J. Fixed Point Theory Appl. (2020) 22:53
https://doi.org/10.1007/s11784-020-00784-7
Published online June 5, 2020 Journal of Fixed Point Theory
© Springer Nature Switzerland AG 2020 and Applications

®

Check for
updates

Existence results for boundary value
problems associated with singular strongly
nonlinear equations

Stefano Biagi®, Alessandro Calamai® and Francesca Papalini

Abstract. We consider a strongly nonlinear differential equation of the
following general type:

(@(alt, x(t) (1)) = f(t,x(t),2'(t), ae. on[0,T],
where f is a Carathédory function, ® is a strictly increasing homeomor-
phism (the ®-Laplacian operator), and the function a is continuous and
non-negative. We assume that a(¢, z) is bounded from below by a non-
negative function h(t), independent of z and such that 1/h € L?(0,T)
for some p > 1, and we require a weak growth condition of Wintner—
Nagumo type. Under these assumptions, we prove existence results for
the Dirichlet problem associated with the above equation, as well as
for different boundary conditions. Our approach combines fixed point
techniques and the upper/lower solution method.
Mathematics Subject Classification. Primary 34B15; Secondary 34L30,
34B24, 34C25.
Keywords. Boundary value problems, singular ¢-Laplacian, lower /upper
solutions, fixed-point, Winter-Nagumo condition.

1. Introduction

Recently, many papers have been devoted to the study of boundary value
problems (BVPs for short) associated with nonlinear ODEs involving the
so-called ®-Laplace operator (see, e.g., [3-5,9]). Namely, ODEs of the type:

(Q)(m/))/ = f<t7xa 33/),
where f is a Carathédory function and ® : R — R is a strictly increasing
homeomorphism such that ®(0) = 0.
The class of ®-Laplacian operators includes as a special case the classical
r-Laplacian ®(y) := y|y|"~2, with » > 1. Such operators arise in some mo-
dels, e.g., in non-Newtonian fluid theory, diffusion of flows in porous media,
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nonlinear elasticity, and theory of capillary surfaces. Other models (for e-
xample reaction-diffusion equations with non-constant diffusivity and porous
media equations) lead to consider mixed differential operators, that is, diffe-
rential equations of the type:

(a(z) ®(2) = f(t,z,2"), (1.1)

where a is a continuous positive function (see, e.g., [8]). Furthermore, several
papers have been devoted to the case of singular or non-surjective operators
(see [1,6,10]). Usually, these existence results stem from a combination of
fixed point techniques with the upper and lower solution method. In this
context, an important tool to get a priori bounds for the derivatives of the
solutions is a Nagumo-type growth condition on the function f. Let us observe
that, when in the differential operator is present the nonlinear term a, some
assumptions are required on the differential operator ®, which in general is
assumed to be homogeneous, or having at most linear growth at infinity.

More recently, in collaboration with Cristina Marcelli, we considered
two different generalizations of Eq. (1.1). In the paper [15], we investigated
the case in which the function a may depend also on t. More precisely, we
obtained existence results for general boundary value problems associated
with the equation:

(alt,z(t)) @(x'(t)))/ = f(t,x(t),2'(t)), a.e. onl:=][0,T],

where a continuous and positive, and assuming a weak form of Wintner—
Nagumo growth condition. Namely:

[F(t2.9)] < v(alt,2) @) - (60 +v(0) |yl ). (1.2)

where v € L*(I) (for some s > 1), £ € L'(I), and ¢ : (0,00) — (0,00) is a
measurable function, such that 1/ € L, (0,00) and:

> ds

1 Y(s)
This assumption is weaker than other Nagumo-type conditions previously
considered, and allows to consider a very general operator ®, which can be
only strictly increasing, not necessarily homogeneous, nor having polynomial
growth. Let us also observe that the same equation:

(a(t,z) ®(2))" = f(t,2,2")

was studied in [13,14] to obtain heteroclinic solutions on the real line.

On the other hand, in [7], possibly singular equations are considered,
including a non-autonomous differential operator which has an explicit de-
pendence on ¢ inside ®. Namely:

(2 (k) x'(t)))' — F(t,2(t),2' (1), ae. on I, (1.3)

where the function & is allowed to vanish in a set having null measure, so that
Eq. (1.3) can become singular. In [7], we assumed 1/k € LP(I) and we looked
for solutions in the space WP(I), rather than C*(I,R). To the best of our
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knowledge, very few papers have been devoted to this type of equations, and
just for a restricted class of nonlinearities f (see [11,12]).

In this paper, we tackle a further generalization of equation (1.3), allow-
ing also a dependence on x inside ®. More in detail, we consider the BVP:

(o(atta)a'®)) = fta @), aeonl
2(0) = vy, x(T) = va,

where v1,v5 € R, & : R — R is a strictly increasing homeomorphism, f is
a Carathéodory function, and a : I x R — R is a continuous non-negative
function satisfying the following estimate from below:

a(t,x) > h(t) for every t € I and every x € R, (1.5)

where h € C(I,R) is non-negative and 1/h € LP(I) for some p > 1. Notice
that, differently to other papers quoted above, here, we do not require the
positivity of the function a, and thus, the equation in (1.4) may be singular.
Consequently, as in [7], we look for solutions in W11 ().

For example, estimate (1.5) is verified when a(t,z) has a simpler struc-
ture of a product or of a sum, as in the following special cases:

(%) if a(t,x) = A(t) - b(x), where A is continuous, non-negative, such that
1/X € LP(I), and b is continuous, such that infg b > 0;

(%) if a(t,z) = h(t) + b(x), where h is continuous, non-negative, such that
1/h € LP(I), and b is continuous and non-negative.

Our main result, Theorem 3.5 below yields the existence of a solution of the
Dirichlet problem (1.4) assuming a weak Wintner-Nagumo condition, similar
to the one in (1.2). Theorem 3.5 extends in a natural way the main result
in [7], in the case when a(t,x) = k(t) does not depend on z. The proof is
obtained by the method of lower /upper solutions, combined with a fixed point
technique applied to an auxiliary functional Dirichlet problem (see Sect. 2).
In Sect. 3, we provide some illustrating examples in which our main result
can be applied.

Finally, in Sect. 4, we consider different BVPs, such as the periodic
problem, Neumann-type problem, and Sturm-Liouville-type problem, and
with classical techniques, we derive existence results.

2. The abstract setting

Let T > 0 be fixed and let I := [0,T]. Moreover, let v1,v5 € R. Throughout
this section, we shall be concerned with BVPs of the type:

(@(Az(t) x’(t)))/ =F,(t), ae. onl,
z(0) = vy, (T) = v,

(2.1)

where ®, A and F' satisfy the following structural assumptions:

(H1) @ : R — R is a strictly increasing homeomorphism;
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(H2) there exists p > 1, such that:
A:WhrP(I)C C(I,R) — C(I,R)

is continuous when WP (I) is endowed with the usual mazimum norm
of C(I,R); moreover, there exist hy, hs € C(I,R), such that:

(H2); hi,he >0 on I and:
1/h1,1/he € LP(I);

(H2)2 hi(t) < A,(t) < ha(t) for every x € WHP(I) and every t € I;
(H3) F : WYP(I) — L(I) is continuous (with respect to the usual norms)
and there exists a non-negative function ¢ € L*(I), such that:

|FL ()] < 4(t)  for every 2 € WHI(I) and a.e. t € I. (2.2)
Here, p > 1 is the same as in assumption (H2).

Remark 2.1. In this remark, we highlight some consequences of assumption
(H2) which shall be repeatedly used in the sequel.

(i) For every z € W1P(I), we have that A, > h; > 0 and:

/OT i /OT yRORE /OT i

Since 1/hq,1/hy € LP(I), then the same is true of 1/A4,.
(ii) Since W1P(I) is continuously embedded in C(I,R), it follows that A is
continuous with respect to the W'1P-norm.

In the sequel, we shall indicate by F the integral operator associated
with F, that is, the operator F : WP(I) — C(I,R) defined by:

Remark 2.2. We observe, for a future reference, that F is continuous from
WLP(I) to C(I,R): this follows from the continuity of F' and from the esti-
mate (holding true for every x,y € WHP(I)):

Sup |Fa() = Fy (O] < 1Fe = Fy oo

Furthermore, assumption (2.2) gives:

sup | F.(t)] < ||¢||p:, for every x € Wl’p(I). (2.3)
tel

Definition 2.3. We say that a continuous function z € C'(I,R) is a solution
of the boundary value problem (2.1) if it satisfies the following properties:

(1) z € WHP(I) and t — ®(A(t) 2/ (t)) € WhH(I);
2) (@(AI@ m’(t))) = F,(t) for ae. t € I;
(3) z(0) = v1 and z(T') = vs.
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Remark 2.4. We point out that, if z € WHP(I) is a solution of (2.1), by
condition (1) in Definition 2.3 (and the fact that ® is a homeomorphism, see
assumption (H1)), there exists a unique A, € C(I,R), such that:

Az (t) = A (t)2'(t) for ae. tel.
We shall use this fact in the next Sect. 3.

The main result of this section is the following ezistence result.

Theorem 2.5. Under the structural assumptions (H1), (H2), and (H3), the
boundary value problem (2.1) admits at least one solution x € W1P(I).

The proof of Theorem 2.5 requires some preliminary facts.

