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A unified approach to the Nash equilibrium
existence in large games from finitely many
players to infinitely many players

Zhe Yang and Qingping Song

Abstract. In this paper, we use the property of compact sets to propose a
unified approach to the Nash equilibrium existence in large games. Our
main technique is to convert the large game into a game with finitely
many players. We shall use the method to prove the existence theorems
of Nash equilibria in different games with infinitely many players.
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1. Introduction

The purpose of our paper is to propose a unified approach to the Nash equi-
librium existence in large games by aid of the equilibrium existence theorems
with finitely many players. Nash [9] first proved the existence of noncooper-
ative equilibria in n-person games by the fixed point theorem. Following the
work of Nash [9], Shafer and Sonnenschein [14] showed the existence of equi-
libria in generalized games with nonordered preferences and feasible-strategy
correspondences.

Nash [9] and Shafer and Sonnenschein [14] studied the model with
finitely many players. As a development, the existence of Nash equilibria
was extended to allow infinitely many players. For the model with infinitely
many players, there exist two aspects. First, Aumann [3] introduced the econ-
omy with a measure space of players, and Aumann [4] analyzed the existence
of competitive equilibria in a market with a continuum of agents. Following
the work of Aumann [3,4], by assuming that the set of players is a measure
space, the existence theorems of Nash equilibria were studied by Balder [5],
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Khan et al. [8], Noguchi [10], Rath [11], Schemeidler [13] and so on. Second,
Yannelis and Prabhakar [22] analyzed the maximal element theorem and gave
an existence theorem of Nash equilibria in games with a countable number of
players. Furthermore, Yuan [24] proved the existence of equilibria in games
with any nonempty set of players. The work was also analyzed by Deguire
et al. [6]. Note that the proofs used the maximal element theorem and fixed
point theorem. Later, Salonen [12] used a new proof method to obtain the
existence of Nash equilibria in large games. Salonen [12] assumed that the set
of players is an infinite index set and completed the proof using the n-person
game as approximations.

Recently, following the work of Weber [16], an argument line was con-
sidered to analyze the cooperative equilibria by Askoura [1,2], Yang [17-19],
Yang and Yuan [20] and Yang and Zhang [21], where the game with infinitely
many players is converted into a game with finitely many players. Inspired
by above work, we propose a unified approach to the Nash equilibrium ex-
istence in games with infinitely many players. Inspired by Deguire et al. [6],
Yannelis and Prabhakar [22] and Yuan [24], we assume that the set of players
is a nonempty infinite index set, where the measure or topology is removed.
We shall convert the large game into a game with finitely many players, and
prove the existence theorems of Nash equilibria by the existence theorems
with finitely many players. Note that some Nash equilibrium existence theo-
rems with infinitely many players had been proved in the past. However, our
main contribution is to propose a unified approach to the Nash equilibrium
existence in large games with aid of the existence results with finitely many
players.

The rest of our paper is organized as follows. Section 2 recalls the models
and results of games with finitely many players. Section 3 propose a unified
approach to the Nash equilibrium existence in large games. Section 4 is the
conclusion.

2. The models and results of games with finitely many players

2.1. Normal-form games
A normal-form game is defined by
I'= (Na (Xl7 ui)iEN)7
where N = {1,...,n} is the set of players; X; is the strategy set of player ¢,
x=]]x, x.i=][][xX;
ieEN j#i
u; : X — R is the utility function of player .
A Nash equilibrium of I' = (N, (X;, u;)ien) is a point * € X satisfying
that for any i € N,

ul(I:7 xiz) = ylmeax)i ui(yi7 x*—z)
We give the following result, which is a special case of Theorem 3.2 in
[23].
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Theorem 2.1. Suppose that a normal-form game T' = (N, (X;, u;)ien) satis-
fies the following conditions:
(i) for any i € N, X; is a nonempty convex compact subset of a Hausdorff
topological vector space;
(ii) for any i € N, u; is continuous and w;(-,x_;) is quasiconcave on X; for
any fived x_; € X;.
Then there exists a Nash equilibrium.

