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Abstract. In [T. Dominguez Benavides and E. Llorens-Fuster, Iterated
nonexpansive mappings, J. Fixed Point Theory Appl. 20 (2018), no.
3, Paper No. 104, 18 pp.], the authors raised the question about the
existence of a fixed point free continuous INEA mapping T defined on
a closed convex and bounded subset (or on a weakly compact convex
subset) of a Banach space with normal structure. Our main goal is to
give the affirmative answer to this problem in the very special case of a
Hilbert space.
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1. Introduction and preliminaries

Let C' be a weakly compact convex subset of a Banach space. In [1], the
following concept of iterated nonexpansive mappings (INE in short) was
stated:

The mapping T': C' — C is INE if satisfies

IT(Tx) — Tz| < ||Tz — x|, for all z € C.

It is not surprising that an INE mapping does not have to have fixed points
even if it is defined on a subset of a finite-dimensional Hilbert space (see, for
instance, [2, Example 1.1]). Thus, it seems natural to raise the question of
whether the same mapping must have a fixed point provided it is continuous.
Clearly, according to the Klee result (see [3]), in this case we are considering
a noncompact domain C, so the space must have infinite dimension (but
still being a Hilbert space or a Banach one with normal structure). A Banach
space is said to have normal structure if each convex subset C' which contains
more than one point has a point z € C which is not a diametral one of C,
i.e., the following condition holds: sup{||z — y|| : y € C} < diam C (see, for
instance, [4]).
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The negative answer to this question was given in [2,5], where the au-
thors presented an example of a class of fixed point free mappings which
are INE and continuous on any closed convex bounded but noncompact sub-
set of a Banach space. The same is true when the set is convex and weakly
compact (and noncompact with respect to the norm topology). The common
denominator of these mappings was the fact that all of them satisfy

[Tw — f| = |T(Tz) — Tx|;

therefore, they were not asymptotically regular. Let us remind that the self-
mapping T : C' — C is asymptotically regular if for each z € C' the sequence
|Tm2z — T || tends to 0. This condition can be generalized to the case of
mappings which have the so-called almost fixed point sequence. A sequence
(2,,) in C is called an almost fixed point sequence (a.f.p.s. for short) for the
mapping T on C whenever |2, —T(z,)|| — 0. It is well known that if the self-
mapping T': C' — C' is nonexpansive then T has an a.f.p.s. in C. Combining
this fact with the normal structure of a space leads to the existence of fixed
points (see, for instance, [6, Theorem 4.1] and [7, Theorem 2.7]). Iterated
nonexpansive mappings which have a.f.p.s. are called INEA for short. Since
the assumption of the existence of a.f.p.s. seems to play a crucial role, one
may ask whether there is any fixed point free continuous INEA self-mapping
of a closed convex bounded (or weakly-compact convex) subset C' of a Banach
space into C'. Here we suppose additionally that the Banach space is a Hilbert
one or Banach with normal structure.

As it was mentioned before, our main goal is to give an example of
a continuous and INEA mapping T defined on a closed convex bounded
subset (more precisely, on a closed unit ball) of the Hilbert space into itself
for which the set of fixed points is empty. To do it, let us take the Hilbert
space [?and let B be its closed unit ball. Further, we will apply two kinds
of geometry. The first one is Cartesian geometry based on the standard base
of 1? denoted by {e, : n € N}. Then let (-,-) mean the inner product in
I2. Moreover, we denote the unit sphere by S. This set will be very often
considered with spherical geometry based on the spherical metric p, i.e.,

p(A, B) = arccos(A, B)
for a pair of two elements A, B € S. By the angle between two curves ¢ and ¢
(¢(0) = ¢(0)) on the sphere with respect to spherical geometry we mean the
Alexandrov angle, defined by
lim 40(0) (C(S)7 6(t))

s,t—0Tt

This limit always exists (see, for instance, [8, p. 16]). More details about
spherical geometry can be found in [8,9]).