Lemma 2.6. For every x € WYP(I), there exists a unique &, € R, such that:

T
1
(& + Fu()) dt = vo — 1. 2.4
[ gvcrrmannn
Furthermore, there exists a universal constant cog > 0, such that:
€] < co  for every x € WHP(I). (2.5)

Proof. Let x € WHP(I) be fixed and let:

T B
R =R L= [ et e F0)a

Since F, is continuous on I (see Remark 2.2) and since, by assumptions,
® is continuous on the whole of R, an application of Lebesgue’s Dominated
Convergence Theorem shows that f, € C(R,R) (see also Remark 2.1); mo-
reover, since ® is increasing, the same is true of f, and, by (2.3), we have:

el ([ s at) <60
e+ 9l) (/A )

From this, we deduce that f,(§) — +oo as { — 4oo; thus, by Bolzano’s
Theorem (and the monotonicity of f;), there exists a unique &, € R, such
that:

fo(&e) = / A fx+f())dt=V2—V1.

We now turn to prove estimate (2.5). To this end, we observe that, by (2.4)
and the Mean Value Theorem, there exists t* =t} € I, such that:

e ([ ) o

as a consequence, we obtain:

€x+fx(t*)=®<(yg—ul)~( OT A:(t) >_1>.
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Now, by crucially exploiting Remark 2.1, we see that:

for every x € WP (I); setting M = sup(_, , |®|, we get (see also (2.3)):
[Sal < & + Fa(t)] + | Fo ()]

T 4 -1
< ‘cp((yz-m). (/ T dt) )]mg}ofm(m
S M + ||'l/1||L1 =: Cqp.

Since cg > 0 does not depend on z, this gives the desired (2.5). O

We now consider the operator P : W1P(I) — WP (I) defined by:

Py(t) :=11 + /0 ﬁ(s) & (& + Fuls)) ds, (2.6)

where &, is as in Lemma 2.6. We note that P is well defined, in the sense
that P, € WhP(I) for every x € WHP(I): indeed, assumption (H2)s and
(2.3) give:

1
40 S ® @t ll);
thus, since 1/h; € LP(I), we conclude that P, € W1P(I), as claimed. Fur-
thermore, it is not difficult to see that the solutions of (2.1) (according to
Definition 2.3) are precisely the fixed points (in W1?(I)) of P.

In view of this fact, we can prove Theorem 2.5 by showing that P
possesses at least one fixed point in WP(I); in its turn, the existence of a
fixed point of P follows from Schauder’s Fixed Point Theorem if we are able
to demonstrate that P enjoys the following properties:

e P is bounded in WP (T).
e P is continuous from W1P(I) into itself.
e P is compact.

o1&, + Fuls))

These facts are proved in the next lemmas.

Lemma 2.7. The operator P defined in (2.6) is bounded in WP (I); that is,
there exists a universal constant ¢y > 0, such that:

|Pellwir <ci for every x € WHP(I).
Proof. For every x € WP(I), by combining (2.3) and (2.5), we have:
&+ Fu(s)] <co+ ([Pl =:m,  for every s € I;

thus, if we set M = max(_, ) |®~'|, we obtain (see assumption (H2),):

A0s) (& + Fuls))| < 7i(s) for every s € I, (2.7)
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and the estimate holds for every x € W1P(I). With such an estimate at
hand, we can easily prove the boundedness of P: indeed, by (2.7), we have:
1

Pl = (/T -

for every x € W1P(I); moreover, one has:

1P2ler < {/OT (Iml +/Ot A (s)

<TY? ([in] + M |[1/ha]|r),

p 1/p
@‘1(51 —l—]—'z(s)) ds) < M |[1/hy] e

p 1/p
ds) dt}

and again, the estimate holds for every z € W1P(I). Summing up, if we
introduce the constant (which does not depend on x):

ci = TY? (jvi| + M ||1/hi|te) + M ||1/h1|| 1o > O,
we conclude that, for every z € WP(I), one has:
1Pellwre = |PallLe + 1Pgllr < e
This ends the proof. O

(I)_l(gac + ]::v(s))

Remark 2.8. 1t is contained in the proof of Lemma 2.7 the following fact,
which we shall repeatedly use in the sequel: there exists a constant M > 0,
such that, for every z € W1P(I):

max |7 (& + Fo(1)| < M. (2.8)

We also highlight that, since the injection WP(I) C C(I,R) is continuous,
the boundedness of P in WP(I) implies the boundedness of P in C(I,R):
more precisely, there exists a real ¢| > 0, such that:

sup|Py ()] < cj,  for every & € WH(I). (2.9)
tel

We now turn to prove the continuity of P.
Lemma 2.9. The operator P defined in (2.6) is continuous on W1P(I).

Proof. Let xo € WHP(I) be fixed and let {x,,},en € WHP(I) be a sequence

converging to zo as n — oo. We need to prove that P, — P, as n — oo.
To this end, we arbitrarily choose a sub-sequence {z,, }jen of {Zn }nen

and we show that, by possibly choosing a further sub-sequence, we have:

lim P, =Py in WHP(I).

J—00
First of all, since (2.5) implies that the sequence {§$nj }jen is bounded in R,
there exists a real £y € R, such that (up to a sub-sequence):

& =&, =& asj— oo
Moreover, since F is continuous from W1P(I) to C(I,R) (see Remark 2.2)

and A is continuous wrt the W1P-norm (see Remark 2.1-(ii)), we have:

Fj = ]:mnj — Fao and Aji= AI"J' — A
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uniformly on I as j — co. Gathering together all these facts (and reminding
that, by assumption, ® € C(R,R)), we obtain:

i r() O + F5(1)
) (2.10)
= ot w(t))  forae tel
N0 (§0 + Fuo(t)) forae. te
From this, owing to estimate (2.8) and Remark 2.1, we infer that:
t
1
lim (& + Fi(s)) ds
oo A J J
J 0 ](s) (211)

t
- /0 ﬁ (Ifl(fo + ]-'zo(s)) ds for every t € I.

In particular since we know from Lemma 2.6 that:

A & H& + F(s))ds =va —vy for every j €N,

identity (2.11) 1mphes that:

/T ! O (& + Fup(s)) ds = v — v
0 AxO(S) 0 x0 — 2 1

thus, by the uniqueness property of £, in Lemma 2.6, we get & = &;,- As a
consequence, by exploiting the very definition of P (see (2.6)), identity (2.11)
allows us to conclude that Py, — Py, point-wise on I as j — oo.

To complete the proof of the lemma, we need to show that the sequence
Pwnj actually converges to P, in WP(I) as j — oo. To this end we first

observe that, by exploiting estimate (2.8), for almost every ¢ € I, one has:

! Mg+ F5() L o p<2" M
A;(t) S Az, (1) A0
as a consequence, since 1/hy € LP(I) (by assumption (H2)), a standard appli-
cation of Lebesgue’s Dominated Convergence Theorem gives (see also (2.10)):

. ’ /P
jlggo prn7 - Pwo HLP

T (&eo + Fao (1))

T p

. 1 _ 1 _
- jli,rgo 0 Aj(t) o 1(£j +f](t)) - Awo(t) ¢ 1(51:0 +f:co(t)) dt = 0.

On the other hand, since P is bounded in C(I,R) (see Remark 2.8), one has:
|Pa,,, (t) = Pay (8)[” < 27 €} for every t € I

thus, again by Lebesgue’s Dominated Convergence Theorem, we get:

lim [Py, — P, I

j—o0 i

T
= lim [P, (t) — Pry ()P dt = 0.
J—00 0 J

Gathering together these facts, we conclude that ||7Darnj — Pyollwir — 0 as
j — o0, and this finally completes the demonstration. 0
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Finally, we prove that P is compact.
Lemma 2.10. The operator P defined in (2.6) is compact on W1P(I).

Proof. Let {x,}nen € WHP(I) be bounded. We need to prove that the se-
quence {P,, }nen possesses a sub-sequence which is convergent (in the W1P-
norm) to some function yo € W12 (1).

Fist of all, since {&;, }ner is bounded in R (see (2.5)), there exist a real
& and a sub-sequence of {x, },en, denoted again by {x, }nen, such that:

lim &, =& and [&] < co. (2.12)

n—oo
Moreover, since {x, nen is bounded in WHP(I) and p > 1, there exist a
suitable function zo € W1P(I) and another sub-sequence of {z,, }nen, which
we still denote by {z, }nen, such that z,, — x¢ uniformly on I as n — oco.
As a consequence, since the operator A is continuous with respect to
the uniform topology of C'(I,R) (by assumption (H2)), we have:

A, — A, uniformly onl as j — oo. (2.13)
We now observe that, by assumption (H3), we have the estimate:
F,, (t) <(t), holding true for a.e. t € I and every n € N;

thus, {Fy, }nen is bounded and equi-integrable in L'. Owing to the Dunford—
Pettis Theorem, we infer the existence of a function g € L'(I) and of another
sub-sequence of {z, }nen, denoted once again by {x, }nen, such that:

T T
() lim E, (s)v(s)ds = / g(s)v(s)ds for every v € L*(I);
0

n—oo 0

() Nl < lellze.
Choosing v as the indicator function of [0,¢] (with ¢ € I), we get:

¢
Fr, (1) = G(t) := / g(s)ds foreveryt el
0

(2.14)
and  sup|G(t)] < [[¥[|p-
tel
Gathering together (2.12), (2.13), and (2.14), we deduce that:
. 1 _
dm g G Fa )
; (2.15)
= (& +G(t for a.e. t€ 1.
@ " re)
From this, owing to (2.12), (2.14), and Remark 2.1, we conclude that:
1 M
O e +G())| < —— e LP(I) forae. tel, 2.16

and that, for every ¢t € I, one has:

g&mxﬂ=y&&qffA@;@¢*@%+ﬂAM}

¢
=1 +/0 Am:(s) q’_l(fo +G(s)) = yo(t) for every teI.
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To complete the proof of the lemma, we need to show that the sequence
{P.,, }n actually converges to yo in WHP(I) as n — oo.
On one hand, using estimate (2.16) and by arguing exactly as in the
proof of Lemma 2.9, we easily recognize that:
lim ‘|P;:n - y{)”i?
n—oo
T

Az,l,(t) (I)—l(f;pn + ]::cn (t)) — Amz(t) q)—l(go + Q(t)) dt = 0.

