
convex Hausdorff topological vector space;

(ii) for any i ∈ N, ui is continuous and ui(·, x−i) is quasiconcave on Xi for
any x−i ∈ X−i;

(iii) for any i ∈ N, Gi is continuous with nonempty convex compact values.
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Then there exists a Nash equilibrium.

Theorem 2.3 is an extension of Theorem 4.3.1 in [7] to generalized games
with strategy spaces defined on locally convex Hausdorff topological vector
spaces. Theorem 2.3 can be proved by replacing Kakutani’s fixed-point the-
orem by Fan–Glicksberg fixed-point theorem in the proof of Theorem 4.3.1
[7].

2.4. Generalized games with nonordered preferences

A generalized game with nonordered preferences is defined by

Γ = (N, (Xi, Pi, Gi)i∈N ),

where N , (Xi, Gi)i∈N are defined as Sect. 2.3, and (Pi)i∈N is defined as
Sect. 2.2.

A Nash equilibrium of the generalized game Γ = (N, (Xi, Pi, Gi)i∈N ) is
a point x∗ ∈ X satisfying that for any i ∈ N , x∗

i ∈ Gi(x∗) and

Pi(x∗) ∩ Gi(x∗) = ∅.
Theorem 2.4. Suppose that a generalized game Γ = (N, (Xi, Pi, Gi)i∈N ) sat-
isfies the following conditions:

(i) for any i ∈ N, Xi is a nonempty convex compact subset of a locally
convex Hausdorff topological vector space;

(ii) for any i ∈ N, Pi has an open graph with convex values, and xi /∈ Pi(x)
for any x ∈ X;

(iii) for any i ∈ N, Gi is continuous with nonempty convex compact values.
Then there exists a Nash equilibrium.

Theorem 2.4 satisfies the conditions of Corollary 5.123.1 in [15], which
is an extension of [14] to generalized games with strategy spaces defined on
locally convex Hausdorff topological vector spaces.

3. Main results

By the property of compact sets, we propose a unified approach to the Nash
equilibrium existence in games with infinitely many players. A formation is
defined by a list

(I,X, (Fi)i∈I),

where I is an infinite index set; X is the strategy space, which is a com-
pact subset of a Hausdorff topological vector space E; Fi ⊂ X is the set of
strategies that cannot be improved upon by the index i.

An equilibrium is a point x∗ ∈ X satisfying that x∗ cannot be improved
upon by any i ∈ I, that is,

x∗ ∈
⋂

i∈I

Fi.

To obtain the existence of equilibria, we have the following steps.
(1) For any i ∈ I, we show that Fi is closed in X.
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(2) For any finite set N ⊂ I, we construct a game with finitely many players,
and use the equilibrium existence theorem with finitely many players to
show that there exists x∗ ∈ X such that

x∗ ∈
⋂

i∈N

Fi.

(3) By applying the compactness of X, we complete the proof, that is,
⋂

i∈I

Fi �= ∅.

We next apply above technique to give the Nash equilibrium existence
theorem in different games with infinitely many players.

Theorem 3.1. Suppose that a normal-form game Γ = (N, (Xi, ui)i∈N ) satis-
fies the following conditions:

(i) N is an infinite index set;
(ii) for any i ∈ N, Xi is a nonempty convex compact subset of a Hausdorff

topological vector space Ei;
(iii) for any i ∈ N, ui is continuous and ui(·, x−i) is quasiconcave on Xi for

any x−i ∈ X−i.

Then there exists a Nash equilibrium.

Proof. By the unified approach, we establish a list

(N,X, (Fi)i∈N ),

where X =
∏

i∈N Xi is a nonempty convex compact subset of a Hausdorff
topological vector space, and

Fi = {x ∈ X|ui(x) ≥ ui(yi, x−i), ∀yi ∈ Xi}.
(1) Since ui is continuous on X for any i ∈ N , it follows that

X\Fi =
⋃

yi∈Xi

{x ∈ X|ui(yi, x−i) > ui(x)}

is open in X, implying that Fi is closed in X for any i ∈ N .
(2) For any finite set N = {i1, . . . , in} ⊂ N , we shall show that

n⋂

j=1

Fij �= ∅.

We first pick and fix a point x−N ∈ X−N and construct a normal form
game

Γ = (N, (Yj , uj)j∈N )

as follows:
(a) for any j ∈ N , Yj = Xij is a nonempty convex compact subset of a

Hausdorff topological vector space Eij ; denote

Y =
∏

l∈N

Yl, Y−l =
∏

l′∈N\{l}
Yl′ ;
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(b) for any j ∈ N,

uj(xi1 , . . . , xin) = uij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y.

By (iii), it is easy to verify that for any j ∈ N , uj is continuous on Y , and
uj(·, xN\{ij}) is quasiconcave on Yj for any xN\{ij} ∈ Y−j .

