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Best proximity point theorems in topological
spaces
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Abstract. Let A, B be nonempty subsets of a metric space X and f :
A — B be a mapping. A point zg € A is a best proximity point of f if
d(z, f(x)) = dist(A, B) := {d(a,b) : a € A,b € B}. It is worth mention-
ing that the metric function d plays a vital role in defining the notion of
best proximity points. In this manuscript, we introduced a notion of best
proximity points in arbitrary topological spaces and established few best
proximity point theorems. Our main result generalizes the well-known
Edelstein’s fixed point theorem for contractive mappings.
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1. Introduction

Let A be a nonempty subset of a metric space X. A mapping f : A — X
is contractive if d(f(z), f(y)) < d(z,y), for all z,y € A with x # y. A point
x € Ais a fized point of f if f(x) = z. Edelstein [1] proved that every
contractive self mapping f : A — A, where A is a compact subset of X,
has a unique fixed point in A. Edelstein’s theorem drew attention of many
researchers to obtain various extensions and generalization of it. For more
details of Edelstein’s theorem, one may refer [2,3]. Note that the metric space
structure is essential to define contractive type mappings. In this connection,
see also page 3 in the book by Goebel and Reich [4]. In [5], Liepins obtained an
interesting extension of Edelstein’s theorem. The author extended the notion
of contractive mapping to an arbitrary topological space and obtained fixed
point theorems on topological spaces.

On the other hand, the necessary condition for the existence of a fixed
point of a nonself mapping f : A — X is f(A) N A # 0. Suppose that
the necessary condition fails. Then f(z) # z, for all z € A. Then we are
looking for a point x € A for which the displacement d(z, f(x)) is optimum.
Best Approximation and Best Proximity point theorems are developed in this
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direction. It is worth mentioning that the metric notion is an essential tool
for finding optimum solutions.

In this manuscript, motivated by Liepins’ theorem, we extended the
notion of contractive mapping to an arbitrary topological space, which need
not have a fixed point in general. Also, we generalize the notion of best
proximity points to topological spaces and obtained sufficient conditions for
the existence of a best proximity points for such class of cyclic mappings.
Our main result provides an extended version of the well-known Edelsein’s
fixed point theorem for contractive mappings in metric spaces.

2. Definitions and notations

Let us consider a topological space X and a mapping f : X — X. Fixzg € X.
The orbit O(zo, f) of f starting at z¢ is defined as

O(zo, f) == {f"(z0) : n € NU{0}},

where fO(zg) = mo and f"*(z) = f(f"(z0)), for all n € NU {0}. Sup-
pose that g : X — X is a function. Then the image of O(xg, f) under g is
g(O(xo, f)) = {g(f™(x0)) : n € NU{0}}. The limit point set Lim {z,,} of a
sequence {z,} in a topological space X is defined as

Lim{z,} := ﬂ {Zm :m >n},

n=1

where A denote the closure of A in X. It is easy to verify that if g : X — X
is a continuous mapping and = € Lim O(xg, f), then g(x) € Lim g(O(xo, f)).

Definition 1. Let A, B be nonempty subsets of a topological space X. Let
g : X x X — R be a continuous function. Put Dy(A4, B) = inf{|g(z,y)| : x €
A,y € B}.

When X is a metric space and g = d the metric function on X, then
Dy (A, B) is nothing but the distance between the sets A and B , which we
usually denote by dist(A, B). A mapping f : AUB — AU B is cyclic if
f(A) C B, f(B) C A. Let us define a generalized notion of cyclic contractive
mapping:

Definition 2. A cyclic mapping f : AUB — AU B is topologically r-
contractive with respect to g if for any (u,v) € A x B( or B x A),

|g(fu7fv)| < |g(u, U)lvif |g(u, U)l > DQ(A’ B),
|g(fuva)| = |g(ua 'U)|,if |g(ua 'U)| = Dg(AaB)

In metric space setting, the notion of topologically r-contractive map-
ping reduces to notion of the cyclic contractive mapping introduced by Raju
[6]. The following example shows that a cyclic mapping f : AUB — AU B
may be topologically r-contractive with respect to a mapping g : X x X — R
but need not with respect to some other mapping h: X x X — R.
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Ezample 2.1. Consider R? with usual topology. Let A := {(0,7) : =1 < x <
1} and B :={(1,y) : =1 <y < 1}. Define a cyclic mapping f : AUB — AUB

)
o

Let g : R? x R? — R and h : R? x R? — R be defined as

2y, ift =0,
x), ift=1.

g((z,y), (u,v)) = yv, for all (x,y), (u,v) € R?
h((x,y), (u,v)) = min{y, v}, for all (z,v), (u,v) € R?