2. Example

Our example may seem to be rather complicated. So, for the reader’s conve-
nience, we divide its description into six steps.
Step 1—construction of the curve
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FIGURE 1. The construction of the curve

Let us take an infinite set of points {t,, : n € N}, where
(%% =+ Cn+1
V2 oo
and first consider the convex hull of {ej,es,e3} with respect to spherical
geometry, i.e., the set

tn =

convg({e1,ea,e3}) ={x €5 : (z,e1),(x,e2),(x,e3) >0, (x,e,) =0,n > 3}.

Further, we will use the same denotation convg(A) for any nonempty set
AcCS.

Now, still with respect to spherical geometry on convg({e1, es,e3}), let
us notice that a = 37%/2(ey + ez + e3) € convg({e1, ea, e3}). Moreover, if we
join points a and t; and points t; and e;, ¢ = 1, 2, with the geodesic segments,
then the angle between the segments is equal to /2. Notice that the same is
true for to and e;, i = 2, 3; hence, we can join points ¢; and ¢, with the curve

convg({e1,e2,e3}) NS(a,|la—t]),

where S(a,r) is a sphere in [? with the radius with respect to the norm. The
angle between the curve and the segments [a,t1] or [a,ts] is also equal to
/2, so the curve is tangent to [e1, es] and [es, e3] at the points t1 and to,
respectively (Fig. 1).

Now, we repeat our construction on each three-dimensional set convg
({en,ent1,ent2}) and we obtain a smooth curve of infinite length joining
all points ¢,, n = 1,2,.... Let us notice that points of the curve between
t, and t,11 can be treated as points of the circle centered at a point a =

2 11—-4
:;\Cg(en + en+1 + eny2) with a radius of r = 4/ T\/g (now with respect

to Cartesian geometry). Then, the angle between radiuses [a, t,,] and [@, ¢,,41]
is independent of n and smaller than .

Let us denote this angle by o and for all ¢ € [0,00) we define p(t) as
a point of the curve. If t = n a+ 7 then ¢(t) is located between t,, and ¢,
in such a way that Z;(t,,¢(t)) = 7.

Step 2—definition of the map on the curve
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(T(T(x)»

FT(T(x))

X

FI1GURE 2. The construction of the map

Now, we would like to define the map T: ¢ — ¢. Let us divide the curve
between points ¢; and ¢2 into 128 equal parts and let ag = «/128. Then, for
points of the form ¢(t), t € [0, — ], we take T'(p(t)) = ¢(t + ap). So far,
the map T is an isometry.

To extend the map T on the whole curve, we need to make some calcu-
lations because our map must be INEA. To do it, first, let us choose a; in
such a way that

ar _ sin(2ag)
Qg 200
Hence, for t = 127 + 7, 7 € (0, ) we define
g
T(p(t)) = (a +7- ) .
&%)
Next we will show that so far
[T(x) = T(T(x))]| < ||z —T(a)] (1)

for x = ¢(t), t < 127c.
Let us consider z = ¢(t), where ¢t € (126, 127a]. Then T'(x) = ¢(t +
ap) and

@ ~
lo = T(@)| =2rsin >, r=la—t|.
Simultaneously,
s)an

IT(@) = T@@)] < IT)  tall + 162 = TT@))]| = 2rsin 32 4 2rsin L=,

where s € [0,1). To prove (1), it is sufficient to notice that

1-— 1
sin % — sin % = 2sin ( 4s)a0 cos ( +4s)a0
. (1+s)ao N
= sin (1= s)ao 88 > sin m - COS %.
2 cos d=s)ao 2 2

4
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On the other hand,
I-s)a1 _ (1-s)a

i < 2
sin 5 < 5 (2)
and
sin (1—s)ap > (1—s)ao sina(). 3)
2 2 o0
Therefore,
sin (1-9)a < sin (I—s)ag o1 . (I—s)ap sin(2ap) Rl
2 2 g sinaqg 2 20 sin oy
1-— 1-—
= sinﬂ -cosag < sinﬂ -cos%
2 2
and finally
1 —
2r sin % + 27 sin % < 2rsin %.

