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1. Introduction and results

Symplectic capacities are important invariants in studies of symplectic topol-
ogy. Different symplectic capacities measure the “symplectic size” of sets from
different views. Precise computations of them are usually difficult.

For a compact convex domain K with smooth boundary & = 0K in
the standard symplectic Euclidean space (R?*",wy), Ekeland-Hofer [6] (see
also [16]) and Hofer-Zehnder [8] showed, respectively, that its Ekeland-Hofer
capacity cgn(K) and Hofer-Zehnder capacity cpz(K) were equal to

cgnz(K) := min{A(z) > 0|z is a closed characteristic on S} (1.1)
(called the Ekeland-Hofer-Zehnder capacity below), where by a closed char-
acteristic on & we mean a C! embedding z from S* = [0,7]/{0,T} into S
satisfying 2(t) € (Ls).( for all t € [0,T], where

Ls={(2,8) €TS [wos(§n) =0,y € TS}

and the action of a path z € W2([0,T],R?>") is defined by

A(z) = %/0 (—J%, 2)dt (1.2)

0 —1I,

with J = (I'n. 0

and

) , where z € W2(]0, T], R?") if 2 is absolutely continuous

T T
/ |2(t)|%dt < o0 and / 15(6)|2d¢ < oo.
0 0

We equip H'([0,T],R?") := W12([0, T],R*") the natural Sobolev norm:

T
[zllwr2 == (/0 l2()11* + IIZ'(t)Izdt>

When the smoothness assumption of the boundary S is thrown away, then
(1.1) is still true if “closed characteristic” in the right side of (1.1) may be
replaced by “generalized closed characteristic”, where a generalized closed
characteristic on S is a T-periodic nonconstant absolutely continuous curve
z: R — R?" (for some T' > 0) such that 2(R) C S and () € JNs(z(t)) a.e.,
where Ns(x) = {y € R*" | (u — x,y) < 0,Vu € K} is the normal cone to K
at x € S. The action of such a generalized closed characteristic z : [0,T] — S
is still defined by (1.2).

In general, it is difficult to compute cgpz(K) by finding minimal closed
characteristics with (1.1). If K is a convex polytope with (2n—1)-dimensional
facets {Fi}f:ﬁ, n; is the unit outer normal to F;, and h; = hg(n;) the
“oriented height” of F; given by the support function of K, hx (y) := sup,cx

1
2
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(x,y), starting from (1.1) Pazit Haim-Kislev [15] recently established the fol-
lowing beautiful combinatorial formula for cgpyz(K):
-1
1
ceaz(K) = = max Z Bo (i) B (7)@0 (Mo (i) Mo (7)) ;
2 | oS (Bi)EM(K) 1<j<i<Fx
(1.3)

where Sy, is the symmetric group on Fx letters and

Fx Fx
51‘ Z OaZﬁihi - I,Zﬂﬂli = 0} .
i=1 =1

As an important application, Pazit Haim-Kislev [15] proved a subadditiv-
ity property of the capacity cgpz for hyperplane cuts of arbitrary convex
domains, which solved a special case of the subadditivity conjecture for ca-
pacities ([2]).

Recently, motivated by Clarke [3,4] and Ekeland [7] Rongrong Jin and
the second named author introduced relative versions (or generalizations) of
the Ekeland-Hofer capacity and the Hofer-Zehnder capacity in [10]. Precisely,
for a symplectic manifold (M,w) and for a ¥ € Symp(M,w) with Fix(¥) # 0,
we defined a relative version of the Hofer-Zehnder capacity cuz(M,w) of
(M,w) with respect to W, cff,(M,w), which becomes cpz(M,w) if ¥ = idy;.
For a symplectic matrix ¥ € Sp(2n,R) with Fix(¥) # 0, and for each B C
R?" such that B N Fix(¥) # 0, we also introduced a relative version of
the Ekeland-Hofer capacity cgu(B) of B with respect to ¥, ¢ty (B), which
becomes cgp(B) if ¥ = Iy,. If a compact convex domain K C R?" with
boundary S = 0K contains a fixed point of ¥ € Sp(2n,R) in the interior of
it, we proved in [10]:

cgn(K) = ciiz(K)
= min{A(z) > 0|z is a generalized ¥ — characteristic on S},
(1.4)

M(K) = {(@)f—’i

where a generalized W-characteristic on S is a nonconstant absolutely con-
tinuous curve z : [0,7] — R?*" (for some T > 0) such that 2([0,T]) C S,
2(T) = ¥2(0) and 2(t) € JNs(z(t)) a.e., where Ng(z) is the normal cone to
K at x € S as above, and the action A(z) of z is still defined by (1.2). (If S
is Cl'l-smooth, “generalized closed characteristic” in the right side of (1.4)
may be replaced by “closed characteristic”, where a W-characteristic on S is a
C' embedding z from [0, T] (for some T > 0) into S such that 2(7) = ¥z(0)
and z € (Ls). ) for all t € [0,T7). Our first result is an analogue of (1.3) for

C}\IEIHZ(K) = CEH(K) = ng(K)-

Theorem 1.1. Let K be a convex polytope as above (1.3). Suppose that U €
Sp(2n,R) has a fized point sitting in the interior of K. Then

2
v .
cenz(K) = min )
(87K v,0) €My () 4 221 <j<icF g Po@)Beo()wo (10 () o (i) — wo (W, v)
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where

My (K)
= {((ﬁnf_ﬁ,v,a)

with By being the orthogonal complement of Ker(V — I5,,) in R*".

o€ Sk, Bi 20, S0 Bihy = 1, Y0 28,0n; = Yo — v,
421<j<i<FK ﬂa(z)ﬁo(] WO(no(j)vncr(i)) > wO(\IJ’va)7 vE FEyg

Note: Under our convention (z,y) = wo(z, Jy), wo(ne(i): Ne(j)) in (1.3)
should be changed into wo (14 (), Mo (4))-

