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1. Introduction

Recently, Ugwunnadi et al. [1] introduced a hybrid proximal point algorithm
and established some strong convergence theorems to a common solution of
proximal point for a proper convex and lower semi-continuous function and
a fixed point of a k-demicontractive mapping in the framework of a CAT(0)
space. Particular, the following main result is given:

Theorem UKA [1, Theorem 3.1]. Let (X,d) be a complete CAT(0) space,
[+ X — (—o00,4+00] be a proper convex and lower semi-continuous function
and T : X — X be an L-Lipschitzian k-demicontractive mapping such that
T is A-demiclosed. If {ca,} and {B,} are sequences in (0,1) satisfying the
following conditions:

(cl) limp—ootn =0;

(€2) 3ol o =o00;
(3) 0<e< P, <1—2k Vn>1, where e and k € [0,1) are some
positive constants,
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and Q = Fix(T)(argmingex f(y) # 0, then the sequence {x,} generated
by given 1 € X,

. 1
Zn = argmingex | f(y) + KdQ(y,xn) )

(1.1)

Yn = (1 - Oén)Zn,
Tn+1 = (1 - ﬂn)zn D BnTyn

converges strongly to some point p € €.

During carefully reading Theorem UKA and its proof, we found that
there exist some basic and conceptual errors in it. Since (X, d) is a CAT(0)
space, it is not linear. Therefore it does not have a scalar multiplication and
element 0. These show that the sequences {y,} and {x,} defined by (1.1) are
ill-posed. And the proof of Theorem UKA is also lack of rationality.

The main purpose of this paper is to establish a proximal point algo-
rithm for finding minimizers of a proper convex and lower semi-continuous
function and fixed points of quasi-pseudo-contractive mappings in CAT(0)
spaces and to point out and correct a basic and conceptual error in Ugwun-
nadi et al. [1, Theorem 3.1].

2. Preliminaries

Let (X, d) be a metric space and x,y € X. A geodesic path joining x to y is
an isometry ¢ : [0, d(z;y)] — X such that ¢(0) = z and c(d(x;y)) = y. The
image of a geodesic path joining x to y is called a geodesic segment between
x and y. A metric space X is said to be a geodesic space if every two points
of X are joined by a geodesic, and X is said to be uniquely geodesic if there
is exactly one geodesic segment joining x and y for each z,y € X.

Let X be a uniquely geodesic space. We write (1—t)z @ty for the unique
point z in the geodesic segment joining z to y such that d(z,z) = td(x,y)
and d(y,z) = (1 — t)d(z,y). We also denote by [z,y] the geodesic segment
joining x to y, that is, [z,y] = {(1 =)z @ty : 0 <t < 1}. A subset C of X
is convex if [z,y] C C for all z,y € C.

A uniquely geodesic space (X;d) is a CAT(0) space, if and only if

(1 -tz @ty 2) < (1 —t)d*(x, 2) + td*(y, 2) — t(1 — t)d*(z,y), (2.1)

for all z,y,2 € X and all ¢ € [0, 1].

It is well-known that any complete and simply connected Riemannian
manifold having non-positive sectional curvature is a CAT(0) space. Other
examples of CAT(0) spaces include pre-Hilbert spaces [2], R-trees, Euclidean
buildings [3].

Let X be a metric space, {z,} be a bounded sequence in X, and
r(., {zn}) : X — [0,00) be a continuous functional defined by r(x,{z,}) =
lim sup,, ., d(z,z,). The asymptotic radius of {z,} is given by r({z,}) :=
inf{r(z,x,) : ®* € X} while the asymptotic center of {z,} is the set
A{zn}) = {z € X : r(z,{zn}) = r({x,})}. Tt is generally known that
in a CAT(0) space, A({z,}) consists of exactly one point. A sequence {z,}
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in X is said to be A-convergent to a point x € X if A({z,, }) = {z} for every
subsequence {z,, } of {z,}. In this case, we write A — lim,,_, o z, = x.

In 2008 Berg and Nikolaev [4] (see also, Reich and Salinas [5]) introduced
the concept of quasilinearization in CAT(0) space X as follows:

Denote a pair (a,b) € X x X by ﬁ) and call it a wvector. Quasi-
linearization in CAT(0) space X is defined as a mapping (-,-) : (X x X) x
(X x X) — R such that

= L o 2 2 2
<G,b, Cd> = i(d (a7d) +d (b7 C) —d (G,, C) —d (b7 d)) (22)
for all a,b,c,d € X. It can be easily verified that
(ab, ab) = d*(a,b), (ba,cd) = —(ab, cd), and
— — = — —
(ab, cd) = (aé, cd) + (eb, cd) Va,b,c,d, e € X.