On the other hand, since P, — yo point-wise on I, from (2.9), we get:

= lim
n—oo 0

lyo(t)| < ¢} for every t € I;
hence, by arguing once again as in the proof of Lemma 2.9, we conclude that:
im [Pz, — yollZ
n—oo
T
= lim [Py, (1) — yo(t)|P dt = 0.

n—oo

Summing up, P,, — yo in WHP(I) as n — oo, and the proof is complete.
O

Gathering Lemmas 2.7, 2.9 and 2.10, we can prove Theorem 2.5.

Proof of Theorem 2.5. We have already recognized that a function x in the
space W1P(I) is a solution of the boundary-value problem (2.1) if and only
if x is a fixed point of the operator P defined in (2.6).

On the other hand, since P is bounded, continuous, and compact on
the Banach space WP (I), the Schauder Fixed Point Theorem ensures the
existence of (at least) one # € W1P(I), such that P, = x, and thus, the
problem (2.1) possesses at least one solution. O

3. The Dirichlet problem for singular ODEs

In this section, we exploit the existence result in Theorem 2.5 to prove the
solvability of boundary value problems of the following type:

/
’ _ ’
(‘b(a(t,m(t))x (t))) = f(t,a(t),2'(t)), ae. on I, 5.1)
2(0) = vy, (T) = va.
As in Sect. 2, I = [0,T] (for some real T > 0) and vy, 15 € R; furthermore,
the functions ®,a and f satisfy the following structural assumptions:

(A1) @:R — R is a strictly increasing homeomorphism;

(A2) a € C(I xR,R) and there exists h € C(I,R), such that:
(A2); h >0 on I and there exists p > 1, such that:

1/h € LP(I);
(A2)9 a(t,x) > h(t) for every t € I and every z € R;
(A3) f:IxR?— Risa Carathéodory function; that is:
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(%) the map t — f(t,z,y) is measurable on I, for every (z,y) € R?;
(*) the map (x,y) — f(t,z,y) is continuous on R?, for a.e. t € I.

Remark 3.1. As in Sect. 2, we point out that, as a consequence of (A2);-
(A2)q, for every (t,z) € I x R, one has a(t,z) > h(t) > 0 and:

T 1 |
OS/O a(t,xa))dtg/o )

for any measurable function x : I — R. Hence, ¢ — a(t,z(t)) € LP(I).
We now give the definition of solution of the problem (3.1).

Definition 3.2. We say that a continuous function = € C'(I,R) is a solution
of the Dirichlet problem (3.1) if it satisfies the following properties:

(1) . € WH(I) and t +— ®(a(t,z(t)) 2/ (t)) € WH(I);

(2) (@(a(t,x(t)) m’(t)))/ = f(t,z(t),2'(t)) for almost every t € I;

(3) 2(0) = vy and z(T) = vs.
If z fulfills only (1) and (2), we say that x is a solution of the ODE

(®(alt 202’ (1)) = F(t,2(0), 2/ (1), (3.2)

To clearly state the main result of this section, we also need to introduce
the definition of upper/lower solution of the equation in (3.1).

Definition 3.3. We say that a continuous function o € C(I,R) is a lower
[respectively upper] solution of the differential equation (3.2) if:
(1) a € Wh(I) and t — ®(a(t, a(t) /(1)) € WHH(I);
/

(2) (@(a(t,a(t)) a’(t))) > [<] f(t,at), o/ (t)) for almost every t € I.

Remark 3.4. If x € WH1(I) is a solution of the problem (3.1), we denote by
A, the unique continuous function on I, such that (see also Remark 2.4):

A (t) = alt,z(t))2'(t) for ae. tel.

Notice that, as a consequence of condition (1) in Definition 3.2 (and again of
the fact that ® is a homeomorphism, see (H1)), such a function exists.

Analogously, if a € W11(T) is a lower /upper solution of (3.2), we denote
by A, the unique continuous function on I, such that:

Auo(t) = a(t,a(t))a/(t) for ae. tel.
The existence of such a function follows from (1) in Definition 3.3.

We are ready to state our main existence result.

Theorem 3.5. Let us assume that, together with the structural assumptions
(A1)-to-(A3), the following additional hypotheses are satisfied:

(A1°) there exists a pair of lower and upper solutions o, 3 € WLP(I) of the
differential equation (3.2), such that a(t) < B(t) for every t € I;
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(A2’) for every R > 0 and every non-negative function v € LP(I), there exists
a non-negative function h = hg € L'(I), such that:

|f (&2, y(0)] < hry (1) (3.3)
for a.e. t € I, every x € R with |z| < R and every function y € LP(I)

satisfying |y(t)| < ~v(t) a.e. on I.

(A8’) there exist a constant H > 0, a non-negative function p € Li(I) (for
some 1 < q < o0), a non-negative function | € L'(I), and a non-
negative measurable function v : (0,00) — (0,00), such that:

(%) 1/4p € Li,.(0,00) and / —dt (3.4)
() £ (t2)] < w(|<1><a(t,m> yl)- (1<t> 10 |y|"*21); (3.5)

for a.e. t € I, every x € [a(t), 5(t)] and every y € R with |y| > H.
Then, for every choice of 11 € [«(0), 5(0)] and vo € [a(T), B(T))], the Dirichlet
problem (3.1) possesses at least one solution x € WYP(I) (where p > 1 as is
assumption (A2)), further satisfying that:

alt) <xz(t) <B(t) for everyt € I. (3.6)

Moreover, if M > 0 is any real number, such that sup; ||, sup; |8 < M, it
is possible to find a real Ly; > 0, only depending on M, such that:

r?ealx|x(t)’ <M and T&X‘Aw(t)’ < Ly. (3.7)

The main idea behind the proof of Theorem 3.5 is to think of the Dirich-
let problem (3.1) as a particular case of an abstract BVPs of the form (2.1),
and then to apply the existence result contained in Theorem 2.5.

Unfortunately, we cannot directly apply our Theorem 2.5 to the problem
(3.1): in fact, in general, we cannot expect the (well-defined) functional:

WYP(I) > 2 — F, = f(t,z(t),2'(t)) € L' (1)

to satisfy assumption (H3) (or, more precisely, estimate (2.2)).

Thus, following an approach similar to that exploited by [10,15], we
introduce a suitable truncated version of problem (3.1), to which Theorem 3.5
can apply.

To this end, to simplify the notation, we first fix some relevant constants
that we shall need for the proof of Theorem 3.5; henceforth, we suppose that
all the assumption in the statement of Theorem 3.5 are satisfied.

Let M > 0 be any real number, such that sup; |af, sup; |8] < M and let
H > 0 be the constant appearing in assumption (A3’); moreover, we define:

ap :=max {a(t,z) : (t,z) € I x [-M,M]}. (3.8)
Now, since ® is increasing, we choose N > 0, such that:
O(N)>0, P(-N)<O0 and

2M

{ } (3.9)
N >max < H,— 7 - ap;

T
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accordingly, we fix Lj; > 0 in such a way that (see (3.4)):

o(Ln) g —e(=Lm) 1 a1
min{/ —ds,/ ds} S Wl + Nl (200)53.10)

®(N) P(s) ®(—N) ¥(s)
Notice that Ly, depends on M (and also on ! and u), but not on «, 3 nor on
v1 and vs.

We then consider the function:
Y = Ly /h+ || + 13| € LP(T),

and we introduce the following truncating operators:

a(t), if z(t) < a(t);
T:WhP(I) — We(I), T(x)(t) ;=< x(t), if z(t) € [alt), B(1)];
p), if x(t) > B(t);
—(t), i 2(t) < =y (t);
D: LP(I) — L'Y(I), D(z)(t) :== { 2(t), it |z()] < ya(t);
Yo (t), if z(t) > ym(t).

We also consider the truncated function f* : I x R? — R defined by:

f(t,B(t),3(t)) + arctan (z — B(t)), if x> p(t);
[tz y) = ] ft2,y), if z € la(t), B(1));
f(t, a(t), o/ (t)) + arctan (z — a(t)), if =z <a(t).

By means of the function f* and of the operators 7 and D, we are finally in
a position to introduce a “truncated version” of the Dirichlet problem: (3.1):

<<I><a(t, T(x)(t)) w’(t)))l = f (t,x(t),D(T(x)’(t))), acon )
z(0) = vy, (T) = ve.

