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Existence of nontrivial solutions for a non-
linear second order periodic boundary value
problem with derivative term
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Abstract. In this paper, we study the existence of nontrivial solutions
to the following nonlinear differential equation with derivative term:
{u”(t) +a(t)u(t) = f(t,u(t),d'(t)), teo,w],
u(0) = u(w), u'(0) =u'(w),

where a: [0,w] — RT(R* = [0,400)) is a continuous function with
a(t) 20, f:[0,w] Xx R x R — R is continuous and may be sign-changing
and unbounded from below. Without making any nonnegative assump-
tion on nonlinearity, using the first eigenvalue corresponding to the rele-
vant linear operator and the topological degree, the existence of nontriv-
ial solutions to the above periodic boundary value problem is established
in Cl[O, w|. Finally, an example is given to demonstrate the validity of
our main result.
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1. Introduction

Due to wide applications in physics and engineering, second-order periodic
boundary value problems (PBVPs) have been extensively studied by many
authors, see [1-12] and relevant references therein.

In [1], the following problem was discussed by Atici and Guseinov

{ —(p(t)u' (1) + a(t)ult) = f(tu(t)), ¢ €[0,w],
w(0) = u(w), p(0)u'(0) = p(w)u'(w),
where p(z) and ¢(x) are real-valued measurable functions defined on [0, w]

satisfying p(z) > 0, ¢(z) > 0,¢(x) # 0 almost everywhere, and
Y dx
— < 400, x)dr < +o0,
o p()

Y Birkhauser
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f:[0,w] x R — R is continuous and f(t,z) > 0 for (¢,z) € [0,w] x [0, 00]. If
there exist numbers 0 < r < R < 400 such that for all ¢ € [0, w],

1 M
flt,x) < w—M:cforO <z <rand f(t,z) > mxforR <z < 400,
where m = miny s¢j0.0) G(t,5), M = max, seo,.] G(t,s) and G(t,s) is the
Green’s function according to its linear problem, the authors established the
existence of positive solutions.
Graef et al. [2] investigated the existence of positive solutions, under
lim M = 400, lim M = 0Oor lim M =0, lim M

u—0 u u——+oo U u—0 U u—+oo U

= +o00

with f convex and nondecreasing, to

{u”(f) +a()u(t) = g(t)f(u(t), te]l0,2n],
u(0) = u(2r), o (0)=u'(27),

where f : [0, +00) — [0,4+00), ¢ : [0,27] — [0,400) are continuous such that
min,e(o,2+) 9(t) > 0, and the Green’s function is nonnegative.
Hai [3] proved the existence of positive solutions to

{U”(t) +a(t)u(t) = Ag(t) f(u(t)), t€]0,2n],
u(0) = u(27w), u'(0) =u/(27)

for all A > 0, where a : [0,27] — [0, +00) is continuous with a(t) < 1/4 for
all t and a(t) £ 0, f : [0,+00) — [0,+00) is continuous, g € L(0,27) with
g > 0 and g Z 0 on any subinterval of (0, 27).

Li and Liang in [4] obtained the existence of positive solutions for

u’(t) +a(tju(t) = f(t,u(t), te0,w],
{U(O) =u(w), U (0)=u(w), (1.1)

where f: [0,w] x [0,400) — [0,+00) and a : [0,w] — [0, +00) are continuous
with a(t) # 0, provided that a constant 0 < M < (7/w)? and

t t
lim sup max ftw) < A1 < liminf min AGED)
u—0+ tE€[0,W] u u—+o0 tel0,w] U
or
t t
liminf min ftw) > \; > limsup max il ,u).
u—0t te[0,w] U u—+oo tE€[0,w] u

Torres [5] gave classical conditions that guarantee the nonnegativity of
the Green’s function G(¢, s) of the linear problem

u”’(t) + a(t)u(t) =0, a.e.t € (0,w), (1.2)
u(0) = u(w), w'(0) =u'(w). '
The following best Sobolev constants were used:
N
2 2 q
K(q) = 12 (m) <F(;+;)> ;o 1< g<Hoo, (1.3)

q=+oo,

qw
4
w?
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where T is the Gamma function. Let a € LP(0,w)(1 < p < 4+00) and a = 0
which means that a(t) > 0 for a.e. ¢ € (0,w) and a(t) > 0 for ¢ in a subset of
positive measure. Then,

G(t,s) > (>)0for (¢,s) € [0,w] x [0,w] when ||a||, < (<)K(2p*), (1.4)
where 1/p 4+ 1/p* = 1. Define
A={aecLP(0,w):a>0,|al, < K(2p")for somel <p < +oo0}. (1.5)

For a € A, the explicit expression of G(t,s) was found by Ma et al. in [6]
which shows that it is symmetrical, i.e., G(t,s) = G(s,t),Vt,s € [0,w].