Remark 2.1. [6] It is well known that if X is a complete CAT(0) space, then
{zn} A-converges to z* € X if and only if

. —_—
lim supy— oo (T xn, z%y) <0, Vy € X.

Let X be a CAT(0) space. We say that X satisfies the Cauchy-Schwarz
inequality if

— —
(ab, cd) < d(a,b)d(c,d), Va,b,c,d € X. (2.3)

It is known ( [4], Corollary 3) that a geodesically connected metric space is
a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality.
Ahmadi Kakavandi and Amini [7] have introduced the concept of dual
space of a complete CAT(0) space X, based on a work of Berg and Nikolaev
[4], as follows.
Consider the map © : R x X x X — C(X,R) defined by

O(t,a,b)(z) = t{ab, az), (t € R,a,b,x € X),

where C'(X, R) is the space of all continuous real-valued functions on X . Then
the Cauchy-Schwartz inequality implies that ©(t, a, b) is a Lipschitz function
with Lipschitz semi-norm L(O(¢,a,b)) = |t|d(a,b), (t € R, a,b € X), where

L(qb):sup{(W:x,yeX, ac;éy}

is the Lipschitz semi-norm for any function ¢ : X — R. A pseudometric D
on R x X x X is defined by

D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s,¢,d)), (t,s €R, a,b,¢,d € X).

For a complete CAT(0) space (X, d), the pseudometric space (R x X x X, D)
can be considered as a subspace of the pseudometric space of all real-valued
Lipschitz functions (Lip(X,R),L). And D((t,a,b), (s,¢c,d)) = 0 if and only
if t(a_)b, TY) = s(gl, zy), for all ,y € X. Hence D imposes an equivalent
relation on R x X x X, where the equivalence class of (¢,a,b) is

[tab] = {scd : D((t,a,b), (s, ¢, d)) = 0}.
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The set
X* = {[tab] : (t,a,b) € R x X x X}
is a metric space which is called the dual space of (X;d) with metric
— —
D([tab], [scd]) = D((t, a,b) (s, ¢, d)),
The following inequalities can be proved easily.

Lemma 2.1. Let X be a CAT(0) space. For all x,y,z,u,w € X andt € [0,1],
the following inequalities hold:

(i) d{tz® (1 -t)y, 2) < td(z,2) + (1 - t)d(y, 2);
(i) dP(1-tratyz) < (1-t)>d*(z,2) + 2 (y, 2) + 261 - 1)(22, 2);
(i) dtz® (1 —-1t)y, tud (1 —t)w) < td(x,u) + (1 —t)d(y, w).
In the sequel, we always assume that X is a complete CAT(0) space, C is a

nonempty and closed convex subset of X and Fix(T) is the fized point set of
a mapping T'.

Definition 2.2. A mapping T': C — C' is said to be
(1) contractive if there exists a constant k € (0,1) such that
d(Tz,Ty) < kd(z,y), Yo,y C;

if K =1, then T is said to be nonexpansive;
(2) quasinonexpansive if Fiz(T) # () and

d(Tz,p) < d(z,p),Vp € Fix(T), x € C;
(3) firmly nonexpansive if
d*(Tz,Ty) < (TaTy,xy), Va,y € C; (2.4)

(4)  k-demicontractive [8] if Fiz(T) # () and there exists a constant k €
[0; 1) such that

d*(Tz,p) < d*(z,p) + kd*(x, Tx), Vo € C, p € Fiz(T);
(5) quasi-pseudo-contractive if Fiz(T) # () and
d*(Tx,p) < d*(x,p) + d*(x, Tx), Yo € C, p € Fix(T); (2.5)

Remark 2.5. From the definitions above, it is easy to see that if Fiz(T) # 0,
then the following implications hold:

B)=2)= (@) = (5

But the converse is not true. These show that the class of quasi-pseudo-
contractive mappings is more general than the classes of k-demicontractive
mappings, quasinonexpansive mappings.

Definition 2.4. Let (X, d) be a complete CAT(0) space. A mapping 7' : X —
X is said to be A-demiclosed, if for any bounded sequence {z,} in X such
that A — lim,,_o z, = p and lim,, o, d(z,, Tx,) = 0, then Tp = p.
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Example of quasi-pseudo-contractive mappings Let H be the closed interval
[0, 1] with the absolute value as norm. Let T': H — H be the mapping defined
by:
k, x€]0,k], ke (0,1)
Tx = (2.6)
0, xz¢€ (k1]

It is clear that Fiz(T) = {k}. Hence for x € [0, k] we have

Tz — k> =0< |z —k]* + |z — Tz|.
Also for z € (k, 1] we have

|Tx — k|* =k* < |z —Kk*+ [Tz — o>
These show that for « € [0, 1] we have

|Tx — k|? < |z —k]* + |z — Tz|?,

i.e., T is a quasi-pseudo-contractive mapping. Also it is easy to see that T is

demiclosed.

