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Abstract. The purpose of this paper is to introduce the notions of ex-
tended F-contraction of Hardy—Rogers type, extended F-contraction
of Suzuki-Hardy—Rogers type and generalized F-weak contraction of
Hardy—Rogers type and to establish some new fixed point results for
such kind of mappings in the setting of complete b-metric spaces. These
fixed point results improve (and/or) extend those obtained in Vetro
(Nonlinear Anal Model Control 21(4):531-546, 2016) and Lukdcs and
Kajénté (Fixed Point Theory 19(1):321-334, 2018) since some condi-
tions made therein are removed or weakened. In addition, some illustra-
tive examples are provided to show the usability of the obtained results.
As an application of our results, we obtain the existence and uniqueness
of solutions for certain functional, integral and differential equations.
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1. Introduction

The well-known Banach’s contraction mapping principle [4] is the most sig-
nificant fundamental fixed point result. Since this principle has a lot of appli-
cations in different branches of mathematics, several authors have extended,
generalized and improved it in many directions by considering different forms
of mappings or various types of spaces. In the paper [46], an interesting gener-
alization of Banach contraction principle is given by introducing the concept
of F-contraction. After that, the notion of F-contraction of Hardy—Rogers
is introduced in [12] as a generalization of F-contraction in complete metric
spaces. One of the most prevalent generalization of the metric spaces was
given in the article [3] through the notion of b-metric spaces. In our paper,
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we utilize these two last notions to introduce new types of F-contractions of
Hardy-Rogers in the setting of b-metric spaces and to prove some fixed point
results. Roughly speaking, we extend and improve (respectively, improve)
some results in [43] (respectively, in [23]). The work [43] has been later en-
riched and published as a book chapter [44] in which the authors (F. Vetro
and C. Vetro) have proposed an important review concerning F-contraction
conditions in the setting of metric and Banach spaces. More precisely, the re-
sults obtained in our paper extended the aforementioned results in b-metric
spaces and contain less conditions imposed on the function F'. Moreover, the
consequences of our main results are improved and generalized versions of
some results appearing in literature.

The article is organized as follows. In Sect. 2, we recollect some known
definitions and results concerning b-metric spaces and various types of F-
contractions. In Sect. 3, we define the notions of extended F-contraction of
Hardy—-Rogers type, extended F-contraction of Suzuki-Hardy-Rogers type
and generalized F-weak contraction of Hardy—Rogers type. Using these con-
cepts, we prove new fixed point theorems in the setting of complete b-metric
spaces and we give some examples to illustrate the validity of the obtained
results. In Sect. 4, we present three different applications and in each one we
prove the existence and uniqueness of solutions for some classes of equations.
In the first application, we deal with functional equations arising in dynamic
programming. The second one concerns nonlinear Volterra integral equations.
The last application is devoted to the study of a boundary value problem for
the second-order differential equation.

2. Preliminaries

In this section, we recall some known definitions and results which will be
used in the sequel. Throughout this paper, we denote by N, R the sets of
positive integers and real numbers, respectively. We also write No = NU{0}.
Henceforth, X will denote a nonempty set and the Picard sequence of a self-
mapping T : X — X based on an arbitrary x¢ € X is given by z,, = Tx,—1 =
Tz for all n € N, where T™ denotes the n'"-iterates of T.

2.1. b-Metric spaces

In 1989, Bakhtin [3] introduced the concept of b-metric spaces as a generaliza-
tion of the metric spaces in the sense that the triangle inequality contains a
suitable constant s > 1 (see also Czerwik [13]). Since then, several published
papers have dealt with b-metric spaces and fixed point theory in the setting
of b-metric spaces (see, e.g., [1,2,6,8-10,16,32,34,42] and some related refer-
ences therein). For more details concerning some technical and useful tools
in the context of b-metric spaces, the reader may consult [1] and [32]. Note
that the topological framework of a b-metric space with the topology induced
by its convergence was studied in [2].
We will first recall the definition of a b-metric space.



Vol. 22 (2020) F-contractions of Hardy—Rogers type in b-metric spaces Page 3 of 44 86

Definition 2.1. (See [14]) Let X be a nonempty set and let s > 1 be a given
real number. A mapping o : X x X — [0,00) is said to be a b-metric if, for
all x,y,z € X, the following conditions hold:

(b1) o (z,y) =0 if and only if z = y;
(b2) o (z,y) = o (y, 2);
(b3) o (z,2) < slo(z,y) + 0 (y,2)]-

The pair (X, o) is called a b-metric space with constant s > 1.

It is obvious from the above definition that the class of b-metric spaces
is larger than that of metric spaces, since a b-metric space is a metric space
when s = 1 but the converse is not true. The following classical examples
illustrate this fact.

Ezample 2.2. (See [1,42]) Let (X,d) be a metric space and let the mapping
0q: X x X — [0,00) be defined by

oa(z,y) = (d(z,y))", forallzyeX,

where p > 1 is a fixed real number. Then (X, 04) is a b-metric space with
s=2r71

In particular, if X =R, d(z,y) = |z — y| is the usual Euclidean metric
and

gd(I,y):(If’y)Q, for all x,yGR,

then (R, 04) is a b-metric with s = 2. However, (R, 04) is not a metric space
on R since (b3) does not hold. Indeed,

04(—2,2) =16 > 8 =4+ 4 = 04(—2,0) + 74(0,2).

Ezample 2.3. (See [21]) Let X be the set of Lebesgue measurable functions
on [0, 1] such that

1
/ |f (z)* dz < oo.
0
Define D : X x X — [0,00) by

D(f,g>=/0 (@) — g (@) dr.

Then D satisfies the following properties
1. D(f,g)=0if and only if f =g,

2. D(f,9)=D(g.f), for any f,g € X,
3. D(f,9) <2(D(f,h)+ D (h,g)), for any points f,g,h € X.

Clearly, (X, D) is a b-metric space with s = 2 but is not a metric space. For
1
example, take f(x) =0, g(x) =1 and h(z) = 3 for all z € [0,1]. Then
1 1 1 1 1
D0, 1)=1>==-+4+-=D = D(=,1).
0=1>5=7+7=0(05)+0(51)

We present now the concepts of convergence, Cauchy sequence and com-
pleteness in b-metric spaces.
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Definition 2.4. (See [8-10]) Let (X, o) be a b-metric space. Then a sequence
{z,} in X is called

(a) convergent if and only if there exists x € X such that lim,,_,cc0 (24, )
= 0 and in this case we write lim,_, .2, = x;
(b) Cauchy if and only if limy, 1000 (@, Tm) = 0.

Definition 2.5. (See [8-10]) The b-metric space (X, o) is said complete if every
Cauchy sequence in X converges in X.

Remark 2.6. (See [8-10]) In a b-metric space, the following assertions hold:

(7) a convergent sequence has a unique limit;
(#i) each convergent sequence is Cauchy.

Lemma 2.7. (See [16, Lemma 2.1]) Let (X,0) be a b-metric space with con-
stant s > 1 and {x,}, {yn} two sequences such that lim, oz, = x, lim,
yn =y in (X,0). Then lim, 0 (Tn,yn) = 0 if and only if x = y.

It is worth recalling that a b-metric is generally not continuous (see,
e.g., [19, Example 3.3]). The following lemmas are very useful to manage this
problem.

Lemma 2.8. (See [1,23]) Let (X,0) be a b-metric space with constant s > 1
and {x,} be a convergent sequence in X with limx, = x. Then for each
y € X, we have

1
-0 (z,y) <liminf o (z,,y) < limsupo (z,,y) < so(x,y).
s

n—00 n— o0

Lemma 2.9. (See [32, Lemma 1.7]) Let (X,0) be a b-metric space with con-
stant s > 1 and let {x,} be a sequence in X such that

lim o (2, 2p41) = 0. (2.1)

n—0o0

If {x,} is not a Cauchy sequence in (X,o), then there exist € > 0 and two
sequences {m(k)} and {n(k)} of positive integers such that the following items
hold:

e < liminf o (xm(k.)?xn(k.)) < limsupo (xm(k),xn(k)) < sg
—00 k—o0
k—oo

< liminf o (2 k) Z(e)+1) < lilglsupg (T (k) Tn(ky+1) < 5765

< liminf < lims < s2¢:
= 11?302 o (xm(lc)+1axn(k)) S lgljglopa (me(k)+1,$n(k)) S s7g

IA D |lMmun | M

| ™

li]gioléfa (T (k)41 Tn(l)+1) < liznsupU (To(k)+15 Tngey 1) < s3€.

— 00

Inspired by the works in [30], we can state the following lemma.

Lemma 2.10. Let all the conditions of Lemma 2.9 be satisfied. Then there
exist € > 0 and two sequences {m(k)} and {n(k)} of positive integers such
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that the following items hold:

et < h]gri}lOI})fU (xm(k),xn(k)) < llinjolipg (wm(k),mn(k)) < s
< liminf <li < s%;
< liminfo (Zim(k)s Tky+1) < lglj;pﬂ (T (k) Tn(ry+1) < 5765

< lim inf <li < s%e;
< lllcfllloll o (xm(k)+1axn(k)) = lgljolipa (xm(k)+1,$n(k)) = 87E

IA |l Mmun | M

®,| o

li]giioféfU (T (k)+15 Tnr)+1) < lillfcﬂSUPU (T(k)+15 Tn(ry 1) < s3e.

Proof. If {x,} is not a Cauchy sequence, then there exist € > 0 and sequences
{xm(k)} and {xn(k)} of positive integers such that n (k) is the smallest index
for which n (k) > m (k) > k and o (Zp), Znay) > €. Due to (2.1), this
implies that o (:cm(k),xn(k)_l) < ¢ for all k£ > 1. Using the relaxed triangle
inequality (bs3), we have

o (Tmky, Tn(k)) < 50 Tk Tnge)—1) + 50 (Tnk)—1, Tn(r))
< s¢ + so (In(k)—lvgjn(k)) .

This leads to

1
2 (@m)s Tney) < €40 (@) -15Tnn)) -

Since o (:cn(k)_hxn(k)) > 0, then by taking limit superior as k — oo with
(2.1), we get

1
—Hmsup o (T (), Tr)) <€,
S k—oo
or, equivalently,
limsup o (xm(k), xn(k)) < set. (2.2)
k—o0
On the other hand, we have
1 1
% +o (mm(k),mn(k)) > T +¢e, forall k> 1.
Taking the limit inferior as k — oo, we have
im i >et. .
hl?l}ogfo. (Tm(k)s Tngr)) = € (2.3)

From (2.2) and (2.3), we obtain the first item of Lemma 2.10. Since the
remaining items are the same as in Lemma 2.9, the proof is completed. O

Remark 2.11. Taking s = 1 (the case corresponding to a metric space (X, d))
in Lemma 2.10, we find Lemma 2.2 in [30]. More precisely, the above items
become as follows:

khm d ((Em(k), (En(k)) = €+
and

Him d (2 (k415 Tnge)) = W0 d (@mr), Tniry 1)

k—o0

= linolod (iEm(k)—H’ In(k)-‘rl) =&

—

In 2015, An et al. [2] proved the following result:
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Proposition 2.12. (See [2, Proposition 3.11]) Let (X, o) be a b-metric space
with constant s > 1. If o is continuous with respect in one variable, then o
is continuous in other variable.