2.2. Qualitative games

A qualitative game is defined by
r'= (N7 (Xiypi)iEN)a

where N, (X;);en are defined as Sect. 2.1; P; : X =% X, is the preference
correspondence of player i.

A Nash equilibrium of the qualitative game T' = (N, (X;, P)ien) is a
point z* € X satisfying that

Py(z*) =0, VieN.

We next give Theorem 2.2, which satisfies the conditions of Theorem 3
in [6].

Theorem 2.2. Suppose that a qualitative game T' = (N, (X;, P;)ien) satisfies
the following conditions:
(i) for any i € N, X; is a nonempty convexr compact subset of a Hausdorff
topological vector space;
(ii) for any i € N, P, Y (y;) = {x € X|y; € Py(x)} is open in X for any
yi € Xy
(iii) for anyi € N and any x € X, P;(x) is conver and x; ¢ P;(x).
Then there exists a Nash equilibrium.

2.3. Generalized games with payoff functions

A generalized game with payoff functions is defined by
I'= (N, (X, ui, Gi)ien),

where N, (X;,u;)ien are defined as Sect. 2.1; G; : X = X is the feasible-
strategy correspondence of player i.
A Nash equilibrium of the generalized game T' = (N, (X;, u;, Gi)ien) is
a point x* € X satisfying that for any i € N, zF € G;(2*) and
wi(z),x*;) = max u;(y:,zr,).
( ) polmax (yi, 2Z5)
Theorem 2.3. Suppose that a generalized game T' = (N, (X;,u;, G;)ien) sat-
isfies the following conditions:

(i) for any i € N, X; is a nonempty conver compact subset of a locally
convexr Hausdorff topological vector space;
(ii) for any i € N, u; is continuous and w;(-,x_;) is quasiconcave on X; for
any r_; € X_j;
(iii) for any i € N, G; is continuous with nonempty convex compact values.
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Then there exists a Nash equilibrium.

Theorem 2.3 is an extension of Theorem 4.3.1 in [7] to generalized games
with strategy spaces defined on locally convex Hausdorff topological vector
spaces. Theorem 2.3 can be proved by replacing Kakutani’s fixed-point the-
orem by Fan—Glicksberg fixed-point theorem in the proof of Theorem 4.3.1
[7].

2.4. Generalized games with nonordered preferences
A generalized game with nonordered preferences is defined by
['=(N,(Xs, P;,Gi)ien),

where N, (X;,G;)icn are defined as Sect. 2.3, and (F;);cn is defined as
Sect. 2.2.

A Nash equilibrium of the generalized game I' = (N, (X;, P;, G;)ien) is
a point 2* € X satisfying that for any i € N, 2} € G;(2*) and

Pi(z*)NGi(z*) = 0.

Theorem 2.4. Suppose that a generalized game T' = (N, (X;, P;, G;)ien) sat-
isfies the following conditions:
(i) for any i € N, X; is a nonempty convex compact subset of a locally
conver Hausdorff topological vector space;
(ii) for any i € N, P; has an open graph with convex values, and x; ¢ P;(x)
for any x € X;
(iii) for any i € N, G; is continuous with nonempty convex compact values.

Then there exists a Nash equilibrium.

Theorem 2.4 satisfies the conditions of Corollary 5.123.1 in [15], which
is an extension of [14] to generalized games with strategy spaces defined on
locally convex Hausdorff topological vector spaces.

3. Main results

By the property of compact sets, we propose a unified approach to the Nash
equilibrium existence in games with infinitely many players. A formation is
defined by a list

(vav (Fi)iEI)v

where [ is an infinite index set; X is the strategy space, which is a com-
pact subset of a Hausdorff topological vector space E; F; C X is the set of
strategies that cannot be improved upon by the index i.