Then, Γ satisfies the conditions of Theorem 2.1. Thus, there exists

(x∗
i1 , . . . , x

∗
in) ∈ Y

such that for any j ∈ N,

uij (x
∗
i1 , . . . , x

∗
in , x−N ) = max

yij
∈Xij

uij (yij , x
∗
N\{ij}, x−N ),

implying that

(x∗
i1 , . . . , x

∗
in , x−N ) ∈

n⋂

j=1

Fij .

(3) By the compactness of X, we have
⋂

i∈N

Fi �= ∅.

This completes the proof. �
Theorem 3.2. Suppose that a qualitative game Γ = (N, (Xi, Pi)i∈N ) satisfies
the following conditions:

(i) N is an infinite index set;
(ii) for any i ∈ N, Xi is a nonempty convex compact subset of a Hausdorff

topological vector space Ei;
(iii) for any i ∈ N, P−1

i (yi) = {x ∈ X|yi ∈ Pi(x)} is open in X for any
yi ∈ Xi;

(iv) for any i ∈ N and any x ∈ X, Pi(x) is convex and xi /∈ Pi(x).
Then there exists a Nash equilibrium, that is, there exists x̃ ∈ X such that
Pi(x̃) = ∅, ∀i ∈ N.

Proof. By the unified method, we establish a list

(N,X, (Fi)i∈N ),

where X =
∏

i∈N Xi is a nonempty convex compact subset of a Hausdorff
topological vector space E =

∏
i∈N Ei, and

Fi = {x ∈ X|Pi(x) = ∅}.
(1) For any i ∈ N , by (iii),

X\Fi =
⋃

yi∈Xi

P−1
i (yi)

is open in X, implying that Fi is closed in X.
(2) For any finite set N = {i1, . . . , in} ⊂ N , we pick and fix a point x−N ∈

X−N . We next construct a qualitative game

Γ = (N, (Yj , P j)j∈N ),

where
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(a) for any j ∈ N , Yj = Xij is a nonempty convex compact subset of a
Hausdorff topological vector space Eij ;

(b) for any j ∈ N , P j : Y ⇒ Yj is defined by

P j(xi1 , . . . , xin) = Pij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y.

It is easy to verify that P
−1

j (yj) is open in Y , P j(xi1 , . . . , xin) is convex,
and xij /∈ P j(xi1 , . . . , xin) for any (xi1 , . . . , xin) ∈ Y by (iii) and (iv).
Then, Γ satisfies the conditions of Theorem 2.2. Thus, there exists

(x∗
i1 , . . . , x

∗
in) ∈ Y

such that

Pij (x
∗
i1 , . . . , x

∗
in , x−N ) = ∅, ∀j ∈ N,

implying that

(x∗
i1 , . . . , x

∗
in , x−N ) ∈

n⋂

j=1

Fij .

(3) By the compactness of X, we have
⋂

i∈N

Fi �= ∅.

This completes the proof. �

Theorem 3.3. Suppose that a generalized game Γ = (N, (Xi, ui, Gi)i∈N ) sat-
isfies the following conditions:

(i) N is an infinite index set;
(ii) for any i ∈ N, Xi is a nonempty convex compact subset of a locally

convex Hausdorff topological vector space Ei;
(iii) for any i ∈ N, ui is continuous on X and ui(·, x−i) is quasiconcave on

Xi for any x−i ∈ X−i;
(iv) for any i ∈ N, Gi is continuous with nonempty convex compact values.
Then there exists a Nash equilibrium.

Proof. By the unified approach, we establish a list

(N,X, (Fi)i∈N ),

where X =
∏

i∈N Xi is a nonempty convex compact subset of a locally convex
Hausdorff topological vector space, and

Fi = {x ∈ X|xi ∈ Gi(x), ui(x) ≥ ui(yi, x−i), ∀yi ∈ Gi(x)}.
(1) Let xm ∈ Fi with xm −→ x ∈ X. By (iii) and (iv), it follows that

xi ∈ Gi(x). Since

ui(xm) = max
yi∈Gi(xm)

ui(yi, xm
−i),

by Lemma 2.5 of Yu [23], we have that as m −→ +∞,

ui(x) = max
yi∈Gi(x)

ui(yi, x−i),

implying that Fi is closed in X for any i ∈ N .
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(2) For any finite set N = {i1, . . . , in} ⊂ N, we shall prove that
n⋂

j=1

Fij �= ∅.

We first pick and fix a point x−N ∈ X−N , and construct a generalized
game

Γ = (N, (Yj , uj , Gj)j∈N )

as follows:
(a) for any j ∈ N , Yj = Xij is a nonempty convex compact subset of a

locally convex Hausdorff topological vector space Eij ;
(b) for any j ∈ N ,

uj(xi1 , . . . , xin) = uij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y,

Gj(xi1 , . . . , xin) = Gij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y.