Obviously, we observe from the above result that if o is not continuous
with respect one variable, then o is not continuous in each variable (refer to
[2, Examples 3.9, 3.10].

We end this subsection by giving an example which illustrates some
preceding properties concerning b-metric spaces.

Ezample 2.13. Let X =[0,00). Let 0 : X x X — [0, c0) be a mapping defined
by

_ [ d(y), zy #0,
O—(x7y) - {4d(l‘,y) y LY = Oa
where d (z,y) = | — y|. Then the following hold:

(1) (X,0) is a complete b-metric space with constant s = 4.
(2) o is not a metric on X.
(3) o is not continuous in each variable.

Proof. (1) We start to prove that (X,o) is a b-metric space with constant
s = 4. Clearly, (b1) and (bs) are satisfied. For (b3), we can easily observe that
for any z,y € X,

d(z,y) <o(z,y) <4d(z,y). (2.4)
We consider then the following cases.
Case 1 Suppose that zy # 0. Then using (2.4), for any z € X, we obtain

o(z,y) =d(z,y) <d(zr,2)+d(zy)
<o(x,2)+o(zy) <4(c(x,2)+0o(z,y)).
Case 2 Assume that zy = 0. Also, through (2.4), we have for any z € X
o(z,y) =4d(v,y) < 4d (v, 2) +4d (2, y)
<4d(o(z,z)+0o(zvy)).

Next, since (X,d) is a complete metric space, the completeness of (X, o)
follows immediately from (2.4).
(2) Indeed, o is not a metric on X since we have

0(0,2)=8>5=4+1=0(0,1) +0(1,2).

1

(3) Let x,, = — for each n € N. We have
n

. 1 o4

limo(—,0)= lim—=0.
n—00 n n—oon
Then lim,, o2, = 0 in (X, o). On the other hand, we have

lim o (z,,1) =1#4=0(0,1).

This, together with Proposition 2.12, proves that ¢ is not continuous in each
variable. O
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2.2. F-contractions

Now, let us review some results concerning F-contractions related to the
existing literature. In 2012, Wardowski [46] introduced the notion of F-
contraction as follows:

Definition 2.14. (See [46]) Let (X, d) be a metric space. A mapping 7' : X —
X is said to be an F-contraction if there exist F' € F and 7 > 0 such that
for all z,y € X,

d(Tz,Ty) >0=7+F(d(Tx,Ty)) < F(d(z,y)), (2.5)
where F is the family of all functions F': (0,00) — R satisfying the following
conditions:

(Fy) F is strictly increasing, i.e., for all a, 8 € (0,00), if @ < 3, then

F(a) < F(B).

(Fy) For each sequence {a,,} of positive numbers, the following holds:
lim ,, = 0 if and only if lim F (a,) = —oc.

n—oo

(F3) There exists k € (0,1) such that lim,_g+a*F (a) = 0.

Remark 2.15. (See [46]) Let o > 0. Let the following functions Fj (a) = In«,

Fy(a) =lna+a, F5(a) = _T and Fy (o) = In (a2 + a). Then Fy, F», F3
a

and F, € F.

Remark 2.16. (See [46]) Clearly, if F is an increasing function (not necessary
strictly increasing), inequality (2.5) implies that T is a contractive mapping,
ie.,

d(Tz,Ty) <d(z,y), Vr,ye X, x#y.
Hence, every F-contraction is a continuous mapping.

Wardowski’s result is given as follows:

Theorem 2.17. (See [46, Theorem 2.1]) Let (X, d) be a complete metric space
and let T : X — X be an F-contraction. Then T has a unique fized point x*
and for every xg € X the sequence {T"x}, .y converges to z*.

Remark 2.18. (See [46]) Wardowski showed that T is a Banach contraction
[4] by taking F (o) = Ina in (2.5).

In [35], Secelean showed that condition (F») can be replaced by an
equivalent and more easier one (noted (F3): inf F = —o0). Afterwards, Piri
and Kumam [26] established Wardowski’s theorem using (F3) and the con-
tinuity instead of (Fy) and (F3), respectively. Later, Wardowski [47] proved
a fixed point theorem concerning F'-contractions when 7 is taken as a func-
tion. In this work, the author used a relaxed version of (F») and dropped
also condition (F3). In 2018, Lukédcs and Kajénté [23] extended Wardowski’s
theorem in the setting of b-metric spaces and omitted condition (F3). Very
recently, some authors proved (in different ways) the original results of War-
dowski without both conditions (Fy) and (F3) (see, e.g., [24, Remark 3.7],
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[30, Corollary 3.21 and Theorem 4.1]). It is also worth mentioning that many
others papers dealing with various types of F-contractions can be found in
the literature (see, e.g., [11,15,17,20,24,25,27-29,33,36-38,40,41,44,45] and

references therein).

2.2.1. F-contractions of Hardy—Rogers type. We present here various types
of F-contractions of Hardy-Rogers and some related works which will be
needed for stating our results in the sequel.

In 2014, Wardowski and Dung [48] proved the following result.

Theorem 2.19. (See [48, Corollary 2.5]) Let (X,d) be a complete metric
space. Assume that there exist T > 0 and F € F such that T : X — X
satisfies
d(Tz,Ty) >0=7+F(d(Tz,Ty)) < F (BE,{ (z,9)),
where
Bf (w,y) = ad (z,y) + bd (z, Tx) + cd (y, Ty) + e[d (z, Ty) + d (y, T)]

with a,b,c,e >0 and a+ b+ c+2e < 1. If T or F is continuous, then

(1) T has a unique fized point z* € X.

(2) For all x € X, the sequence {T"x} is convergent to x*.

Afterwards, Cosentino and Vetro [12] introduced a new notion, namely
the notion of F-contraction of Hardy—Rogers type given below.

Definition 2.20. (See [12]) Let (X, d) be a metric space. A self-mapping T on
X is called an F-contraction of Hardy-Rogers type if there exist F' € F and
7 > 0 such that for all z,y € X,

d(Tz,Ty)>0=717+F(d(Tz,Ty)) < F (Q%(x,y)) ,
where
Q4 (x,y) = ad (x,y) + Bd (z, Tx) + vd (y, Ty) + 6d (v, Ty) + Ld (y, Tx)
with a, 8,7,0,L >0, a+ [+ v+25 =1 and v # 1.
The authors in [12] obtained the following fixed point result.

Theorem 2.21. (See [12, Theorem 3.1]) Let (X, d) be a complete metric space
and let T : X — X be an F-contraction of Hardy—Rogers type. Then T has
a fized point. Moreover, if a +d + L < 1, then the fized point of T is unique.

Later, Vetro [43] proved some new results about F-contraction of Hardy—
Rogers type. Before enunciating these results, we need to introduce some no-
tations and definitions. Let us note S the family of all functions 7 : (0, c0) —
(0, 00) satisfying the following property:

liminf 7 (¢) > 0, for all n > 0.
t—nt
Let us consider also the following condition:

(F}): F is continuous on (0,00).
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Henceforth, we denote by § the set of all functions F': (0,00) — R satisfying
the conditions (F}), (Fz) and (Fj) and by F the set of all functions F' :
(0,00) — R satistying the conditions (F}) and (F3).

Vetro [43] generalized the notion of F-contraction of Hardy—Rogers type
as follows:

Definition 2.22. (See [43, Definition 3]) Let (X,d) be a complete metric
space. A self-mapping 7" on X is called an F-contraction of Hardy—Rogers
type if there exist F' € F and 7 € S such that for all z,y € X,

d(Tx,Ty) > 0= 7(d(z,y)) + F (d(Tz,Ty)) < F (QF(z.y)) ,
where o, 3,7,6, L >0, a4+ +~v+2=1,vy#1land a4+ 5+ L < 1.

Also, the author introduced the notion of F-contraction of Suzuki-
Hardy—Rogers type given below.

Definition 2.23. (See [43, Definition 3]) Let (X,d) be a complete metric
space. A self-mapping T on X is called an F-contraction of Suzuki-Hardy—
Rogers type if there exist F' € F and 7 € S such that for all z,y € X with
Tz # Ty,

520 (0. T0) < 0 (2,9) = 7 (d (2,9)) + F (d(Te, Ty)) < F (Q4(2.3)

where o, 3,7,6, L >0, a4+ +~v+2=1,vy#1land a4+ 5+ L < 1.
The first Vetro’s result is the following:

Theorem 2.24. (See [43, Theorem 1]) Let (X, d) be a complete metric space.
If T is an F-contraction of Hardy—Rogers type and F is continuous (i.e.,
F €5), then T has a unique fized point.

The second Vetro’s result (Suzuki-type version) is given as follows:

Theorem 2.25. (See [43, Theorem 2|) Let (X,d) be a complete metric space.
If T is an F-contraction of Suzuki—Hardy—Rogers type and F is continuous
(i.e., F €5F), then T has a unique fixed point.

Remark 2.26. In [43, Remark 3], Vetro proved that if (F}) is weaken to the
condition that F'is upper semicontinuous on (0, c0), then Theorem 2.24 holds
for the strict inequality a + 6 + L < 1.

Vetro established also the following corollaries.

Corollary 2.27. (See [43, Corollary 1]) Let (X, d) be a complete metric space
and let T be a self-mapping on X. Assume that there exist an upper semi-
continuous F' € F and T € S such that for all x,y € X with Tx # Ty,

7(d(2,y)) + F(d(Tz,Ty)) < F(Bd(z,Tx) +~vd (y,Ty))

where B,y € [0,00) satisfying B+~ =1 and v # 1. Then T has a unique
fized point in X.
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Corollary 2.28. (See [43, Corollary 3]) Let (X,d) be a complete metric space
and let T be a self-mapping on X . Assume that there exist a continuous F € F
and T € S such that for all z,y € X with Tx # Ty,

T(d(z,y)) + F(d(Tz,Ty)) < F(ad (z,y) + 8d (z, Tz) +d(y,Ty)) ,

where o, 3,7 € [0,00) satisfying a« + 8+~ =1 and v # 1. Then T has a
unique fixed point in X.

Consistent with [11] and [23], what follows is needed to deal with more
results concerning F-contraction of Hardy—Rogers type.

In 2015, Cosentino et al. [11] introduced the following condition (noted
(Fy) in [11, Definition 3.1]):

Let s > 1. If {ay,} C (0,00) is a sequence such that 7 + F' (say,) <
F (ay—1), for all n € N and some 7 > 0, then 7+ F (s"a,) < F (s”_lan,l ,
for all n € N.

In the same context, Lukdcs and Kajanté [23] defined a new class of
functions (noted F ) satisfying an easier condition than (Fy). Their defini-
tion is given below.

Definition 2.29. (See [23, Definition 2.7]) Let s > 1 and 7 > 0. We say that
F € F* belongs to F , if it is also satisfies

(Fs,r) ifinf FF = —o0 and z,y,z € (0,00) are such that 7 4+ F (sz) <
F (y) and 7 + F (sy) < F (2) then

T+ F(s’z) < F(sy),

where F* is the set of all functions F : (0,00) — R satisfying the conditions
(Fl) and (Fg)

Next, the authors in [23] introduced the notion of F-weak contraction
of Hardy—Rogers type in the setting of b-metric spaces as follows:

Definition 2.30. (See [23, Definition 5.1]) Let (X, o) be a b-metric space with
constant s > 1, a,b,c,e, f > 0 real numbers and T : X — X an operator.
If there exist 7 > 0 and F' € F; » such that for all z,y € X the inequality
o (Tz,Ty) > 0 implies
T+ F(so (Tx,Ty)) < F (A7 (z,y)),
where
A7 (z,y) = ao (z,y) + bo (z,Tx) + co (y,Ty) + eo (2, Ty) + fo (y,Tx),

then T is called an F-weak contraction of Hardy—Rogers type.