For w = 1, PBVP (1.1) was studied in [7] when a € L'[0,1](A and
f:10,1] x (0,400) — R with a bound below. Under some other conditions,
the existence of positive solutions was obtained.

By means of the fixed point theory, Liu et al. in [8] established the
existence of nontrivial solutions for PBVP (1.1) in which a : [0,w] — [0, +00)
is a continuous function with a(t) # 0, and f: [0,w] x R — R is continuous
under constraints associated with the first eigenvalue corresponding to the
relevant linear operator.

In the works mentioned above, all the nonlinearities are independence
of the derivative term u’. By Leray—Schauder fixed point theorem, Li and
Guo in [9] considered the existence of solution to

{u"(t) — ftu(t), (), te 0,21,
u(0) = u(2m), u/(0) =u/(2m),

where f: R? — R is continuous and satisfies the following conditions:

(Fl) f(fta -z, y) = 7f(ta z, y),V(t, z, y) € RB;
(F2) there exist nonnegative constants a and b satisfying a +b < 1 and a
positive constant Cy such that f(t,z,y)r > —ax? — by? — Co, (t,z,y) €
R3;
(F3) the following Nagumo condition is satisfied, that is, for any given M > 0,
there is a positive continuous function g (p) on R™ = [0, +-00) satisfying
+ d
Jo 7 gk = oo such that [f(t,2,y) < gm(lyl), (t,z,y) € [0,27] x
[-M, M] x R.
Inspired by the references cited above and [13-17], we in this paper ex-
plore the existence of nontrivial solutions to the following periodic boundary
value problem with the nonlinearity dependent on derivative term

u(t) +a(t)ult) = f(t,u(t),d'(t)), te0,u],
{U(O) = uw), w(0)= (W), (1.6)

where a : [0,w] — RT is a continuous function with a(t) # 0, f : [0,w] xR? —
R is continuous and may be sign-changing and unbounded from below. With-
out making any nonnegative assumption on the nonlinearity, using the first
eigenvalue corresponding to the relevant linear operator and the topological
degree, the existence of nontrivial solutions is established in C'[0,w]. As far
as we know, this kind of PBVP has achieved fewer results.
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2. Preliminaries

Let E = C1[0,w] be the Banach space of all continuously differentiable func-
tions on [0,w] with the norm |Ju|lc: = max{||u|c,||v||c} for all u € E.
Set P = {u € C[0,w] : u(t) > 0,t € [0,w]}, it is clear that P is a solid
cone in C[0,w], that is, the interior point set of P is nonempty. Thus P
is a total cone in C[0,w], i.e. C[0,w] = P — P, which means that the set
P—P={u—v:u,v € P} isdense in C[0,w] (see [18,19]).
To state our main theorem in this paper, we make the following hy-
potheses:
(C1) a : [0,w] — RT is a continuous function with a(t) # 0 and |alc <
(7)2 = K (2), where K is defined by (1.3);
(C2) f:1]0,w] x R? — R is continuous.

Lemma 2.1. If (C1) and (C2) hold, then PBVP (1.6) is equivalent to

/Gts (s,u(s),u'(s))ds,

where G(t, s) is the Green’s function of (1.2).

Lemma 2.2. [5,6] If (C1) holds, then G(t,s) has the following properties:
(1) G(t,s) = G(s,t) >0 for all (t,s) € [0,w] x [0,w];
(2) Let 13 = ming<t s<o G(t,8) and lo = maxo<; s<ow G(t,s), then ly > 13 >
0y
(3) Let I3 = supg<; s<,, ‘ , then I3 > 0;
(4) For c= % €(0,1), G(t,s) > cG(r,s), ¥V it,s87¢€]0,w].