Clearly, g and h are continuous functions which are not metric on R2. Note
that D, (A, B) = 0 and Dy, (A, B) = 0. It is easy to verify that the function f is
topologically - contractive with rebpect to g, but not with respect to h, since
h((0, 11),(17%1)) = min{l, g gh = 15 >0 = Dy(A,B) and h(f(0,1), f(1,3)) =
h((07 5)’ (17 E)) = mln{27 35— 3= h((O, 1>7 ( ) 5))

A point u € AU B is a best proximity point of f with respect to g if
lg(z, f(x))| = Dy(A, B). The following P-property plays vital role in proving
the uniqueness of the best proximity points of a given cyclic mapping.

Definition 3. Let A, B be nonempty subsets of a topological space X and
g : X x X — R. We say that the pair (4, B) satisfy the topological P-
property (simply we call P-property) with respect to g if whenever 1,25 € A
and y1,y2 € B with

lg(z1,31)| = Dy(A, B) B
|9($27y;)| g A B)} - ‘9(1171,2172” - ‘g(ylay2)|

Note that, if X is a metric space and g is a metric function on X, then
the above definition reduces to the usual p-property, introduced in [7], which
is used to obtain best proximity points for nonself mappings. The following
example shows that a pair (A4, B) of subsets of a topological space may have
P-property with respect to a mapping g : X x X — R but need not with
respect to some other mapping i : X x X — R.

Example 2.2. Let A := {0} x [0,1], B := {1} x [0, 1] be subsets of R? with
usual topology. Let ¢ : R2xR2? — R and h : R?xR? — R be mappings given as
in Example 2.1. We can see that the pair (A, B) has P-property with respect
to g and not with respect to h, since h((0,1),(1,0)) = 0 = Dp(A4, B) and
h((0, %)7 (1,0)) = 0 = Dp(A, B) but % = n((0,1), (0, %)) # h((1,0),(1,0)) =
0.

Remark 2.1. Let X be a topological space. Suppose that the continuous map-
ping g : X x X — R has the property g(x,y) = 0 & 2 = y. Then for any
nonempty subset K of a topological space X, the pair (K, K) has P-property
with respect to g.
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3. Best proximity point theorems on topological spaces

Let us begin with the following best proximity point theorem on a topological
space:

Theorem 3.1. Let A, B be nonempty subsets of a topological space X and
f i AUB — AUB be a continuous topologically r-contractive mapping
with respect to a continuous mapping g : X x X — R. Then, for any u €
AUB, the set Lim O(u, f) is either empty or consist of a point x which satisfy
l9(z, f(2))| = Dg(A, B).

Proof. Let w € AU B. Suppose that Lim O(u, f) is nonempty and choose
y € Lim O(u, f). Since f is continuous,

f(y) € Lim f(O(u, f)) € Lim O(u, f).
Define h : AU B — R by h(z) := |g(z, f(z))|, for all z € AU B. Since f,g
are continuous, h is continuous. Hence,

h(y) € Lim h(O(u, f)),and h(f(y)) € Lim h(O(u, f)). (1)

Let us assume that [g(f"(u), f* ™' (u))| # Dy(A, B), for all n € N. Since f is
topologically - contractive with respective g, we have

h(f™ () = lg(f™ (w), f*7 ()| > [g(F (u), 772 ()] = A(f" T (w)).
ie, {h(f™(u))} is a decreasing sequence of nonnegative real numbers. Hence
{h(f™(u))} converges to a unique real number. i.e., Lim h(O(u, f)) is a single-
ton set. From (1), h(y) = h(f(y)). i-e., [g(y, fF))| = |g(f (), f*(y))|. Hence
lg(y, f(y))| must be equal to D,(A, B). i.e., y is a best proximity point of f
with respect to g.

Suppose that |g(f™ (u), [T (u))| = Dy(A, B), for some nyg € N. Then
{h(f™(u))} is an eventually constant sequence with constant value D, (A, B).
Hence Lim h(O(u, f)) is singleton set. The same conclusion follows by the
preceding argument. O

Let us illustrate the above result by the following example:

Example 3.1. Consider R? with usual topology. Let A := {(0,¢):0 <t <1}
and B:={(1,5):0<s<1}.Let f: AUB — AU B be defined as

@y ifr=o0
f@wy_{mé) it o —1

Let g : R? x R? — R be a mapping defined as g((x,v), (u,v)) = yv, for all
(7,9), (u,v) € R% Clearly f and g are continuous mapping. The following
inequality shows that f is a topologically r-contractive mapping with re-
spect to g. Note that D, (A, B) = 0. Whenever |g((0,?), (1,s))| > 0, (i.e.,t #

0 and s # 0)
((23).0:9)