Definition 2.5. A function f : C' — (—o0, 00| is said to be convex if for all
x,y € C and all A € [0,1] the following inequality holds

fAz® (1 =Ny) <Af(@)+ (1= A)f(y)

Lemma 2.6 [9,10]. Let f : X — (—o00, 0] be a proper convezr and lower semi-
continuous function. For any A > 0, define the Moreau- Yosida resolvent of f
in CAT(0) space X as

1
J/{(x) = argmingex |f(y) + ﬁd2(y,x) , VreX. (2.7)
Then

(i) the set ch(J{) of fized points of the resolvent of [ coincides with
the set argminyex f(y) of minimizers of f, and for any A > 0, the
resolvent J{ of f is a firmly nonexpansive mapping. Hence it is non-
erpansive;

(ii)  Since J)’f is a firmly nonexpansive mapping, if sz(J/{) # (), then
from (2.4) we have

d*(J{x,p) < &P (x,p) — P (Jz,2), Ve € X, pe Fiz(J]).  (2.8)
(ili) For any x € X, and A > pu > 0, the following identity holds:

. A=y ¢ M
J{(z) = Jl{ <>\J{(z) ® )\:c) :

Lemma 2.7 (see also [11]). Let X be a complete CAT(0) space and T : X —
X be a L-Lipschitzian mapping with L > 1. Let G: X —- X and K : X — X
be two mappings defined by
K(z):=(1-&§2z®&T(Gr); Gx):=0—-nzxenTz, xeX. (2.9)
Ifo<é<n< ﬁ, then the following conclusions hold:
(1) Fix(T) = Fiz(T(G)) = Fiz(K);
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(2) IfT is A-demiclosed, then K is also A-demiclosed;

(3) K :X — X is L2-Lipschitzian;

(4)  In addition, if T : X — X is quasi-pseudo-contractive, then K :
X — X is a quasi-nonexpansive mapping, i.e., for any x € X and
p € Fix(K)(= Fix(T))

d*(Kz,p) < d*(x,p) — &n(l — 2n — L?n?)d*(x, Tx) < d*(x,p). (2.10)
Proof. Now we prove the conclusion (1).
If 2* € Fiz(T), then
d(z*, TGz*) =d(x*, T((1 — n)x* ®&nTx")
=d(z*,Tx*) =0, ie.,z" € Fiz(TG).
If z* € Fiz(TG), then
d(z*, Kz*) = d(TG(z"), (1 — §)z™ @ {TG(x™))
=(1-9d(TG(z*),2") =0, i.e,z" € Fiz(K).
If 2* € Fiz(K), then
d(z*, Tx™) =d((1 = " ® TG (x"), Tx™)
<A -=8d(z*,Tz") + &d(TG(z"), Tx")
<A =9d(z*,Tz") + ELA(G(z™), ™).
Simplifying we have
d(z*,Tz*) < Ld(z*,Gz™) = Ld(z*, (1 — n)z* ® nTx*) < Lnd(x*, Tz").
Since Ln < 1, this implies that 2* € Fiz(T'). The conclusion (1) is proved.

Now we prove the conclusion (2).

For any sequence {z,} C X with A—lim,,_,, z, = 2, and lim,,_,», d(x,,
Kx,) = 0, we show that x € Fiz(K). By conclusion (1), it is sufficient to
prove that « € Fiz(T). In fact, since T is L-Lipschizian, we have

d(xp, Txy) < d(xp, Kzy) + d(K2y, Ta,) = d(x,, Ka,)
+d((1 = &)zp @ ET(Gy), Ty
< d(xn, Kzp) + (1 —&)d(zy, Txy) + EA(T(Gry), Tay).

