J. Fixed Point Theory Appl. (2019) 21:94
https://doi.org/10.1007/s11784-019-0731-x
Published online September 10, 2019 Journal of Fixed Point Theory
© Springer Nature Switzerland AG 2019 and Applications

®

Check for
updates

Some characterizations of Reich and
Chatterjea type nonexpansive mappings

Sumit Som, Adrian Petrusel®, Hiranmoy Garai and
Lakshmi Kanta Dey

Abstract. We introduce two types of mappings, namely Reich type non-
expansive and Chatterjea type nonexpansive mappings, and derive some
sufficient conditions under which these two types of mappings possess an
approximate fixed point sequence (AFPS). We obtain the desired AFPS
using the well-known Schdie fer iteration method. Along with these, we
check some special properties of the fixed point sets of these mappings,
such as closedness, convexity, remotality, unique remotality, etc. We also
derive a nice interrelation between AFPS and maximizing sequence for
both types of mappings. Finally, we will get some sufficient conditions
under which the class of Reich type nonexpansive mappings reduces to
that of nonexpansive maps.
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1. Introduction

It is well known that various nonlinear generalizations of the contraction
mapping are of great significance in the literature. Nonexpansive mappings,
asymptotically nonexpansive mappings are some examples of such general-
izations. Let X be a normed linear space. A mapping 7' : X — X is said to
be nonexpansive if the condition || Tz —Ty|| < ||z — y|| holds for all z,y € X.
A mapping T : X — X is said to be asymptotically nonexpansive if for all
x,y € X and for all n € N, the condition [|T"x — T"y|| < ay||lz — y|| holds
for some sequence (a,) with a,, > 1 and lim, . @, = 1. We know that
every nonexpansive mapping or asymptotically nonexpansive mapping on a
non-empty closed, bounded, convex subset of a uniformly convex Banach
space has at least one fixed point, see [1,6,23]. Subsequently, many authors
have introduced several kinds of nonlinear mappings generalizing the class of
nonexpansive mappings such as asymptotically pseudocontractive mappings,
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uniformly asymptotically regular mappings, uniformly asymptotically regular
mappings with sequence, uniformly L-Lipschitzian mappings, etc.

In proving the existence of fixed point of the above mentioned mappings,
many authors took the help of approximate fixed point sequence (AFPS). A
sequence (Z,) in a normed linear space is said to be an AFPS if lim,,_, o ||z, —
Tx,|| = 0. The importance of AFPS lies in the fact that, for the above classes
of mappings, if a sequence is constructed and shown to be an AFPS by taking
some sufficient conditions, then the limit of that sequence can be shown (by
taking some additional mild condition or sometimes by taking no condition)
to be a fixed point of that mappings. So, it turns out that the fixed point
problem reduces to a problem of obtaining AFPS. Many authors have studied
a number of methods for iterative AFPS, see [2,4,17,21]. Here we mention
some of those iterative AFPS.

(a) The Mann iteration method: Here the sequence (x,,) is defined by
Tn+1 = (1 - >\n)zn + ATy,
where () is a sequence of real numbers satisfying 0 < A, < 1 for all
n € N.

(b) The Krasnoselskij iteration method: Here the sequence (z,,) is defined
by
1
Tpal = i(xn +Txy,).
(¢) The Schiefer iteration method: Here the sequence (z,,) is defined by

Tpt1 = (L = Nz + Nz,

where A € (0,1).
(d) The Halpern iteration method: Here the sequence () is defined by

Tpy1 = (1= Ap) Tz + Apu,

where (),) is a sequence in [0,1] and v € X.
(e) The modified Mann iteration method: Here the sequence (z,,) is defined
by
Tn1 = (1 - /\n)mn + ATz,
where () is a sequence in [0, 1].
With the help of the above iterative sequences, many authors obtained dif-
ferent types of interesting results showing the existence of AFPS for various

kinds of generalized nonexpansive mappings. In [16], Reinermann proved the
following result in a Hilbert space:

Theorem 1.1. Let H be a Hilbert space, K C H be non-empty closed, bounded
and convex. Let T be an asymptotically nonexpansive mapping on K with
(kn) C (0,00), 07 (k2 —1) < 00, e < Ay < 1—€ for alln € N and some
e > 0; pick xg € K, and define xp1 = (1 — \p)xpn + ATy, for all n > 0.
Then (x,,) is an AFPS for T.