)
< ts

19((0,2), (1, 5))]

o
ts
4

19((0,2), (1, 5))]
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If |g((0,t),(1,s))] = 0 = Dy(A,B) (ie., t = 0 or s = 0), then |g(f(0,1),
Clearly, for any u = (z,y) € AU B, LimO(u, f) = {(0,0),(1,0)}

and (0,0) , (1,0) are best proximity points of f with respect to g. i.e.,

Ig((0,0), f(0,0))| =0= DQ(A’B)’ |g((1’0)7f(170))‘ =0= Dg(AaB)'

We obtained the following fixed point theorem due to Liepins as a corol-
lary to Theorem 3.1:

Corollary 3.1. [5] Let K be a nonempty subset of a topological space X and
g: X xX — R be a continuous mapping satisfying that |g(z,y)| = 0 if and
only if x =y, for all x,y € K. Let f : K — K be a continuous mapping
which satisfy that |g(f(z), f(y)| < |g(z,y)|, for all x,y € K with x # y.
Then, for any u € K, the set Lim O(u, f) is either empty or a singleton set
{x}, which satisfy x = f(x).

Proof. Taking A = B = K in Theorem 3.1 and since D, (K, K) = 0, we have
Lim O(u, f) is either empty or contains a point xq satisfying |g(xo, f(z0))| =
Dy(K,K)=0.1ie., g = f(zo).
Suppose Lim O(u, f) # 0. Let us prove that it is a singleton set.
Assume that xg,yo € Lim O(w, f) with f(xg) = zo,y0 = f(yo). If

zo # Yo, then [g(zo,y0)| = |9(f(x0), f(10))| < |g(x0,0)| a contradiction.
Hence zg = yp. i.e., Lim O(u, f) is a singleton set, for any u € K. O

Now, let us prove the existence of a unique best proximity point of the
given cyclic mapping f: AUB — AU B.

Theorem 3.2. Let A, B be nonempty subsets of a topological space X and
g: X x X — R be a continuous mapping satisfying the following conditions:

(1) g(z,y) =g(y,z) , forallz € A,y € B

(2) g(x1,22) =0 & 21 = 29, for all x1,x0 € A(or x1,29 € B)
Let f: AUB — AU B be a continuous topologically r-contractive mapping
with respect to g. Suppose that the pair (A, B) has P-property with respect to

g. Then for any u € AUB, the set Lim O(u, f) is either empty or a singleton
set {x} in A, which satisfy |g(x, f(z))| = Dy(A, B).

Proof. By Theorem 3.1, we conclude that the set Lim O(w, f) is either empty
or contains a best proximity point of f with respect to g. Suppose there are
two points in A such that zg,yo € Lim O(u, f) satisfying

|9(0, f(0))| = Dy(A, B) (2)
19(y0, f(90))| = Dy(A, B) (3)

Since f is topologically r-contractive with respect to g and using (2), we have

9(f?(w0), f(z0))| = g(f(w0), f*(x0))| = Dy(A, B). Hence, |g(f(z0), f(z0))|
= Dy(A,B) = |g(xo, f(x0))|- By P-property, we have |g(xo,f?(20)|
= |g(f(z0), f(x0))| = 0. Thus ¢ = f%(z0). In similar manner, we can show
fZ(yo) = Yo-
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Suppose that |g(f(z0),y0)| > Dy(A, B). Then,
l9(f(0), y0)| = la(f(x0), F*(10))|

< lg(zo, f(yo))| = l9(F*(x0), F(yo))| < l9(f(x0),v0)l,

a contradiction. Hence |g(f(z0),y0)| = D4(A, B). By P-property, |g(zo,yo)| =
lg(f(z0), f(x0))] = 0. Hence g = yo. i.e., the best proximity point of f with
respect to g is unique in A. O

Now let us define the notion of relatively nonexpansive mapping on a
topological space.

Definition 4. Let A, B be nonempty subsets of a topological space X and
g : X xX — R be a continuous mapping. A cyclic mapping f : AUB — AUB
is said to be topologically r-nonexpansive if |g(f(z), f(y))| < |g(z,y)| for all
xeAyeB (orzeB,ycA).

The following lemma plays vital role in Theorem 3.3, which provides suf-
ficient conditions for the existence of best proximity points of a topologically
r-nonexpansive mappings:

Lemma 3.1. Let A, B be nonempty subsets of a topological space and f: AU
B — AU B be a continuous cyclic mapping. Let g : X x X — R be a
continuous mapping satisfying g(x,y) = g(y,z) for all x,y € X. Suppose
there is a family F€ of cyclic mappings satisfying:
(1) for each € > 0, there is a mapping h € F such that
lg(z,h(x))| < Dg(A,B) +¢, for allz € AU B.

(2) for each h € S, the mapping h o f has a fixed point.
(3) there exists a point z € AU B such that

9(z, f(2))| = inf{|g(x, f(2))| : * € AU B}.
Then there exist xo € AU B, such that |g(xo, f(x0))| = Dg(A, B).