Simplifying we have

d(xpn, Try) < —d(xp, Kzy) + d(T(Gxy), Tx,)

IN

AN A S e S

d(xpn, Kzp) + Ld((1 — n)xn ® nTx,, xy)
d(xpn, Kxp,) + Lnd(Txp, ).
This implies that

(1 - Ln)d(xy,, Tz,) < %d(mn, Kuxy).
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Since (1 — Ln) > 0 and d(x,,, Kx,) — 0, this implies that d(x,,Tz,) — 0.
Since T is A-demiclosed, x € Fiz(T). Hence x € Fiz(K), ie., K is A-
demiclosed.
The conclusion (2) is proved.
The conclusion (3) is obvious, the proof is omitted.
Now we prove the conclusion (4).
For any p € Fiz(T) and z € X, it follows from (2.1) that
&*(Kz,p) = d*((1 - &) © ET((1 — n)z © nTz),p)
< (1= 9d*(w,p) +E(T((1 =z @nTx),p)  (2.11)
— €1 = d*(x, T((1 = n)a @ yT'z)).
Since T is quasi-pseudo-contractive, we have
d*(T((1 = m)z ® nTx),p) < d*((1 - n)z & nT'z),p) (212)
+d*((1—n)x@nTz),T((1 - n)z @& nlx)). '

From (2.1), we have
d*((1 =)z ®yTz),p) < (1 - n)d*(z,p) + nd*(Tz,p) — (1 — n)d*(z, T)
< (1 —n)d*(z.p)
+ (@) + @, Ta)} — (1 )@ T3]
= d*(x,p) +n*d*(z,Tx),
and
(1 =)z ® Tz, T((1 - n)x & nTz)) < (1 —n)d*(z, T((1 - n)a & nT'z))
+nd*(Tz, T((1 —n)x ©nTx))
— (1 —n)d*(z,Tx)
< (1 =n)d*(z, T((1 = )z & nTx)) +nLd*(z, (1 - n)z
®nTx) —n(l —n)d*(z,Tx) (2.14)
< (1 =n)d*(z, T((1 — )z ©nTx))
+ 0 L2d*(x, Tx) — (1 — n)d*(z, Tx)
< (1 =¢&d*(z,T((1 —n)z @ nTx))
—n((1 —n — L*n*)d?(z,Tx) (since &€ < ).
Substituting (2.13) and (2.14) into (2.12), after simplifying we have
d*(T((1 = n)x ®nTx),p) < d*(,p) + (1 = €)d*(z, T((1 = n)z & nTZ@.lB)
—n(1—2n — L*n*)d*(z, Tx).
Substituting (2.15) into (2.11), and after simplifying we have
d*(Kx,p) < d*(z,p) — &n(1 = 20 — L?n?)d*(z, Tx) < d*(x, p).

This completes the proof of Lemma 2.7. 0
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Lemma 2.8 [12]. If {a,} is a sequence of real numbers and there exists a
subsequence {n;} of {n} such that an, < an,+1 for alli € N, then there exists
a nondecreasing sequence {my} C N such that myp — oo and the following
properties are satisfied:

Oy, < Gmy+1 and ap < Gy 41-
for a}ll sufficiently large numbers k € N. In fact, my = maz{j < k : a; <
Aj417-

Lemma 2.9 ([13]). If {an} is a sequence of nonnegative real numbers satis-
fying the following conditions:

Ap+41 S (1 - 6n)an + 6an + Yn, N Z 0.
where {6,} C [0,1], 327,58, = oo; limsup,, .. 0, < 0; v, > 0, and

n=0
Z:;O Yo < 0. Then a, — 0, as n — 0.

3. Main results

Throughout this section we assume that
(1) (X,d) is a complete CAT(0) space;
(2) f:X — (—o00,+0¢] is a proper convex and lower semi-continuous
function, and J /’\tn : X — X is the Moreau-Yosida resolvent of f;
(3) T :X — X is an L-Lipschitzian quasi-pseudo contractive mapping
with L > 1 and T is A-demiclosed;
(4) Define the mappings G: X — X and K : X — X by

K(z)=(1-8zd®T(Gr); G)=0—-nzdnTz, v X, (3.1)

WhereO<§<n<ﬁ.

Theorem 3.1. Let (X,d), f, J){n, T, K, G satisfy the conditions (1)-(4) as
above. Let u € X be a given point. For any given point 1 € X, let {x,} be
the sequence generated by

. 1
en = J{, (@n) = argmingex | [(y) + 5y—d (v 20) |

Yn = @pu® (1 — )2y, n>1.(3.2)
Tn+1 = (1 - ﬁn)zn ® BnKyn,
If @ = Fix(T)Nargmingex f(y) # 0 and the sequences {an}, {Bn} and
{An} satisfy the following conditions:
(c1) {an} C(0,1), limy oo, =0 and >07 oy, = 00,
(c2) 0<e<B,<b<1l, A\, >A>0, Vn>1, wheree, b and \ are
some positive constants,

then the sequence {z,,} converges strongly to some point in .