Lisi and Rieser [13] introduced the notion of a coisotropic capacity and
constructed a coisotropic Hofer-Zehnder capacity, which is a relative version
of the Hofer-Zehnder capacity with respect to a coisotropic submanifold. Ron-
grong Jin and the second named author recently constructed a relative version
of the Ekeland-Hofer capacity with respect to a special class of coisotropic
subspaces in [12]. Consider coisotropic subspaces of (R?",wy),

RHJC = {Z‘ GIR2n|x = (q17"' s qn, P10 7p/€70a"' 70)}7 k':O, , N
The isotropic leaf through = € R™* is 2 + Von’k7 where
‘/On’k = {fE € Rinx = (07 70»(]k+17"' 7Qn707"' ,0)}

The leaf relation ~ on R™* is that 2 ~ y if and only if y € 2 + Von’k.
From now on we fix an integer 0 < k < n and assume that K C R2" is a
compact convex domain with C':'-smooth boundary S = 0K and satisfying
Int(K) N R™* # (). A nonconstant absolutely continuous curve z : [0, 7] —
R?" (for some T > 0) is called a generalized leafwise chord (abbreviated GLC)
on S for R™* if 2([0,T]) C S, #(t) € JNs(z(t)) a.e., 2(0),2(T) € R™* and
2(0) — 2(T) € VO"’k. The action A(z) of such a chord is still defined by (1.2).
In [11,12] Rongrong Jin and the second named author proved respectively
that the coisotropic Hofer-Zehnder capacity cpr (K, K N R™*) of K relative
to R™* and the coisotropic Ekeland-Hofer capacity ¢™*(K) of K relative to
R™* satisfy
cor(K, K NR™") = ¢™*(K) = min{A(z) > 0 | z is a GLC on S for R™*}.
(1.5)
Here is our second result.

Theorem 1.2. Let K be a convex polytope as above (1.3). Suppose K NR™F £
(0. Then

1 1
- mln
2 ((8)FE o) eM(K) 2o1<j<i<F g Bo (@) Bo(5)@0(Mo(5) Mo(i))

cor(K, K NR™*) =

)

where

hi =1, 5% BJn; € Vgo* }

M(K) = ((8)F%, 0 0, 215 B i=1 idni € Vo ™, .

( ) {((6 )171 ) Zl<]<1<FK /80( ﬂa(])WO( a(5)s a(i)) >0, 0¢€ SFK
(1.6)

Unlike Ekeland-Hofer-Zehnder capacity, one cannot expect that the
coisotropic Hofer-Zehnder capacity satisfies the subadditivity as stated in
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[15, Theorem 1.8] in general. In fact, when n = 1 and k = 0, our following
result is opposite to the expected one.

Theorem 1.3. Let D C R? be a conver domain satisfying DNRYY £ 0, and let
L C R? be a straight line through D such that L # RY® and DN LNRYO £ ().
Denote by D1 and Dy the two parts divided by L. Then

CLR(D7 DnN Rl’o) > CLR<D1a Dl N RLO) + CLR(DQ, D2 N Rl’o). (17)

Remark 1.4. Inequality (1.7) is sharp, and it can be strict in some cases.
Consider the following example. Let P = {(z,y)||z] < 1,|y] < 1} and L =
{(z,z) |z € R}. Then L divides P into two parts P, := {(z,y) |z <y} NP
and P, := {(z,y) |2 > y} N P. Using Theorem 1.2, we can easily compute
CLR(P7 PN Rl’o) =2, CLR(PhPl n Rl’o) = CLR(PQ, PN Rl’o) = % Thus

CLR<P, PN Rl’o) > CLR(P17P1 n Rl’o) + CLR<P2,P2 N RLO).

Moreover, for any t € (—1,1), the line L; := {(t,y) |y € R} divides P into
two parts

Py :={(z,y) € Plz >t} and P_:={(z,y) € P|lx <t}
It is easily computed that
cr(Py, Py NRYY) =1t and e r(P_,P-NRY0) =141,

and hence cpr (P, Py NRYO) + epp(P-, P- NRY0) = ¢y (P, PNRYO).

In higher dimensions, we have cLr(G,G N R™") = cguz(G) for any
nonempty convex domain G C R?". Thus some coisotropic Hofer-Zehnder
capacities of higher dimensions have subadditivity because of the subadditiv-
ity of cgpz under the conditions of [15, Theorem 1.8]. There is no nice result
in more general case yet.

For the symmetrical Hofer-Zehnder symplectic capacity of a symmetric
convex domain in R?" introduced by Liu and Wang [14], using a representa-
tion formula of it given by Rongrong Jin and the second named author in [9]
one is able to generalize the formula in [15], but this is outside the scope of
this paper and would appear elsewhere.

This paper is organized as follows. In the next section we collect detailed
conclusions coming from [10, §4.1] and [11, §3.1] about proofs of representa-
tion formulas of the W-Ekeland-Hofer-Zehnder capacity and the coisotropic
Ekeland-Hofer-Zehnder capacity for convex bodies in R?", respectively. Then
we generalize some results on piecewise affine loops in [15, §3] to piecewise
affine paths in Sect. 3. Theorem 1.1 will be proved in Sect. 4. Finally, in
Sect. 5 we prove Theorems 1.2, 1.3.

2. Preliminaries

For simplicity of the reader’s convenience we list two results, which come
from [10, Section. 4.1] and [11, Section 3.1], respectively.

Let K C R?" be a compact convex domain K with boundary S = 0K
and with 0 € Int(K). Denote by Hx = (jx)? the square of the Minkowski
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functional ji of K, and by Hj, the Legendre transformation of Hg defined
by

Hiclw) = max ((@.€) = Hic(€)).

Then h3, = 4H}, (see e.g.[1]).