Remark 2.3. By (C1), a € L*[0,w] and thus a € A defined by (1.4) for
p = +00 and p* = 1. Lemma 2.1 follows from (1.4). If a(t) =m? , m € (0, %)
and w = 27, we can obtain that G(t,s) defined as follows satisfies Lemma

2.2.

oG (ts)

2m(1—cos2mm)

sin m(s—t)+sin m(27—s+t) 0<t<s<o2n,

2m(1—cos 2mm)

sin m(t—s)+sin m(2wr—t+s) 0 <s<t< 271'
-]

2(1—cos 2mm)

8G(t,s) {Cosm(t s)—cos m(2w—t+s) ,0<s<t<onm,

— cos m(s—t)+cos m(2w— s+t)
ot 2(1—cos 2mm) 0 <t<s< 271'
sin 2mm sin mm 1
ll = ) 12 =, l3 = _.

2m(1 — cos 2mm) m(1 — cos 2mm) 2

Define a linear operator L : C[0,w] — C[0,w] by

/ G(t, s) (2.1)

and an operator A : E — E as follows:

(Au)(t) = /O " G ) F(tu(t),wl (0)ds, u € B, (2.2)

Clearly, A : E — FE is a completely continuous operator, and the exis-
tence of solutions of (1.6) is equivalent to the fixed points of A. Moreover,
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L : C[0,w] — C[0,w] is a completely continuous linear operator, satisfying
L(P) C P. Since G(t,s) > 0 for (¢,s) € [0,w] x [0,w], the spectral radius (L)
of L is positive by Lemma 2.2. The Krein-Rutman theorem [20] then asserts
that there exists ¢ € P\ {0} corresponding to the first eigenvalue \; = ~ 1L)
of L such that

MLy = . (2.3)

It is easy to see that ¢ € E. According to (2.1), (2.3) and Lemma 2.2 (1),
one has

/W e(t)(Lu)(t)dt = L pt)u(t)dt for allu € E. (2.4)
0 A1 Jo

Let § = c [, o(t)dt, so 6 > 0.
Choose a subcone P, of P given by

P = {uEP / dt>5||u|c}

Lemma 2.4. L(P) C P;.

Proof. Suppose u € P, the following equation can be obtained in light of
Lemma 2.2:

[ e = [ ot [ G
> / o(t)dt / G(r, s)u(s)ds = 3(Lu)(r),

where 7 € [0,w]. Obviously, [ ¢(t)(Lu)(t)dt > || Luf c.

Lemma 2.5. [18,19] Let E be a Banach space and € be a bounded open set in
E with 0 € Q. Suppose that A : Q — E is a completely continuous operator.

If
Au#Tu, Yu€o, T2>1,
then the topological degree deg(I — A,,0) = 1.

Lemma 2.6. [18,19] Let E be a Banach space and Q be a bounded open set
in E. Suppose that A : Q — E is a completely continuous operator. If there
exists ug # 0 such that

u— Au # pug, Yu €0, pu>0,
then the topological degree deg(I — A,€,0) = 0.
Three sets are given for the sake of simplicity for later writing as follows:

B, ={ueFE:|ul|cr<r}, IB.={u€kFE:|ul|c=r},
B, ={u€E:|ulc <r}forr>0.
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3. Main result

Theorem 3.1. Under the hypotheses (C7)-(Cs) suppose that

f(tz,y) >

(C3) there exists a constant « > 1 such that liminf, 4|y —1oo ool

A1 uniformly ont € [0, w];
(Cy) Hmsup, ;- — oo fg(c:_glcyﬁ’ < A1 uniformly ont € [0, w];

(Cs) there exist nonnegative constants a > 0,b > 0 and r > 0 satisfying
w(a+b)max {ls,l3} < 1, (3.1)
such that
[f(t,2,y)| < alz|+blyl, (3:2)

for all (¢,7,y) € [0,w] x [—r,7]?, where \; is the first eigenvalue of the
operator L defined by (2.1) and ls, 3 are as Lemma 2.2.
If the following Nagumo condition is fulfilled, i.e.
(Cg) for any M > 0 there is a positive continuous function Hps(p) on R

satisfying
+o00
pdp
————— = +00, 3.3
o  Hu(p)+1 (3:3)
such that
|tz y)| < Hu(lyl), V(E z,y) € [0,w] x [-M, M] x R, (3.4)

then PBVP (1.6) has at least one nontrivial solution.