Proof. First we observe that by the assumptions of Theorem 3.1, Lemma 2.7
and Lemma 2.5 we know that
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(a) the mapping K : X — X is quasi-nonexpansive, A-demiclosed, L2-
Lipschitzian and Fiz(T) = Fiz(K);

(b) J ;(n is nonexpansive, so it is A-demiclosed, and Fixz(J Afﬂ)
= argmingex f(y).

(I) Now we prove that the sequence {x,} is bounded.
In fact, if p € Q, then p = J/}\cn(p),Vn > 1, and p € Fix(T) = Fiz(K).

Since J /{n is a nonexpansive mapping, we have

d(2n,p) = d(J{ (zn), J{ (p)) < d(zn,D). (33)
It follows from (3.2), (2.1) and Lemma 2.1(ii) that

dQ(yn’p) = dz(anu D (1 - an)znap)
< andQ(u,p) +(1- ozn)dQ(zn,p) —ap(1— an)dQ(u, zn)  (3.4)
= a2d(u,p) + (1 — ) 2d (2, 1) + 20 (1 — Q) (W, Z0).-

Also from (3.2), (3.3) and (3.4), we have

d*(zn1,p) = d*((1 = Bn)zn @ BuKyn, )
< (1= Ba)d* (20, D) + Bud® (K1) = Bu(l = Ba)d? (2, Kyn)
< (1= Ba)d* (20, D) + Bnd® (Y, p) — Bu(1 — Bn)d? (20, Kyn)(3.5)
< (1= B)d* (20, 0) + Br{and®(u, p) + (1 — an)d*(2n, p)
— o (1= ) d (t, 20) } = B (1 = B)d? (2, Kip).

This implies that

d2($n+17p) < (1 - anﬁn)dZ(xnap) + O‘nﬁnd2(u7p)
< max{d*(x,,p), d*(u,p)}.

By induction, we can prove that
d*(xn, p) < maz{d*(z1,p), d*(u,p)}, Vn>1.

This implies that {z,} is a bounded sequence. So are {z,}, {yn} and {Ky,}.
The conclusion (I) is proved. O

(IT) Next we prove that {x, } converges strongly to some point in 2.
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In fact, from (3.2) and (3.4) we have
& (@041, p) = (1 = Bn)2n @ BpKyn, p)
< (1= Ba)d® (20, ) + Bud® (Kyn,p) = Ba(1 = B)d* (20, Kyn)
< (1= Ba)d* (20, D) + Bnd®(Yns p) = Bn(1 = Bn)d* (20, Kyn)
< (1= B)d? (2, p) = Bu(1 = Br)d* (2, Kyn)
+ Bufafd®(u,p) + (1 — an)*d® (20, p) + 20m (1 — ) (P, Z0) }
< (1= anf)d (2, p) + anfn{and® (u,p) +2(1 — o) (up, Zup) }
= Bu(1 = Bn)d* (20, Ky)
< (1= anBa)d(2n, p) + anBaand®(u, ) + 2(1 — ) (T, 50)}
= Bu(1 = Bn)d* (20, Kyn)-
= d*(2n, D) + Bl = Bu(l = Ba)d* (20, Kyn),
(3.6)
where
&n = —d*(xn,p) + nd® (u, p) + 2(1 — ) (Up, ).
After simplifying and putting M = sup, >4 [£n[, then we have
Bn(1 = Bp)d*(2n, Kyp) < d*(2,p) — d*(2p11,D) + @nBuM, (3.7)

Now we consider the following two cases:

Case 1: Assume that {d(z,,p)} is eventually nonincreasing. Hence
there exists a sufficiently large positive integer ng such that d(z,y1,p) <
d(xn,p), ¥n > ng. Since {z,,} is bounded, the limit lim,, o d(zy,p) exists.
Since o, — 0 and 0 < ¢ < B, < b < 1 (by conditions (¢1) and (cz)), from
(3.7) we have that

d(zn, Kyn) — 0, as n — oo. (3.8)
Also from (3.2) and Lemma 2.1(i), we obtain
d(yna Zn) = (anu S (]- - an)zn7 Zn)

< and(u, z,) — 0, as n — co. (39)
From (3.8) and (3.9) we have
A(Yn, Kyn) — 0, as n — oc. (3.10)
On the other hand, from (2.8) we have
A* (2, 2) < d*(xp,p) — d*(2,,D). (3.11)

Also, it follows from (3.5) that
d2(93n+17p) <(1- ﬂn)dQ(LEn,p) + ﬂn{andQ(uap) +(1- O‘n)dQ(Zmp)}'