Now, using the angle oy we define
T(p(a+1t) =pla+t+ai)aslong as t <20 — ay.

Let us take the same point x as above (see Fig. 2) and notice that
|T(T(x)) — T(T(T(x)))|| = 2rsin %.
We would like to show that
2rsin o < |T(x) = T(T ().
Let us denote Z4, (T'(x), T(T(z))) = 8. In the sequel, we will show that
B >m— ap. (4)

Let us notice that, on account of the cosine law, we get
5 . Sap\2 _(1=s)ar\’
IT(x) — T(T(x))||* = (2rsm 7) + 27"5111?
1 —
—2- <2r sin %) . (27" sin (;)Oq> - cos 3.

Simultaneously,

1

7)) ~ @) = (2rsin *22) 4 (zr n<1—2>a>
—2. <2rsin %) . <2rsin (1_2‘9)(11) - COS T.

So, it is sufficient to prove the following inequality

. s . s«
sin 70 -cos(m — ) > sin 71

We know that (see (2) and (3))

. Sk Sty
S 2 oo sin(2ap) o
. = . = oS Q.
Say = S« - ;
sip 229 0 sinag 20 sin ag

2 2



61 Page 6 of 14 B. Piatek JFPTA

FIGURE 3. Estimation of 3

Thus, showing (4) we complete the proof of the inequality
IT(T(x)) = T(T(T ()| < |T(x) = T(T(x))].-

The angle between the arcs t1to and tot3 is equal to 7. Since these two
arcs are the subsets of two different two-dimensional spaces, the angle between
segments [T'(x),t2] and [t2, T(T(x))] (with respect to Cartesian geometry) is
greater than in the case when all points are located on one two-dimensional
space. The same situation can be observed in Fig. 3, where

Z0 (a, b) > Zo(a, b/).
Next, if all points are on one two-dimensional space, then the angle between
the metric segments is greater than the angle between two metric segments
joining points on the same circle and having the same length 2r sin % greater
than ||T(x) —t2|| and ||t — T(T(z))||. See also points a, a’, b’ and b” (Fig. 3).
Thus, the angle /., (T(x), T(T(x))) is not smaller than 3. To estimate ',

! o
let us consider the triangle of the sides of length equal to 2r sin 70, 2r sin 70

2c
and 2r sin 70 (all vertices are located on a circle with radius r). Therefore,

. 2a9
/ TSI ——
. B 2 ag
sin — = ——§- = cos —,
2 2rsin7 2

which completes the proof of (4).
To define the map on {¢(t) : t € (2a — a1, 2a0) }, let us choose
sin(2ayg)

g = (X1 2%
0
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Since a1 < g one may repeat considerations from the previous part to show
that T is still INEA. We can also define the map on {¢(t) : ¢ € (a,3a — a2)}
as a movement along the curve. Repeating all steps with
an+1:an-%, neN
Qo

one may extend the map 7" on the whole curve 7. Let us notice that T is also
continuous.

Step 3—mneighborhood of the curve

In this step, we consider the neighborhood of the curve. Mainly, let us
consider the set

U={zxeB: 3te|0,00):|el)—z| <an-1, ift € [(m—1)a,ma]}.

We will see that this set is closed. Indeed, let us take any Cauchy sequence
(xn), x, € U. Let &, — T € B. Since [[t, — tp| > 1 >> g for n # m,
without loss of generality we may assume that there is a sequence (7,,) such
that 7, € [ma, (m+1)a] and ||z, — @(70)]| < Q. Then, there is a convergent
subsequence (denoting again by (7,,)) such that 7, — 7. If 7 € (ma, (m+1)a],
then the same holds for almost all 7, so ||Z — ¢(7)|| as the limit is also not
greater than «,,. If T = ma, then

Hx’ﬂ - (P(Tn)H < ay
and so
12 — 0P| < am < am—1

and T is also an element of U.
Step 4—definition of the hyperplanes
Now, for each point x € ¢ there is a unique hyperplane