The next proposition shows that the “abstract” existence result in Theo-
rem 2.5 does apply to the “truncated” Dirichlet problem (3.11).

Proposition 3.6. Let the above assumptions and notation apply. Then, there
exists (at least) one solution x € WP (I) of the Dirichlet problem (3.11).

Proof. We consider the operators A and F defined as follows:
ASWIP(D) > C(LR),  A(t) = a(t, T(@)(1),
FoWW(I) — LY(I),  Fu(t):= f* (t,x(t),D(T(x)’(t))).
By means of these operators, the problem (3.11) can be re-written as:
(@(Aw(t) x’(t)))/ =F,(t), ae onl,
z(0) = vy, (T) = va.
We claim that A and F satisfy assumptions (H2) and (H3) in Theorem 2.5.
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First of all, since 7 is continuous with respect to the uniform topology
of C(I,R) (as is very easy to see) and since, by the choice of M, we have:

M <a(t) <T(z)(t) <p{t) <M foreverytel,

the uniform continuity of a on I x [—M, M| implies that A is continuous from
WLP(I) (as a subspace of C(I,R)) to C(I,R). Moreover, by (3.8), one has:

A1) =a(t, T(2)(t)) <ap for every z € WYP(I) and every t € I.
Finally, by assumption (A2), there exists h € C(I,R), such that:
(x) h>0and 1/h € LP(I);
(%) As(t) > h(t) for every x € WP(I) and every t € I.
Thus, the operator A satisfies assumption (H2) in Theorem 2.5 (with the
choice hl := h and hg(t) = ao).
As for the functional F', by arguing exactly as in [7, Theorem 3.1] (and

by making crucial use of assumption (A2’)), one can recognize that F' is
continuous from W (I) to L'(I) and that:

o0 < (1) = hagy () + 5

for every x € WP(I) and almost every ¢ € I (here, hy,, is the function
appearing in assumption (A2’) and corresponding to M and vy, € LP(I)).
Since © € L(I) (as it follows from assumption (A2)’), we conclude that F'
satisfies assumption (H3) in Theorem 2.5.

Gathering together all these facts, we are allowed to apply Theorem 2.5
to problem (3.11), which, therefore, admits a solution = € W1 (). d

We now turn to prove that any solution of (3.11) actually solves (3.1).

Proposition 3.7. Let the above assumptions and notation do apply, and let
x € WYP(I) be any solution of the truncated problem (3.11). Then, the fol-
lowing facts hold:

(i) at) <xz(t) < B(t) for everyt € I;

(i) sup; |z < M;
(iil) |Ag(t)] < Las for everyt € I;
(iv) [#/(0)l < Lar/h(t) < e(t) for ace. t€ 1.

Proof. Let & € W1P(I) be any solution of (3.11). According to Remark 2.4,
we denote by A, the unique continuous function on I, such that:

A, (t) = a(z,T(x)(t)) 2'(t) forae. tel.
Once we have proved that z(t) € [a(t), 5(¢)] for all ¢ € I, we shall obtain:
)

Ax(t) = a(t, z(t)) 2'(t

Let us then turn to prove statements (i)-to-(iii).

(i) Let us assume, by contradiction, that z(f) ¢ [a(¢),5(¢)] for some
t € I, moreover, to fix ideas, let us suppose that z(¢) < a(t).

Since, by assumptions, v; = z(0) > «(0) and v = x(T) > «(T), it is
possible to find suitable points t1,t2,0 € I, with t; < 6 < to, such that:

for a.e. tel.
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(a) z(0) — a(f) = Itnel}l (z(t) — a(t)) < 0;
(b) z(t1) — a(t1) = x(t2) — a(te) =0 and = < « on (t1,ta).
In particular, from (b), we infer that 7 (z) = a on (¢1,?2) and that:
7 (t, (1), D(T(:c)'(t))) = f(t,a(t), /(1) + arctan (z(t) — a(t))
< f(t,a(t), (1)), for a.e. t € (t1,t2).

As a consequence, since x solves the Dirichlet problem (3.11) and « is a lower
solution of the ODE (3.2), for almost every t € (t1,t2), we obtain:

(@(Am(t)))' - (@ (o, T(@) (1) x’(t)))/
= (62, D(T@)/ V) < ft.a@®),a'(®)  (312)
< (<I> (a(t, () o/(t)))l - (@(Au(t)))/.

We now introduce the subsets I, I of I defined as follows:
L :={te(t1,0):2'(t) < d'(t)} and Ir:={te (0,t2):2'(t) > (1)}

Since = < « on (t1,ts), it is readily seen that both I; and I must have
positive measure; thus, it is possible to find 7, € I; and 75 € I3, such that:

(x) 0 < hi(m) < a(m, a(r)) for i =1, 2;

(*) Aa(m) = alri, a(ry)) o' (r4) for i = 1,2 (see Remark 3.4);

(*) Au(13) = a(r, T (z) (1)) 2 (1) = a(7, (1)) 2/ (3) for i =1, 2.
From this, by integrating both sides of inequality (3.12) on [r, 6], we get:
(A, (0)) — @(a(ﬁ, a(m)) x’(71)> < P(Aa(9)) — <I>(a(7‘1, a(r)) a'(Tl));
hence, by the choice of 7 and the fact that ® is strictly increasing, one has:

®(A,(0)) — @(Aa(0)) <O. (3.13)

On the other hand, if we integrate both sides of (3.12) on [0, 2], we get:

@ (a(r2,a(r)) 2'(72)) = ©(A(0)) < @(a(72,0(72)) &/ (72) ) — @ (Aa(6)),
and thus, by the choice of 75 and again the monotonicity of ®, we obtain:
P(A,(0)) — (Aa(0)) > 0.

This is clearly in contradiction with (3.13), hence, > « on I. By arguing
analogously, one can prove that 2 < 8 on I, and statement (i) is established.
(ii) By statement (i) and the choice of M, we immediately get:

—M<a(t)<z(t)<p(t) <M foreverytel.

(iil) We split the proof of this statement into two steps.
STEP I: We begin by showing that, if N > 0 is as in (3.9), then:

min | Az (t)| < N. (3.14)
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We argue again by contradiction and, to fix ideas, we assume that:
A, (t) = a(t,z(t)) 2’ (t) > N for ae. tel.
By integrating both sides of this inequality on [0, 7], we get:

T T
A (8) dt = / a(t,z(t) 2/ (£) dt > NT

0 0
from this, by statement (ii), (3.8) and the choice of N (see (3.9)), we obtain:

T T
NT < /0 a(t,z(t)) 2’ (t)dt < ag /0 2/ (t)dt
= (z(T) — z(0)) - ap < (2M) - ag < NT.

This is clearly a contradiction, and hence, A, < N on I. By arguing analo-

gously, one can also prove that A, > —N on I, and (3.14) is established.
STEP II: We now turn to prove statement (iii). To this end, arguing

once again by contradiction, we assume that there exists ¢ € I, such that:

’AZ(E)’ > L]w;

moreover, to fix ideas, we suppose that A, (t) > L.
Since, by definition, Ly, > N, from Step I and Remark 3.4, we infer the
existence of two points t1,t2 € I, with ¢t; < ta, such that (for example):

(%) A(t1) = N and A, (t2) = Las;
(xx) 0 < N < A, (t) < Ly for every t € (t1,12);
from this, by statement (ii), (3.8) and the choice of N (see (3.9)), we obtain:

N L
0<H< = <a/(t)< 2L <qp(t) forae. te(ty,ts) (3.15)
() h(t)

We explicitly notice that, since ® is increasing and ®(N) > 0 (by the choice
of N, see (3.9)), from (xx*), we also infer that:

(A (t) > ®(N)>0 for all t € (t1,t2). (3.16)

Now, by definition of D, we deduce from (3.15) that D(z’) = 2’ a.e. on (¢1,t2);
moreover, by statement (i) and the definition of f*, we have:

7 (t,x(t),D(T(a:)’(t))) — f(t,x(t),2'(t)) for ac. t € (t1,t2).
Thus, since z(t) € [a(t), 5(¢)] for every t € I (by statement (i)) and
2/ (t) > H > 0 for a.e. t € (t1,t2)

(again by (3.15)), we are entitled to apply estimate (3.5), obtaining (remind
that = solves (3.11), and see (xx) and (3.16))

(204.0)| = |(2latta0) /@) | = 7200

q—1

- (@(Am(t))>-(l(t)+#(t)(x'(t))7> (‘a.e. on (t,t2)).
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In particular, by exploiting this inequality, we obtain:

(L) 1 P(Ax(t2)) 7
/b(N) Mds_A(Am(tl)) st
21 (@(Am(t)))/ t1 L a1
<[ hoia | (0 @) ar
(by Holder's inequality)

q—1

t1 q
< lils + llze - ( [ o dt)
to

-1

< il + e - (w(02) = @(t)
(by statement (ii))

< Nlzr + l|ullza - (2M)

This is in contradiction with the choice of Ly (see (3.10)), and hence, A, <
Ly; on I. Analogously, one can prove that A, > —Ljy; on I and statement
(iii) is completely proved.

(iv) From statement (iii) and assumption (A2), we immediately infer that:

L L
|2 (t)] < M o ZM ) (t)  for almost every t € I,

~a(t,z(t) — h(t)
and the proof is finally complete. O

g—1
a .