Given ¥ € Sp(2n,R) let Ey be the orthogonal complement of Ker(¥ —
I5,) C R*™ with respect to the standard inner product in R?". (In [10] we
wrote Ker(¥ — I,,,) and Fy as E; and Efi, respectively.) Define

Fy = {x e WH2([0,1],R?*") | z(1) = ¥x(0) and z(0) € Fy},
which was denoted by F in [10]. If dimFEy = 0, the problem reduces to the

periodic case. So we only consider the non-periodic case in which dimFEyg > 1.
Define
Ag ={z € Fg | A(z) = 1},

where A(x) is defined by (1.2) with T'= 1, and
1
Ix : Fo - R, z r—»/ Hy (—J%).
0
By Theorems 1.8, 1.9, Remark 1.10 and arguments in [10, §4.1] we have

Theorem 2.1. Under the above assumptions, I attains its minimum minge 4,
Ik (x) over Ay, which is positive. For each minimier u of Ik over Ay, there
exists ag € Ker(V — Iy,) such that the W12-path

[0, I (u)] 2t — 2*(t) = VI (wu(t/Ix(u)) + ap/\/Ix(u) (2.1)
satifies A(x*) = I (u) = cpyy(K) and

{—J:b*(t) € 0Hk (z*(t)), a.e.,

2*(T) = Wa*(0) and 2*([0,T]) C OK; (2.2)

in particular x* is a generalized V-characteristic on 0K because
OHk(x) = {v € Ngk (x)|(z,v) =2} V2 e IK. (2.3)

(c¢f. Lemma 2 of [5, Chap.V, §1]). Conversely, if z : [0,T] — 0K is a gen-
eralized V-characteristic on OK with action A(z) = cpyy(K), then (by [10,
Lemma 4.2]) there is a differentiable homeomorphism ¢ : [0,T] — [0, T] with
an absolutely continuous inverse v : [0,T] — [0,T] such that z* = z o ¢ is
a Whe map with action A(z*) = A(z) = T and satisfying (2.2); moreover
we can choose b € Ker(V — Iy,) so that the path u : [0,1] — R?" defined by
u(t) = 2*(Tt)/VT + b belongs to Ay and satisfies Ix(u) = T, i.e., u is a
minimier u of Ix over Ay. When this K is also a convex polytope as above
(1.3), then there holds

a(t) = VT2 (Tt) € VTconv{p; | VT (u(t) — b) € F;}, ae.  (2.4)

where p; = ,%Jnl
£
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To see the final claim, note that for each ¢ =1, -+ |Fg, Hg is smooth
at each relative interior point z of F; and the subdifferential 0Hk (z) =
{VHg(x)} = {}%nl} For any z € 0K we have 0Hg(x) = conv{h%ni|x €
F;} (cf. [15, page 445]), and therefore JOH g (z) = conv{p; |z € F;}. (The
outward normal cone of K at z € 0K, Nyk(x), is equal to Riconv{n; : z €
Fi}.)

Fix an integer 0 < k < n. Following [11] consider the Hilbert subspace
of W12([0, 1], R?"),

Ty 1= {x c wh2([o,1],R?*") ’m(O),m(l) € R™*, z(1) ~ z(0), /01 z(t)dt € JVOn’k}

(where z(1) ~ x(0) means z(1) — z(0) € Von’k), its subset Ay = {z €
Fo | A(x) = 1}, and the related convex functional

1
Iy %9 — R, z— / Hy (—Jx(t))dt.
0

From [11, §3.1], we obtain the following corresponding result of Theo-
rem 2.1.

Theorem 2.2. Under the above assumptions, Iy attains its minimum minge 4,
I (x) over Ay, which is positive. For each minimier u of Iy over As, there
exists ag € R™* such that the W1’2—path

[0, 1] St—x ( ) \/IQ —f—ao/\/lg (25)

satisfies A(x*) = Iz(u) = cLr (K, K N R"’k) =c"F(K) and

{Ji*(t) = OHg (z*(t)), a.e., 2*(0),2%(1) € R™F,
¥ (1) —2*(0) € V{"F and 2*([0,1]) C OK;

in particular x* is a generalized leafwise chord on OK for R™F because of
(2.3). Conversely, if z : [0,T] — OK is a generalized leafwise chord on 0K
with action A(z) = cF(K) for R™* then (by [10, Lemma 4.2]) there is a
differentiable homeomorphism ¢ : [0,T] — [0,T] with an absolutely contin-
uous inverse v : [0,T] — [0,T] such that z* = z o ¢ is a WH*-map with
action A(z*) = A(z) =T and satisfying

(2.6)

—J*(t) = OHk (2%(t)), a.e., 2*(0),2*(T) € R™*, 27)
25(T) — 25(0) e Vg% and  2*([0,T)) C OK; '
moreover the path u : [0,1] — R?*" defined by
1
L ey - 2 2 (TH)dt (2.8)

u(t) = — —P,
=17 VT,
where Py, : R*" = J‘/On’kEBIR"’]~C — R™F s the orthogonal projection, belongs
to As and satisfies Is(u) = T, i.e., u is a minimier u of Iy over As. When
this K is also a convex polytope as above (1.3), there holds

u(t) = VT2*(Tt) € VTconv{p; | VT (u(t) — b) € F;}, a.e.
wherepl-:h%Jni and b= —-L Pnkfo (Tt)dt.

The final claim is obtained as below Theorem 2.1.
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3. Piecewise affine paths

In this section we will generalize some results on piecewise affine loops in [15,
§3] to piecewise affine paths.

Recall in [15, Definition 3.2] that a finite sequence of disjoint open inter-
vals (I;)I™, is called a partition of [0,1] if there exists an increasing sequence
of numbers 0 =79 <7 < ... <7, =1 with I; = (1,1, 7). (Note that the
open interval I; may be empty!) As usual let x; denote the characteristic
function of a subset I C R. A path z € H'([0, 1], R?") is said to be piecewise
affine if 2 can be written as 2(t) = ij 1 X1, (t)w; for almost every t € [0,1],
where (I;)L; is a partition of [0, 1] and (w;)7L; € R?" is a finite sequence of
vectors.