An equilibrium is a point * € X satisfying that #* cannot be improved

upon by any ¢ € I, that is,
A m F;.

To obtain the existence of equilibria, we have the following steps.
(1) For any i € I, we show that F; is closed in X.
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(2) For any finite set N C I, we construct a game with finitely many players,
and use the equilibrium existence theorem with finitely many players to
show that there exists 2* € X such that

¥ e ﬂ F;.
ieN
(3) By applying the compactness of X, we complete the proof, that is,
iel
We next apply above technique to give the Nash equilibrium existence
theorem in different games with infinitely many players.
Theorem 3.1. Suppose that a normal-form game T = (N, (X;, u;)ien) satis-
fies the following conditions:
(i) N is an infinite index set;
(ii) for anyi € N, X, is a nonempty conver compact subset of a Hausdorff
topological vector space Ey;
(iii) for anyi € N, wu; is continuous and u;(-,x_;) is quasiconcave on X; for
any r_; € X_;.

Then there exists a Nash equilibrium.
Proof. By the unified approach, we establish a list
(Na X7 (F’L)ZeN)ﬂ

where X = [[,cn Xi is a nonempty convex compact subset of a Hausdorff
topological vector space, and

F, ={z € Xu;(x) > ui(yi, x—:), Yy; € X;}.
(1) Since u; is continuous on X for any i € N, it follows that
X\F; = U {z € X|ui(ys,x—;) > ui(x)}
yi€X;

is open in X, implying that F; is closed in X for any i € N.
(2) For any finite set N = {i1,...,4,} C N, we shall show that

n
(F:, #0
j=1
We first pick and fix a point T_3 € X_5 and construct a normal form
game
T'=(N, (Yjvuj)geN)
as follows:

(a) for any j € N, Y; = X, is a nonempty convex compact subset of a
Hausdorff topological vector space E; ; denote

y=][Iv va= JI s

leN VeN\{i}



11 Page 6 of 11 Z. Yang , Q. Song JFPTA

(b) for any j € N,
ﬂj(xil,...,xin) = uij(l‘il,...,l‘in,fiﬁ), V(mil,...,xin) cy.

By (iii), it is easy to verify that for any j € N, u; is continuous on Y, and
U; (-, T 4,3) is quasiconcave on Y for any zx ;.4 € Y.
Then, T satisfies the conditions of Theorem 2.1. Thus, there exists

(xf,...,2] )€Y
such that for any j € N,
wi (5,7 T_y) = yrnea))(( i (Yi x*ﬁ\{ij}vf—W%
ij ij

implying that

n
* S
(inl,...,xin,l‘_ﬁ) S ﬂFZJ

j=1
(3) By the compactness of X, we have
() F #0.
i€EN
This completes the proof. O

Theorem 3.2. Suppose that a qualitative game T' = (N, (X;, P;)ien) satisfies
the following conditions:

(i) N is an infinite index set;
(ii) for anyi € N, X, is a nonempty conver compact subset of a Hausdorff
topological vector space Ej;
(iii) for any i € N, P (y;) = {x € X|y; € Pi(2)} is open in X for any
yi € X
(iv) for anyi € N and any x € X, P;(x) is convex and z; ¢ P;(z).
Then there exists a Nash equilibrium, that is, there exists * € X such that
Pi(Z) =0, Vi e N.
Proof. By the unified method, we establish a list
(Na Xa (F’L)lGN))
where X = [[;cn Xi is a nonempty convex compact subset of a Hausdorff
topological vector space E = [[,.n Ei, and
(1) For any 7 € N, by (iii),
X\F; = U B (yi)
Y €X;
is open in X, implying that Fj is closed in X.
(2) For any finite set N = {i1,...,i,} C N, we pick and fix a point T_x €
X_77- We next construct a qualitative game
T'=(N,(Y},Pj)jew);

where
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(a) for any j € N, Y; = X, is a nonempty convex compact subset of a
Hausdorff topological vector space Ej ;
(b) for any j € N, P; : Y =2Y; is defined by

ﬁj(mil,...win) = ,Pij(l'il,...,xin,fiﬁ), V(xil,...,xin) cv.