By combining Propositions 3.6 and 3.7, we can prove Theorem 3.5.

Proof of Theorem 3.5. First of all, by Proposition 3.6, there exists (at least)
one solution & € W1P(I) of the “truncated” Dirichlet problem (3.11); more-
over, by statements (i) and (iv) of Proposition 3.7 (and the very definitions
of the operators 7 and D), for almost every ¢t € I, we obtain:

<<I>(a(t, x(t)) :c'(t)))/ - <q> (a(t, T(x)(t)) x'(t)))/
= 1*(t.2(). D(T@)(1)) = F(t, (). 2'(2)).

Thus, z is actually a solution of the Dirichlet problem (3.1).

To complete the demonstration of the theorem, we show that x satisfies
(3.6) and (3.7).
As for (3.6), it is precisely statement (i) of Proposition 3.7; estimate (3.7),
instead, follows from statements (ii) and (iii) of the same proposition. O

Some examples. We close the section with a few illustrating examples, in
which we consider a generic function a(t, z) satisfying assumption (A2). We
explicitly point out that (A2) is verified, e.g., in the following special cases:

(1) when a(t, z) has a product structure:
a(t,z) = A(t) - b(x),

where A : I — R is a continuous non-negative function on I, such that
1/XNisin LP(I) (for some p > 1) and b € C(R) is such that infg b > 0;
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(2) when a(t,x) is a sum:
a(t,x) = h(t) + b(x),
where h : I — R is a continuous non-negative function on I, such that
1/h is in LP(I) (for some p > 1) and b € C(R, R) is non-negative.
In the next Example 3.8, the growth of the right-hand side f with respect
to the variable y is linear, and this allows the choice 1 = 1 in the Wintner—

Nagumo condition (3.5). Thus, condition (3.5) does not require any relation
among the differential operator ®, the function a appearing inside ®, and f.

Example 3.8. Let us consider the Dirichlet problem:

(o(att.t) /1)) = oOal) +p0) +a=)® 5
x(0) = vy, z(T) = va,
where ¢, a, o, p and g satisfy the following assumptions:

(¥) @ : R — R is a generic strictly increasing homeomorphism;
(x) a € C(I x R,R) satisfies assumption (A2);
(x) o € LY(I) and 0 > 0 a.e. on [;
(x) pe C(I) and g € C(R,R) are generic.
We aim to show that our Theorem 3.5 can be applied to problem (3.17). To
this end, we consider the function f defined as follows:
fiIxR* =R, f(t,z,y) =o(t)(z+ p(t) + g(a)y.
Obviously, f is a Carathéodory function; moreover, it is very easy to recognize

that f satisfies assumption (A2)’. Indeed, let R > 0 be arbitrarily fixed and
let v be a non-negative function in L?(I); setting:

Mp =
RS ma lgl,

we then have:
|f(t,y(1)| < o(t) (R+1p(t)]) + Mp - y(t) = hr~(t),

for every x € R with |z| < R and every y € L'(I) satisfying |y(t)| < ~(¢) for
almost every ¢ € I. Since the function hg . is non-negative and belongs to
€ LY(I) (by the assumptions on o, p and ), we conclude that f fulfills (3.3)
in assumption (A2)', as claimed.

We now observe that, setting N := maxy |p|, the constant functions:

alt):=—N  pB(t):=N (fortel)

are, respectively, a lower and a upper solution of (3.2), such that o < 8 on
I; hence, assumption (A1)’ is satisfied. Furthermore, since we have:

Fy)l < @N)o(t)+ (| maxlo()]) Iy

for every t € I, every |z| < N, and every y € R, we conclude that f also
satisfies assumption (A3)" with the choice (here, My := max_y v |g]):

H:=1 =1, Il(t):=2No(t), p():=My and q=o0.



Vol. 22 (2020) Existence results for singular BVPs Page 19 of 34 53

We are then entitled to apply Theorem 3.5, which ensures that there exists
(at least) one solution of problem (3.17) for every fixed vy, vo € [N, N].

In the next Example 3.9, we give an application of Theorem 3.5 for a rather
general right-hand side, with possible superlinear growth with respect to u’.

Ezxample 3.9. Let us consider the following Dirichlet problem:
(r(attz@) 1)) = a(t) - glat) -2/ () _
u(0) = vy, w(T) = va,
where ®@,., a, 0, g and the exponent ¢ satisfy the following assumptions:
(x) @, : R — R is the standard rLaplacian, that is:
(€)= |¢|"72- ¢ (for a suitable 7 > 1);

(¥) a € C(I xR, R) and there exists h € C(I,R), such that:
1. h>0on I and 1/h € LP(I) (for some p > 1);

2. a(t,xz) > h(t) for every t € I and every z € R.
(x) o € L7(I) for a suitable 7 > 1 satisfying the relation:
r—1

p

<1

1
- : 3.19
—+ , (3.19)
(x) g € C(R,R) is a generic function;
(%) ¢ is a positive real constant satisfying the relation:
1 1
60<1—— -1 (1—--1. 3.20
<1-240- (1-7) (3:20

We aim to show that our Theorem 3.5 can be applied to problem (3.9). To
this end, we consider the function f defined as follows:

fAIXRE=R,  f(tay)=o(t) g(z)- |y
Obviously, f is a Carathéodory function; moreover, it is not difficult to recog-

nize that f satisfies assumption (A2)". Indeed, let R > 0 be arbitrarily fixed
and let v be a non-negative function in LP(I); setting

Mpg = ,
R = max |g]

we then have:
|f(t 2, y(0)] < Mg - |o(t)] - (v(1)° = hr (1)

for every |x| < R and every y € L*(I), such that |y(t)| < y(t) a.e. on I. Now,
by combining (3.19) with (3.20), we readily see that:

1
5<<1—)p;
-

from this, by Holder’s inequality (and the assumptions on o and ), we infer
that hp. (which is non-negative on I) belongs to L'(I), whence f satisfies
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(A2)'. To prove that also assumptions (A1l)" and (A3)" are satisfied, we first
notice that, if N > 0 is arbitrary, the constant functions:

at) == —N B(t) =N (for t € 1)
are, respectively, a lower and a upper solution of (3.2) such that a < 8 on [;
hence, assumption (A1)’ is fulfilled. Moreover, by (3.20), we have:

q—1 TP
6<(r—1)+ ——, here ¢ i = ———
S q T (=)

From this, setting My := max(_y, n] g, we obtain:
|f(te. )] < My - lo ()] |yl® < My - [o(0)] - [y - |yl T
—[@(att.))]| - ()
( since a(t,z) > h(t) for every (t,z) € I x R)
< [a(attom)] - () i

for a.e. t € I, every x € R with |z| < N and every y € R satisfying |y| > 1.
Thus, if we are able to prove that

> 1.

o (@)l
t— ———— € LI(I), (3.21)
(h(t))"~1
we can conclude that f satisfies assumption (A3)" with the choice
My -|o(1)]

Hi=1, w(s)=s Ut):=0, ult):= oS

and ¢ as above. On the other hand, the needed (3.21) is an easy consequence

of Hoélder’s inequality, assumption (3.19) and of the fact that 1/h € LP(I).
We are then entitled to apply Theorem 3.5, which ensures the existence

of (at least) one solution of the Dirichlet problem (3.18) for every vy v € R.

4. General nonlinear boundary conditions

The main aim of this last section is to prove the solvability of general boundary
value problems associated with the (possibly singular) differential equation:

<<I>(a(t, (1)) x'(t)))' — f(t,x(t),2'(t)),  ae on I. (4.1)

(here, @, a and f satisfy assumptions (Al)-to-(A3) in Sect. 3).

As a particular case, we shall obtain existence results for periodic BV Ps
and for Sturm-—Liouville-type problems (associated with (4.1)).

To be more precise, taking for fixed all the notation introduced so far,
we aim to study the following general BVPs (associated with (4.1)):

(®(alt 2()@'(1)) = fa(e).a' (1), ac on T,
g(x(0), 2(T), A.(0), A.(T)) = 0, (4.2)
#(1) = pla(0)).
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Here, p: R — R and g : R* — R satisfy the following general assumptions:
(G1) p € C(R,R) and is increasing on R;
(G2) g € C(R* R) and, for every fixed u,v € R, it holds that:

(G2); g(u,v,-,2) is increasing for every fixed z € R;
(G2), g(u,v,w,-) is decreasing for every fixed w € R.

We now state one of the main existence results of this section.

Theorem 4.1. Let us assume that all the hypotheses of Theorem 3.5 are sat-

isfied, and that g and p fulfill the assumptions (G1)—(G2) introduced above.

Moreover, if a, 3 € WYP(I) are as in assumption (A1'), we suppose that:
9(a(0), (T), Au(0), Aa(T)) > 0, 9(8(0), B(T), Ap(0), As(T)) < 0
a(T) = p((0)) B(T) = p(B(0)).

Finally, let us assume that the function a satisfies the following condition:

a(0,2) #0 and a(T,z) #0 for every x € R.

(4.3)

Then, the problem (4.2) possesses a solution x € WHP(I), such that:
alt) < z(t) < B(t) for every t € I. (4.4)

Furthermore, if M > 0 is any real number, such that sup; |a|, sup; |8 < M
and Lps > 0 is as in Theorem 3.5 (see (3.10)), one has:

<M < Ly,. 4.
max [z(t)| < and  max |Ay(t)] < Ly (4.5)
The basic idea behind the proof of Theorem 4.1, inspired by [3] and
already exploited in [15], is to think of the boundary value problem (4.2)
as a “superposition” of Dirichlet problems to which our existence result in

Theorem 3.5 apply. Following this approach, we first establish a compactness-
type result for the solutions of the ODE (4.1).