In [23], Lukdcs and Kajanté showed that if F' is an increasing function,

then (F, ) is equivalent to (Fy) (see [23, Proposition 2.8]) and proved the
fixed point result below.

Theorem 2.31. (See [23, Theorem 5.2]) Suppose that (X,0) is a b-metric
space with constant s > 1 and T : X — X is an F-weak contraction of
Hardy-Rogers type. If either a+b+c+(s+1)e <1 ora+b+c+(s+1)f <1
holds, then every xg € X, the sequence x,4+1 = Tx, converges to a fized point
of T. Moreover, if a + e+ f < s holds as well, then T has exactly one fized
point.
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3. Main results

In this section, we essentially improve (and/or) extend the aforementioned
results: Theorem 2.24, Theorem 2.25, Remark 2.26 and Theorem 2.31 in the
setting of b-metric spaces. It is worth mentioning that in our following results,
the b-metric need not to be continuous.

For convenience, we set

Fe={F:(0,00) = R: F is nondecreasing continuous function} .
Let w > 1 be a given real number. We denote by S,, the family of all functions
7:(0,00) — (0, 00) which satisfy the following condition:

lirtn inf 7 (t) >0, where r € [n*,n"w], for all n > 0. (AL)

Remark 3.1. Obviously, if w = 1, condition (A4,) becomes as follows:

lim iIifT (t) > 0, for all n > 0. (Ay)
t—n

Henceforth, we denote by S; the set S, when w = 1. Clearly, we have
S, C 8.

-1
91: +1°
Clearly, G € F. but it does not satisfy condition (F3). Indeed, if o, = —,n €

n

Ezample 3.2. Let the following function G : (0,00) — R, G (z) =

N, we have lim,,_, o, = 0 and lim,, oG (a,,) = —1 # —o0. More precisely,
we have § CF,.

Ezample 3.3. (See [40, Example 2.2])

(a) Let 7 > 0 be a fixed real number and 7 (t) = 7 for all ¢ € (0, 00).
Then 7 € S,,.

(b) Let 2 (t) =In (1 +¢) for all ¢ € (0,00). Then 75 € S,

(c) Let 73 (t) = ot for all t € (0,00), where ¢ > 0. Then 73 € S,,,.

Remark 3.4. Since 1o ¢ S, it is easy to see that S C S.

Motivated by the works in [23] and [43], we refine the notions of F-
contraction of Hardy-Rogers type, F-contraction of Suzuki-Hardy—Rogers
type and F-weak contraction of Hardy—Rogers type by introducing new no-
tions in the context of b-metric spaces, namely the notions of extended F-
contraction of Hardy—Rogers type, extended F-contraction of Suzuki-Hardy—
Rogers type and generalized F-weak contraction of Hardy—Rogers type.

Before stating and proving our main results, we start to prove the fol-
lowing useful lemma (see also the works in [30] and [39]).

Lemma 3.5. Let k > 1 be a given real number. Let {t,,} C (0,00) be a se-
quence and let ¢,1 : (0,00) — R be two functions satisfying the following
conditions:

(1) ¥ (5 tn) < 6 (ta_1), for all n € N;

(#i) v is nondecreasing;

(7i1) ¢ (t) < (¢), for allt > 0;
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() limsup,_,,+ ¢ (t) < (n*), for all n > 0.
Then lim,,_, oot,, = 0.
Proof. First, we note that the right limit of ¢ exists since ¥ is nondeceasing.
Through (7) and (éi7), we have

Y (Ktn) < ¢ (tn—1) < (tn—1), foralln e N.
Taking into account condition (i7), it follows that
Ktp < tn_1, foralln e N.

As k > 1, the last inequality implies that {¢,} is a strictly decreasing sequence

of positive numbers. Hence, there exists r > 0 such that

lim ¢, =rt.

Now, we show that r = 0. Arguing by contradiction, we assume that r > 0.
Again by (7) and (i¢), we have
Y (tn) < ¢ (tp—1), forallneN. (3.1)

Taking the upper limit as n — oo in (3.1), we get

¥ (r7) = lim ¢ (tn) < limsup ¢ (t,—1) < limsup ¢ (t),

n—oo t—rt

which contradicts (iv). Thus, r = 0, that is, lim, ct, = 0. O

We prove now the following proposition which plays an important role
in the proofs of our results.

Proposition 3.6. Let (X, 0) be a b-metric space with constant s > 1 and let A
be a given real number such that1 < X\ <s. LetT : X — X be a mapping and
{zn} the Picard sequence of T based on an arbitrary xo € X. Assume that
there exist a mondecreasing function F' and 7 € S such that for all z € X
with Tz # T2z,

7(0(2,T2)) + F (Ao (Tz,T?2))

< F((d1+d2)o(2,Tz) + dso (Tz, Tzz) + dyo (z, Tzz)), (P)
where dy,ds, ds, ds are nonnegative real numbers satisfying
d1+d2+d3+2d4s:%andd37§3 (D)
Then lim,, o0 (2, Tpy1) = 0.
Proof. Let us put o, := o (zy, Tpy1). If ©, = x,41 for some n € Ny, the

proof is immediately finished. Hence, we assume that
ZTp F# Tni1, forall n € No.

This means that Tx,,_1 # T%x,_; for all n € N. Applying the inequality (P)
with z = x,,_1, we have for all n € N

T(on—1) + F (Noy)

2
< F((dy + do) 0nr + dsom + dao (Tn1,Tns1)) - (3:2)
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Using the relaxed triangle inequality (bs), we get
0 (Tn-1,Znt1) < $(0pn-1+0,), forallneN.
So, (3.2) turns into
T(On-1)+ F (Aop)

< F((dy +ds+ dys)op—1 + (d3 + dys)op), forallneN. (3:3)
Since F' is nondecreasing and 7 (t) > 0,Vt > 0, it follows that
Aoy, < (dy +do 4+ dys) op—1 + (d3 + dys) o, for all n € N.
This implies that
(A—d3 —dyss) o, < (di +da +dys)o,_1, forallneN. (3.4)
Since
A
)\—dg—d482 ;—dg—d48,
inequality (3.4) gives
A
(S —dz — d45> o, < (d1 +doy + d48) On_1, foralln € N. (35)
. A A
Since dy + do + d3 + 2dys = — and d3 # —, we get
s s
A
- — d3 — d48 > 0.
s
Therefore, inequality (3.5) yields
di+dy+d
o, < wan,l =o0,_1, forallméeN. (3.6)
A
g — d3 — d48

As F is nondecreasing, then by substituting (3.6) into (3.3) and using again
A
dy + do + ds + 2dys = S with 1 < X\ < s, we obtain

F()\O’n) <F ((d1 +dy + d48) On_1+ (d3 + d48) O’nfl) — T(Unfl)

=F (20n1> —7(0n-1) (3.7)
< F (Unfl) - T (O—nfl) .
This leads to
F(\o,) < F(op-1)—7(0p—1), forallneN. (3.8)

Taking ¢ (t) = F (¢t) and ¢ (¢t) = F (t) — 7 (¢) for all ¢ € (0,00), inequality
(3.8) can be written in the following form:

Y (Aop) < ¢(op_1), forallmeN.

As F is nondecreasing, then in view of the last inequality and using the fact
that 7 € S; (i.e., (A1) holds), it is easy to see that all the conditions of
Lemma 3.5 with (x = A > 1) are satisfied. Thus, lim, .0, = 0 and the
proof is finished. O
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Remark 3.7. As in [43, Proposition 1, inequality (6)], Proposition 3.6 also
furnishes that the sequence {0, } is a strictly decreasing (see inequality (3.6))
when o,, > 0, for all n € Nj.

Remark 3.8. Proposition 3.6 extends and improves [43, Proposition 1]. In
fact, taking s = 1 (which yields A = 1 as well) in Proposition 3.6 (it corre-
sponds to the case of metric spaces), we find [43, Proposition 1]. Moreover,
condition (Fy) from [43, Proposition 1] is omitted. Otherwise, for the func-
tion 7, we have used the condition that 7 € S; instead of the condition that
7 € S. This is a slightly weaker condition since S C &;. In addition, we also
change the condition that F' is strictly increasing from [43, Proposition 1]
into the weaker condition that F' is nondecreasing (i.e., the strictness of the
monotonicity of F' is not necessary).

3.1. Extended F'-contraction of Hardy—Rogers type
In this subsection and for the sake of readability, we present our results
gradually to point out the different techniques used in some steps of our
proofs in the case where the only omitted condition is (F3) and in the case
where we assume only the condition that F' is nondecreasing.

Let (X,0) be a b-metric space with constant s > 1. Throughout this
subsection, we denote, for all z,y € X,

QT (v,y) = ao (x,y) + Bo (z,Tz) + o (y,Ty) + 6o (z,Ty) + Lo (y,Tz),

where «, 3,7, 9, L are nonnegative real numbers. If s = 1, we write Q% (x,y)
instead of Q% (z,y), where d is a metric on X.
We begin this subsection with the following definitions.

Definition 3.9. Let (X, o) be a b-metric space with constant s > 1. A mapping
T:X — X is said to be an extended F-contraction of Hardy—Rogers type if
there exist F': (0,00) — R and 7 € S, such that for all z,y € X,

o(Tx,Ty) >0 =7 (0 (2,y)) + F (0 (T, Ty)) < F(Q7(z,y)) . (3.9)

Remark 3.10. If F' is nondecreasing, it is easy to see from Definition 3.9 that
every T which is an extended F-contraction of Hardy—Rogers type satisfies
the following condition

o(Tz,Ty) < Q7 (z,y), (3.10)
for all z,y € X with Tz # Ty.

Consistent with [43], we give analogously the definition of an extended
F-contraction of Suzuki-Hardy—Rogers type in b-metric spaces.

Definition 3.11. Let (X, o) be a b-metric space with constant s > 1. A map-
ping T : X — X is said to be an extended F-contraction of Suzuki—Hardy—
Rogers type if there exist F' : (0,00) — R and 7 € S, such that for all
x,y € X with Tz # Ty,

%0 (,Tz) <o (x,y) = 7(0(x,9) + F (0 (T2, Ty)) < F(QT(2,y)) .
(3.11)



Vol. 22 (2020) F-contractions of Hardy—-Rogers type in b-metric spaces  Page 15 of 44 86

Remark 3.12. If F' is nondecreasing, it is easy also to see from Definition 3.11
that every T' which is an extended F-contraction of Suzuki-Hardy—Rogers
type satisfies the following condition:

o(Tz,Ty) < Q7 (z,y), (3.12)
1
for all z,y € X with Ta # Ty and 247 (x,Tx) < o (z,y).

Now, we are ready to state and prove our main results. The following
theorem is one of them and it is an extension and an improvement of Theorem
2.24.

Theorem 3.13. Let (X, 0) be a complete b-metric space with constant s > 1
and T : X — X an extended F-contraction of Hardy—Rogers type with F €
Fe. Suppose that either (H}) or (HZ2) holds, where

1 1
(H3) a+5—|—'y+2(55:; and’y#g,
1 1
(H?) a+ﬁ+7+2Ls:; andﬂ;«ég.