Lemma 3.1. (/15, Lemma 5.1]) Fiz a set of vectors vy, -+ ,vx € R*™. Suppose
z € H([0,1],R?") satisfies that for almost every t € [0,1], one has (t) €
conv{vy, - ,vr}. Then for every € > 0, there exists a piecewise affine path

s with || z = ¢ ||w1.2< &, and so that < is composed of vectors from the set
conv{vy, -, v}, and ¢(0) = 2(0),¢(1) = z(1).

The following is an analouge of [15, Proposition 3.3].

Proposition 3.2. If a path z € H*([0, 1], R®") is such that 2(t) = " | x1, (t)w;
almost everywhere, where (I; = (1i—1,7;)) v, is a partition of [0,1], and wy, - - ,
Wy, € R?™, then

1 m i—1
/0 —Jzz)dt =Y Y |L|[Lifwo(ws, w;) + wo(2(0), 2(1)). (3.1)
=1 j=1

As usual Z;;ll |Li|| L |wo (wy, w;) fori=1 is understood as zero.

Proof. The case m = 1 is clear. Now we assume m > 1. Since

/0 (=J4(t), 2(0))dt = —(J2(1),2(0)) = —wo(J2(1), J2(0)) = wo(2(0),2(1))

we deduce

/01 (—J2, 2)dt
- /01<—Jz",z(0) + /Otz?(S)dSW

= [ a2t0. =0
+;/ji<—Jl_ZIXIZ(t)wz,/o l_zlle(s)wlder/T wids)dt

i—1
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= +Z/ le,Z/ ZXIL Jwids + (t — 71 )w;)dt

J<t I =1
= Jrz:/ Jw“Z/ w;ds)dt
7<t I;
= )>+ZZIIiIIIj\wo(wj,wi)-
i=1 j<i
]
Following the proof ideas of [15, Lemma 3.1] we can obtain:
Lemma 3.3. Given a set of vectors, vy, ... v, € R2™, for any piecewise affine

path z € HY([0,1],R?") with (t) € conv{vy,...,vx} for almost every t €
[0,1], there exists another piecewise affine path 2’ € H*([0,1],R*") so that
2'(0) = 2(0),2'(1) = 2(1), 2/ (t) € {v1,...,vx} for almost every t, and

1 1
/(—Jz"7z’>dt2/ (—Jz,z)dt
0 0

Proof. Write 2(t) = Z;nzl xr,; (t)wj, where w; € conv{vy,...,v;} for each j,
and (Ij);ﬂ:l is a partition of [0, 1]. Clearly, there exists I = [(i) € N such that
w; = Zé 1 @i;vi;, where a;; > 0,45 € {1,...,k}, and 22:1 a;, = 1. Consider
the partition of I; to disjoint submtervals {I M where the length of I;;
is |I;;| = ag;|1;|. Define

Jj=b

l
= Z X1I; (t)wj + Z XL',J- (t)vij + Z X1I; (t)wj (32)

j<i j=1 j>i

and z,(t) = 2(0) + fo 24(s)ds for

€ [0,1]. Since fol Ze(t fo t)dt, we
deduce z(0) = z*( ) and z( ) )

. Then Proposition 3 2 leads to

t
z(1

= wo(Z*(0)7 Z*(I»

l
+ Z |IT.||IS|LU0(’U)7-, ws) =+ Z Z |IT'||Ii‘aijwo(wT" Uij)

r<s, Jj=1r<q
r,8F£1

l
+ 3> lilai,wo(viwe) + Y iPai,ai,wo(vi, v,)

j=1r>i 1<r<s<i
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= wo(2(0),2(1)) + Y 1Ll Lslwo(wr, ws) + D 1|1 ilwo (wr, wi)

r<s r<t
r,8F£1
+ Y Ll lwo(wiyw,) + Y i, a5,w0(vi, s vi,)
r>1 1<r<s<i
1
:/ (—=J 2, 2)dt + |I;)? Z a;, a;,wo(vi,,vi, ).
0 1<r<s<l
Define b;; = a;,,_; and u;; = v;,,_; for j=1,---,1, and
I;=1Ijforj<iorj>i, I,=1I,  forj=1-,L

As above we may show that z..(t) = z(0) + fot Zex(8)ds for t € [0, 1], where

l
Zeelt) = D g, (Dws + ZXLJ. (s, + > X, (Dwy,
j=1

7<t 7>

satisfies z(0) = z.x(0), 2(1) = 2, (1) and

1 1
/ <—J2.:**,Z**>dt = / <—J2':,Z>dt+ |Iz‘2 Z birbiswo(uir,uis).
0 0

1<r<s<l

A straightforward computation as above gives rise to

> bibiwo(ui,ui) == Y aiai,wo(vi,vi,)-

1<r<s<l 1<r<s<l

Hence we can always choose u € {2, 2. } so that

1<—Ju7u>dt > 1(—J,2,z)dt. (3.3)
J /

Now starting from z and choosing i = 1 we get a path z; as above, Then
starting from z; and choosing i = 2 we get a path 2o again. Continuing this
progress we obtain z1, 22, -, z;,. Then 2’ := z,, satisfies the requirements
of the lemma. 0

Suitably modifying the proof of [15, Lemma 3.5], we can get the follow-
ing analogues of it.

Lemma 3.4. Given a finite sequence of pairwise distinct vectors (vy,--- ,vg),
if = € H'([0, 1], R*™) is a piecewise affine path such that Z(t) = Y7" | x1, (t)w;
with w; € {vy,--+ v} for each i, where (I; = (1;-1,7;))i~, is a partition
of [0,1], then there exists another piecewise affine path z' such that z'(t) €
{v1,-- ,vg} for almost every t, 2/ (0) = 2(0), 2/ (1) = 2(1), and {t : 2'(t) = v;}
is connected for every j = 1,--- k. In addition,

/01<—Jz"’,z’>dt > /01(—Jz',z)dt. (3.4)
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Proof. Assume w, = w, for some r < s. Consider a rearrangement of the in-
tervals I; by deleting the intervals I, and increasing the length of the interval
I, by |Is| = 75 — Ts—1, that is,

(Tic1,7i), i<,
(i1, Ti + 75 — Ts—1), L=,
IF = (Tic1 +Ts = Tom1, Ti + 75 — Ts—1), 7 <1i<s,
0, 1 =35,
(Tiz1,7i), 1> s.