Proposition 4.2. For every n € N, let x,, € WYP(I) be a solution of

(@(a(t,x(t))x'(t)))' = f(t,x(t),2'(t)),  ae onl. (4.6)

We assume that, together with (A1)—(A3), [ satisfies assumption (A2") of
Theorem 3.5; moreover, we suppose that there exist M, L > 0, such that:

sup |x,| <M and supl|A,, | <L for every n € N. (4.7)
I I
It is then possible to find a sub-sequence {xy, tren of {@n tnen and a solution
xo € WHP(I) of Eq. (4.1) with the following properties:
(1) @n, (t) = zo(t) for every t € I as n — oco;
(2) Ay, (t) = Ay, (t) for every t € I asn — oo.
Proof. For every natural n, we set z, := (@(Amn))/. Since z, is a solution of

(4.6), by (4.7) and the fact that f satisfies (A2’), we have (see also (3.3)):
|zn ()| = | f(t, 20 (), 2, ()| < hary(t)  forae. tel, (4.8)
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where v = L/h and hy;, € L*(I) is the function appearing in assumption
(A2') and corresponding to M and 7. Moreover, again by (4.7), one has:
L
|27, (8)] < o y(t) forae. tel. (4.9)
As a consequence, both {z,}, and {x/,},, are uniformly integrable in L*(I).
Then, by Dunford-Pettis Theorem (see, e.g., [2]), there exist v,w € L(I),
such that, up to a sub-sequence, z/, — v and z, — w in L*(I) as n — oo.
Now, since the sequence {z,(0)}, is bounded in R (again by (4.7)),
we can assume that x,(0) converges to some vy € R as n — oo; from this,
reminding that z/, — v in L'(I), we get:

t t
zn(t) = 2,(0) —|—/ z(s)ds — 1y —|—/ v(s)ds =:zo(t) Vi e [4.10)
0 n—eo 0
Notice that, by its very definition, x( satisfies the following properties:

(a) xo is absolutely continuous on I and x{, = v € L'(I);
(b) sup; |zo| < M (this follows also from (4.7)) .

Thus, to complete the demonstration, we need to prove that zq is a solution
of the equation (4.6) and that A, — A, point-wise on I as n — oco.

First of all, since also the sequence {A;, (0)}, is bounded in R (again
by (4.7)), we can suppose that A, (0) — 1y as n — oo for some 1 € R;
thus, since z, — w in L'(I), we have:

@(Axn(t)) :‘P(Axn(())) —i—/o 2 (s)ds — <I>(V6)—|—/O w(s) ds.

n—oo

As a consequence, by the continuity of ®~!, we obtain:

n—oo

Ag, () — @71 (@(V{)) + /t w(s) ds) =:U(t) foreverytel. (4.11)

Notice that, by definition, & € C(I,R) and it satisfies:

(a), ® ol is absolutely continuous on I and (® o) = w € L*(I);
(b), sup; [U| < L (this follows also from (4.7)) .

Now, since a is continuous on I X R, we derive from (4.10) that a(t,z,(t))
converges to a(t,xo(t)) for every t € I as n — oo; thus, the above (4.11)
(together with the fact that a(t,z) > h(t) > 0 for a.e. t € I) gives:

b
n—oo aft, zo(t))
Taking into account (4.9) and the fact that 1/h € LP(I) (see assumption
(A2)), it is easy to recognize that:
, u
7
a(:, o(+))
on the other hand, since we already know that 2/, — v in L'(I) as n — oo,
we necessarily have:

x (t) U(t) forae. tel. (4.12)

x also in L'(I);

v(t) = ol ! U() ae. onl. (4.13)

t,zo(t))
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From this, by reminding that v = z{, (see (a)), we infer that:
(%) zh =v € LP(I), whence zg € WP (I) (as [U/a(-,z0(+))| < L/h);
(%) a(t,zo)xy =U a.e. on I;
(x) @o (a(t,zo)zh) = Pold € WH(I) and (see (a);):

(®(alt, o) xg))/ = w.

We now turn to prove that xg solves the ODE (4.6). To this end, we
observe that, by (4.12) and (4.13), we have z/ (¢t) — v(t) = z((¢t) for a.e.
t € I; as a consequence, since z, is a solution of (4.6) for every n and f
is a Carathéodory function (see (A3)), we obtain (remind that x, — xg
point-wise on I):

Zn = (‘I)(-Axn))l = f(ta an(t), x;z(t)) n?oo f(ta xo(t), x{)(t)) for a.e. t € 1.

On the other hand, by (4.8), we have that z, — f(t,zo(t), z{(t) also in L(I);
since we already know that z, — w in L'(I), we conclude that:

(@(a(t, zo()) xg(t)))/ =w(t) = f(t,zo(t),zy(t)) forae. tel,

that is, zo is a solution of (4.6). Finally, since U is a continuous function on
I, such that U = a(t, xo) x}, a.e. on I, we have Y = A, on I and, by (4.11):

A, (t) — A,(t) forevery tel.
This ends the proof. O
We also need the following technical lemma.

Lemma 4.3. Let o, 8 € WYP(I) be, respectively, a lower and a upper solution
of Eq. (4.1), such that o < 8. Moreover, let us assume that:

a(0,2) #0 and a(T,z)#0 for every x € R.

Then, the following facts hold true:

(i) if a(0) = B(0), then Aq(0) < Az(0);
(ii) if a(T) = B(T), then Ao (T) > As(T).

Proof. We only prove statement (i), since (ii) is analogous.
First of all, since both a(0, «(0)) and a(0, 5(0)) are different from 0 (by
assumption), it is possible to find § > 0, such that, for a.e. t € [0, §], we have:
all t
i) = _Aal) Ayt

= dlam) =M md B = s = ua(®)

moreover, both u; and uy are continuous on [0, d]. Let us now assume, by
contradiction, that A,(0) > Ag(0). Since, by assumption, «(0) = §(0) (and
a is non-negative on I x R), there exists ¢’ < §, such that:

o (t) = ui(t) > ua(t) = F'(t) forae. te]0,d];
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thus, by integrating this inequality on [0, §'], we get:
¢ t
a(t) = a(0) +/ a/(s)ds = 5(0) +/ a'(s)ds
0 0

t
> (3(0) +/ B'(s)ds = B(t) ( for every t € [0,0],
0
which contradicts the fact that o« < 8 on I. This ends the proof. O
We can now prove Theorem 4.1.

Proof of Theorem 4.1. Let v € [a(0), 8(0)] be fixed. Since, by assumption, p
is increasing on R and «, (3 satisfy (4.3), we have p(v) € [a(T),5(T)]; as a
consequence, by the existence result in Theorem 3.5, the Dirichlet problem

o) (cb(a(t,x(t))x'(t)))' — f(h ()2 (1),  ae on,
z(0) = v, z(T) = p(v)

admits a solution z,,, such that o < z, < 8 on I. Moreover, if M > 0 is such
that sup; |«|, sup; |8] < M and Lj; > 0 is as in Theorem 3.5, we have:

() supla,(t)] < M and sup|As, (O] < Lar.
tel tel
We then consider the following set:
V= {z/ € [a(0),3(0)] : 3 a solution z,, € WP(I) of (D,) s.t. a <z, < 3,
x, satisfies () and g(z,(0),z,(T), Az, (0), Az, (T)) > O}.
CrLAmM 1. We have v := «a(0) € V. In fact, by Theorem 3.5, there exists a
solution z, € WP(I) of (D,), such that:
a<z, < onl,
and satisfying (); in particular, we have:
z,(0) = v = «(0).

From this, by applying Lemma 4.3 with z, in place of § (notice that, x,
being a solution of (D, ), it is also a upper solution of (4.1)), we get:

Aa(0) < Ag, (0).

Analogously, since we have (remind that « satisfies (4.3)):
2, (T) = p(v) = p(a(0)) = «(T),

again by Lemma 4.3 (with g replaced by z,), we have:

Au(T) > Ap, (T).
Thus, by (4.3) and assumption (G2), we obtain:

9(2,(0),2,(T), Az, (0), Az, (T)) = g((0), a(T), Aa(0), Aa(T)) = 0.

This proves that v € V, as claimed. In particular, V' # &.
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Cram 2. If 7 :=supV, we have 7 € V. In fact, if 7 = «(0), we have already
proved in Claim I that 7 € V; if, instead, 7 > «(0), we choose a sequence
{Vn}n € V such that v, — 7 as n — oo and v, < ¥ for every n. Since
{vn}n C V, there exists a solution x,, € WLP(I) of (D,, ), show that:

(a) a<z, <fonl;

(b) x, satisfies (x);

() 9(24(0), 2, (1), Ay, (0), Ay, (T)) = 0.

On account of (b), we can apply Proposition 4.2, which provides us with
a solution zg € W1P(I) of (4.1), such that (up to a sub-sequence):

Tp(t) = xo(t) and Ay, (t) — Ay (t) for every t € I.