This implies that

dz(xnap> < ﬁi{d2(xn;p) - d2($n+lap)} + O‘ndQ(uap) + (1 - an)dQ(zn,p).

n
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(3.12)
Substituting (3.12) into (3.11), after simplifying we have

(20, 20) < ﬂi<d2<xmp> — P (@ns1,p)) + (@, p) — d(2n,p))-

n

Since {z,} is bounded, {d(x,,p)} is convergent and «,, — 0, these show that
lim d(z,,z,) = 0. (3.13)
(3.13) and Lemma 2.7 (3) we have
d(zn, Kxn) < (wn; zn) + d<zn7 yn) + d(yn7 Kyn) + d(Kyn, Kxn)
< d(Tn, 2n) + d(zn, Yn) (3.14)
+ d(Yn, Kyn) + L2d(yn, z,) — 0, as n — oo.
As A\, > A >0, so by Lemma 2.5 (iii) and (3.13), we have
(I (wn), 2n) = A(T{ (@n), T{, (@n))

Ap — A A

Hence from (3.9)—

This together with (3.13) shows that
d(zp, J{(a:n)) < d(xpn, zn) + d(zn, J)Jf(o:n)) — 0, asn—oo. (3.15)
Since {z,} is bounded, there exists a subsequence {z,,} C {x,} such that
A —lim; o xp, =2" € X and
—_—

—_—
lim sup(ua™, z,z*) = limsup(uz®, x,,x"). (3.16)

. . —2 T2 .
Since lim sup,_, . (ux*, z,,2*) < 0 by Remark 2.1, which shows
. —_— —
lim sup{ux™, x,z*) <0. (3.17)

By virtue of (3.13), (3.16) and Cauchy-Schwarz inequality we obtain

lim sup{ux™, z,x*) < limsup{ux®, z,,) + limsup{ux®, x,x*)
n—oo n—oo n—oo
(3.18)

< limsup d(u, z*)d(zpn, xn)) + lim sup(zﬁmn:ﬁ*) <0.

On the other hand, since K is A-demiclosed, from (3.14), z* € Fiz(K). Also
since J{ is nonexpansive, it is also A-demiclosed. From (3.15) z* € Fiz(J]).
Hence z* € Q.
Taking p = z* in (3.6), we obtain
(

dz(xn—&-la 17*) <(1- anﬁn)dQ(xm JC*) + O‘nﬂn{andQ(ua x*)
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+2(1 = ) (uz’, 2z )}, (3.19)

—_—
Putting a,, = d?(x,, 2%), 6, = pBn, 0n = and®(u, v*)+2(1—ay ) {(ux™, z,z*)
and 7, = 0 in Lemma 2.9, we obtain that d(z,,xz*) — 0, i.e., z, — z* € Q.
Case 2: Assume that {d(z,,p)} is not eventually nonincreasing. Hence
there exists a subsequence {n;} C {n} such that
d(xpn,,p) < d(xp,+1,p), Vi€ N.

Hence by Lemma 2.8, there exists an increasing sequence {m;}, j > 1 m; —
o0, such that

d(@m;,p) < d(Tm;41,p), and d(xj,p) < d(Tm,;+1,p), Vi > 1. (3.20)
Also from (3.7) and the fact that a,,, — 0, as m; — oo we obtain
d(zm;s Kym,;) — 0, as j — oo. Following arguments similar to those in

the proof of Case 1, we can get
—_—

—
lim sup(uz®, z,,,2%) < 0. (3.21)
j—o0
Also from the inequality (3.6) we obtain that
dz(xmj-Hax*) < (1 - amjﬂm_j)d2($mj7x*)
) L, (322
+ Qi By {0, A7 (u, ) + 2(1 — i )(ux™, 2, 27) )
After simplifying we have
amjﬁmjdz(xmj ) J}*) < d2($mj ) l‘*) - d2($mj+1, JI*) + amjﬁmj {ozmde(u, QZ‘*)
_—
+2(1 — am, J{ux™, 2, %) }
2 * S S
< oy B L, A7 (u, %) 4 2(1 — g, ) (U™, 2 7)1
This implies that d*(z,,,2*) — 0, as j — oo. From (3.22) it follows that
d?(2m,+1,2%) — 0, as j — oo. Hence from (3.20) we have that

lim d(zj,2*) < lim d(zp,41,27) =0, ie., lim z; =2" € Q.
j—oo j—oo j—oo
This completes the proof of Theorem 3.1. O
In Theorem 3.1, if the mapping 7" : X — X is replaced by a k-
demicontractive mapping, then the following result can be obtained from
Theorem 3.1 immediately.