Define z, by z.(t) = 2(0) + fo Zi(s)ds, where %, (t) = 321" | xrr(t)w;. Then

m 1
/z*dt Zu*mz it = [ i
i=1 0

and thus z,(0) = 2(0) and z,(1) = z(1). Since I = I; for i < r or i > s, by
Proposition 3.2, one can get
1 1 s—1
/ (=T 2, z)dt —/ (—Jz,2)dt = Y 2L Llwo(ws, w;).

0 0 i=r+1
Similarly, by erasing I, and increasing the length of I by |I,.|, we get a z..
such that

s—1

1 1
/ (=T 2y 2w )l —/ (—Jz,2)dt = > 2L Lilwo(w;, wy).
0 0 1=r+1
It follows that either z, or z.. satisfies (3.4). Denote by z; € {z., 2.« } satis-
fying (3.4). Then

z1(t) = 2(0) +/O Z1(s)ds with 21 (¢ lel

Repeating this methods for different disjoint nonempty interval I}, I} when-

ever w, = ws we get a zo again. Proceeding with this progress for zs, after
finite steps we get a z’ with the expected properties. O

Having the above lemmas we have the following corresponding result
with [15, Proposition 3.5], which may be proved by repeating the arguments
therein because Hj, = 1h%.

Proposition 3.5. For a convex polytope K C R?"™ containing 0 in the interior
of it, let {Fl}ffl be the (2n—1)-dimensional facets of it, let n; be the unit outer
normal to F;, let p; = JOHk|p, = 2 i Jni, where h; := hi(n;) and hg(z) =
sup{(y,z) |y € K}. Let ¢ > 0 be a constant and let = € H'([0,1],R?")
satisfies that for almost every t, there is a non-empty face of K, Fj, N---N
F;, # 0, with 2(t) € ¢- conv{pj,, - ,p; }. Then

/01 Hi (—J5()dt =
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4. Proof of Theorem 1.1
We begin with a similar result to [15, Theorem 1.5].

Theorem 4.1. Let K be a convex polytope as above (1.3). Suppose 0 € Int(K).
Then for any ¥ € Sp(2n,R) there exists a generalized V-characteristic =y :
[0,1] — 0K with action

A(y) = min{A(z) > 0|z is a generalized U-characteristic on K}

such that + is piecewise constant and is composed of a finite sequence of

vectors, i.e. there exists a sequence of vectors (wi,...,wy), and a sequence
0=70 < < Tmo1 < Ty = 1) s0 that ¥(t) = w; for i1 < t < 7.
Moreover, for each j € {1,--- ,m} there exists i € {1,--- ,Fg} so that w; =

CjJn; for some C; > 0, and for each i € {1,--- ,Fg} and for every C' > 0
the set {t € [0,1]|4(t) = CJn;} is either empty or connected, i.e. for every
i there is at most one j € {1,...,m} with w; = C;Jn,;. Hence ¥ has at most
F i discontinuous points, and ~y visits the interior of each facet at most once.

Proof. Let z : [0,T] — OK be a generalized W-characteristic with action
A(z) = cgyz(K) = T. By Theorem 2.1 we have b € Ker(¥ — I5,) and
the Wh2path u € Ay satisfying Ix(u) = T and (2.4). Thus we obtain
fol Hj(—Ju(t))dt = T by Proposition 3.5. For convenience let ¢ = T/2. The
next argument is the same as the proof of [15, Theorem 1.5], we write it for
completeness.

For every N € N, Lemma 3.1 yields a piecewise affine path (n such
that

1 .
| w— ¢ [[wre< N and (n(t) € c-conv{py, - ,pr,}
for almost every ¢, (y(0) = u(0),{n(1) = u(1). By applying Lemma 3.3
with v; = ep;,i = 1,--- ,Fg to (v, we get a piecewise affine path (} €

W12([0, 1], R?>") such that

(n(0) = u(0), Ch(1) =wu(l), Ch(t) € {vr,...,vr,} ae., and A(Cy) > A(CN).
Applying Lemma 3.4 to ¢}, again, we get a piecewise affine path uy : [0,1] —
R?" from u(0) to u(1) such that

mn

un(t) = Z XN (t)UzN

where v)¥ = v; for some j € {1,--- ,Fx} and for every j there is at most one

such 7, and that

Ay = /A(uy) = /A(Cw).

Define ufy := 3% € Ay and cy =: 4. Write wl = 4 for the velocities of

)y, which sits in the set & - {p1,-- ,pr.}. Since || u — (N [lw12< =
we deduce that A((y) — 1 as N — oo. Hence limy_, Ay > 1, and
limy_ oo cxy < c. Moreover Proposition 3.5 and the minimality of I (u)
imply % = Ix(uly) = Ix(u) = ¢*. We deduce limy_. cy = ¢ and thus
limN_wo AN =1.
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Let A! consist of z € H'(]0, 1], R?") for which there exist C' > 0 and an
increasing sequence of numbers 0 =79 <7 <... <7, = 1 such that

Fx
Z(t) = Z X1; (t)c *Po(i)
=1

with I; = (1,_1,7;), where 0 € Sg, is the permutations on {1,--- ,Fg}.
Define a map

d: A — Sp xRFS 2 (o, (|11], -+, [Trg]))- (4.1)

Clearly, the image Im(®) is contained in the compact subset of Sg, x RFx

Fr
t; >0V, Ztil}.