Later on, Rhoades extended Theorem 1.1 in uniformly convex Banach
spaces and proved the following result:
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Theorem 1.2 [17]. Let X be a uniformly convex Banach space, ¢ # A C X,
and A be closed, convexr and bounded. Let T' be an asymptotically self-map of
A with (k) > 1, >0 | (kI —1) < oo for somer > 1, € < 1—a, < 1—¢ for all
n > 0 and some € > 0. Pick z¢g € A and define 41 = (1 — ap)xy, + @, T" ),
forn > 0. Then (x,) is an AFPS forT.

Subsequently, many mathematicians have studied the AFPS for different
types of nonexpansive mappings by considering several iterative sequences,
(see [5,10,20] and the references therein). It is very interesting to notice that
the most of the results of such kinds have been established in Hilbert spaces,
uniformly convex Banach space, smooth reflexive Banach space, etc. In this
connection see [11,14,22]. So, it is an appropriate question to ask whether it is
possible to derive some results concerning AFPS in some more general spaces,
more specifically in Banach spaces. One of the main purposes of this paper is
to give an affirmative answer to this problem, i.e., by taking the underlying
structure as Banach space. We proceed to our purpose by considering two
new types of nonexpansive mappings, namely Reich type nonexpansive and
Chatterjea type nonexpansive mappings. We show that if these two types of
mappings satisfy some additional mild conditions, then there exist AFPS for
the mappings. Further, we show that the respective approximate fixed point
sequences converge strongly to a fixed point of the respective mappings. For
more considerations on Reich contractions and Chatterjea contractions see
[13,15], respectively [3]. For Hardy—Rogers contractions see [8].

Another purpose of this paper was to study some important properties
regarding the farthest points of the domains of the mappings under consid-
eration. In this context, we present some results showing that the set of fixed
points of these types of mappings are closed, convex and remotal. We also
show, by suitable examples, that the fixed point set of the mappings need not
to be uniquely remotal. Alongside these, we obtain some interesting results
related to maximizing sequence, farthest point map for these two types of
mappings. In addition, we will derive some sufficient conditions for which the
class of Reich type nonexpansive mappings reduces to the class of nonexpan-
sive mappings. Finally, we pose an open problem requiring some sufficient
conditions for which the class of Chatterjea type nonexpansive mappings
reduces to that of nonexpansive mappings.

2. Preliminaries

Let X be a normed linear space, C' a non-empty subset of X and T': C — C
be a mapping. The mapping T is said to be a Reich type nonexpansive
mapping if there exists non-negative real numbers a, b, c with a +b+c¢ =1,
such that the condition

[Tz — Tyl < allz —yll + bllz — Tz|[ + clly = Ty||

holds for all z,y € C. The mapping T is said to be a Chatterjea type
nonexpansive mapping if there exists non-negative real numbers a, b, ¢ with
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a+ b+ ¢ =1, such that the condition
[Tw =Tyl < allz =yl + blle = Tyl + clly — Tz|

holds for all x,y € C. In both cases, we say that T is a Reich type nonex-
pansive (Chatterjea type nonexpansive) mapping with coefficients (a, b, ¢).

In what follows, the following lemma will be necessary in our main
results:

Lemma 2.1 [7]. Let (z,) and (w,) be two bounded sequences in a Banach
space X and let X € (0,1). Let zp+1 = Awy, + (1 — N)z, and suppose ||wp 1 —
Wyl < ||Znt1 — znl| for allm € N. Then lim,, o ||wn — 25| = 0.

Next, we will recall some notions about remotal and uniquely remotal
sets from [18] in a normed linear space. Let X be a real normed linear space
and A a non-empty, bounded subset of X and = € X. The farthest distance
from x to A is defined by

§(z, A) = sup{||lz —al| : a € A}.