Tt is easy to verify that ﬁj_l(yj) isopeninY, P;(z;,,...,x;,) is convex,
and z;, ¢ Pj(xi,,...,x;,) for any (x;,,...,2;,) € Y by (iii) and (iv).
Then, T satisfies the conditions of Theorem 2.2. Thus, there exists

(xj,...,x; )€Y

i17
such that
Pij (J,’* o fiﬁ) = (Z), V] c N,

717 » Min

implying that

n
(@t 7)€ () B

j=1
(3) By the compactness of X, we have
ﬂ F; # 0.
ieN
This completes the proof. O

Theorem 3.3. Suppose that a generalized game T = (N, (X;, u;, G;)ien) sat-
isfies the following conditions:
(i) N is an infinite index set,
(ii) for any i € N, X; is a nonempty conver compact subset of a locally
conver Hausdorff topological vector space E;;
(i) for any i € N, u; is continuous on X and u;(-,x_;) is quasiconcave on
X; for any x_; € X_y;
(iv) for any i € N, G; is continuous with nonempty convex compact values.

Then there exists a Nash equilibrium.

Proof. By the unified approach, we establish a list
(Na Xa (Fi)iEN)a
where X =[],y Xi is a nonempty convex compact subset of a locally convex
Hausdorff topological vector space, and
F,={x € X|z; € Gi(x), ui(x) > ui(yi, z—;), Yy; € Gi(x)}.
(1) Let 2™ € F; with 2™ — 2 € X. By (ili) and (iv), it follows that
x; € Gi(x). Since
ui(z™) = max wu(y;,x™),
(™) x| (yi, ™)
by Lemma 2.5 of Yu [23], we have that as m — +oo,

u;(z) = max ui (i T—i),

implying that F; is closed in X for any i € N.
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(2) For any finite set N = {iy,...,i,} C N, we shall prove that

() E:, # 0.
j=1
We first pick and fix a point T_ € X_4, and construct a generalized
game
I'= (N, (Y},1;,G))jen)
as follows:

(a) for any j € N, Y; = X;, is a nonempty convex compact subset of a
locally convex Hausdorff topological vector space E;,;
(b) for any j € N,
ﬂj(.’lﬁil, .. ,xin) = Ui, (l‘il, - ,Ii7L,§7N), V(l‘il, L. ,Jiin) ey,
éj(xip .. ,.’L‘in) = Gij (a:il, ey xi,ﬁffﬁ)» V(SL’Z‘I, L. ,SL’Z‘") cy.
By (iii) and (iv), it is easy to verify that for any j € N, u; is continuous
on Y, (-, xx (;,3) is quasiconcave for any ax(; y € Y-, and G is
continlg)us with nonempty convex compact values.
Then, I' satisfies the conditions of Theorem 2.3. Therefore, there exists
(xf,...,2] )€Y
such that for any j € N,
717 tn

SC:; S GZ]((E* ...,{E>!< 7T_N),

* Prp— * —
wi (zf .. 2 T_) = max Ui, (Yis s Ta 1 1 T ),
G\ iy in yi-EGij (a:jl yeensTF ST ) J 37V N\{i;}

implying that

n
* P—
(wf,...,2] ,T_w) € ﬂ Fi,.

j=1
(3) By the compactness of X, we have
() Fi#0
ieN
This completes the proof. O

Theorem 3.4. Suppose that a generalized game I' = (N, (X;, P;,G;)ien) sat-
isfies the following conditions:
(i) N is an infinite index set;
(ii) for any i € N, X; is a nonempty conver compact subset of a locally
convexr Hausdorff topological vector space E;;
(iii) for any i € N, P; has an open graph with convex values and z; ¢ P;(z)
for all x € X
(iv) for any i € N, G; is continuous with nonempty convexr compact values.
Then there exists a Nash equilibrium, that is, there exists * € X such
that for any i € N, Z; € G;(Z) and
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Proof. By the unified approach, we establish a list