Furthermore, we assume that s2a+s® (5 + L) < 1. Then T has a unique fized
point x* and for every xo € X the sequence {T"xo}, oy converges to x*.

Proof. First, we will show that T has at most one fixed point. Assume that
z* and y* are two distinct fixed points of T, that is, Tax* = z* # y* = Ty*.
Then
o(Tz*,Ty") =0 (z*,y") > 0.
1. fa+d+ L >0, from (3.9) (with z = 2* and y = y*), we obtain
T(o (@ y") + F(o(zy") < Flla+d+ L)o(z%,y"))
< F((s*a+5s°(0+ L) o (z",y"))
< Flo(27,y7)).
The last inequality yields 7 (o (z*,y*)) < 0, which is a contradiction.
2. fa+6+ L =0, from (3.10) (with x = z* and y = y*), we have
o(x*,y") < Q7 (x",y")=(a+d+ L)o (z*,y") =0,
which is a contradiction.

Thus, in both cases, we get a contradiction. Hence, T" has at most one fixed
point.

Next, we prove the existence of a fixed point. Let {z,} be the Picard
sequence based on an arbitrary xg € X. If there exists ng € Ny, such that
Tpy = Tno+1, then x,, is the fixed point of T and the proof is completed. If
Ty # Tpy1, for all n € Ny, we have

On =0 (Tn,Tnt1) =0 (Txp_1,Tx,) >0, forallneN. (3.13)

From the hypothesis of the theorem, we consider the following cases:
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Case 1 1f (’Hi) holds. Owing to (3.13), we can apply the contractive condition
(3.9) with = x,,_1 and y = x,,. Hence, we get for all n € N

T(o(Tpn_1,2n)) + F (0 (Txp_1,Txy))

< F((a+B) o (xn_1,20) +70 (2n, T2n) + 60 (2n_1,Tx,)). (3.14)

Putting z,_; = 2z in (3.14) and using the fact that
Tz=Try_1 =Ty # Tni1 = T?x,_ 1 =T?z,

the inequality (3.14) turns into (P) with d; = «, da = 8, d3 =, dg = ¢ and
A = 1. Therefore, by virtue of (S,, C &) and Proposition 3.6 with A = 1, we
have lim,,_, 0, = 0.

Case 2 If (H?) holds. From (3.13), we can also apply (3.9) with = = z,, and
Y = Tp—1. S0, using the symmetry condition (bs2), we get for all n € N

T(o(Tp-1,2n)) + F (0 (Txp_1,Txy))

S F((Oé + 7) g (xn—la xn) + ﬁO’ (Z‘n, Txn) + LU (xn—la Txn))- (315)

Similarly, as in Case 1, inequality (3.15) turns into (P) with d; = «, d2 =7,
ds = 3, dy = L and A = 1. Again, according to Proposition 3.6 with A = 1,
we have lim,,_ .0, = 0.
Consequently, in both cases, we obtain

lim o, = lim o (zp,2n41) =0. (3.16)
Now, we prove that {z,} is a Cauchy sequence. Suppose on the contrary,
i.e., {z,} is not a Cauchy sequence. Then from (3.16) and the first item of
Lemma 2.10, there exist € > 0 and two sequences {m(k)},{n(k)} of positive
integers such that

et < lilgn inf o (:z:m(k),a:n(k)) < liin sup o (xm(k),xn(k)) < se™T.
— 00 — 00

Thus, we infer that there exists ky € N such that {U (xm(k),xn(k))} is
bounded for all k& > kg and thereby it has a convergent subsequence. It
follows that there exist a real number [ and a subsequence {k (p)},s, of
{k} >, such that

lim o (Zom(k(p))» Tnr(e))) = | (3.17)

p—00
with

* <liminf <1< < set.
0<e = 11612{.1‘} g (l‘m(k),l‘n(k)) S l S limsup o (a:m(k),a:n(k)) S s€

k—o0
(3.18)
On the other hand, using (b3), we get for all p > ko

7 (Zm(k(p))s Tn(k(p)))

< 50 (T k() Tmk(p))+1) F 5T (T(h(p))+1> Tn(k(p)))

< 50 (Tm(k(p)» Tm(h(p))+1) + 570 (Tm(k(p)) 415 T (k(p)+1
+870 (Tn(k(p) Tn(k(p)+1

= 80m(k(p)) T 520 (Tm(k(p))+1> Tn(k(p))+1) T 52 Tn(k(p)-
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This leads to
o (fll?m(k(p)m, Tn(k(p))+1)
> 5 (0 (@mie)s Tntko)) = 5Tmr) ~ 520nkimn)

for all p > k.
Taking the lower limit as p — oo in (3.19) and using (3.16), we obtain

- l
liminf o (:L’m(k(p))+1,xn(k(p))+1) > - (320)

p—00 S

(3.19)

Consequently, there exists N > kg such that

T (T k) TTn(kp))) = O (Tm(k(p)) 41> Tnik(p))+1) > 0, for all p Z(N- |
321

For convenience, we set

ap = 0 (Tm(k(p)) Tn(k)  bp = O (Tom(h(p)+1: Tn(k)41) »

ep = 0 (Tmre)) Tnk@)+1) o = O (Tn(k(e)) Tm(kp))+1) -
Therefore, it follows from (3.21) that the contractive inequality (3.9) can be
applied with x = z,,,(x(p)) and y = xy,(x(p)). Hence, for all p > N, we have

7 (ap) + F (bp) < F (Qay + Bomi(p)) + Y0n(k(p)) + 0¢p + Ldy) -
Using (b3), the monotonicity of F and s« + s (§ + L) < 1, we get

T (ap) +F (bp)
<F((a+s@+L)ay+ (B+5L) Oy + (7 + 56) Oni(p)))

1
<F <32ap + (B4 L) Omipy) + (7 + 50) Onire) ) 5

for all p > N.

Now, combining the above inequality with (3.17) and (3.20) through the
fact that F' € F., we obtain the following chain of inequalities

liminf r (£) + F (l>

t—1 82

<liminf 7 (a,) + F l>

p—00 32

<liminf7 (a,) + F | liminf b,

= liminf 7 (a,) + liminf F (b,) = liminf [7 (a,) + F (bp)]
p—00 p—00 p—00

. 1
< pll}noloF (szap +(B+sL) Om(k(p)) T (v + s9) Un(k(p)))

l
()
Having in mind (3.18), the preceding inequality implies that
lirgnilnfr(t) <0, where l¢€[et,ets],

which is a contradiction with (A,) (n =& > 0, w = s > 1). This contradiction
shows that {z,} is a Cauchy sequence. By completeness of (X,0), {z,}
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converges to some point z* in X, that is,
lim o (x,,2") = 0. (3.22)

n—oo
Finally, we show that x* is a fixed point of T', that is, Tx* = x*. Assume on
the contrary, i.e., o (x*,Tz*) > 0. Then through (3.22), there exists ng € N

such that
o (x*, Tx*)

Y Vn > no. (3.23)

o (xn,x*) <
On the other hand, by (b3), we have
o(x*,Tx*) < so(x*,Tay) + so (Txy, Tx™). (3.24)

Using (3.23), inequality (3.24) yields

o(Tx,, Tx*) > — (o (", T2z") — so (x™, Tx,))

o(z*,Tz") — o (2", Zpn11) (3.25)

_ o, T
- 2s

Q |~ ®»|F

>0,

for all n > ng.
Taking into account (3.25), we can apply (3.10) with = z,, and y = x*.
Hence, for all n > ng, (3.24) gives
o(z*,Tx*) < so (z*,Txy,) + so (Tx,, Tx™).
< so (%, Txy) + sao (xn, x") + sfo (xn, Txy)
+ syo (2%, Tx™) + sdo (xn, Tx*) + sLo (x*, Ta,)
=s(1+4+L)o (2% xpy1) + sao (g, z%)
+ sf0 (xn, Txy) + séo (v, Tx*) + syo (x*, Tx").
The above inequality leads to
(I=sy)o(x*,Tx*) <s(1+L)o (z",2p11) + sSao (xy,z")
+ 500 (T, Tx™) + sB0 (xn, Txy), (3:26)

for all n > nyg.
Taking the limit superior as n — oo in (3.26) and using Lemma 2.8,
(3.16) and (3.22), we get

(1—sy)o (z*,Tx*) < s%60 (2%, Tx*). (3.27)
In a similar way, we can also apply (3.10) with z = z*, y = x,, and we obtain
(1—sB)o (z*,Te*) < s?Lo (z*, Tx*). (3.28)

Again, according to the hypothesis of the theorem, we consider the following
cases:

1
Case 1 If (H;) holds. In this case, we have 1 — sy > 0 and v+ s6 < —.
s

Consequently, (3.27) implies that
526

o, Tx") < ——o («", Tx™) < o (2", Tx"),

(@ To") € T o (6. Te) <o (@ T3)

which is a contradiction.
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1
Case 2 If (Hf) holds. In this case, we have 1 — s3 > 0 and § + sL < —.
s

Hence, (3.28) yields

s2L

o(x"\Tx*) < ———0c (2", T2x") <o (z*,Tz"),
(@ T5') € fso (@7, Ta") <0 (07 Ta)
which is a contradiction. Therefore, whether (H!) or (H?) holds, we obtain
a contradiction. So, we have Tz* = x* and this completes the proof of the

theorem. ]

Remark 3.14. By inspecting the proof of Theorem 3.13 and taking into ac-
count Remark 2.11, we observe that if s = 1 (its corresponds to the case
of metric spaces), it suffices to use the condition that 7 € Sy instead of the
condition that 7 € S,,.

In the sequel, (Hi) and (Hg) denote the hypotheses given in Theorem
3.13. Also, if s =1, (H}) and (H?) are noted (H]) and (H3), respectively.

Remark 3.15. Theorem 3.13 extends and greatly improves Theorem 2.24.
Actually, by taking s = 1 in Theorem 3.13 with the hypothesis (H%), we
recover Theorem 2.24. In addition, we show that Theorem 2.24 can be proved
also through the hypothesis (H%) Moreover, condition (F») from Theorem
2.24 is omitted and the condition that 7 € S is weaken to the condition
that 7 € Sy (see Remark 3.14). Besides these, we have shown implicitly from
the proof of Theorem 3.13 that the strictness of the monotonicity of F' and
liminf;_,o+7 () > 0 are superfluous conditions for all s > 1.

If s = 1, then by taking 6 = L = 0 in Theorem 3.13 and taking into
account Remark 3.14, we obtain the following result.

Corollary 3.16. Let (X,d) be a complete metric space and let T be a self-
mapping on X. Assume that there exist F € F. and T € S1 such that for all
x,y € X with Tx # Ty,

7(d(z,y)) + F(d(Tx, Ty)) < F (ad (z,y) + fd (z,Tz) +vd (y, Ty)) ,

where «, 3,7 € [0,00) satisfying « + 3+~ =1 and v # 1. Then T has a
unique fized point x* and for every xo € X the sequence {T"xo},, o converges
to x*.

Remark 3.17. Corollary 3.16 improves Corollary 2.28. Indeed, condition (F3)
from Theorem 2.24 is deleted and the condition that 7 € S is weaken to the
condition that 7 € &;. In addition, Corollary 2.28 remains true without the
strictness of the monotonicity of F.