Proof. (i) First, we prove that Au # Tu for u € 9B, and 7 > 1. In fact, if
there exist u; € 0B, and 79 > 1 such that Au; = 1ouy, then we deduce from
Lemma 2.1, (3.1) (3.7) and —r < wuq(t) <r,—r <uj(t) <7Vt € [0,w] that

|lui]jlc = — max ’/ (t,s)f(s,ui(s),u)(s))ds

To 0<t<w

s/o Lol (5,101 (), (5 >)|ds§/0 Lo (alur (3)] + bler (s)])ds

<w(a+b)lfurfer < lurler =7

and
8G t,s)
A A
luille = 7 o | [~ 250 1(s ul<s>,u1<s>>ds\
1 GG t,s)
< = /
< Tooréltagcw/o ‘ ‘lf ,uy(s))|ds

IN

/ I3 (alus(s)] + b|ull($)|)d5 Swla+b)lsllurller < lualler =
0

Hence ||u1||on < r, which contradicts u, € 0B,.
Therefore, it follows from Lemma 2.5 that

deg(I — A, B,,0) = 1. (3.5)
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(ii) It follows from (C5) and (Cy) that there exist g9 € (0,A1) and
Xy > 0 such that

flt,zy) > (M +e0)(x+ aly]) forz + aly| > Xpandt € [0,w]
and
ft,z,y) > (M —eo)(z+ |y|) forz + |y| < —Xpandt € [0,w].
Let
Q=R*\ ({(z,9) 1z +alyl > Xo} U{(z,y) 1 2 +]y| < —Xo}) = 2 UQs,

where Q1 = QN {(x,y) : x +|y| > 0},Q = QN {(z,y) :  + |y| <0}, it is
easy to see that Q, ©; and Q, are closed bounded sets in R2.
Take C7 > 0 such that

- < 1 t’ , — (A 7
1S, o uin AF(E2y) = (o) (2 + aly)}

hence
[t z,y) = (M +eo)(@+alyl) — Cr = (M +e0)r — Gy (3.6)
and
ft,zy) > (M +eo)(z+aly]) —Cr > (M —eg)z — Cy (3.7)
on {(z,y) 1z +aly| > Xo} U and t € [0 ,w].
Take C5 > 0 such that

—_ < . - _
Ca= tG[O,W]rfl(lrl,ly)eﬂg {F(t,zy) = (M —e0) (x + [y}

hence

ftz,y) > (M —eo)(@+ [y]) — C2 > (M —e0)z — O (3.8)
and

f(t T y) ()\1 — Eo)(ﬂﬁ + |y|) ()\1 + 60)1‘ — OQ (39)

on{(z,y) :x+y| < —Xo}UQrand t € [O,w].
Let C' = max {C1,Cy}. We can derive from (3.7) and (3.8) that

flt,z,y) > (M —eo)x —C, V(t,x,y) € [0,w] x R?, (3.10)
from (3.6) and (3.9) that
ft,z,y) > (M +eo)r—C, Y(t,z,y) € [0,w] x R2. (3.11)

(iii) Let ¢o(t) = 1,Vt € [0,w], then

/ " o(t)o(t)dt > ¢ / " o(t)dt = 8ol
0 0

and hence ¢y € P;. Let
D = {u € C'0,w] : there exists some y > Osuch that u = Au+ ppo} .

We claim that there is M > 0 such that ||ullc < M,Vu € D. Indeed, if
ug € D, then there is p1p > 0 such that by (3.11)

uo(t) = (Aug)(t) + popo(t)
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- Ow Gt ) (5. wo(s), wh(s))ds + pogolt)

> / " Gt )£ (5. wo (). () ds

> /Ow G(t,s) (M +eo)uo(s) — C)ds
= (A1 + €0)(Luo)(t) — C(Lpo) (1),
wo() > O + o) (Luo) (1) — C(Leo) (). (3.12)

Multiplying (3.12) by ¢(t) on both sides and integrating over [0,w], from
(2.4) we obtain

[ woevde = 0+ o) [ Euo)@retin ¢ [ (Loo)@reteyi
0 0 0

= (142) [ wietvde - ¢ [ Lo

Thus by (2.4) we have
C w

/quo Wit < M9 [" Lo tyowydt = [ o (313)
0 € Jo €0 Jo

By the definition of D,
ug(t) — (A1 — €0) (Luo)(t) + C(Lipo)(t)
= (Auo)(t) + popo(t) — (A1 — o) (Luo)(t) + C(Lgo)(t)
= L[(Fuo) — (A1 — €0)uo + Ceo] (t) + poo(t),
where (Fug)(t) = f(t,uo(t), us(t)). In light of (3.10), one has
(Fug) — (A1 — €0)uo + Cipo € P,

which implies that L[(Fug) — (A1 — g9)up + Cpg] € Py from Lemma 2.4. So
we have

Uy — ()\1 — Eo)LUo + CL(pO € Py.
Therefore, by (2.4) and (3.13), we have
[uo — (A1 = €0)Luo + CLyollc