Now, since v, — 7 and p is continuous, it is readily seen that x is a solution
of (D5); moreover, since x,, satisfies () and o < x,, < fon I for every n € N,
then the same is true of z¢. Finally, by (c) and the continuity of the function
g on whole of R* [see assumption (G2)], we conclude that:

9(20(0), 20(T), Az, (0), Azy (1))
= T g(2,(0). 24(T). Ay, (0). Ay, (1)) > 0.
and this proves that 7 € V.
With Claims I and IT at hand, we now prove the existence of a solution
for (4.2). In fact, let 7 = supV € [a(0), 3(0)] and let z; € WHP(I) be a
corresponding solution of (D) satisfying (x) and such that:
(i) a<zy<pBonl;
(i) 9(z5(0),25(T), Az, (0), Az, (T)) = 0.
If 7 = 5(0), we have 2(0) = 8(0) and (by (4.3)):
27(T) = p(8(0)) = B(T);
on the other hand, since we also know that zo < 8 on I, from Lemma 4.3
(with « replaced by zz, which is a solution of (D)), we 1nfer that:
>

Az, (0) < Ap(0) and Ay, (T) = Ag(T).
Hence, by (ii), the monotonicity of g [see (G2)], and (4.3), we obtain:
0 < g(25(0), 2(T), Az, (0), Ag.(T')) = 9(5(0)7ﬂ(T)vAmv(O)vAmv(T))
< 9(8(0), B(T), Ap(0), As(T")) < 0,

and this proves that xy is a solution of (4.2) satisfying (4.4) and (4.5).

If, instead 7 < 3(0), we choose a sequence {pm tm C [(0), 5(0)], such
that p,, — 7 as m — oo and p,, > ¥ for every m. Since z3 is a solution
of (Dy) satisfying (i)—(ii) above, we can think of z and 3 as, respectively, a
lower and a upper solution of (4.1) satisfying (A1’) in Theorem 3.5; moreover,
by the very choice of M > 0, we also have that:

sup |z5(t)|, sup|B(t)| < M.
tel tel
Hence, for every m, there exists a solution u,, of (D), such that:

o a<uzy<uy<pPonl;
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e sup; [uy,| < M and sup; | Ay, | < La.

In particular, u,, satisfies (x) for any m. We can then apply Proposition 4.2,
which provides us with a solution ug of (4.1), such that (up to a sub-
sequence):

Um (1) — uo(t) and A, (1) — Ay, (1) for every t € I.
Since p,, — 7 and p is continuous, ug solves (Dz); hence:
uo(T) = p(uo(0)).

We now observe that, since p,,, > 7 = sup V, then p,, ¢ V; as a consequence,
since @ < u,, < B on I and u,, satisfies (%) for every m, we necessarily have:

9(um (0), um (T), Ay, (0), Ay, (T)) < 0.
From this, by the continuity of g (see assumption (G1)), we get:
9(up(0),uo(T), A,y (0), Ay, (T)) < 0. (4.14)
On the other hand, since both x5 and ug solve (D), we have:
up(0) = 25(0) = 7 and uo(T) = 25(T) = p(D);

moreover, since u,, > x on I for every m, then the same is true of ug. From
this, by exploiting once again Lemma 4.3 (with « = 2 and 3 = w,,, which
are solutions of (D)), we infer that:

Ay (0) > Ay (0) and A, (T) < Ay, (T).
By (4.14), and by monotonicity of g and (ii) above, we then obtain:
0> g(u0(0), uo(T), Ay (0), Auo (T')) = g(25(0), 25(T), Aug (0), Auy (T'))
2 g(x7(0)7 l'g(T), A17(0)7 Arv(T)) 2 07

and this shows that ug solves (4.2). Finally, since a < u,,, < § on I and u,,
satisfies () for every m, we conclude that ug satisfies (4.4)-(4.5). O
As a particular case of Theorem 4.1, we have the following result.

Corollary 4.4. Let us assume that all the hypotheses of Theorem 3.5 are sat-
isfied; moreover, if a,3 € WYP(I) are as in assumption (A1), we suppose
that the following inequality hold:

Aa(0) = Aa(T), Ap(0) < Ap(T),
{a(T) = a(0), {ﬁ(T) = B(0).
Finally, let us assume that the function a satisfies the condition:
a(0,2) #0 and a(T,z)#0 for every x € R.
Then, there exists (at least) one solution x € W1P(I) of:

( (alt, (1) a'(1)) = F(t.x(5),a' (1), ae on,

Az (0) = Au(T),
2(0) = (7).
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Proof. 1t is a straightforward consequence of Theorem 4.1 applied to:
p(r)=r and g(u,v,w,2z)=w— z,

which trivially satisfy assumptions (G1) and (G2). This ends the proof. O

We conclude the present section by turning our attention to Sturm—Lio-
uville-type and Neumann-type problems associated with the ODE (4.1).
To be more precise, we consider the following boundary value problems:

(@(att2(t) 2t ))) = {0, @), aeonl o
p(x(0), 4:(0)) = 0, q(2(T), Ax(T)) = 0.

Here, the functions p, ¢ : R?> — R satisfy the following general assumptions:

(S1) p € C(R?,R) and, for every s € R, the map p(s,-) is increasing on R;

(S2) g € C(R?,R) and, for every s € R, the map (s, -) is decreasing on R.

The following theorem is the second main result of this section.

Theorem 4.5. Let us assume that all the hypotheses of Theorem 3.5 are sat-
isfied, and that the functions p and q fulfill the assumptions (S1)—(S2) in-
troduced above. Moreover, if a, 3 € WLP(I) are as in assumption (A1), we
suppose that the following inequality holds:

{p(am), Aa(0)) 20, {pw<o>,Aﬂ<o>> <0, (4.16)
4(a(T), Aa(T)) = 0; q(B(T), As(T)) < 0.
Finally, let us assume that a satisfies the “compatibility” condition:
a(0,z) #0 and a(T,z) #0 for every x € R.
Then, the problem (4.15) possesses one solution x € WYP(I), such that:
alt) < z(t) < B(t) for every t € I. (4.17)

Furthermore, if M > 0 is any real number, such that sup; ||, sup; || < M
and Lys > 0 is as in Theorem 3.5 (see (3.10)), then:

r?ealx}z(tﬂ <M and I?g;(|¢4¢(t)| < L. (4.18)

The proof of Theorem 4.5 relies on the following lemma.

Lemma 4.6. Let the assumptions and the notation of Theorem 4.5 apply.
Then, for every fized v € [a(T), 3(T)], the boundary value problem

( (a(t,x )) = f(t,z(t),2'(t)), a.e. on I,
(D.) p((0), A, < >> 0,
x(T) =v.
possesses at least one solution x € WYP(I), such that a < x < 3 on I.

Furthermore, if M and Ly; are as in the statement of Theorem 4.5, then:

sup |z(t)] < M  and sup|A.(t)] < L. (4.19)
tel tel

Proof. We fix v € [o(T), 8(T)] and we consider the following functions:
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() p R—R, pr) i=v;
(x) g:R* =R, g(u,v,w,z2) = plu,w).

Then, by means of these functions, we can re-write the problem (D, ) as:

(2(alt,2(0) (1)) = f(t.a(e).a' (1)), ac.onl,
9(x(0),z(T), Az(0), Ax(T))) = 0,
z(T) = p(x(0)).
Now, taking into account (S1), it is readily seen that p and g satisfy, respec-
tively, (G1) and (G2) in the statement of Theorem 4.1; thus, to prove the
lemma, it suffices to show the existence of a lower and a upper solution for
(4.1) satisfying (A1l’) and (4.3) (with the above choices of p and g).
To this end, we first observe that, by assumption, a and 3 are, respec-

tively, a lower and a upper solution for (4.1) satisfying (A1’) (that is, « < 8
on I); as a consequence, by Theorem 3.5, the Dirichlet problem

o), (@(a(t,x(t))x'(t)))' — f(ha(t),2(8),  ae on I,
x(0) = a(0), z(T) =v

possesses (at least) one solution z; € W1P(I), such that o < 21 < 38 on I.
Moreover, if M and Lj; are as in the statement of Theorem 4.1, we have:

sup |z1(t)| < M and supl|A,, (t)] < L. (4.20)
tel tel

We claim that the function x;, which is obviously a lower solution of (4.1),
satisfies the first assumption in (4.3) (with g as above). In fact, since:

21(0) =(0) and x1 >aon I,
from Lemma 4.3 (with z; in place of 3), we infer that:
Az, (0) = Aq(0)
as a consequence, by assumption (S1) and (4.16), we obtain:
9(21(0), 21(T), Az, (0), A, (T') = p(21(0), Az, (0))
= p((0), Az, (0)) > p((0), Aa(0)) = 0.

Furthermore, since x; solves (D)1, we have 21(T) = v = p(x1(0)), and this
proves that x satisfies the first assumption in (4.3).

We now turn to prove the existence of a upper solution x5 of (4.1), such
that xo > x1 on I and satisfying the second assumption in (4.3).

First of all, we notice that x; and ( are, respectively, a lower and a
upper solution for (4.1) such that zy < 8 on I; moreover:

v=ux1(T) € [x1(T), B(T)].