The farthest distance from = to A may or may not attend at some elements
of A. Let F(z,A) = {e € A: |lxt —e| = §(x,A)}. The set A is said to be
remotal if F(x,A) # ¢ for all z € X and is said to be uniquely remotal
if F(x,A) is singleton for each z € A. A sequence (z,) C A is said to be
maximizing in A if there exists € X such that ||z, — 2| — d(z, A) as n —
00. A non-empty set K is said to be M-compact [12] if every maximizing
sequence (x,) in K is compact. The Chebyshev radius of A [19] is defined
by r(A) = inf{é(x, A) : € X}. An element ¢ € X is said to be Chebyshev
center of A if §(¢, A) = r(A). A non-empty, bounded subset A of X is said to
be centerable [19] if diam(A4) = 2r(A), where diam(A) denotes the diameter
of the set A.

3. Main results

In this section, we will give first some sufficient conditions under which a
Reich nonexpansive mapping possesses AFPS.

Theorem 3.1. Let X be a Banach space and C be a non-empty closed, converz,

bounded subset of X. Let T : C — C be a Reich type nonexpansive mapping
with coefficients (a,b,c) such that ¢ < 1. Also, assume that for z,y € C

1—

6

Then T has an AFPS in C. Moreover, the AFPS is asymptotically regular.

C
| =Tzl < llz —yl| = [ITz = Ty|| < [l —y].

Proof. Since T is Reich type nonexpansive mapping with coefficients (a, b, ¢),
it follows that a, b, ¢ are non-negative real numbers with a + b + ¢ = 1, such
that

[Tz =Tyl < allz —yl| + bllz = Tzl + clly = Ty|| (3.1)
holds for all z,y € C. Let xg € C be arbitrary but fixed. We consider the
sequence (x,) in X defined by z,+1 = ATz, + (1 — \)z,, for all n > 2 where



Vol. 21 (2019) Some characterizations of Reich and Chatterjea type Page 5 of 21 94

1 <X < 1. Since C is bounded and convex, it follows that (z,,) is a bounded
sequence in C. Next, putting = z,,, y = x,41 in (3.1), we get

1Tz — Topy1 < allzn — Tpga || + bllzn — Ton | + cllzniy — Topga].
Thus

MTzy = Trpial| < aM|zn — Toga || + OA[|2n — Top || + cAl|Tpp1 — Topya |l
(3.2)

We have 11 = ATy, + (1 = Ny, 50 M| Tz, — || = ||@n+1 — 4 ||. Similarly
we have A|Tzp+1 — Tot1| = T2 — Tnta]]-
Using the above relations in (3.2), we get

MTzn —Trpg1]l < aX|zn — Tpy1 || +0)12n — Topa | + cllTngr — Togell. (3.3)
Again we have
Tnt1 — Tnao = NTxy — Txper) + (1 — N (2 — Tptr)
= tnss — Znsall < AIT0 = Tl + (L= Nlan — zaiall. (34)
Using (3.4) in (3.3), we get that
MTxp = Trpia| < aM|zn — Tpgall + 0|z — Tpga || + M| T2n — Tapga ||
+e(1 = Nlzn — Tniall-
Thus
A =M Twp — Tzpa || < al|zn — Tpgr ]| + bl|2n — Tpga ||
+ (1 = A)lzn — Tnial
< allwn = Tnll + 0@ — Tngall + cllzn — o |
= |lzn — zpya |-

Therefore, (A — eA)||Txyn — Txpi1| < ||€n — Tnt1]|- Then we have

IN

n = Tani1]| < lzn = Toall + 1 T2n — T

1
= X”wn — Tnt1|| + [Tz — Tnta|

A —cA
A

= (A= eNllen - Trnp | < len = @il + (A = N[ T2n — Tani]

< A5 an — znsall + o — zasa
2\ —cA

= 22w — 2l

Hence
AN i~ Tl < e — sl (35)
Now since % <A< land 0 <c < 1, we have % < Aé;:ii). Then, from
(3.5), we get
1-c

lzn — Txn—&-lH < ||a7n - xn-i-lH'
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Therefore,
e = Tl € S o~ Tanoall + + T~ Tana
1—c
< |[#n = Tpia |l + m”xn = Tt |
< Now = @il + = lon = @ata
4\

< 5”3771 - xn+1||a
which implies that 15|z, =T, || < ||2n, — 2p41]|. Thus by given assumption,
we get

1Tz — Topy1| < |20 — Tngal]-

Hence using Lemma 2.1, we get lim, . ||z, — Tzy| = 0, ie., (z,) is an
AFPS of T. Further, we have

|xn — Tnt1ll = M|zn — Tan|| — 0 as n — oo.
Therefore, the AFPS (z,,) is asymptotically regular also. O

In the next theorem, we show the existence of fixed point for Reich type
nonexpansive mappings with the help of Theorem 3.1.