Proof. Let € > 0. By (1), there is a mapping h € ¢ such that |g(z, h(z))| <
Dy(A,B) +¢, for all € AU B. In particular,

lg(f(z),h(f(x)))| < Dy(A,B) +¢,for allz € AU B.

By (2), there is a point zg € AU B such that h(f(z9)) = zo. Then by above
equation, we have |g(zo, f(20))| < Dy(A, B)+¢. Now, by (3), there is a point
xz9 € AU B such that Dy(A, B) < |g(zo, f(z0))| = inf{|g(x, f(z))] : = €
AU B} < |g(20, f(20))] < Dg(A,B) + €. Since € > 0 is arbitrary, we have
l9(zo0, f(20))] = Dy(A, B). 0

Let us prove a best proximity point theorem for a topologically r-
nonexpansive mappings

Theorem 3.3. Let A, B be nonempty subsets of a topological space X and
f+AUB — AUB be a cyclic continuous mapping. Suppose that F€ is a
family of injective cyclic continuous mappings on AUB. Let g: X x X — R
and g1 : X x X — R be two continuous functions satisfying the following
conditions:
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(2) for each € > 0, there is a mapping h € S such that

lg(z, h(x))| < Dy(A,B) +¢, forallz € AUB,
(3) there exist a point z € AU B such that

l9(z, f(2))| = inf{|g(z, f(x))| : z € AU B},

(4) each h € S is topologically r-contractive with respect to g1,
(5) f is topologically r-nonexpansive with respect to ¢,
(6) for each h € A, there is a point x € AU B such that

Lim O(z,h? o f) N Lim O(x, h) # 0,
(7) the pair (A, B) has P- property with respect to g1,
(8) g1(z,y) =0 if and only if v = y.
Then there exist xog € AU B, such that |g(xo, f(x0))| = Dy(A, B).

Proof. For fixed h € J# it is easy to verify that the mapping (h? o f) is
a topologically r-contractive with respect to g;. By (6) and Theorem 3.1,
choose zg € Lim O(z,h? o f) N LimO(z, h) which satisfies

|91(z0, *(f(20)))] = Dy, (A, B) = |g1 (0, h(wo))|
Since (A, B) has P- property with respect to g; and by (7), we have

91 (h*(f(20)), h(x0))| = |9(z0, z0)| = 0.
i.e., h2(f(x0)) = h(xo). Since h is injective , h(f(xg)) = wg. i.e., ho f has a
fixed point for any h € 7. Hence the conclusion follows from Lemma 2.1.
O

4. Conclusions

It is well-known fact that the metric space structure is essential to define
the notion of best proximity points. In this manuscript, we generalized the
notion of best proximity points to arbitrary topological spaces and obtained
sufficient conditions for the existence of best proximity points for a given
cyclic mapping in a topological space. Our results generalize the contractive
fixed point theorem due to Edelstein.
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References

[1] Edelstein, M.: On fixed and periodic points under contractive mappings. J. Lond.
Math. Soc. 37, 74-79 (1962)

[2] William, A.: Kirk and Brailey Sims, Handbook of metric fixed point theory, p.
xiv+703. Kluwer Academic Publishers, Dordrecht (2001)

[3] Granas, A., Dugundji, J.: Fixed Point Theory. Springer Monographs in Mathe-
matics, p. xvi+690. Springer, New York (2003)



2 Page 8 of 8 V. S. Raj and T. Piramatchi JFPTA

[4] Goebel, K., Reich, S.: Uniform Convexity, Hyperbolic Geometry, and Nonexpan-
sive Mappings Monographs and Textbooks in Pure and Applied Mathematics,
vol. 83, p. ix+170. Marcel Dekker Inc, New York (1984)

[5] Liepins, A.: Edelstein’s fixed point theorem in topological spaces. Numer. Funct.
Anal. Optim. 2(5), 387-396 (1980)

[6] Kosuru, G.S.R.: Extensions of Edelstein’s theorem on contractive mappings.
Numer. Funct. Anal. Optim. 36(7), 887-900 (2015)

[7] Sankar Raj, V.: A best proximity point theorem for weakly contractive non-self-
mappings. Nonlinear Anal. 74(14), 4804-4808 (2011)

V. Sankar Raj and T. Piramatchi

Department of Mathematics

Manonmaniam Sundaranar University

Tirunelveli Tamilnadu 627 012

India

e-mail: sankarrajvQOgmail. com;
prammamsc89@gmail.com



	Best proximity point theorems in topological spaces
	Abstract
	1. Introduction
	2. Definitions and notations
	3. Best proximity point theorems on topological spaces
	4. Conclusions
	References