SFK . {(tlv"’ 7tFK) € RFK

i=1
Since vy € A! with C = ¢y, we can write ®(u)y) = (o, (£, ,th)).
After passing to a subsequence, we can assume that o = ¢ is constant, and
(t, -+ ,tg, ) converges to a vector (¢§°,--- ,ig° ). Define

J

o0 o0 o0 (o] o0 o0 o0 .

o, =0, 40 =15+, ;7 =170 —|—§ t;°, =2, ,Fg,
=1

Izoo - (T'OflvTioo)v 1=1,--- ,Fg

(3

and the piecewise affine path u/_(t) := u(0) + fot Ul (s)ds with

Fi
U, (t) = ZXI;” (t)e - Dogiy-
i=1
Let TV = {t € [0, 1] iy (t) = = il,,(£)}. Then

/ | iy (1) =l (t) ||>dt — 0 as N — oc.
TN

Since || @y ()=’ (t) ||* is bounded on {t € [0,1]| ) (t) and 2/_(t) are defined},
as N — oo we get [7V| — 1 and therefore

[ i) = i) 2 e =0

Observe that limpy o0 fol Wy (t)dt = fol 4(t)dt implies fol al (t)dt = fol a(t)dt.
We deduce

1 1
ul (1) =l (0) + /O ul (t)dt = u(0) + /0 w(t)dt = u(1)
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and so u’_ (1) = Tul_(0). Moreover

[Aluce) — 1 =|A(uls) — A(uy)]

- \; / il (1), u (1)) <—Juﬁv<t>,ugv<t>>dt\
<[ [ ottt - .o

i ‘; / iy (0l (1)~ u3v(w>dt\

0
1 ! -/ ./ /
<3/, [t (8) — iy () [ (2) |t
1

+3 [ Ol t) = (1 = 0

because @y and ul, are bounded. Then A(ul,) =1, and thus u’, € Ay and
Ix(ul) = Jim Ix(uly) = Jim &= =T = cpyy(K).
By Theorem 2.1 we have ag € Ker(¥ — I5,,) such that the W!2-path
[0,T] 3t ~*(t) = VTul (t/T) + ao/VT (4.2)
is a piecewise affine generalized ¥-characteristic on 0K with action A(y*) =
Cpyz (K). Then the generalized W-characteristic on 9K, [0,1] 3 ¢ = ~y(t) :=
v*(Tt), has action A(7y) = cpy,(K) and satisfies §(t) € T-{p1,- -+ ,pr, } for

almost every t € [0,1] and that the set {t : 4(¢) = p;} is connected for every
i. Recall p; = %Jni. Theorem 4.1 is proved. ]

Proof of Theorem 1.1. Step 1. Case 0 € Int(K). Let A}, consist of 2z € Ay
for which there exist C' > 0 and an increasing sequence of numbers 0 = 7y <
71 <... < 7Tp, = 1such that

Fi
) =D x1,(t)C - pogi) (4.3)

i=1
with I; = (1,_1,7;), where o € Sg,. is a permutation on {1,--- ,Fx}. Then
u’, in the proof of Theorem 4.1 belongs to AY and satisfies I (ul)) =

Cpz (K). Thus
ez (K) = min{Ix(z) |2 € Ag} = min{Ix(2) |z € AL}, (4.4)
For any z € AY, 2 has the form of (4.3) and hence

1 Fg
(1) — 2(0) :/0 Ht)dt =CY  Tipos)

i=1
where T; = |I;|, and Proposition 3.2 yields

Tt 1 1
1= 5/ (=J%, z)dt = 502 > TTiwo(pog) Pew)) + iwo(z(o),z(l)).
0 1<j<i<Fx
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Let v = z( )/C. The above two formulas become, respectively, v — v =
ZFK Tipo (i) and

1! 1 1
1= 5/ <—Jé, Z>dt = 56'2 Z TiTjwo(pU(j),pg(i)) + Cgiwo(v, \I/U).
0 1<j<i<Fx
By Proposition 3.5 we have I (z) = C?, and thus
2
Ig(z) = > 0. (4.5)
El<j<i<FK T;T;wo (pa(j)vpa(i)) - WO(\IIU7 U)
With Ey defined as in Theorem 1.1 let

F F
0 € Sry, Ti 2 0,5 Ti = 1,55 Tipg iy = Yo — v,
Yigj<i<Fg LiTiwo (Do), Po(i)) > wo(Vv,v), v € By

My (K) = {((mf_ﬁ,v,a)

For every triple ((T;)F%,v,0) € M (K), as the construction of u/_ in the
proof of Theorem 4.1 we can use it to construct a z € AY, such that (4.5)
holds. It follows from these and (4.4) that

CgHZ(K) = min 2 )
(T)FE w0y eMy (K) 2o1<j<i<Pr Li1jwo(Po(s)s Po(i)) — wo(¥v,v)

Let Go() = 52

;= h—iJni, we get
. 2

min
(8 )FK v,0)EMy (K) 421<J<1<FA /Ba(z)ﬂa(g)wo(na(j)vno( ) - WO(‘IJU 'U)
where My (K) is as in Theorem 1.1.
Step 2. General case. Let p € Int(K) be a fixed point of ¥. Consider the
symplectomorphism

¢ (R*™ wp) — (R*™, wp), 2z — 2 — p. (4.6)

Since ¥(p) = p, po ¥ = Vo ¢ and thus cpyy, (K) = ey (6(K)) by the argu-
ments below Proposition 1.2 of [10]. Let us write K = ¢(K) for convenience.