By (iii) and (iv), it is easy to verify that for any j ∈ N , uj is continuous
on Y , uj(·, xN\{ij}) is quasiconcave for any xN\{ij} ∈ Y−j , and Gj is
continuous with nonempty convex compact values.
Then, Γ satisfies the conditions of Theorem 2.3. Therefore, there exists

(x∗
i1 , . . . , x

∗
in) ∈ Y

such that for any j ∈ N ,

x∗
ij ∈ Gij (x

∗
i1 , . . . , x

∗
in , x−N ),

uij (x
∗
i1 , . . . , x

∗
in , x−N ) = max

yij
∈Gij

(x∗
i1

,...,x∗
in

,x−N )
uij (yij , x

∗
N\{ij}, x−N ),

implying that

(x∗
i1 , . . . , x

∗
in , x−N ) ∈

n⋂

j=1

Fij .

(3) By the compactness of X, we have
⋂

i∈N

Fi �= ∅

This completes the proof. �

Theorem 3.4. Suppose that a generalized game Γ = (N, (Xi, Pi, Gi)i∈N ) sat-
isfies the following conditions:

(i) N is an infinite index set;
(ii) for any i ∈ N, Xi is a nonempty convex compact subset of a locally

convex Hausdorff topological vector space Ei;
(iii) for any i ∈ N, Pi has an open graph with convex values and xi /∈ Pi(x)

for all x ∈ X;
(iv) for any i ∈ N, Gi is continuous with nonempty convex compact values.

Then there exists a Nash equilibrium, that is, there exists x̃ ∈ X such
that for any i ∈ N, x̃i ∈ Gi(x̃) and

Pi(x̃) ∩ Gi(x̃) = ∅.
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Proof. By the unified approach, we establish a list

(N,X, (Fi)i∈N ),

where X =
∏

i∈N Xi is a nonempty convex compact subset of a locally convex
Hausdorff topological vector space, and

Fi = {x ∈ X|xi ∈ Gi(x), Pi(x) ∩ Gi(x) = ∅}.
(1) Let xm ∈ Fi with xm −→ x ∈ X. By (iii) and (iv), it follows that

xi ∈ Gi(x). By contrast, suppose that there exists yi ∈ Xi such that

yi ∈ Pi(x) ∩ Gi(x).

Since Gi is continuous, there exists {ymi } of Xi such that ymi ∈ Gi(xm)
for any sufficiently large m and ymi −→ yi. By the openness of Graph(Pi),
for any sufficiently large m, we have

ymi ∈ Pi(xm) ∩ Gi(xm),

which contradicts that xm ∈ Fi. Thus, xi ∈ Fi, implying that Fi is
closed in X for any i ∈ N .

(2) For any finite set N = {i1, . . . , in} ⊂ N , we pick and fix a point x−N ∈
X−N . We next construct a generalized game

Γ = (N, (Xj , P j , Gj)j∈N ),

where
(a) for any j ∈ N , Yj = Xij is a nonempty convex compact subset of a

locally convex Hausdorff topological vector space Eij ;
(b) for any j ∈ N ,

P j(xi1 , . . . , xin) = Pij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y,

Gj(xi1 , . . . , xin) = Gij (xi1 , . . . , xin , x−N ), ∀(xi1 , . . . , xin) ∈ Y.

It is easy to verify that P j has an open graph with convex values and
xij /∈ P j(xi1 , . . . , xin) for any (xi1 , . . . , xin) ∈ Y and any j ∈ N ; Gj is
continuous with nonempty convex compact values for any j ∈ N .
Then Γ satisfies the conditions of Theorem 2.4. Therefore, there exists
(x∗

i1
, . . . , x∗

in
) ∈ Y such that for any j ∈ N , x∗

ij
∈ Gij (x

∗
i1
, . . . , x∗

in
, x−N )

and

Pij (x
∗
i1 , . . . , x

∗
in , x−N ) ∩ Gij (x

∗
i1 , . . . , x

∗
in , x−N ) = ∅,

implying that

(x∗
i1 , . . . , x

∗
in , x−N ) ∈

n⋂

j=1

Fij .

(3) By the compactness of X, we have
⋂

i∈N

Fi �= ∅.

This completes the proof. �
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Remark 3.1. Theorem 3.2 is a special case of Theorem 3 in [6]. Theorem 3.3
also satisfies Theorem 4.53 in [15]. When Gi(x) = Xi for any x ∈ X and any
i ∈ N , Theorem 3.3 reduces to Theorem 3.1. Moreover, Theorem 3.4 can be
proved by Corollary 5.123.1 in [15].

4. Concluding remarks

We shall end the paper with the following remarks. First, our main contri-
bution is to propose a unified approach to the Nash equilibrium existence
in games with infinitely many players. Second, Theorems 3.1 and 3.2 have
been analyzed in [6,22–24] by the maximal element theorem and fixed point
theorem. In our paper, we follow the results of games with finitely many
players and use a unified approach to reprove the Nash equilibrium existence
theorems with infinitely many players. Note that we mainly emphasize the
process of converting large games to games with finitely many players. Our
paper is a development on the work of the Nash equilibrium existence in large
games.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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