Finally, by (4.20) and the choice of M, we have:
sup |21 (¢)|, sup|B(t)] < M.
tel tel
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As a consequence, by Theorem 3.5, the Dirichlet problem

(D) (2(att,2(t)) (t))) — J(ta(),a (1), ac.on .
z(0) = B(0), =(T) =
has a solution o € W P(I), such that 21 < x5 < 3 on I, further satisfying:
)

sup z5(t)] < M and  sup [ Ay, (1)] < Las, (4.21)
tel tel

for the same M > 0 fixed at beginning (and Lj; as in Theorem 3.5). We
claim that 5, which is obviously a upper solution of (4.1), satisfies the second
assumption in (4.3). In fact, since

22(0) = 3(0) andzy < B on I,
by exploiting Lemma 4.3 (with x5 in place of ), we get:
Az, (0) < Ag(0);
thus, by assumption (G2) and again (4.16), we have:
9(22(0), 22(T), Az, (0), Az, (T) = p(22(0), Aq, (0))
= p(6(0), A, (0)) < p(6(0), As(0)) < 0.

Furthermore, since x2 solves (Dg), one has z2(T) = v = p(z2(0)), and this
proves that xo > z satisfies the second assumption in (4.16).

Gathering together all these facts, we can conclude that all the assum-
ptions in Theorem 4.1 are fulfilled (with the above choice of g and p); thus,
there exists (at least) one solution z € WP (I) of (D,), such that:

a<ri<z<z,<(B onl.
In particular, by the choice of M and Ljs (according to (3.10)) and the fact
that x1, xo fulfill, respectively, (4.20) and (4.21), we deduce that:

sup |z(t)] < M and sup|A.(t)] < L,
tel tel

with the very same M, Ly; > 0 fized at the beginning. This ends the proof.
|

Remark 4.7. Let the assumptions and the notation of Lemma 4.6 apply.
By giving a closer inspection to the proof of this lemma, we see that the
only property of o and 3 that we have used is the following (see (4.16)):

(%) p(a(0),44(0)) =20 and  p(5(0),A(0)) <0.
Hence, Lemma 4.6 still holds if we replace (4.16) with the weaker (¥).

Thanks to Lemma 4.6, we are able to prove Theorem 4.5.

Proof of Theorem 4.5. Let v € [a(T), 5(T)] be fixed. By Lemma 4.6, there
exists (at least) one solution x,, € W1P(I) of the BVP:

( (a(t,x(t))x())) — f(t,x(®),2'(t)),  ae onl,
(Dv) p(2(0), A;(0) =
z(T)=v

Y
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such that o < x, < 8 on I; moreover, if M, Ly; > 0 are as in the statement
of the theorem (that is, Lys is as in (3.10)), we have (see Lemma 4.6):

(%) sup |z, (t)] < M and sup|Ag, (t)] < L.
tel tel
We then consider the following set:
V.= {1/ € [a(T),B(T)] : 3 asolution z, € W'P(I) of (D,) s.t. a <z, < 3,
x, satisfies (%) and ¢(z,(T), A, (T)) > 0}.

STEP I: We have v = «(T) € V. In fact, by Lemma 4.6, there exists a
solution z,, € W1P(I) of (D,), such that a < x, < 3 and satisfying (x); in
particular, we have z,(T) = a(T'). Hence, by Lemma 4.3, we get:

Az, (T) < Aa(T).
From this, by assumption (S2) and (4.16), we obtain:
q(zy(T), Az, (T)) = q((T), Az, (1) = q(a(T), Aa(T)) = 0.

This proves that v € V', as claimed. In particular, V # &.

STEP II: Setting 7 := sup V', we have 7 € V. In fact, if 7 = «(T), by
Step I, we know that 7 € V; if, instead, 7 > «(T"), we can choose a sequence
{Vn}n €V, such that v, — 7 as n — oo and v,, < for every n.

Then, for every natural n, there exists a solution x,, € W1 (I) of (D,, ),
such that:

(a) @ <@, <Bonl;
(b) z, satisfies (x);
(¢) q(zn(T), A, (T)) > 0.

On account of (b) we can apply Proposition 4.2, which provides us with a
solution zo € WP (I) of (4.1), such that, up to a sub-sequence:

Tn(t) = zo(t) and Ay, (1) — Ay (t) for every t € I.
Now, since v, — ¥ and p is continuous, we see that xg solves (Dy); hence:

p(20(0), A, (0)) = 0.

Moreover, since x,, satisfies (x) and o < z,, < 8 on I for every natural n,
then the same is true of z(. Finally, by (c¢) and the continuity of ¢, one has:

A(20(T), Asy (T)) = Tim gl (T), Ay, (T)) > 0.

This proves that 7 € V', as claimed.

Now, we have established Claims I and II, we can finally prove the
existence of a solution to (4.15). In fact, let 7 = sup V' € [a(T), 5(T)], and
let 2, € WHP(I) be a solution of (D) satisfying () and such that:

(i) a<zy < fonl
(ii) q(zw(T), As,(T)) = 0.
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If v = 5(T), we have:
27(T) =7 = B(T) and p(x7(0), As,(0)) = 0;

moreover, since xz < 5 on I, Lemma 4.3 implies that A,_(T) > Ag(T); from
this, by (ii), the monotonicity of ¢ (see (S2)) and (4.16), we obtain:

0 < q(zp(T), Aer (T)) = q(B(T), Az, (T)) < q(B(T), As(T)) <0,

and this proves that x is a solution of (4.15) satisfying (4.17) and (4.18).

If, instead, 7 < B(T), we choose a sequence { iy, }m C [a(T), 5(T)], such
that p,, — 7 as m — oo and p,, > 7 for any m. Since zy solves (Dy) and
z7 < [ on I, we can think of xz and 3 as, respectively, a lower and a upper
solution of (4.1) satisfying (A1") in Theorem 3.5 and (%) in Remark 4.7 (see
indeed (4.16)); moreover, by (*) and the choice of M, we have:

sup [z(t)], sup[B(t)| < M.

tel tel
As a consequence, by Remark 4.7, for every m € N, there exists a solution
U € WHP(I) of (D,,,.), such that:

o a <y <uy, < [onl;
e sup; |um| < M and sup; | Ay, | < L.

In particular, u,, satisfies (x) for every m. We can then apply Proposi-
tion 4.2, which provides us with a solution ug of (4.1), such that (up to
a sub-sequence):

Um (t) = uo(t) and A, (t) — Ay, (t) for every ¢ € I.
Thus, since p,, — 7 and p is continuous, we see that ug solves (Dy); hence:
P(uo(0), Ay, (0)) = 0.

We now observe that, since p1,, > 7 = sup V, then p,, ¢ V; as a consequence,
since o < u,, < 8 on I and w,, satisfies (x) for every m, we necessarily have:

q(um(T), Ay, (T)) <0  for every m € N.
From this, by the continuity of ¢ (see assumption (S2)), we get:
Qu0(T), Ay (T)) = T qlun(T), A, (T) SO0 (422
On the other hand, since both x5 and ug solve (D), we have:
25(T) =V = uo(T);

moreover, since u,, > %3 for every natural m (by the construction of wu,,),
then the same is true of ug. From this, by using Lemma 4.3, we infer that:

Auo (T) < Az (T).
By (4.22), the monotonicity of ¢ [see (S2)] and (ii) above, we then get:
02 q(uo(T), Au(T) = q(25(T), Auy (T)) 2 q(25(T), As,.(T)) 20,

and this shows that ug solves (4.18). Finally, since a < u,, < 0 and uy,
satisfies () for every m, we conclude that ug fulfills (4.17)—(4.18). O

From Theorem 4.5, we easily deduce the following results.
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Corollary 4.8. Let us assume that all the hypotheses of Theorem 3.5 are sat-
isfied. Moreover, let {1, la, v1, Vo € R and let mq, my € [0,00). If a and 8
are as in assumption (A1), we suppose that:

lya(0) +my Ay (0) > vy, 4 B(0) + mq Ag(0) < 11,
62 a(T) — M2 AQ(T) > Vo] 62 6(T) — M2 .Aﬁ(T) < Va.

Finally, we assume that the function a fulfills the following assumption:
a(0,2) #0 and a(T,xz)#0 for every x € R.
Then, there exists a solution x € WYP(I) of the Sturm-Liouville problem:
( (alt, t))) = f(tx(®),2'(t)),  ae onl,

(0) +my Ay (0) =
(T) = may Ay (T) =

611'

Uy x
Proof. 1t is a direct consequence of Theorem 4.5 applied to the functions:
p(s,t) =l s+mit—1 and q(s,t) ==Ly s —mat — 1o,
which satisfy (S1)—(S2) (since my, my > 0). This ends the proof. O

Corollary 4.9. Let us assume that all the hypotheses of Theorem 3.5 are sat-
isfied. Moreover, let vy, vo € R be arbitrarily fived. If o and (5 are as in
assumption (A1), we suppose that the following conditions are satisfied:

AQ(O) > vy, Ag(()) < vy,
Aa(T) < va; As(T) > vy

Finally, we assume that the function a fulfills the following assumption:
a(0,2) #0 and a(T,x)#0 for every x € R.
Then, there ezists a solution x € WYP(I) of the Neumann problem:
!
( (alt,2()2'(®)) = Lo,/ (1), e onl,

A (0) =14
A (T) = vs.

Proof. 1t is another direct consequence of Theorem 4.5 applied to:
p(s,t) =t —1 and q(s,t) :==vy — t,

which obviously satisfy assumptions (S1)—(S2). This ends the proof. O
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