(N, X, (Fi)ien),

where X =[],y Xi is a nonempty convex compact subset of a locally convex
Hausdorff topological vector space, and

(1)

(3)

F,={z € X|z; € Gi(z), Pi(x)NG;(x) =0}

Let 2™ € F; with 2™ — 2 € X. By (iii) and (iv), it follows that
x; € G;(x). By contrast, suppose that there exists y; € X; such that

¥ € Pi(x) NGi(z).
Since G is continuous, there exists {y"} of X; such that " € G;(z™)

for any sufficiently large m and y* — ;. By the openness of Graph(P;),
for any sufficiently large m, we have

yZ" S P,(xm) n Gi(l‘m),

which contradicts that ™ € F;. Thus, z; € F;, implying that F; is
closed in X for any i € N.

For any finite set N = {i1,...,i,} C N, we pick and fix a point T_5 €
X_. We next construct a generalized game

I'= (N, (X, P;,Gj)jew);
where o
for any j € N, Y; = X;, is a nonempty convex compact subset of a

locally convex Hausdorff topological vector space E;_;
for any j € N,

?j(xiuuwxin) =D (xilvuwxinvf—ﬁ)v V(miw"',min) € K

J

Gj(zi17' .. ,ZL'in) = Gij (Iil, N ,Iin,f_ﬁ), V(l’il, N ,l’in) S Y.

It is easy to verify that P; has an open graph with convex values and
x;, & Pj(x;,,...,x;,) for any (2;,,...,2;,) €Y and any j € N; G is
continuous with nonempty convex compact values for any j € N.
Then T satisfies the conditions of Theorem 2.4. Therefore, there exists
(w7,...,2] ) € Y such that for any j € N, zj € Gi (%} ,...,2] ,\T_5)
and

Py (i, ....x] ,T_§) NGy, (] ,...,2] ,T_5) =0,

i1 i1 in?
implying that
n
@), Ty €[ By
j=1
By the compactness of X, we have

ﬂFﬁé@.

i€EN

This completes the proof. O
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Remark 3.1. Theorem 3.2 is a special case of Theorem 3 in [6]. Theorem 3.3
also satisfies Theorem 4.53 in [15]. When G;(z) = X, for any z € X and any
1 € N, Theorem 3.3 reduces to Theorem 3.1. Moreover, Theorem 3.4 can be
proved by Corollary 5.123.1 in [15].

4. Concluding remarks

We shall end the paper with the following remarks. First, our main contri-
bution is to propose a unified approach to the Nash equilibrium existence
in games with infinitely many players. Second, Theorems 3.1 and 3.2 have
been analyzed in [6,22-24] by the maximal element theorem and fixed point
theorem. In our paper, we follow the results of games with finitely many
players and use a unified approach to reprove the Nash equilibrium existence
theorems with infinitely many players. Note that we mainly emphasize the
process of converting large games to games with finitely many players. Our
paper is a development on the work of the Nash equilibrium existence in large
games.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Askoura, Y.: The weak-core of a game in normal form with a continuum of
players. J. Math. Econ. 47(1), 43-47 (2011)

[2] Askoura, Y.: On the core of normal form games with a continuum of players.
Math. Soc. Sci. 89, 32-42 (2017)

[3] Aumann, R.J.: Markets with a continuum of traders. Econometrica 32, 39-50
(1964)

[4] Aumann, R.J.: Existence of competitive equilibria in markets with a continuum
of traders. Econometrica 34, 1-17 (1966)

[5] Balder, E.J.: A unifying approach to existence of Nash equilibria. Int. J. Game
Theory 24, 79-94 (1995)