Theorem 3.2. Under the assumptions of Theorem 3.1, T has a fized point,
provided a < 1.

Proof. By Theorem 3.1, it follows that T has an AFPS (x,), say, and this
sequence is asymptotically regular also. Then, we have

2n — @l < l|2n = Topll + [Tz — Tapll + [|2m — Tz ||
< lon = Tanl| + allzy — 2wl + bl|zn — Tan || + cl|am — Top ||
+ |zm = Tam|,
which implies that
(I = a)llen = zm|| < [|on = T + bllan — Tan|l + cllzm — Tom||
+zm — T || — 0 as n,m — oo.

Therefore, (x,) is a Cauchy sequence in C and hence convergent to some
z € C. Again, we see that

[T2n —Tepll <allzn — zm| + bllen — Tanl| + cllzm — Tom||
— 0 as n,m — oo.
Thus (T'z,,) is also a Cauchy sequence in C. Then, we have
T2y — 2| < ||Taxn — 2pll + ||z — 2|| = 0 as n — 0.
Again we have
I T2 — T2 < allan — 2l + bllen — Tanll + |z — T2].
Taking limit as n — oo in above inequality, we get

Iz = Tz|| < cllz = Tz]],
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which gives z =Tz, i.e., z is a fixed point of T. O
The following theorem characterizes the fixed point set of Reich type

nonexpansive mappings.

Theorem 3.3. Let X be a Banach space and C be a non-empty subset of X.
If T is Reich type nonexpansive mapping on C with coefficients (a,b, c) such
that ¢ < 1, then Fix(T) is a closed subset of C.

Proof. Let (z5,) be a sequence in Fixz(T) such that (z,) converges to z € C.
Then we have

[Tzn = Tz|| < allzn — 2]l + bllzn — Tznll + cllz = Tz||
= ||z — Tz|| < allzn — 2| + ¢||lz = Tz||
Taking limit as n — oo in above inequality, we get
|z = Tz|| < cllz — T,
which gives z = Tz, i.e., z € Fiz(T). This shows that Fixz(T) is a closed
subset of C. 0

In the next theorem, we give another characterization of the fixed point
set of Reich type nonexpansive mapping by taking the underlying space as a
Hilbert space in place of Banach space.

Theorem 3.4. Let X be a Hilbert space and C' be a non-empty subset of X.
Let T be Reich type nonexpansive mapping on C with coefficients (a, b, ¢) with
¢ < 1. Assume that b < c. Then Fix(T) is a convex subset of C.

Proof. Let p,q € Fiz(T) be arbitrary and A be a scalar with 0 < A < 1. Take
z=Ap+ (1 —A)g. Then we have
|T% = Tpl| < allz = pl| + bllz = Tz[| + cllp — Tp|
= Tz — p|| < allz — pl| + bllz — pl| + bllp — Tz
= 1=-0)Tz-pl <A =c)llz—pl

Thus

1Tz —pl < Iz = pl|- (3.6)
Now by parallelogram law, we have

2 2

z—p Tz—p

2 2
z— Tz — z — Tz —
2ot 5

2 2 2 2 2 2
2
z—p Tz—p 1 5 1 5 1 9
= =z =Tz||" = ||z — Tz —
L 2B e = T = Sl = plP 4+ 51T gl
1 1
< slz=pl* +5ll= = pl?
=|lz = pl*.
Then

—p Tz—p|? 1
2+ R <t - Jl - TR
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which implies that

z+Tz 2

2

Similarly, we can show that

1
P 1

1
<llz=pl* = Zllz = T2 = (1 = 2)?[lp — all* — 7 ]l= = T=]*

2

T 1
g <Xl - e - TR
If z # Tz, then we from above inequalities, we get
z+Tz

- < -Vl -l
and

z+Tz

5 = <Al

Then we have

z+ Tz z+Tz

lp—all < | —5— - H 5 —q”

<@ =XNp—dall+Alp—qll = llp—qll,

which is a contradiction. So, we must have z = T'z. i.e., z € Fiz(T). There-
fore, Fiz(T) is a convex set. O

Our next theorem gives sufficient condition for Chatterjea nonexpansive
type mappings which guarantees that this class of mappings possess AFPS.