Corollary 3.2. Let (X,d), f, J)]; be the same as in Theorem 3.1. Let T :
X — X be a L-Lipschitzian, k-demicontractive and A-demiclosed mapping
with L > 1 and k € (0,1). Denote the mapping S : X — X by

Se:=0c@(1—-0)Tz, z€X, 0<k<i<l (3.23)

Let w € X be a given point. For any given point x1 € X, let {x,} be the
sequence generated by

) 1
20 = J{, (wn) 1= argmingex | f(y) + DWCAUEDIE
Vn>1. (3.24)

Yn = anu @ (1 — an)zn,

Tp+1 = (1 - ﬂn)zn ® ﬁnsynv
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If Q = Fix(T)Nargmingex f(y) # 0 and the sequences {caw,}, {Bn} and
{An} satisfying the following conditions:
(1) {an}C(0,1), lim, o, =0 and Y 7 a, = 00;
(c2) 0<e<B,<b<1l, Ay >AX>0, Vn>1, where A\, b and ¢ are
some positive constants,

then the sequence {x,} converges strongly to some point in Q2.

Proof. In order to prove Corollary 3.2, it is sufficient to prove that the map-
ping S : X — X defined by (3.23) has the following properties:

(1) Fix(T)=Fix(S); (2) S is demiclosed; (3) S is L-lipschitzian; (4)
S is a quasi-nonexpensive mappings.

It is easy to prove that S has the properties (1)-(3). Next we prove
that S has the property (4). In fact, since Fiz(T) = Fixz(S), hence for any
p € Fiz(T) = Fiz(S) and x € X it follows from (3.23) that

d*(Sxz,p) = d*(6x @ (1 — 6)Tx, p)
< 8d*(z,p) + (1 = 8)d*(Tx, p) — 6(1 — 6)d*(z, Tx)
< 6d*(x,p) + (1 — 0){d*(z, p) + kd*(z,Tz)} — 6(1 — 8)d*(x, Tx)
=d*(z,p) + (1 = 8)(k — 6)d*(z, Tx) < d*(x,p) (since k < 6).
(4) is proved. This completes the proof of Corollary 3.2. O

Remark 3.3. Theorem 3.1 not only corrects some basic errors in Ugwunnadi
et al. [1], but also extends the main results in [1] from k-demi-contractive
mappings to quasi-pseudo-contractive mappings in CAT(0) space. Theorem
3.1 extends the result of Bacdk [14] from weak convergence to strong conver-
gence and the result of Cholamjiak et al. [15] from nonexpanvive mapping to
Lipschitzian quasi-pseudo mapping. Also Theorem 3.1 extended the result in
[16] from strict pseudo-contractive mapping in a real Hilbert space to Lips-
chitzian quasi-pseudo mapping in a more general space than Hilbert space.
We studied a new hybrid proximal point algorithm for solving convex mini-
mization problem as well as fixed point problem of Lipschitzian quasi-pseudo
mapping in CAT(0) spaces. Our method of proof is different from that of
Cholamjiak et al. [15] and Chang et al. [17].

4. Applications

Throughout this section we assume that (X, d) is a complete CAT(0) space
and C' is a non-empty closed and convex subset of X.

4.1. Application to convex minimization problem and equilibrium problem
in CAT(0) space

The “so called” equilibrium problem for a bifunction F' : C' x C — R is to

find a 2* € C such that

F(z*,y) >0, Vy € C, (4.1)

where F': C' — R satisfies the following conditions:
(Al) F(z,x)=0, Yx € C,
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(A2) F is monotone, i.e. , F(z,y) + F(y,z) <0, Va,y € C;
(A3) The function y — F(z,y) is convex for all z € C;

By using F' we define a mapping T, : X — C, r > 0 as follows:
1
T.(z):={z€C: F(z,y) — ;(W, 7z)} > 0, Vy € C}. (4.2)
We have the following result

Lemma 4.1. [18] Let C' be a nonempty closed conver subset of a complete
CAT(0) space X. Let F': C'x C' — R be a bifunction satisfying the conditions
(A1)-(A3). If the following condition is satisfied

(A4) Foreachz € X andr >0 , there exists a compact subset Dz C C
containing a point yz € Dz C C such that

1 _
F(xvyi) - ;<-’l?7y5;, in‘> < O,V.I‘ € C\Diy

then, the following conclusions hold:

(a) T, is well defined in X and T, is a single-valued mapping;
(b) T is firmly nonexpansive restricted to C, i.e., Vr,y € C

[ —
d*(Trx, Tyy) < (TraxTyy, TY);

Therefore T, is a a nonexpansive (i.e., 1-Lipschitzian) and demiclosed
mapping restricted to C. In addition, if Fixz(T,) # 0, then T, is quasi-
nonexrpansive.