C]\}D/HZ(K)

Denote all (2n — 1)-dimensional facets of it by {F; }1 X, the unit outer normal
to F by n;, the support function of K by hy. Then Fp = Fg, F F;, —
and n; =n; fori=1,--- ,Fg,and hy ()—hK() (p, >ByStep1weget

X 2
g .
cgnz(K) = min s
(57K v,0) €My (R) 4 221 <j<icF g Po)Beo()wo (10 ()s o (i) — wo (W, v)

where with h; = hy(n;) = hg(ni) — (p.ni) = hi — (p,n;) for i =1,--- | Fg,

My (K)
= {((&-)ffivv»ff)

Clearly, it remains to prove My (K) = My (K). In fact, for any ((ﬂl) K,v,0) €
My (K), since

0 €Sy, Bi =0, X1 Bihi = 1, 1K 28;Jn; = Yo — v,
421§j<i<FK /80(1):60'(])“)0( a(j):no'(i)) > WO(\I’va)v v € By

Fx . Fg Fx
1= Z,@th = Zﬁzhz - <p7 Zﬁini>7
i=1 i=1 i=1
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it suffices to prove (p, Zf:’(l Bin;) = 0. Note that ZZF:Kl 206;Jn; = Vo — v,
v € Egy. We have

Fi Fg
(p, Y Bini) = wo(p, Y _ BiJni) = %WO(P, Yv —v) = %(WO(P, Yv) —wo(p,v)) =0
i=1 1=1

because wo(p, Yv) = wo(¥p, Pv) = wy(p,v). Hence My (K) C My (K), and
hence My (K) C Mg (K) since K = K — (—p) and ¥(—p) = —p. O

5. Proofs of Theorems 1.2, 1.3

We have an analogue of Theorem 4.1:

Theorem 5.1. Let K be a convex polytope as above (1.3). If 0 € Int(K), there
exists a generalized leafwise chord on OK for R™k: v : [0,1] — 0K with
A(z) = min{A(z)|x is a generalized leafwise chord on OK for R™*} such
that % is piecewise constant and is composed of a finite sequence of vectors,
i.e. there exists a sequence of vectors (w1, ..., W), and a sequence (0 =71y <
v < Tipe1 < T = 1) s0 that 4(t) = w; for 71 < t < 7;. Moreover, for each
jeA{l,---,m} there exists i € {1,--- ,Fg} so that w; = C;Jn; , for some
C; > 0, and for each i € {1,--- ,Fg}, the set {t : 3C > 0,4(t) = CJIn;}
is connected, i.e. for every i there is at most one j € {1,...,m} with w; =
CjJn;. Hence there are at most F i points of discontinuity in 7y, and vy visits
the interior of each facet at most once.

Proof. Let z : [0,T] — 0K be a generalized leafwise chord with action A(z) =
cLr(K, K NR™F) = ¢»#(K) for R™*. By Theorem 2.2 we can assume it to
satisfy (2.7) (by a reparametrization if necessary), and obtain that the path

1

iZ(Tt) - 2(Tt)dt

1
—P,
VT VT ok 0

belongs to Ay and satisfies I(u) = T = ¢™*(K). Moreover

w:[0,1] — R?"™ ¢+

u(t) = VT2(Tt) € VTconv{p; | VT (u(t) —b) € F;} € T2 - conv{p1,- - ,pr,}

with b = —ﬁPn,k fol 2(Tt)dt and with ¢ = T%2, and so Ir(u) = ¢* by
Proposition 3.5.
For every N € N, Lemma 3.1 yields a piecewise affine path (n such
that
1
lu—=Cn llwre< 7, (nv(0) =u(0), Cn(1) =u(l) and
CN(t) cc COHV{pl, e 7PFK}

for almost every t. By applying Lemma 3.3 with v; = ¢p;,i = 1,--- | Fg to
(N, we get a piecewise affine path ¢j € W12([0, 1], R?") such that

A(Cy) 2 A(N), Ch(0) =u(0), (1) =ull), (y(t) € {or,- o vmi )



Vol. 23 (2021) Combinatorial formulas for some generalized Page 17 of 21 67

for almost every ¢. Applying Lemma 3.4 to (}; again, we can obtain a piecewise
affine path uy : [0,1] — R?" from u(0) to u(1) such that

ma
un(t) = Z X (v
i=1

where v} = v; for some j € {1,--- ,Fg} and for every j there is at most one

such 7, and that

An = VAlun) = VA(C)-
Define ufy := 4% and cy =: 4. Notice that fol uwy (t)dt may not belong

to JVO"’k and vy, may not belong to .%5. Recall that P, : R*" = JVon’k @
R™* — R™* is the orthogonal projection. Define

1
yn =uy — Py (/ uﬁ\,(t)dt) )
0

Then fol y(t)dt € JV"F and

Alyn) = /01 < — Tyl (1) — P"”“</ol ugv(t)dt)>dt
= Afuly) = (T (un(1) = i (0)), P / (o)),

Since w)y (1) — uy(0) € Vg%, A(yn) = A(uly) = 1. Thus, yy € Az. Write

N
wlN = ZLN for the velocities of yn, which sits in the set 4= - {p1, DRy}

Since || u — (n [lwr2< & we deduce that A(Cy) — 1 as N — oo. Hence
limy_, . Ax > 1, and limy—oo ¢y < c¢. Moreover Proposition 3.5 and the
minimality of I>(u) imply that ¢%; = I (yn) = Ik (u) = ¢*. Then limy oo cy =
c and thus limy_,. Ay = 1.