Theorem 3.5. Let X be a Banach space and C be a non-empty closed, converz,
bounded subset of X. Let T : C' — C be a Chatterjea type nonexpansive
mapping with coefficients (a,b,c), such that b < 1. Also assume that for
z,yeC
1-5
7
Then T has an AFPS in C. Moreover, the AFPS is asymptotically reqular.

lz =Tyl <z —yll = [Tz = Tyll < |z - yll.

Proof. Since T is a Chatterjea type nonexpansive mapping with coefficients
(a,b,c), we have a,b,¢c >0, a+b+c=1 and

[Tz — Tyl < allz —yl| + bllx — Tyl| + clly — Tz| (3.7)
for all z,y € C. Let g € C be arbitrary but fixed. We consider the sequence
(z) in X defined by @41 = ATz, + (1— )z, for all n > 2 where £ <\ < 1.
Since C' is bounded and convex, it follows that (z,) is a bounded sequence
in C. Now putting = x,,, y = x,+1 in Eq. (3.7), we get

[Tzn — Tpia|| < allzn — zpga || + bl|2n — Topga || + cllzntr — Tan|
< allry — zpgall + bllwn — Tpga || + 0l Tnt1 — Trpg|
+ cl|@nt1 — zull + cllzn — Tan||

= [|zn — Tnga || + bllzntr — Topqa || + cllzn — Tan|. (3.8)
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Since Tp41 = ATz, + (1 — Nz, for all n > 2, we have ||z, — Tx,|| =
Hlzn = zpsr || and |41 — T2pi1]l = $l|@nt1 — Tpgal|. Using these in Eq.
(3.8), we get

MTzn = Txniall < Mzn — Tpg1|| + bl Tng1 — Togall + cllwn — zngall. (3.9)
Now

Tl — Tpga = MTxp — Txpi1) + (1= A (@0 — Tpg1)
= lzn+1 = Tnpoll S A|Tzn — Tpga || + (1 = Al[zn — 2o
S Mzn = znga | + bllzntr — Tnell + cllzn — Tnpa|
+ (1= Vlzn = nga[| [using (3.9)]
1+c
= [|znt1 — Tniall < 17_17”1771 = Tpp |- (3.10)

Again, we have

ANTzy —Txn1) = (Tng1 — Tpy2) + (A= 1) (20 — Zng1)
= MTrp — Topg1| < 201 — Togall + (1= N2 — zpga]]. (3.11)

Therefore,

lzn — Tonqall < llon — Tanl| + [|[T2n — Ton4a|

1
= X”xn = nti1l| + [T2n — Tni1]|
= Mzn = Tonga |l < llon — onga |l + Al Tz — T ||

Slen = @nt1ll + [[En+1 = Zagall + (1 = Ml[en — znp1] [using (3.11)]

1+c .
<=Mz —znpall + fben — Tnt1]| [using (3.10)]

3 2
< <§ + li—b) lzn — znyall-
Thus
1
§||xn - T$n+1|| < >\||xn - Txn—&-lH

<(2+ 20 ||
=\9 1-b Tn LTn+1]|-

Hence 22|z, — T2pq1|| < || — Zn41]. Therefore, by given hypothesis, we
get

1T%n = Tpga | < llon — 2nal]-

Thus, by Lemma 2.1, we have ||z, — Tx,|| — 0 as n — o00. So (x,) is an
AFPS of T. The fact that (z,) is asymptotically regular can be easily seen
from Theorem 3.1. g

Next, we prove a result concerning the existence of fixed points of such
mappings using Theorem 3.5.
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Theorem 3.6. Suppose that all the conditions of Theorem 3.5 are satisfied.
Further, assume that for any € > 0, there exists § > 0 such that

€
lz =yl +llz = Tyll + lly - Tzl <3e+ 6= |[Te - Ty < 5. (3.12)
Then T has a fized point in C.