[6] Deguire, P., Tan, K.K., Yuan, X.Z.: The study of maximal elements, fixed
points for LS-majorized mappings and their applications to minimax and vari-
ational inequalities in product topological spaces. Nonlinear Anal. 37, 933-951
(1999)

[7] Ichiishi, I.: Game Theory for Economic Analysis. Academic Press, New York
(1983)

[8] Khan, M.A., Rath, K.P., Sun, Y.: On the existence of pure strategy equilibria
in games with a continuum of players. J. Econ. Theory 76, 13-46 (1997)

[9] Nash, J.: Non-cooperative games. Ann. Math. 54, 286-295 (1951)

[10] Noguchi, M.: Existence of Nash equilibria in large games. J. Math. Econ. 45,
168-184 (2009)

[11] Rath, K.P.: A direct proof of the existence of pure strategy equilibria in games
with a continuum of players. Econ. Theory 2, 427-433 (1992)



Vol. 24 (2022) A unified approach to the Nash equilibrium existence Page 11 of 11 11

[12] Salonen, H.: On the existence of Nash equilibria in large games. Int. J. Game
Theory 39, 351-357 (2010)

[13] Schmeidler, D.: Equilibrium points in nonatomic games. J. Stat. Phys. 7, 295—
300 (1973)

[14] Shafer, W., Sonnenschein, H.: Equilibrium in abstract economies without or-
dered preferences. J. Math. Econ. 2(3), 345-348 (1975)

[15] Tarafdar, E.U., Chowdhury, M.S.R.: Topological Methods for Set-Valued Non-
linear Analysis. World Scientific Publishing Co. Pre. Ltd., Singapore (2008)

[16] Weber, S.: Some results on the weak core of a non-side-payment game with
infinitely many players. J. Math. Econ. 8(1), 101-111 (1981)

[17] Yang, Z.: Some infinite-player generalizations of Scarf’s theorem: finite-
coalition a-cores and weak a-cores. J. Math. Econ. 73, 81-85 (2017)

[18] Yang, Z.: Some generalizations of Kajii’s theorem to games with infinitely many
players. J. Math. Econ. 76, 131-135 (2018)

[19] Yang, Z.: The weak a-core of exchange economies with a continuum of players
and pseudo-utilities. J. Math. Econ. 91, 43-50 (2020)

[20] Yang, Z., Yuan, G.X.: Some generalizations of Zhao’s theorem: hybrid solutions
and weak hybrid solutions for games with nonordered preferences. J. Math.
Econ. 84, 94-100 (2019)

[21] Yang, Z., Zhang, X.: A weak a-core existence theorem of games with
nonordered preferences and a continuum of agents. J. Math. Econ. 94, 102464
(2021)

[22] Yannelis, N.C., Prabhakar, N.D.: Existence of maximal elements and equilibria
in linear topological spaces. J. Math. Econ. 12, 233-245 (1983)

[23] Yu, J.: Essential equilibria of n-person noncooperative games. J. Math. Econ.
31(3), 361-372 (1999)

[24] Yuan, X.Z.: The study of equilibria for abstract economics in topological vector
spaces-a unified approach. Nonlinear Anal., 37(4), 409-430 (1999)

Zhe Yang and Qingping Song

School of Economics

Shanghai University of Finance and Economics
Shanghai 200433

People’s Republic of China

e-mail: zheyang2110163. com

Zhe Yang

Key Laboratory of Mathematical Economics (SUFE)
Ministry of Education

Shanghai 200433

People’s Republic of China

Accepted: December 15, 2021.



	A unified approach to the Nash equilibrium existence in large games from finitely many players to infinitely many players
	Abstract
	1. Introduction
	2. The models and results of games with finitely many players
	2.1. Normal-form games
	2.2. Qualitative games
	2.3. Generalized games with payoff functions
	2.4. Generalized games with nonordered preferences

	3. Main results
	4. Concluding remarks
	References