H,={ycl*: (y—xT(z)—x) =0} (5)
We will show that two hyperplanes do not intersect inside U as long as
they are determined by points which are not located too far from each other.
Let us fix a point = ¢(tg) and let &' = p(tg + 7), where 7 € (0,9qp). Let
us also assume that ¢y € [ma, (m + 1)a).
Claim: For all possible positions of x,2’, T(x) and T'(2’), the angle between
vectors « T'(z) and ' T'(z') is not greater than 7.

e Case 1. First, we assume that all points are located on the curve between
tm and ty,41. So, the aforementioned vectors « T'(z) and 2’ T'(z) span
one two-dimensional space and it is sufficient to consider only points on
this space. Clearly, the intersection of H, (or H,s) with this space is
a line—see Fig. 4.

From the equality || — T'(z)|| = |2’ — T(2")|| = ay, it follows that
Zw(])a &) =Ly (p’ d)v

where p is the projection of z onto the set of common points of H,

and H,/ . Clearly, p also belongs to the same two-dimensional space.

Since Z,(p, T(x)) = Lo (p, T(2")) = 7/2, we get that the angle between

vectors ¢ T'(z) and 2’/ T'(z') is equal to the angle Zz(z, '), i.e., is equal

to 7.
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e Case 2. Now, we assume that the three points z, ', T'(z) are located on
the curve between t,, and t,,+1 and T'(z’) is between t,,,11 and ¢, o—
see Fig. 5. Without loss of generality we may assume that 7 < ay,.

Let a be the center of the circle containing ¢,, and t,,41 while b is the
center of the circle containing t,,,+1 and t,,4+2. Then, there is a number
s € (0,1) such that

Za(@  tyy1) = (1= 8)a,  and  Zy(tp1, T(2") = 8 Q1.
Let us choose T” on the same circle as t,, and t,,+1 (Fig. 5) for which
Za(@' T = (1 — 8)a + 8 a1

Since the curve is smooth and T'(z") does not belong to the same two-
dimensional space as the rest of the points, the following inequalities
hold

lo! = T@)| > o' = T'|| and Lo/(T(@),T) > Lo (T(@), T(2')).  (6)

Clearly, the angle between vectors z T'(x) and 2/ T” is equal to the sum
of angles Z7(y)(x,2") and £, (T(x),T"). Moreover, this sum is smaller
than 7, because

lz = T(@)[| > ||l = T"].

However, from (6) and the fact that T'(z’) does not belong on the same
space as the rest of points it follows that the angle between vectors
x T(x) and 2’ T(2') is smaller than the angle between vectors x T'(z)
and 2/ T” and so smaller than 7.
The proofs for the cases where 7 > a,, or three points 2z, T(x) and
T(2') are between t,,11 and t,, 2 go with the same patterns.

e Case 3. Now we assume that x and 2" are located between ¢, and ¢,
while T'(x) and T'(2’) are between points t,,+1 and t,,1o—see Fig. 6
Let us fix T and 7" on the circle containing = and ' in such a way that

La(x,T) = La(x, tymyr) + Ly(tms1, T(2))

and
Za(xl,T/) = 4&($/,tm+1) + 45(tm+17T(x’)),

where @ and b are defined in the same way as in Case 2.
We want to show that

L@ (x,a") < Zp(x,2'). (7)
To do it, let us notice that
|z =T ()| > [l =T
while
Lo(2,T(z)) > L (2,T) > g

Hence, the inequality (7) follows directly from the sine law.
In a similar way one may see that

Loy (T(JL‘), T(LL’/)) < Ly (T7 T/).
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‘\\\\ tm+1 T' ////
KT T

‘\\\\ tm+1 T//’. T'
KT T

FIGURE 6. Estimation of the angle between vectors

Moreover, since all four points do not belong to the same two-dimensional
space, the angle between vectors z T'(z) and a’ T'(z’) is smaller than the
sum of Zp(g) (2, 2") and Z,/(T'(x), T(2")). This completes the proof for
Case 3.

The case where two points © and T'(x) are between t,, and t,,11 is
slightly easier.