Proof. By Theorem 3.5, T has an AFPS (x,,), where 2,11 = A2, +(1—\)x,,
and % < A < 1. Here we take \ = % So we get an approximate fixed point
sequence (x,) given by x,+1 = %(T:cn + x,), and this sequence is asymptot-
ically regular also. Next, we show that (z,) is a Cauchy sequence. Let ¢ > 0
be arbitrary. So there exists § > 0 such that Eq. (3.12) holds. Without loss of
generality, we take § < e. Since, (z,) is asymptotically regular, there exists
N € N such that

0
|27 — xn+1|| < 1

for all n > N. Next, we show by induction on p that
leny — xnypll < € for all p e N, (3.13)
Clearly Eq. (3.13) is true for p = 1. Let Eq. (3.13) be true for some p € N.

Therefore,
lzen —zNipll + 2Ny — Tonipll + |on4p — Tnl|
<llzn —zn4pll + llzn — 24
+llzn4p = Ten4pll + 2N 4p — 2N
+ llan — Tan||
=3llzn — zN4pll + 2)TN4p — Tvpral
+2llen — 4|

< 3e+ 9.
From Eq. (3.12), we get

€
ITen = Tenpll < 5
Again by the formation of (z,), we get
1 1 3e
lzn+pt1 = N1l < SIT2N4p = Ton | + Sllaney — 2l <
Thus
len — 2nsptall < low — 2l + o1 — 2N4ptall
<O 3
4 4 €.

Therefore, Eq. (3.13) is true for p+1. So Eq. (3.13) is true for all p. Continuing
in a similar manner, we can show that

|zn, — Zptpll < € for all n € N and for all p € N.
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Therefore, (x,) is a Cauchy sequence and hence convergent to some z € C.
Again,

[Tzn — Tam| < allzy — zm| +bl|2n — Tom|l + cllzm — T,

<alzn — | +bllzn — 2l + bllzm — Tzm || + cflzm — 22|l

+ c||xn — Ty

= ||xn — Zm || 40| Xm — Txm || +cl|2n— Tzl — 0 as n,m — oo.
Therefore, (T'z,,) is a Cauchy sequence in C. Also, since 2,41 = (T, +,),
we have that Tx,, = 22,11 — x, — z as n — o0o. Again,
Iz = Tz|| < |z = znll + [ln — Tanl| + [[Ton — T7|

<z = @nll+ lon = Tanll+ allon — 2[4 bllzn — Tzl + cflz = Tz, |-
Letting n — oo in above inequality, we get
|z = Tz|| < bl|z — Tz,

which gives z = T'z, i.e., z is a fixed point of T O

In the next theorem, we check the closedness property of the fixed point
set of Chatterjea type nonexpansive mappings.

Theorem 3.7. Let X be a Banach space and C' be a non-empty subset of X.
If T is a Chatterjea type nonexpansive mapping on C' with coefficients (a, b, c)
such that b < 1, then Fix(T) is a closed subset of C.

Proof. Since T is Chatterjea type nonexpansive mapping with coefficients
(a,b,c), we have a,b,¢ > 0 with a +b+ ¢ =1 and

[Tz =Tyl < allz —yll + bllz = Tyl + clly — T|| (3.14)

for all z,y € C. Let (z,) be a sequence in Fiz(T) converging to some z € C.
Then, we have

IT20 = T2l < allza — 2 + bllzn — T2l + cllz = Tz
= 120 = T2]| < allza — 2l| + bllz0 — T2]| +llz = zul.

Taking limit as n — oo in above inequality, we get ||z — T'z|| < b||z — T'z||. So
z="Tz, ie., z € Fiz(T) and hence Fiz(T) is a closed set. O

In the upcoming theorem, we check the convexity property of the fixed
point set of Chatterjea type nonexpansive mappings.

Theorem 3.8. Let X be a Hilbert space and C be a non-empty subset of X. If
T is a Chatterjea type nonexpansive mapping on C with coefficients (a,b,c)
such that ¢ < 1, then Fix(T) is a convex subset of C.