(¢) Fix(T,) = Qq, where Q is the solution set of problem (4.1);

(d) If Fiz(T,) # 0, we have

d*(Tyx,x) < d*(z,p) — d*(Tra,p), Yo € C, and Vp € Fix(T}).

Taking T'= K = T, in Theorem 3.1, then the following theorem can be
obtained from Theorem 3.1 and Lemma 4.1 immediately.

Theorem 4.2. Let X be a complete CAT(0) space, C be a nonempty closed
and convex subset of X. Let f : C — R be a proper convex and lower semi-
continuous function, and J/J\cn : C — C be the Moreau-Yosida resolvent of f.
Let F: C x C — R be a bifunction satisfying the conditions (A1)- (A4) and
T., v > 0 be the mapping defined by (4.2). Let u € X be a given point. For
any given point x1 € X, let {x,} be the sequence generated by

= () = argminyex )+ 51 (o.20)|
Yn = apu D (1 — ay) 2y, n>1.(4.3)
Tn+l = (1 - ﬂn)zn 2] 6nTryn7

If Qy = Fix(T,) N argmingex f(y) # 0 and the sequences {c,}, {B,} and
{An} satisfy the following conditions:

(c1) {an} C(0,1), lim, oo, =0 and > o7, o, =00,
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(c2) 0<e<fB,<b<1l, Ay >AX>0, Vn>1, wheree, b and \ are
some positive constants,
then (1) the sequence {x,} converges strongly to some point in Q.

(2) Especially, if f =0, then J;n = I (identity mapping) for all
n > 1. Hence the sequence {x,} defined by
Yn = QpU D (1 - O‘n)xna
Tnyl = (1 - ﬂn)xn D BT yn,

converges strongly to a solution of equilibrium problem (4.1).

n>1. (4.4)

4.2. Application to saddle point problem in CAT(0) spaces

Let X; and X5 be complete CAT(0) spaces. Then the product space X =
X1 X Xo is also a complete CAT(0) space (see [19, Page 239]. A function
H: X; x X9 — Ris called a saddle function if

(i) y+~— H(z,y) is convex on X, for each x € X; and
(i) a — H(wx,y) is concave, i.e., x — —H(x,y) is convex on X; for each

RS Xz.
A point z* = (z*,y*) € X7 x X3 is said to be a saddle point of H if
H(xay*) S H(l'*,y*) S H(.%*,y), Vz = (Z,y) € Xl X X2~ (45)

We denote by €3 the set of saddle points of problem (4.5).

Let Vig : X = X7 x Xy — 2X1 x 2%X2 be a multivalued map-
ping associated with saddle function H (where X is the dual space of
X, i =1,2, (see, (2.4)) defined by
Vi (z,y) = 0(—H(.,y))(x) x O(H(z,.))(y), Y(z,y) € X1 x Xa, (4.6)
Let us define the resolvent J;\/H X = Xp x Xy — 250%X2 of Vi of
order A > 0 by

TN (x):={z€ X : [%z_x’] €EVu(z)}, € X = X1 x Xo. (4.7)

The following results hold.

Lemma 4.3. [20] Let Xy and Xa be complete CAT(0) spaces, H be a saddle
function on X = X1 x X and Vg be the multivalued mapping defined by
(4.6). Then
(1) J)‘\/H : X — X, A > 0 is a single-valued and firmly nonexpansive
mapping;
(2) A point z* = (a*,y*) € X is a saddle point of H if and only if
2* € Fiz(JY™).
In Theorem 3.1, taking f =0, T = K = J;\/H, then the following result
can be obtained from Theorem 3.1 immediately.

Theorem 4.4. Let X, Xo, X, H, Vg and J)‘\/H be the same as in Lemma
4.3. Let uw € X be a given point. For any given point x1 € X, let {x,} be the
sequence generated by

Yn = QnU D (1 - an)mna
y n>1. (4.8)
Tn+1 = (1 - ﬁn)xn 5 ﬁnJ)\H(yn)v
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If Fiz(JyY") # 0 and the sequences {ay,}, and {B,} satisfy the following
conditions:
(1) {an}C(0,1), lim, ooy, =0 and Y .~ a, =00,
(c2) 0<e<fB,<b<1,Vn>1, wheree, b are some positive constants,
then the sequence {xy} converges strongly to a saddle point of problem

(4.5)-
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