Remark 3.18. Corollary 3.16 generalizes and improves [26, Theorem 2.1]. In
fact, by taking & = 1,8 = v = 0 in Corollary 3.16 and 7 (t) = 7 > 0 for
all t € (0,00), we find Theorem 2.1 of Piri and Kumam [26]. Corollary 3.16
shows that condition (F3) can be omitted from [26, Theorem 2.1]. Besides
these, the strictness of the monotonicity of F' is not necessary.

The following example illustrates the usability of Theorem 3.13.
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Ezample 3.19. Let X =[0,7]. Let T : X — X be a mapping given by

7, if z €)0,7],
6, ifx=0.

Let 0 : X x X — [0,00) be the mapping defined by

Tx =

o(z,y)=(x—y)?, forallzyecX.
By Example 2.2, (X, 0) is a complete b-metric space with constant s = 2.
First, we observe that
o(Tz,Ty)=1>0«< [(z €]0,7Ay=0)V (y €]0,7 Az =0)].

Let =,y € X and denote
1 1 1
M (‘T7y) = gd (x,y) + gO’ (yaTy) + EO— (Iva) .
Now, we consider the following cases:
Case 1 If x €]0,7] and y = 0. In this case, we obtain

s@o0) 1 a9 1_ 1
294 o(Tz,T0)+1 — 294 2 3
S B
36 1 o (0,70) (3.20)
- M (z,0)
- 1
M (x,0)+1
Case 2 If y €]0,7] and « = 0. In this case, we get
c0p) 1 a9 11
294 o(T0,Ty)+1 ~294 2 3
16 16
ST o001y
1 (3.30)
- M(0,y)
1
M (0,y)+1°

From (3.29) and (3.30), we deduce
o (z,y) 1 1

<= )
204 o(Tz,Ty)+ 1 M (z,y)+1
for all z,y € X with o (Tz,Ty) =1 > 0.
t
Therefore, by choosing F (t) = 17 (t) = 297"
we see that T is an extended F-contraction of Hardy—Rogers type with a =

1 1 1
-y ==-,0 = 6’ B8 =L =0 and all the conditions of Theorem 3.13 (with

for all ¢t € (0, 00),

(H?)) are satisfied. Hence, T has a unique fixed point z* (here z* = 7).

S

Notice that F' does not satisfy condition (F») and 7 ¢ S.
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The following example shows that Theorem 3.13 greatly improves The-
orem 2.24.

Ezample 3.20. Let X = [10,20] be endowed with the euclidean metric d = |.|
and T : X — X a mapping defined as follows:

{ 20, if = €]10,20],

Te=1310, ifz=10.

Obviously, T is not an F-contraction since 7' is not continuous (see Remark
2.16).
Let z,y € X and denote
1 1
D(x,y) = §d (x,Tz) + Ed (y, Tx).
First, we have
d(Tz,Ty) =1>0<« [(x =10 Ay €]10,20]) V (y = 10 A z €]10,20])] .

Second, T is an extended F-contraction of Hardy-Rogers type. In fact, we
distinguish the following cases:
Case 1 If (x = 10 Ay €]10,20]) . In this case, we get

1 11
L+ D (10,9) > 1+ 5d (10,T10) =

(10,
> ((20y)> (1+d(T10,Ty)).
Case 2 If (y = 10 A z €]10,20]) . In this case, we obtain

1 10
1+ D (x,10) > 1+Zd(107Tm) =7

> (d (2’010) + 1) (1+d(Tx,T10)).

In view of the above cases, we deduce that
d

20
By passing to logarithms, we get
7(d(z,y)) + F(d(Tz,Ty)) < F (D (2,y))

+ 1) (14+d(Tz,Ty)).

t
where F'(t) =In(t+ 1) and 7 (t) = In <20 + 1>, for all t € (0, 00).

Consequently, T' is an extended F-contraction of Hardy—Rogers type
1 1
with 8 = 3 L= 1 and a =y = § = 0. Then we conclude that Theorem 3.13

holds true (with (H?)) and z* = 20 is the unique fixed point of 7. On the
other hand, Theorem 2.24 is not applicable in this case since a4+ 3+v+26 =

1
—# 1,7 ¢S and F does not satisfy condition (F3).
2

The following example shows that Corollary 3.16 improves Corollary
2.28.
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Ezample 3.21. Let X = [0,10] be endowed with the euclidean metric d = |.|
and T : X — X a mapping given by

{10, itz €]o,10],
Tx_{g, if z = 0.

First, since T is not continuous, 7" is not an F-contraction by Remark 2.16.
Let z,y € X and denote

G (r,9) = 5 [ (2,9) + d (&, Tw) + d (3, Ty)].
On the one hand, it easy to see that
d(Tz,Ty)=1>0<[(x €]0,10] Ay =0) V (y €]0,10] Az = 0)].

On the other hand, in both cases [(x €]0,10] Ay = 0) V (y €]0,10] A z = 0)],
we have

1+G(2,y) =21+ éd(O,TO) =4.

=2(d(Tz,Ty)+1).
Consequently, we obtain
7(d(z,y)) + F (d(Tz,Ty)) < F (G (2,y))

for all x,y € X and o (Tz,Ty) = 1 > 0, where 7(¢) = In(2) and F (¢) =
In(t + 1), for all t € (0, 00). Hence, we claim that all the conditions of Corol-
lary 3.16 are fulfilled with a = = v = % So, T has a unique fixed point
(which is 10). However, Corollary 2.28 can not be applied since F' does not
satisfy condition (Fj).

Our second result is devoted to prove a fixed point theorem concerning
an extended F-contraction of Suzuki-Hardy—Rogers type in the setting of
b-metric spaces. The following theorem is an extension and an improvement
of Theorem 2.25.

Theorem 3.22. Let (X, 0) be a complete b-metric space with constant s > 1
andT : X — X an extended F'-contraction of Suzuki—-Hardy—Rogers type with
F € F.. Suppose that either (H;) or (H?) holds. Furthermore, we assume

that s>+ 83 (§+ L) < 1. Then T has a unique fived point x* and for every
xo € X the sequence {T"xo}, oy converges to x*.

Proof. First, we show that 7" has at most one fixed point. Assume that z*
and y* are two distinct fixed points of T', that is, Ta* = x* # y* = Ty*. So,
we have
o (Ta",Ty") = o (z",y") >0,

which implies that

1
247 (", Tz*)=0<o(z",y"). (3.31)
s

Therefore, through the contractive inequalities (3.11) and (3.12), the unique-
ness of the fixed point is obtained similarly as in the proof of Theorem 3.13.
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Let {x,} be the Picard sequence based on an arbitrary zo € X. As in
the proof of Theorem 3.13, without loss of generality, we can assume that
Ty # Ty for all n € Ny. Thus,

On =0 (Tn,Tpy1) =0 (zn, Tx,) > 0.

Hence,

1

Py (X, Tan) < 0 (xn, Ty .
S

In addition, we have also

Tz=Tx, =Tpi1 # Tpyo = T2z, = T?2.

Then following the same steps as those used in the proof of Theorem 3.13,
we get according to the case (H;) (respectively, (Hg))7 that the contractive
inequality (3.11) with = x,, and y = Tx,, (respectively, with « = Tx,, and
Yy = x,) turns into (P) with z =2,, A=1anddy = «a,ds = (3,d3 =7,dys = ¢
(respectively, dy = «, do = 7, d3 = (3, dy = L). Accordingly, by Proposition
3.6 with A = 1, we obtain

lim o, =0 (3.32)

n—oo
and {0, } is a strictly decreasing (see Remark 3.7).

Now we claim that {z,} is a Cauchy sequence. We argue by contradic-
tion by supposing that {x,, } is not a Cauchy sequence. By (3.32) and having in
mind the process of proof of Theorem 3.13, there exist € > 0, ky € N and two
subsequences {xm(k(p))}p>k0 , {xn(k(p))}p>k0 of positive integers such that

lim o (Zm(k(p))» Tnk(p))) = b (3.33)

p— 00

where 0 < et <[ < set.
Again, as in the proof of Theorem 3.13, there exists IV > kg such that

o (TZm(k(p))> TTn(k(py)) >0, forall p > N. (3.34)
On the one hand, from (3.33), there exists pg > ko such that

z
o (@mkm): Tnkm) 2 50 for all p = po.

On the other hand, by (3.32), there exists p; > ko such that

l
O (T (k(p)> Trmk(p))+1) < 3 for all p > py.

Thus, setting p; = max {pg, p1}, we obtain

1 1
557 @m0 TZm(r)) = 520 (Ems)s Tmis(r)+1)

l

l
Is < 3 <o (xm(k(p)%xn(k(l’)))’

(3.35)

IN

for all p > po.

Consequently, in view of (3.34) and (3.35), the contractive condition
(3.11) can be applied with & = T, ((p)) and y = Ty () for all p > p3 =
max {N, p2 }. Hence, following the same method as the one used in the proof
of Theorem 3.13, we find a contradiction. In other words, {z,} is a Cauchy
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sequence. As (X, o) is complete, {x,} converges to some point z* in X, that
is,

lim o (2,,2") = 0.
n—oo

Next, we show that x* is a fixed point of T', that is, Tx* = z*. Assume on

the contrary, i.e., o (z*,Tz*) > 0. We now prove that, for every n € N
1 1
520 (o, Tin) < 0 (0, 2°) 08 50 (T, T%0,) < 0 (T, %) (3.36)
S S

Arguing by contradiction, we assume that there exists m € N such that

1 1
—0 (X, Tx) > 0 (T4, ) and 237 (Txm,Tme) >0 (Txpy, ).
5

2s
(3.37)
Using (b3) and (3.37) with the fact that {0, } is a strictly decreasing, we get

0 (X, Txm) < $0 (X, ™) + so (2%, Tam)

< o (zm,Txm)+ %0’ (Txm,Tme)

=N =

1
< =0 (X, Txm) + Pl (T, TTm)

\V]

=0 (xm, Txm).

This is a contradiction. Hence, (3.36) holds. Through the same arguments as
those used in the proof of Theorem 3.13, it follows that there exists n; € N
such that

Tx* *
o (Tan, Tz*) > % >0 (3.38)
and
T * *
o (T%x,, Ta") > % >0, (3.39)

for all n > n;.

Therefore, from the proof of Theorem 3.13, the first case in (3.36) (re-
spectively, the second case) with (3.38) (respectively, (3.39)), allow us to
apply (3.12) with (z = z,, y = «* or x = 2%, y = x,) (respectively, with
(x =Txp,y=2a" orx=za* y="Tax,) for all n > n;. Hence, in a similar way
as in the proof of Theorem 3.13, we arrive at a contradiction. So, Tx* = z*
and the proof is completed.

Remark 3.23. Due to the same reasons mentioned in Remark 3.15, Theorem
3.22 extends and greatly improves Theorem 2.25.

Remark 3.24. By taking s = 1 with « =1, =~ =§ = L = 0 in Theorem
3.22 and taking into account the same arguments as those given in Remark

3.18, we recover, generalize and improve Theorem 2.2 of Piri and Kumam
[26].

The following example shows that Theorem 3.22 greatly improves The-
orem 2.25.
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Ezample 3.25. Let X = {0,3,7} be endowed with the metric d defined by
d(z,y) = |x —y| for all z,y € X. Also define the mapping T': X — X by
T0)=T3)=3and T (7)=0.