Proof. Let x,y € Fiz(T) be any two points and take z = Az + (1 — Ay,
where )\ is a scalar with 0 < A\ < 1. Then we have

1Tz = Tzl < allz — zl| + bl|z — Tz| + cllz — Tz
= 1Tz — x| <allz — 2| + bllz — | + cllz — Tz||
= (1=9|Tz —z[| < (a+b)||lz — =]
= [Tz =z < [|z — z|.
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)

1 1 1
+llz = T2 = Sllz =2 + 51Tz — 2|®

Next, using parallelogram law we have

2 2
Z—T

2

z—x Tz—=x

2 2
2

z—ac+Tz—x
2 2

2

HTz—ac

z—x Tz—=x
+

= e
2 2

IN

1 1
Sl =2l + Sz — af?

—z  Tz-z|? 1
=[5+ 5| <le-al?=Flz-T2)?
z+Tz 2 1
—al| <=M llz —yl* = lle - T
Similarly, we have
T : 1
EEE )| <0yl - gl - T
Now if z # Tz, then we have
z+Tz
o < = 0lle =yl ana
z+Tz
Ly <tz gl
Then, we get
z+Tz z2+Tz
el < a4 |y
<@ =Dlz =yl +tlle -y
= [l =yl
which gives a contradiction. So we must have z = Tz, ie., z € Fiz(T).
Therefore, Fiz(T) is a convex set. O

Next, we present the following example showing the existence of AFPS
and of a fixed point for Reich type nonexpansive mappings.

FEzxzample 3.9. Let us consider the Banach space R equipped with the usual
norm and take C' = [1,10]. We define a function T': C' — C by

T %x—i—& iflgxgg;
xTr =
10, if 2 > 3.

Choose, a =3 =b=c.
Let z,y € C be arbitrary. Then the following three cases may arise:
Case I: Let 1 < z,y < 3. Then, Tz = 4z + 8 and Ty = 3y + 8.
Therefore,

4 2
Te — Tyl = <l —y| < =
[Tz — Tyl 3lfﬂ y|,3,
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and

allz = y|| + bllz — Tx|| + clly — Tyl = (|x—y|+8+f+8+3) >

3 3

Wl
Wl o

Thus
[Tz — Tyl < allz =yl + bllz = Tz[| + clly = Ty|.
Case II: Let 1 <z < % and y > % Then, Tz = %x—I—S and Ty = 10.
Therefore,
4 4

Te—-Ty||=|zx-2|=2-=

1Tz - Tyl = g -2 =2 - 3z,
and

allz =yl + bllz — Tzl + clly — Tyl|
1( +8+ 2410 ) L(g_2
=—(y—=x - - == ——x .
3 Y 3 Y) 73 3
So,
[Tz — Ty|| < allz —y|| + bllz — Tz|| + clly — Ty]|.
Case III: Let x,y > % Then, it is obvious that
[Tz — Tyl < allz —yl| + bllz — Tzl + clly — Ty
Thus we see that
[Tz — Ty < allz — yl| + bllz — Tz[| + clly — Tyl

for all z,y € C, i.e., T is a Reich type nonexpansive mapping with coefficients
(3,3, 3). It is easy to note that 7" has an AFPS. Here the AFPS is (z,,), where
x, = 10 for all n. Also, T has a fixed point at x = 10.

Now we provide an example to validate Theorems 3.1 and 3.2.

Example 3.10. Let us consider the Banach space R equipped with the usual
norm and take C' = [0, 1]. Define a mapping 7' : C — C by Tz = 1 — z for
all z € C. Here we choose b = ¢ = % Let 2,y € C be two arbitrary points.
Then the following three cases may arise:

Case I: Assume that z,y < % and take z > y. Then

1 1
[Tz —Ty|| = bllz — Tz| —clly — Tyl = (v —y) — 71— 22) = (1 -2y)
=2r—1<0

= [Tz =Tyl < bllz = Tz + clly = Tyll.