< (15/: o(t)[up — (A1 — €0) Lug + C Lo (t)dt

~ 5 (o [ wmac [y <>dt)
< 5 (¢ [etar+o [ o) < X2

Since (A1 —eg)r(L) < 1, the operator I — (A1 — o)L has the bounded inverse
operator (I — (A1 —&9)L)~! in C[0,w]. Therefore, there is M > 0 such that
lullc < M,Vu € D.
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(iv) By (3.3), it is easy to see that there exists My > 2M such that

My

pdp
— > 2M, 3.14
o Hu(p)+ B (3.14)

where B = ZE—EM .
Let R > max{r, M1} and we will show that

u— Au # ppo, Yu € 0Br, 1 >0. (3.15)
If it does not hold, there exist uy € 0B and pu1 > 0 such that
ug — Aug = p1¢p, (3.16)
thus ug € D, |luz|lc < M. We can derive from (3.4) and (3.16) that
W(t) = —a(tyus(t) + £ (¢ ua(t) (1))
lallelluzllc + [ f(t ua(t), us(1))]

IN

IA

71.2
Mt |f (8 ua(t),un ()| < Har(lus(1)]) + B. (3.17)
In the same way,
—uy(t) = a(t)us(t) — f(t, uz(t), uh(t))
< lallelluzllc +1f (t, ua(t), un(t))|
2
< M+ | (tus(8), (1) < Ha(uh(t)]) + B. (3.18)

We will use (3.14), (3.17) and (3.18) to show that ||uf||c < M;.
Let ub(t) # 0. Since u2(0) = ug(w), there exist ¢y € (0,w) and ¢1 € [0, w]
with ¢1 # tg such that

uy(to) = 0, [[usflc = |uy(tr)] > 0. (3.19)
Case 1. ub(t1) > 0,t9 < t1. Set
s1 = sup{s € [to, 1) : uy(s) = 0}. (3.20)
Then s; < t; and by the definition of supremum,
uh(t) > 0,t € (s1,t1];  uh(s1) =0. (3.21)
Hence, for every t € [s1,1], by (3.17) we have
u(us(t) uy(t), t € [s1,t1). (3.22)

Hay(up(t)) + B

Then integrating the inequality (3.22) over [s1,t1] and making the variable
transformation p = u(t), we have

uj(t1) d uh(t1) d
pdp pdp

—_— = —_— SUQ(tl)_u2(31)§2M.
/0 Hy(p)+ B Juys,) Hu(p) +B

From this inequality and (3.14) it follows that u}(t1) < M;. Hence, ||ub||c =
ub(t1) < M.
Case 2. ub(t1) > 0,tp > t1. Set

so = inf{s € (t1,t] : u(s) = 0}. (3.23)
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Then t; < so and by the definition of infimum,
uh(t) > 0,t € [t1,s2); uH(s2) =0. (3.24)
Hence, for every t € [t1, s2], by (3.18) we have
—uj(t)usy (t) /
— <L t),t et . 3.25
HM(UIQ(t))+B —u2( )7 6[1752] ( )

Then integrating the inequality (3.25) over [t1, s3] and making the variable
transformation p = u}(t), we have

ug(t1) 5d5 uj(s2) 5d5

pdp _ / pdp <u

—_ = — = = S 2(82 —ua(t SQM.
L 75 Ly T 7 S e )

From this inequality and (3.14) it follows that u5(t1) < M;. Hence, |[u5]|, =

U/Q(tl) S Ml.
Case 3. ub(t1) < 0,tg < 1. Set

s3 = sup{s € [to,t1) : uh(s) = 0}. (3.26)
Then s3 < t1 and by the definition of supremum,
uh(t) < 0,t € (s3,t1];  us(s3) = 0. (3.27)
Hence, for every t € [ss,t1], by (3.18) we have
b (Dl (t
up(®us () _ uy(t),t € [s3,t1]. (3.28)