Clearly, we have

(x=0Ny="7)V(x=TAy=0)

dTz,Ty)=3>0% V@E=3Ay=T)V(@=TAy=3)| (3.40)
On the other hand, in each of the above cases (3.40), we obtain
1
id(:r,Tx) <4 <d(z,vy),
and yields
d d
< d(z,y) + 3d (z,y) (3.41)
8 4
d
I (;:,y) < Z(x,y),

1
where Z (z,y) = gd(x, y) + 1—6d(y,Tx).
Equivalently, inequality (3.41) takes the form
7(d(z,y)) + F (d(Tz,Ty)) < F(Z (z,y)),

t
where F' (t) =t and 7 () = 3’ for all ¢t € (0, 00).
Therefore, T is an extended F-contraction of Suzuki-Hardy—Rogers type

1
with a = g and L = 16’ [ =~ =46 =0 and all the conditions of Theorem

3.22 are satisfied (with (H?) ). Hence, T has a unique fixed point z* (which

7
is 3). Note that Theorem 2.25 is not applicable since a+ 3+~ + 26 = 3 #1,
7 ¢ S and F does not satisfy condition (F3).

Our third result extends and greatly improves the result stated in Re-
mark 2.26. In the following theorem, we prove a fixed point result concerning
an extended F'-contraction of Hardy—Rogers type in the setting of b-metric
spaces without both conditions (F3) and “F' is upper semicontinuous”.

Theorem 3.26. Let (X, 0) be a complete b-metric space with constant s > 1
andT : X — X satisfying the contractive condition (3.9) with F' : (0,00) — R
a nondecreasing function and T € Sy. Suppose that either (H;) or (H?) holds.

Furthermore, we assume that s?a+s% (6 + L) < 1. Then T has a unique fized
point x* and for every xo € X the sequence {T™xo}, oy converges to x*.

Proof. In this proof, for the sake of avoiding repetition, many details are
omitted here and readers are referred essentially to the proof of Theorem
3.13.

The uniqueness part is obtained similarly as in Theorem 3.13. Let {xz,,}
be the Picard sequence based on an arbitrary zo € X. Also, as in the proof
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of Theorem 3.13, without loss of generality, we can assume that x,, # z,41
for all n € Ny. Hence, we have

On =0 (Tp, Tnt1) > 0.

Following the same steps as those used in the proof of Theorem 3.13, we
obtain

lim o, = 0. (3.42)

Now we prove that {z,} is a Cauchy sequence. Arguing by contradiction, we
assume that {z,} is not a Cauchy sequence. By (3.42) and recalling again
the process of proof of Theorem 3.13, there exist ¢ > 0, kg € N and two
subsequences {xm(k(p))}p>ko , {xn(k(p))}p>k0 of positive integers such that
lim o (Zm(k(p))» Tnk(p))) = b (3.43)

p— 00

where 0 < et <[ < set.
Again, as in the proof of Theorem 3.13, we have

. l
i inf o (2 (k)15 Tnko) +1) 2 5 (3.44)
Let us put
! (1 — As)
s = ———" 3.45
p B, (3.45)
where
Ay =5*a+s3(0+ L) (3.46)
and
Bs=14a+p+~v+2s(0+1L). (3.47)

From the fact that s?a + s3 (6 + L) < 1, we get Ag < 1 and ps > 0. This
implies, using (3.42), that there exist ji,jo > ko such that

(k) = O (Tm(k(p))s Tmkp))+1) < ps, for all p > ji,

_ (3.48)
Tnlk(p) = O (Tn(h(p)> Tne(p))+1) < ts,  for all p > jo.

On the other hand, by virtue of (3.43) and us > 0, it follows that there exists
Js > ko such that

o (xm(k(p)),xn(k(p))) <1+ ps, forallp> js. (3.49)

Since Bs > 1 (otherwise, if By = 1, we get « = =~ =6 = L = 0, which
l

contradicts (H}) or (H2) ), we have p, < 2 Then in view of (3.44) and

S
s > 0, there exists j4 > kg such that

l- Szlus

o (Txm(k(p)),Txn(k(p))) > >0, forallp>j,. (3.50)

52
Using (3.50), the relaxed triangle inequality (b3) and the monotonicity of F'
with keeping the same notations as those used in the proof of Theorem 3.13,
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the contractive inequality (3.9) with 2 = Z,(k(p)) and y = Ty (x(p)) gives for
all p > ja

7 (ap) + F (by)
< F((a+s(0+L)ay+ (B+SL) Oy + (v + 50) Ongiipy) - (3.51)

Setting j = max {j1,j2,j3, 74} and using (3.45)—(3.51) through again the
monotonicity of F', we arrive at

(ay) + F (z@)

52

A,
<F <S2a,, + (B + L) omipy) + (v + 89) Un(k(f’)))

IN

F (f;(ﬂrus) + (84 sL) ps + (7+56)us>

lA
()

l_S2M5
()

for all p > j.

The above inequality implies that 7 (a,) < 0, for all p > j, which is a
contradiction. In other words, {z,} is a Cauchy sequence. By completeness
of (X,0), {x,} converges to some point z* in X, that is,

lim o (z,,2*) = 0. (3.52)

Following the same method as the one used in the proof of Theorem 3.13, we
obtain also that x* is a fixed point, i.e., Tx* = x*. This completes the proof
of the theorem. O

Remark 3.27. Theorem 3.26 extends and greatly improves the result stated
in Remark 2.26 on several sides. First, by taking s = 1 in Theorem 3.26 with
the hypothesis (H%), we recover the result given in Remark 2.26. Second,
Theorem 3.26 shows that both conditions (F3) and “F is upper semicon-
tinuous” can be omitted from the result stated in Remark 2.26. Third, we
show that the result given in Remark 2.26 can be proved also through the
hypothesis (Hf) Fourth, the condition that 7 € S is weaken to the condi-
tion that 7 € &1 and the condition that F' is strictly increasing is changed
into the weaker condition that F' is nondecreasing (i.e., the strictness of the
monotonicity of F' is not necessary).

By combining the proofs of Theorem 3.22 and Theorem 3.26, it is easy
to state and prove the following theorem.

Theorem 3.28. Let (X,0) be a complete b-metric space with constant s > 1
and T : X — X satisfying the contractive condition (3.11) with F : (0,00) —
R a nondecreasing function and T € Sy. Suppose that either (HY) or (H?)

holds. Furthermore, we assume that s*a+s (6 + L) < 1. Then T has a unique
fized point x* and for every xg € X the sequence {T"xq}, oy converges to x*.



86 Page 28 of 44 D. Derouiche, H. Ramoul JFPTA

Remark 3.29. Regarding the proof of Theorem 3.28, inequality (3.35) in the
proof of Theorem 3.22 will be written in the following form:

1 1

257 (@) TOmm)) = 550 (Tm(ke) Tmkm) +1)
s l l
< 5e <3 S 5 S ([@me) Tate)

for infinitely many values of p.
Putting « = 6 = L = 0, Theorem 3.26 reduces to the following corollary.

Corollary 3.30. Let (X,0) be a complete b-metric space with constant s > 1
and let T be a self-mapping on X. Assume that there exist a mondecreasing
function F : (0,00) — R and 7 € S1 such that for allz,y € X with Tx # Ty,

T(d(z,y)) + F(d(Tx,Ty)) < F (Bd (z,Tx) + vd(y, Ty)) ,
where B,y € [0,00) satisfying 8+ v = 1 and v # 1 Then T has a unique
s s

fized point x* and for every xg € X the sequence {T™x¢}, o converges to x*.

Remark 3.31. Corollary 3.30 is a proper extension and an improvement of
Corollary 2.27. In fact, by taking s = 1 in Corollary 3.30, we recover Corol-
lary 2.27. Moreover, we show that both conditions (F3) and “F is upper
semicontinuous” from Corollary 2.27 can be removed. In addition, the con-
dition that 7 € S is changed into the slightly weaker condition that 7 € &;
and Corollary 2.27 remains valid without the strictness of the monotonicity
of F.

Ezample 3.32. Let X =[0,4]. Let T : X — X be a mapping given by

3, ifx€]0,4],
Ta = g o (3.53)

Let 0 : X x X — [0,00) be the mapping defined by
o(z,y)=(x—y)?, forallzyecX.

As in Example 3.19, (X, o) is a complete b-metric space with constant s = 2.
First, we easily obtain

1
o(Tz,Ty) = e 0 [(z€0,4 Ay=0)V (y€]0,4] Az =0)].
Let z,y € X and denote
1
N (z,y) = 1 [o(z,Tx)+ 0o (y, Ty)] .

Next, in both cases [(z €]0,4] Ay = 0) V (y €]0,4] Az = 0)], we get

1 25
N > = T0) = —.
On the other hand, using the following inequality

1
h+E22’ for all h > 0,
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we obtain

o (z,y)

17

1 1
+In(o (T, Ty)+1)<1$+1n<4+1>

<2< N (x,y) + s
=9 ¥y

for all z,y € X with Tx # Ty.
As o (Txz,Ty) < 1 and N (x,y) > 1, then by choosing 7(t) = —
€ (0,00) and F : (0,00) — R given as follows:

In(t+1), ifte€lo,1],
t) = 1 .
t+¥, 1ft>1,

)Jk\’—‘

we see that all the hypotheses of Corollary 3.30 are satisfied for § = v =

Consequently, T has a unique fixed point z* (here z* = 3). Notice that F' is
not upper semicontinuous at t = 1 and does not satisfy condition (F3).

The following example illustrates that Corollary 3.30 generalizes Corol-
lary 2.27.

Ezample 3.33. Let X = [0,4] be equipped with the euclidean distance d = |.|
and T : X — X defined by (3.53).

In view of Remark 2.16, T is not an F-contraction because T is not
continuous.

First, we get

1

d(Tx,Ty) = 3 >0« [(x€]0,4Ay=0)V(y €]0,4 Ax =0)].

Let z,y € X and denote

Na(z,y) = 5 [d(z,Tx) +d(y, Ty)].

Next, in both cases [(xz €]0,4] Ay = 0) (y €]0,4] A

DN | =

Az = 0)], we obtain

Ny(z,y) > d(OTO)

»Jk\cn

On the other hand, we get
d(z,y) 1
3 d(Tz,Ty) +

\ [\

I/\
coux

/\
,_./\
=] o OJ\[\J
/‘\
»lk\OT
N———

| /\

for all z,y € X with Tz # Ty.
t
Since d (Tz,Ty) < 1 and Ny (z,y) > 1, then by choosing 7 (t) = 3
€ (0,00) and F : (0,00) — R given as follows:

1

F(t): 7m, lftE]O,l],
In(t+1), ift>1,
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1
we see that all the conditions of Corollary 3.30 are satisfied for g = v = 3

Accordingly, T has a unique fixed point z* (which is 3). However, Corollary
2.27 can not be applied since F' is not upper semicontinuous at ¢ = 1 and
does not satisfy condition (F3). Besides these, the function 7 ¢ S.

1
Remark 3.34. Notice that Example 3.33 (¢« = 6 =L =0, 8 = = 5)

allow us also to show that Theorem 3.26 greatly improves the result stated
in Remark 2.26.