Recall that the set A is defined as above (4.1) and that the map ® is
as in (4.1). By the proof of Theorem 4.1, the image Im(®) is contained in the
compact subset of Sg, x RFX,

Fg
Seie X {(t1, -+ try) €RFS [ 200, » t; =1}
1=1

Since yy € A with C' = ¢y, we can write ®(yn) = (o, (11, - 1§, ).
After passing to a subsequence, we can also assume that ¢V = ¢ is constant,
and (¢, ,t§ ) converges to a vector (£5°,--- , i ). Define

J

oo __ oo __ 00 oo oo __ 00 oo -

o =0, T =1+, 17,7 =1 —1—5 te, j=2,---,Fg,
i=1

o0 o0 (o] .
I = (r22y,77°), i=1,--- ,Fg

and the piecewise affine path u/_(t) = u(0) + fot ul (s)ds with

Fx
Ul (t) = Z X1z (t)e - Poiy-
i=1
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Similar to the proof of Theorem 4.1, one gets ul, satisfying u._(0) =
u(0),ul (1) = u(l), A(ul,) =1 and Ir(u’,) = 2. Define

1
Uso 1= ULy — Pnk</ u&(t)dt).
0

Then us € Az and Ir(us) = T = ¢™*(K). By Theorem 2.2 we have ag €
R™* such that

[0,1] 3t > (t) := VTus (t) + ag/VT
is a piecewise affine generalized leafwise chord on OK for R™* with action
A(7) = Iz(u) = eer (K, K NR™)

and satisfying 4(t) € T-{p1, - ,pF, | for almost every t € [0, 1] and that the
set {t : §(t) = p;} is connected for every i. Recall p; = ,%Jm Theorem 5.1
is proved. O

Proof of Theorem 1.2. Step 1. Case 0 € Int(K). Let A3 consist of z € Ay for
which there exist C' > 0 and an increasing sequence of numbers 0 = 7y <
1 S STFK =1 such that

Fg
2t =Y xr,(t)C - pog (5.1)
i=1
with I; = (7,_1,7;), where ¢ € Sg, is the permutation on {1,---  Fg}.

Then u’, in the proof of Theorem 5.1 belongs to A9 and satisfies I (u.) =
cLr(K, K NR™*). Thus

cor(K, K NR™ ) = min{Iy(2) | 2 € As} = min{l2(2) ]|z € A3}.  (5.2)
For any z € A9, we have 2(0), 2(1) € R™*, 2 has the form of (5.1) and hence

Fx

1
0 i=1

where T; = |I;|, and Proposition 3.2 yields

vt 1 1

1= 5/ (=J%,z)dt = 502 > TiTjwo(pog) Po) + Fwo(2(0), 2(1)).
0 1<j<i<Fx

Note that wp(z(0),2(1)) = wo(2(0),2(1) — 2(0)) = 0, and Ir(z) = C? by

Proposition 3.5. Then

2

I(z) =
Zl<j<i<FK TiTjWO(po(j)apo(i))

> 0. (5.3)

Let

o€ Sp,Ti 20, "F8 T =1, Y58 Tipy iy € VP }

M*(K) =< (T)FE o
() {(( )iz ) Zl<j<i<FKTi,rjwo(pﬂ(j)’pa(i))>O
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For every pair ((T;)1%,0) € M*(K), as in the construction of u/ in the

proof of Theorem 4.1 we can use ((T;)L%, o) to construct a z € AJ such that
(5.3) holds. It follows that

2
CLR(K,KOR"’k) = min
(T )1 K.o)eM*(K) Zl<]<z<FK T} WO(pzT(j) DPo(i ))

Define ﬂa(i) = hT( )
desired formula in this case.

Step 2. General case. Let p € Int(K)NR™¥, Then the symplectomorphism ¢
defined by (4.6) satisfies crr(¢(K), p(K) NR™*) = cpr (K, K NR™F) by the
arguments at the beginning of [11, §3]. As in Step 2 of the proof of Theorem
1.11let K = ¢(K). By Step 1 we obtain

Since p; = Jni, The above two formulas give the

o 1 1
cor(K, K NR™F) = = min ,
2 (B)FE 0)e M(R) 2o1<j<i<Fr PBo(@)Bo()wo (Mo (j)s Mo (i)

where

3 >0, Y55 Bihy =1, Y58 8,0n; € ViF, }
M(K) = , O
(K) {( =1:9) ‘ Zl<]<z<FK ﬂa( )BU(J)WO(nU(J)7nU(1)) >0, 0 € Sr,

Now we are in position to prove that M(K) is equal to M(K) in (1.6).
We only need to prove M(K) C M(K) because of obvious reasons. Since
((B:)¥X,0) € M(K) satisfies

Fx . Fx Fx
=1 =1 =1

it suffices to prove (p, Zf:ﬁ Gin;) = 0. Note that ZIF:Kl BiJn; € Von’k. We
have

FK FK
<p7 Zﬁmi> = wo <p7 Zﬁﬂm) =0
i=1 i=1
because R™* and Von’k are wo-orthogonal. Hence M(K) ¢ M(K). O

Proof of Theorem 1.8. Let p € DN LNRYY, define ¢ : R? — R?, 2 — = — p.

As in [11, §3] we have cLr (D, D NRY?) = c g (¢(D), ¢(D) NRL) and
cLr(D1, D1 NRYY) = e r(d(D1), ¢(D1) NRMY),
cLr(D2, Do NRYY) = ¢ r(¢(D2), ¢(D2) NRY).

Thus we can assume 0 € D N L NRY below.

Let HT := {(z,y) € R? |y > 0}, H™ := {(x,y) € R? |y < 0}, and write
Kt =HTNK and K~ = H- N K for any subset K C R?. On each of dD,
0D and 0D, there only exist two generalized leafwise chords for R0, that is,
(D)t and (D)~ on 0D, (0D1)" and (D7)~ on dDy, (0D2)" and (0Ds)~
on 0D,. Note that a GLC x on 0D for R'"° and the line segment D N R0
form a loop v and that (—.JZ, z) vanishes along the line segment D N RV,
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Using these and Stokes theorem we deduce that A(z) = [ qdp = f7 qdp is
equal to the symplectic area of the domain surrounded by ~. Hence

cLr(D, D NRYY) = min{Area(D™), Area(D ™)},
cLr(D1, Dy NRYY) = min{Area(D] ), Area(D; )},
cLr (D2, Do NRYY) = min{Area(Dy ), Area(D;)}.
Assume without loss of generality that cpr (D, D NRY?) = Area(D™). Then

cLr(D1, D1 NRYY) + e r(Ds, Do NRYY) < Area(Dy N DT) 4 Area(Dy N D)
= Area(D") = cir(D, D NRMY).
O
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