Now, we consider the projection of =’ onto H,.

First, we want to estimate the angle Z,(2',T(z)). We may consider
three cases as it was done in the previous part when we studied the angle
between vectors but here we do not need to make the estimation so precise;
therefore, only notice that this angle is smaller than the sum of the angle
between the vector z 2/ and the curve at the point x and the angle between
the vector x T'(x) and the curve at the same point z.

In both cases, the angles are of the largest measure if all points z, x’
and T'(z) are located between points t,,, and t,,+1. Hence, using denotations
from Fig. 7, we get

- Zz(yv d) = ld(x’y) .

T
41} ) =
(y,2) 5

2
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FIGURE 7. Measure of the angle Z,y, z

Since Zg(z, T(x)) < apm and Zz(x,2") = 7 < 9ap, it follows finally that
Zy(x",T(x)) < Sao.

Now we find the projection of z’ onto the hyperplane H, and denote
this by p,. Since H, is determined by the vector x T'(z) and

aT(z) | pad,
we obtain two estimations:
2" — pell > |lz — 2'|| - cos(5ag) > 2r sin% - cos(bay)
and
|z — po|| < ||z —2'|| - sin(bag) < 7 - sin(5ap).

Let p be the projection of p, onto the set H, N H,/ . Clearly, this set
is closed and convex, so the projection is a single, i.e., is well defined. Since
vectors x T'(z) and p, a2’ are parallel, we can calculate the measure of the
angle 2,/ (pz, T(2')) in the following way:

Ly (P, T(@)) = 7 — 7,

where v denotes the angle between vectors = T'(z) and 2/ T'(z') (Fig. 8).

Lo (T(),p) = .

we can estimate £,/ (py,p) by

T T
Ly (Pa,p) = 57 > 5T

For all points h € H, N H,+, we have
||h—1‘|| > ||h_pac|| - pr _$H > ”p_px” - pr _"L’H
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F1cURE 8. Measure of the angle Z,y, z

Simultaneously,
Ip = pall = 2" = poll - tan Zor (p, pe) = ||2" = pall - coty = [|2” = pa || - cot .
Combining it with the earlier estimations, we obtain
|h = x| > 2r sin% -cos(bayg) - cot T — 7 - sin(bayp).
The minuend is equal to

T

2
sin T

2sin cos(bay) cosT

r -cos(bayg) - cosT =1 - > 7 - cos?(9ap).

T
COS 3

In a similar way, we can estimate the subtrahend by
7 -sin(5ag) < 45(ap).

Our considerations finally lead to

11—-4
[h— | =7 cos*(9ap) — 45(a0)” > 4/ T\/g -cos?(9 - 7/128)

—45(7/128)% > 0.6

for all points belonging to H, N H,.

In this way, we have shown that the hyperplane H, and H,. inter-
sect outside the set U as long as 7 < 9qq. Furthermore, each point of
the closed ball B(x,q,,) can belong to at most one hyperplane H, with
Y Hy) =77 H(@)] < 9ao.

Next, we will show that almost all points of the set U (more precisely,
all points from V) satisfy the following condition:

x satisfies (P) if zeUAN(FHe[0,00): |lz— )] <dag Az € Hyy) -
Let us consider the Cauchy sequence of points (x,) such that x,, € U and
all of them satisfy this property. As it was shown the limit point zy = lim x,,
belongs to U and we will prove that z( also satisfies (P).

Since (z,,) is a Cauchy sequence, we may take a subsequence with ||z,, —
Zm || < ap. Then there must be

lle(sn) = (sm)ll < 9ao,
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where z, € Hy(s,)-

So, without loss of generality we may assume that all s, belong to
[ma, (m + 1)a] and g € ¢. Otherwise, z¢ € H,, and the proof of the claim
is complete. Then there is at least one accumulation point s4. Let us assume
that s;(,,) — sa. Since z,, 7 ¢(s4) and s;(,,) — 54, it must be

Cosga(sA)(xl(n)a T(QO(SA))) — 0.
This leads to

COSy(s.4) (%0, T(p(54))) = 0

and completes the proof of our claim.