3.2. Generalized F'-weak contraction of Hardy—Rogers type

In this subsection, we do several improvements in Theorem 2.31. For the
sake of readability, we keep some notations used in [23]. Throughout this
subsection, (X, o) represents a b-metric space with constant s > 1. We recall
again (see Definition 2.30), for all z,y € X

A7 (z,y) = a0 (x,y) + bo (z, Tx) + co (y, Ty) + eo (z,Ty) + fo (y, T'z),
where a, b, ¢, e, f are nonnegative real numbers. If s = 1, we write A7 (z,y) =

AL (2,v), where d is a metric on X.
Before sating our result, we introduce the following definition.

Definition 3.35. Let (X, o) be a b-metric space with constant s > 1. A map-
ping T : X — X is said to be a generalized F-weak contraction of Hardy—
Rogers type if there exist a nondecreasing function F' : (0,00) — Rand 7 € &;
such that for all z,y € X,

o (T, Ty) > 0= 7 (0 (2.y)) + F (s0 (Ta, Ty)) < F (A7 (a,y)).  (3.54)

Remark 3.36. 1t is easy to see from Definition 3.35 that every T which is a
generalized F-weak contraction of Hardy—Rogers type satisfies the following
condition: 1
o (T‘I7Ty) < 7A% (gja y) ) (355)
S
for all z,y € X with Tz # Ty.

Now, we are ready to state and prove our fourth result.

Theorem 3.37. Let (X,0) be a complete b-metric space with constant s > 1
and T : X — X a generalized F-weak contraction of Hardy—Rogers type.
Suppose that either (A;) or (.Af) holds, where

(AD) a+b+c+(s+1)e<1,
(A2) a+b+c+(s+1)f <1

Furthermore, we assume that sa+ s (e + f) < 1. Then T has a unique fized
point x* and for every xo € X the sequence {T"xo}, .y converges to x*.

Proof. The uniqueness part is obtained similarly as in Theorem 3.13. Let
{zn} be the Picard sequence based on an arbitrary zy € X. Again, as in
Theorem 3.13 and without loss of generality, we can assume that x,, # z,41
for all n € Ny. Hence, we have

on =0 (Tp, Tpy1) > 0.
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Following the same steps as those used in Theorem 2.31 with (3.54) and
(3.55), we obtain analogously

F (so,) < F(op-1) —7(0n-1), forallneN. (3.56)

Note that the above part of the proof is proved without conditions (F3) and
(Fs,7) (see Definition 2.29).

Now, by taking ¢ (t) = F (t) and ¢ (t) = F (t) — 7 (¢) for all t € (0, 0),
inequality (3.56) can be written in the following form:

P (son) < ¢ (0p_1), forallneN.

Since F' is nondecreasing, then in view of the above inequality and using the
fact that 7 € Sy, it is easy to see that all the conditions of Lemma 3.5 are
satisfied for k = s > 1. Thus, lim,, .0, = 0.

Now we prove that {z,} is a Cauchy sequence. Arguing by contradiction,
we assume that {x,} is not a Cauchy sequence. Again, by the process of proof
of Theorem 3.26 and using

/J’s_ SB: ’
where
Af=sa+s*(e+f), Bir=a+b+c+s[l+2(e+f)],
. [(1-A,)
instead of us = W,W@ get
| — 2, % | — 2, %
rlop P () < P (PR, (3.57)

for infinitely many values of p.
This is a contradiction. Therefore, {x,,} is a Cauchy sequence. By com-
pleteness of (X, o), {z,} converges to some point z* in X, that is,
lim o (x,,2") = 0. (3.58)
n—oo
The rest of the proof still the same as in Theorem 2.31 and the fact that z*
is a fixed point of T is proven in a similar way using (3.55). Thus, the proof
of the theorem is finished. 0

Remark 3.38. Tt is worth noticing that (3.57) is well defined since [—s?u* > 0.
This last fact comes from B > s (otherwise, if B = s, we get a =3 =7 =
d = L = 0 which contradicts inequality (3.55)).

Remark 3.39. Compared with Theorem 2.31, it is clear that Theorem 3.37
gives some improvements. Actually, 7 is taken as a function in Theorem
3.37. Moreover, Theorem 3.37 shows that both conditions (F3) and (F, )
from Theorem 2.31 are dropped and replaced by the condition that sa +
s? (e + f) < 1. This latter condition is quite simple and ensures simultane-
ously, with the remaining common hypotheses of Theorem 2.31 and Theorem
3.37, the existence and uniqueness of the fixed point. However, Theorem 3.37
does not cover totally Theorem 2.31, since the condition that a+e+ f < s (in
Theorem 2.31) which is only used in the uniqueness part is slightly weaker
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than the condition that sa + s% (e + f) < 1. Besides, the strictness of the
monotonicity of F' is not necessary.

Remark 3.40. By inspecting the proofs of Theorem 3.37 and Theorem 2.31,
we can also obtain lim, ..o, = 0 in a straightforward manner using an
adapted version of Proposition 3.6 ((D) is changed into di + d2 + ds +

A
(s+1)dy < =). The desired result is obtained by taking A = s.
s

By taking s = 1 and 7(t) = 7 > 0, t € (0,00) in Theorem 3.37, we
obtain the following result.

Corollary 3.41. Let (X,d) be a complete metric space and let T be a self-
mapping on X . Assume that there exist a nondecreasing function F : (0,00) —
R and 7 > 0 such that for all x,y € X with Tx # Ty,

T+ F(d(Tz,Ty)) < F (A} (2,9)) .

Suppose that either (A1) or (A?}) holds, where

(Al) a+b+c+2e<1,

(A7) a+b+c+2f <1
Furthermore, we assume that a+e+ f < 1. Then T has a unique fized point
x* and for every o € X the sequence {T"x¢},, . converges to x*.
Remark 3.42. Corollary 3.41 generalizes and greatly improves Theorem 2.19
in the following sense.

1. By taking f = e in Corollary 3.41, we recover Theorem 2.19.
2. The assumption that T or F' is continuous is removed.

3. Both conditions (F,) and (F3) are omitted.

4. The strictness of the monotonicity of F' is not necessary.

The following example illustrates that Corollary 3.41, generalizes and
greatly improves Theorem 2.19.

Ezample 3.43. Let X = [0,5] be equipped with the euclidean distance d = |.|
and T : X — X a mapping defined by

5, ifz €0,5],
Tx:{g, if # = 0.
Obviously, we get
d(Tz,Ty) = % >0< [(z€]0,5)Ay=0)V(y€l0,5] Az =0)]. (3.59)
Let z,y € X and denote

D (z,y) = %d(x,y) + id(x,Tm) + %d(y,Ty) + % (d(z,Ty)+d(y,Tx)).

Next, in each of the above cases (3.59), we obtain

1 9
> - T0) = -.
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1
On the other hand, using h + 7 >2,Vh >0, we get

22 1 2 4,
5 TR b
(d(Tx,Ty))" + 14 (-1)
1
s@mw+©@m,

for all z,y € X with Tz # Ty and g € Ny.
22
As d(Tz,Ty) < 1 and D (z,y) > 1, then by choosing 7 = 9 and
F : (0,00) — R defined by

1
-, f0<t<1, € No,
Fy={ tH1+(] e
b+, ift>1,
it is easy to see that all the conditions of Corollary 3.41 are fulfilled for
1 1 1
a=—-,b=c= - and e = f = —. Consequently, T has a unique fixed point

2* (which is 5). However, Theorem 2.19 cannot be applied since neither T nor
F' is continuous. Moreover, F' does not satisfy condition (F») when ¢ is even
and does not satisfy condition (F3) when ¢ is odd. In other words, Corollary
3.41 is greatly superior to Theorem 2.19.

In what follows, we give an another proof of Theorem 1-(a) of Hardy—
Rogers [18] (see also Reich [31]).

Corollary 3.44. (See [18, Theorem 1-(a)]) Let (X,d) be a complete metric
space and T a self-mapping on X satisfying for all z,y € X,

d(Tz,Ty) < 01d (z,y) + O2d (v, Tx) + 03d (y, Ty) + 04d (v, Ty) + 05d (y, Tx) ,

(3.60)
where 0;,1 = 1,...,5 are nonnegative numbers such that 0 = Zle 0; < 1.
Then T has a unique fized point.

Proof. First, we prove that T has at most one fixed point. Assume that z*
and y* are two fixed points of T i.e., Ta* = a* # y* = Ty*. Using (3.60)
with ¢ = z* and y = y*, we get when 6 # 0 (the case § = 0 is trivial)

0<d(z®y") <0d(z"y") <d(z",y").

It is a contradiction. Accordingly, T' has at most one fixed point.

If d(Tx,Ty) > 0 with 2,y € X, we have 6 > 0 (otherwise, §; = 0,Vi =
1,...,5 and from (3.60), this yields d (Tz, Ty) = 0, which is a contradiction).
Thus, choosing p €]6, 1], we can write

d(Tx,Ty) < plad(z,y) + bd (z,Tx) + cd (y, Ty) + ed (z, Ty) + fd (y, Tx)],
(3.61)
where
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In addition, we have

a+b+c+e+f=%<1. (3.62)

By taking F (t) = In(¢), t € (0,00) and 7 (¢) = In <K1)) > 0, (3.61) turns
into

T+ F(d(Tx,Ty))

< Flad (z,y) + bd (z,Tx) + cd (y, Ty) + ed (z,Ty) + fd (y,Tx)],

for all z,y € X with Tx # Ty and a,b, c,e, f are nonnegative real numbers
satisfying (3.62). Then we distinguish the following cases:

(1) If e < f, from (3.62), we obtain a + b + ¢ + 2e < 1. Therefore,
Corollary 3.41 with (A}) ensures that 7" has a fixed point.

(#4) If e > f, (3.62) implies that a + b+ ¢+ 2f < 1. Consequently, the
desired result follows from Corollary 3.41 with (A3).

O

4. Applications

4.1. Existence and uniqueness of bounded solutions of functional equations
in dynamic programming

In this subsection, we study the existence and uniqueness of the bounded

solution of the following functional equation occurring in dynamic program-

ming of multistage decision processes (see, e.g., [5] and [7]):

u(r) = sup {f (@) +Gwyule(ry)), xeW,  (41)

where f: W x D —-Rand G: W x D xR — R are bounded, ¢ : W x D —
W. We assume that W and D are Banach spaces. In this framework, W
(respectively, D) is called the state space (respectively, the decision space).
Furthermore, ¢ is the transformation of process and u (z) represents the
optimal return function with initial state x.

Let X = B (W) denotes the space of all bounded real-valued functions
on W. Now, we endow X with ¢ defined by

o (h,k) = sup |h(z) —k(x)[", p=1,
zeW

for all h, k € X. Hence, (X, 0) is a complete b-metric space with s = 2P~1 > 1.
Indeed, from Example 2.2, we can deduce that (X, o) is a b-metric space with
s =2P~1 > 1. Also, it is easy to see that every Cauchy sequence {h,} in X
converges uniformly to a bounded function ~*, which allows us to obtain the
completeness of X.

We also define the mapping T : X — X by

(Tw) (x) = Sgg{f(:v,y) + G (,y,ulp(z,9)))} (4.2)

for all u € X and x € W. Since f and G are bounded, it is easy to see that
T is well defined.
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Let p > 1 and let ¥ : (0,00) — (0,00) be defined by
(3t)

o=

if0<t<1,

U (t) =

[\
—
)—l_;’_
3 |w

itt> 1.

o
B[

Let h, k € X. Denote
Xp (h, k) == &M (h, k),
1
where M (h, k) = o (h,Th) 4+ o (k,Tk) and £ = 5 P > 1.