Hy(—us(t)) + B~

Then integrating the inequality (3.28) over [s3, 1] and making the variable
transformation 7 = —uj(t), we have

—uy(th) Tdr —up(t) Tdr
_ - ————— > us(ty) —ua(s3) > —2M.
/o Hy(r)+ B /u;(83) Hy(r)+B — 2(fr) =~ ualss) 2

From this inequality and (3.14), it follows that —u5(t1) < M;. Hence, |u||, =
—u'2(t1) S Ml.
Case 4. ub(t1) < 0,tg > t1. Set

sq = inf{s € (t1,t0] : uh(s) = 0}. (3.29)
Then t; < s4 and by the definition of infimum,
uh(t) < 0,t € [t1,84); uh(ss) =0. (3.30)
Hence, for every t € [t1, s4], by (3.17) we have
o t 1" t
uz(t)us (t) uy(t), t € [ty s4). (3.31)

Hy(—ub(t)+B —

Then integrating the inequality (3.31) over [t1,s4] and making the variable
transformation 7 = —u(t), we have

—ugy(t1) FdF —ub(s4) 47
— = L <uy(ty) — < 2M,
/0 Hy(7)+ B /—u;(m Hy(7)+B = uz(ty) = ua(sa) <

From this inequality and (3.14) it follows that —u5(¢1) < M;. Hence, |[u5]|, =
—ub(t1) < M.
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In summary, ||ub]lc < My and thus ||us||cr < My, which is a contradic-
tion to ||uz||cr = R > Mj. Therefore, (3.15) holds.
According to Lemma 2.6, one has

deg(I — A, Bg,0) = 0. (3.32)
From (3.7) and (3.32) we have
deg(I — A, BR\B,,0) = deg(I — A, Bg,0) — deg(I — A, B,,0) = —

As a result, A has at least one fixed point on Bgr\B,, which means that
PBVP (1.6) has at least one nontrivial solution.
Example. Consider the following PBVP

e ST
where

1
@ 2y)), x+ 2y <0,
f@y) = { (e 22 x4 2y > 0.

Obviously, a(t) = 11—6 and f(z,y) satisfy (C1) and (C2), respectively. It is easy
to see that Iy = 2v/2 and I3 = %
It follows from (2.1) and Lemma 2.2 that for v € C[0,w],

(Lu)(®)] < /Ow |G(t, s)u(s)|ds < 2mls|jullc

and the spectral radius r(L) < ||L|| < 2wla, thus Ay > 5= = 4\[77
Obviously, for o = 2, we have
2 2
lim inf fla.y) _ lim inf M =400 > ;.

z+42[y|—+oo T + 2|y| z42y|—+oo T + 2|y
If x + 2|y| <0, then z + |y| < z+2Jy| <0 and |z + 2|y|| < |z + |y||, hence

2 1
lim sup f@.y) =1 _rt 2yl < — < Aq;

ety =00 TH Yl appy oo T2(z + |y]) T 72
if &+ 2|y| > 0, then

~

2 2
lim sup (2,y) = limsup 7@4_ ly1)

z4|y|——oco L + |y| zt|y|l——c0 L + |y‘

Therefore, (C5) and (C’4) are satisfied.

Take a =b= and thus 27(a + b) max{ls,l3} = 2‘[” <1.1If
z+2ly[ <0,

<0< Ay

r =

367 180’

= 1yl
|/ (z, )I_*+* alz| +bly;

if z + 2Jy| > 0 and (z,y) € [-r,7]?,
[f(z,y)| < (lz] + 2[y])* < 5rfa| + 4rfy| < alz] +bly|.
So (C5) holds.
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For any M > 0 define Hy/(p) = (M + 2p)* + 1 on R*, it is clear that
(3.3) holds. If —1 < z +2|y| < 0,

1
[f(z,9)l = o +2lyll <1< Har(yl);
if x+2Jy| < —1 and (z,y) € [-M, M] x R,
1
[f @, y)| = 5l +2yll < lo+ 2Jyl[* < (|2l + 2|y)* < Har(Jy));
if x4+ 2|yl > 0 and (z,y) € [-M, M] x R,

f (@)l = |2 +2lyl1* < (o] + 2[y))* < Har(yD).

Therefore, (3.4) also holds. By Theorem 3.1, we know that PBVP (3.4) has
at least one nontrivial solution.
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