However, we will apply our considerations to prove an additional point.
Namely, we will prove that the whole sequence (s,,) must tend to s4. To see
it, let us repeat our pattern for sp—another accumulation point of (s;,). Let
us assume that s(,) — sp. And again if zo € ¢, there must be

COScp(sB)(‘rk(n)’ T(SD(SB))) — 0,
which yields

Cosap(ss) (:L'Ov T(QP(SB») = Ou

but zo cannot belong to both hyperplanes H,(,,) and H(,), because it is
too close to ¢(s4). The proof of uniqueness of accumulation point for xo € @
is obvious.

Let us consider a subset V' of U containing points u for which

(to = T'(to),u — T(tg)) > 0 as long as ||u — tg|| < 3ap.
Clearly, V is also closed. We will show that each point u € V satisfies the
property (P).

Let us fix v € V. From the inclusion v € U it follows that there is
a positive number 7 such that ||u — ¢(7)|| < am, when 7 € [ma, (m + 1)a].
Let us denote x = ¢(7). Let us assume that (x —u, z—T(z)) # 0 is a negative
number and we consider the line k£ containing u and parallel to the vector
x T(x). Let y7 = kN H,.

Taking 2’ = (7 — 3., ), we obtain that u belongs to the metric segment
[yo,y1], where yo = kN H,. Otherwise, the hyperplanes H, and H, intersect
too close to z. For each t € [T — 3a,, 7| one can find a point u;, = kN
Hyy. Let to = sup{t € [7 — 3am, 7]: u € [ug,y1]}. It is sufficient to prove
that u = uy,. Indeed, for all ¢ > ¢y there is u; € [u,y1], which means that
(p(t) — u,o(t) — T(p(t))) < 0. And from the continuity of T it follows that
(p(to) — u,p(to) — T(p(to))) <, ie., uy, € [u,y1]. Therefore u = wuy,, ie.,
u € Hy4,). Moreover,

lw = @(to)[| < flu = [l + llz = p(to) | < cm + 3am < dag

and finally u satisfies the property (P).

Step 5—definition of the map on U

Now, for each y € V there is precisely one point x on the curve such
that y € H,, i.e.,

(t —y,z—T(x))=0 and Iz — y]| < 4ap.
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Hence, since T' is INEA on the curve, we obtain
ly =T(@)[| = lz = T(x)| = |T(z) = T(T(x))]l

So, one can set T'(y) = T'(x). Then T is INEA on the whole set V.

Simultaneously, applying the same denotations as in the proof of the
closedness of V, if the sequence (z,) tends to xg (i.e., ,, € Hy(s,)), then
o € Hy(sy), where s, — sg. So, T'(z,) = T(p(s,)) tends to T'(p(s0)) =
T(x0) and T is also continuous on V. Now, we must only consider points
from B(tg,3ap). Let u be such a point. If

<t0 — U,to — T(to» 2 0,

then T'(u) has already been defined. Otherwise, we set T'(u) = T'(to). Let us
notice that 7' is still continuous and INEA also on the set U.

Step 6—definition of the map on the whole set B

In the previous step, we defined the mapping 7" on the whole set U. Since
this is a closed subset of B and the curve ¢ is isomorphic to the set [0, c0),
applying the Tietze extension theorem the mapping T can be extended to
the whole set B. Therefore, we must show only that the continuous extension
T is also a fixed point free INEA mapping. The fact that T is fixed point free
is obvious. So let us take zo € B\ U. Then T(zq) € . Since T(z¢) = ¢(to),
one may assume that tg € [ma, (m + 1)a]. Since zg does not belong to
U, the distance between xo and ¢(t) is bigger than a,,. Simultaneously,
IT(¢(t0)) — 9(to) | < . Hence,

lzo — T (@o)[| > T (wo) — T(T(wo))|| = |T(xo) — T(T(x0))]

and T is INE. Moreover, since T|S(J = T|,, the extension is asymptotically
regular and so is INEA. This fact completes the proof.
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