Now, we are ready to state and prove our next result.
Theorem 4.1. Let p > 1. Let T be the self-mapping on X defined by (4.2)
and assume that the following condition is satisfied:
(K): For all h,k € X with Th # Tk,
G (2,y,h(2)) = G (2,y,k (2))] <V (xp (B, k),
where x,z € W and y € D. Then the functional equation (4.1) has a unique

bounded solution.

Proof. Let A be an arbitrary positive number, x € W and h,k € X with
Th # Tk. Then there exist y1,y2 € D such that

1

(Th) (@) < f (e.0) + G (e b (o ) + ey (43)
(TH) (2) < £ (e.00) + G (o K (0 (o)) + o (44)

Again, by definition of T', we have
(Th) (2) 2 f (2,92) + G (5,02, h (9 (2:10))), (45)

Utilizing (4.3) and (4.6) together with (C), one can get

(Th) (@) — (TR) (2) < G (20, h (o (2, 90) — G (n, K (0 () +
< 16 (@0, (@ 90) — G, K (0 (o)) + -
<W G (1K) +
(4.7)
Analogously, from (4.4) and (4.5) together with (K), we have
(TR) () ~ (Th) () < ¥ (xp ( B)) + 5 (18)

Combining (4.7) and (4.8), we deduce

1

KThH@)—(TkN@N<<W(XpU%k»‘*é§-
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Using the following inequality
(a+b)f <2071 (a? +0P), a,b>0,

it follows that

_ A
|(Th) () = (Tk) ()" < 271 [¥ (xp (B, KD + 5
The above inequality yields
A
o (Th,Tk) < 2P~ [ (x, (h, k)" + 5 (4.9)
Now, we discuss the two possible cases:
Case 1 If 0 < xp (h, k) < 1. In this case, (4.9) turns into
3xp (h, k A
o (Th, Th) < ek A (4.10)
16 2
As (4.10) does not depend on = € W and A > 0 is taken arbitrarily, we have
h, k
o (Th, Tk) < % (4.11)
which follows that
o(Th,Tk) < 1. (4.12)

On the other hand, using (b3), we have
o (h,k) < so (h,Th) + s*0 (Th, Tk) + %0 (Tk, k)
< 520 (h,Th) + %0 (k,Tk) + %0 (Th, Tk)
< s*M (h, k) + s%0 (Th, Tk)

h, k
< SQM + 520 (Th,Tk).

£
e 1 1 . .
Keeping in mind s = 2P~ and £ = 20 the last inequality leads to
o (h,k) < 2s%x, (h, k) + %0 (Th,Tk). (4.13)

Owing to (4.10) and (4.13), we get
o (hk) _ Xy (hik) | o (Th.Tk)

16s* — 8 16s
< w + o (Th, Tk)
414
_tk) | 30 e
8 16 2
B TR

Taking into account (4.14) and using the following compound inequality

L<ln(1—|—a)<a, for all a > 0,
1+a
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we obtain
o (h,k)
16s3

5Xp (h‘7 k) )‘

+In(1+0(Th,Tk)) < 16 +§+U(Th,T/€)

< Xplh ) (g’k) + A
X;D (h7k)

a 1 + XP (ha k)

<In(1+4x,(h,k))+ A

+ A

Since the last inequality does not depend on x € W and A > 0 is taken
arbitrarily, we get
o (h,k)
1653

In addition, by virtue of (4.11) and (4.13) with the fact that 0 < x,, (h, k) <1,
we get

+In(1+0(Th,Tk)) <In(1+ x, (h,k)). (4.15)

3 2
o (h,k) < 25° + % = 93P=2 | 3 x 9276, (4.16)

Case 2 If x, (h,k) > 1. In this case, (4.9) takes the form
A
o (Th,Tk) < 1+ 3. (4.17)

Again, as (4.17) does not depend on = € W and A > 0 is taken arbitrarily,
we have

o (Th,Tk) < 1. (4.18)
From (4.17) and using the following inequalities

1
In(140) <b,b+ 5 =2 forallb>0,

one gets
1+In(1+0(Th,Tk)) <140 (Th,Tk)

A
<2+3 (4.19)

1
<xp (h k) + —— + A.
p ( ) Xp (h, k‘)
Since (4.19) does not depend on x € W and A > 0 is taken arbitrarily, we

have

1
L (140 (ThTH) < 5 (b K) + 52 (4.20)

Therefore, bearing in mind inequalities (4.12), (4.16) and (4.18), inequalities
(4.15) and (4.20) allow us to obtain

(0 (h, k) + F (0 (Th, Tk)) < F (xp (h, k))

(o1 0.

F
F
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for all h, k € X and Th # Tk with F : (0,00) — R given by

n(t+1), it¢elo,1],
Ft) = t+%, ift>1

and 7 : (0,00) — (0,00) given as follows:

if ¢ €]0, Gy,

otherwise,

t
T(t):{QBPH’
1

3

where C), = 23772 4 3 x 22776,
1
Hence, all the conditions of Corollary 3.30 are satisfied with § = v = o

p > 1. Consequently, T has a unique fixed point v* in X = B (W). Thus, the
functional equation (4.1) has a unique bounded solution. O

4.2. Application to nonlinear Volterra integral equations

Inspired by the approaches developed in the works [25,33,38], we apply Theo-
rem 3.26 to prove the existence and uniqueness of a solution for the following
integral equation of Volterra type :

t) + /OtK(t,r,u (r))dr, te]0,a], (4.21)

where a > 0, K : [0,a] X [0,a] x R — R and ¢:[0,a] — R.
Let us consider X = C([0,a],R) be the set of all continuous functions
w: [0,a] — R. Tt is well known that X equipped with Bielecki’s norm

lull = sup e~ |u (t)|
tel0,a

is a Banach space. Thus, X endowed with the distance associated with Bi-
elecki’s norm

d(u,v) = sup e '|u(t) —v(t)|, foralluveX
te[0,a]

is a complete metric space. Now, we define

o (u,v) = (d(u,v))* = sup e (u(t)—v(t))? forallu,veX. (4.22)

te[0,a)

Clearly, (X, o) is a complete b-metric space with constant s = 2.

Theorem 4.2. Suppose that the following hypotheses hold:

(Hy) the functions K and g are continuous;
(Hz) for allr,t €[0,a] and for all z,w € R, we have

t,r,w)| < \f|z—w|
~ Va((z —w)2 +16)

|K (t,r,z) — K (

Then integral equation (4.21) has a unique solution in X.
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Proof. Endow X = C([0,a],R) with the b-metric defined by (4.22) and con-
sider the mapping T': X — X as follows:

(Tu)(t):g(t)—&—/O K (t,r,u(r))dr, we X, tel0,qa].

Obviously, under the assumptions of the theorem, 7" is well defined.
Let u,v € X such that T'u # Tw. Using Cauchy—Schwarz inequality and
assumption (Hs), we obtain

|(Tw) (t) — (Tw) ()] < (/Ot 1dr> /Ot \K (t,7,u(r) — K (t,r,0 (r)]> dr

b 2u(r) —w(r)?
</ u(r)—v(r))2—|—16dr

2 ()P
(r)—v(r))2e 2"+ 16
2(u (r) — v (r))2e 2re?r d
u(r)—wv(r))2e=2r 416
20 (u,v) b,
= o ,v)—|—16/0 erdr

2t

<

(
(u
(

[
J

u
o(u,v)e
= o (u,v) + 16
This implies that
o (u,v)

((Tw) (t) = (Tw) (t))%e ™" < o (w0) £ 16

Taking the supremum with respect to ¢ € [0,a] in the above inequality, we
have

o (u,v)
Tu,Tv) < ——————. 4.2
o (Tu, U)_a(u7v)+16 (423)
Using (4.23), after routine calculations, one can get
o (P 1) o (@0 70) + Lo (2,70 < ) | 2]
<N(uv)+W(qu7
(4.24)

where |2| denotes the integral part of x and

N () = La@, ) + = (@, Ty) +d(y, Ta)).

1 1
—d(z,y) + Zd(w,Tx) 16 ol

8
By choosing F (t) = t + [t] and 7(t) = In <16 >, for all ¢ € (0,00),

an be equivalently written as

inequality (4.24) c
7 (0 (u,v)) + F (0 (Tu, Tv)) < F (N (u,v)) .

1

Therefore, all the conditions of Theorem 3.26 are satisfied with a = 3’
1 1

0 = Z =16 and L = 0 = o1 Hence, T has unique fixed point u* in
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X = C([0,a] ,R). Then integral equation (4.21) has a unique solution u* in
C([0,al],R). O
4.3. Application to second-order differential equations

Motivated and inspired by the works [33] and [45], we discuss the existence

and uniqueness of solutions of the following two-point boundary value prob-
lem for the second order differential equation:

A2z
—m = f(tat), tel, (4.25)
z(0)=z(1)=0,

where I = [0,1] and f : [0,1] x R — R is a continuous function.
Let X = C(I,R) be the space of all continuous functions x : I — R. It
is well known that X endowed with

0o (2,y) = sup { (& (1) —y ()7}, forall z,y € X
tel
is a complete b-metric space with constant s = 2.

Theorem 4.3. Suppose that the following condition is satisfied:
(W) for all z,w € R and for all r € I, we have

2
If (r,2) = f (r,w)] < | In <(z‘16“’)+1>.

Then problem (4.25) has a unique solution x* € C*(I,R).

Proof. 1t is known that problem (4.25) is equivalent to the following integral
equation:

z(t) = /0 G(t,r) f(ryz(r))dr, Vtel, (4.26)

where G is the Green function associated to problem (4.25), given by
_Jt@=-r),0<t<r<1,
Gtr) = {r(l—t),ogrgtgl.
Consequently, € C?(I,R) is a solution of problem (4.25) if and only if

x € C(I,R) is a solution of the integral equation (4.26). Now, we can define
the mapping T': X — X as follows:

Tx(t) :/OIG(t,r)f(r,x(r))dr, vtel, Vo € X.

Then finding a unique fixed point * € X of T is equivalent to establishing
the existence and uniqueness of solutions of problem (4.25).
Let z,y € X such that Ta # Ty. From assumption (W), we get

((T) (1) = (Ty) (1)* < [fol G (t,r) \/ln ({eqpt® l)drf

<In (7"‘”1(??’) + 1) <sup fol G (t,7) dr)

tel
_ 1 ‘700(5”’ )
—aln(ilij +1>
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In the above inequality, we have used that sup,cr fol G(t,r)dr = é. Hence,

1 (ox(2,9)
< — —_— . .
Ooo (Tz, Ty) < ol In ( 16 + 1> (4.27)

Utilizing (4.27), after routine calculations, we obtain

0o (7,Y) 0o (7,9)

OOTaTS
6 0w (T2, Ty) 3

< M(z,y),
where
M (u,0) = <(d(2,9) +d @, Ta) + (3, Ty) + 55 (d (e, Ty) +d (3, T)),
or, equivalently,
7 (0 (u,v)) + F (0 (Tu, Tv)) < F (M (u,v)).
Hence, all the conditions of Theorem 3.13 are satisfied with F' (¢t) = ¢, 7 (t) =

1
%6, forall t € (0,00), « = =7 = % and L = § = 32" Therefore, T has
unique fixed point v* in X = C(I,R). Then problem (4.25) has a unique
solution u* in C*(I,R). O
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