Case II: Assume that z,y > %and take x > y. Then

1 1
[Tz —Ty|| = bllz — Tx| —clly — Tyl = (v —y) — 52 —1) - 52y -1)

=1-2y<0
= [Tz = Ty|| < bllz = Tzl| + ¢lly — Ty
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Case III: Assume that x < % and take y > % Then

1(2y*1)

1
(172%)75

1Tz =Tyl = bllz — Tz|| —clly =Tyl = (y —2) - 5
=0
= [Tz = Ty|| = bllz — Tx|| + clly — Tyl|.
Thus T is a Reich type nonexpansive mapping with coefficients (0, %, %)
Also, it can be easily verified that all the conditions of Theorems 3.1 and 3.2
hold good. So these two theorems, T' has AFPS and fixed point. Indeed, the
sequences (% — %) and (% + %) are approximate fixed point sequences of T,
and % is a fixed point of T.

Next, we present an example of a Chatterjea type nonexpansive map-
ping:

Example 3.11. Let us consider the Banach space R equipped with the usual
norm, take C' = [0, 2] and define a mapping 7' : C — C by

2 ifz<i;
Tz =< ?I<§’

Choose a =b=c= % Then for any z,y € C, if z,y < % orif z,y > %, it is
obvious to check that

[Tz — Tyl < allz =yl + bz = Tyl + clly — T|.

Next, suppose that # < 1 and y > 1. Then [|[Tz — Ty|| = % and

1 5 1
a\lw—yll+b||x—Ty||+CHy—TafH=§(y—x+§—x+2—y)zg,

SO
[Tz —Ty|| < allz -yl +bllz — Tyl + clly — Tx||.

Therefore, T is a Chatterjea type nonexpansive mapping with coefficients

111y Also, Th AFPS(§ L) d Fiz(T) = {2}, which i
(3,3, 3) Also, as an 3+t o3 en and Fiz(T) = {3}, which is

obviously closed and convex.

Remark 3.12. Examples (3.9), (3.11) show that the classes of Reich and Chat-
terjea type nonexpansive mappings are larger than that of nonexpansive map-
pings. Now we will provide a sufficient condition under which class of Reich
type nonexpansive mapping reduces to the class of nonexpansive mappings.

Theorem 3.13. Let X be a finite dimensional Banach space, and C be non-
empty subset of X. Let T : C' — C be a Reich type nonexpansive mapping
with coefficients (a,b,c) and assume that diam(Fiz(T)) > 0. If Fizx(T) is
centerable and contains its Chebyshev center, then T becomes nonerpansive.

Proof. By Theorem 3.3, Fixz(T) is a closed subset of C. This implies that
Fix(T) is compact as X is finite dimensional. So Fix(7T') is M-compact. Since
Fix(T') is centerable and contains its Chebyshev center, it follows from Lemma
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6.1 of [19] that Fiz(T) attains its diameter. So there exists z1,22 € Fiz(T)
such that ||z; — 22| = diam(Fiz(T)) > 0. Therefore, we have

IT(21) = T(22)|| < allz1 — 22|l + bl|z1 = T'(21)[| + cllz2 — T'(22) ||
= |21 — 22l < aflz1 — 22|
= (1 —a)||z1 — 22]| = 0.
=a=1.

This implies that b = ¢ = 0. Thus T' becomes nonexpansive. 0

In Theorem 3.13, we give a sufficient condition under which the class
of Reich type nonexpansive mapping reduces with the class of nonexpansive
mappings, but it is still unknown when the class of Chatterjea type non-
expansive mappings reduces to the class of nonexpansive mappings. So. we
propose the following open question:

Open question: Under what conditions does the class of Chatterjea type
nonexpansive mappings reduce to the class of nonexpansive mappings?

In the following theorem, we give an interesting property of AFPS for
Reich type and Chatterjea type nonexpansive mappings:

Theorem 3.14. Let X be a finite dimensional Banach space and C be non-
empty subset of X. Let T : C — C be a Reich type or a Chatterjea type
nonezpansive mapping with coefficients (a,b,c) such that max{b,c} < 1. If
(7,,) is an AFPS for T, then for each k € N, (T*x,,) is an AFPS for T.

Proof. We will prove this result by mathematical induction and we will divide
the proofs into two cases:
Case 1: T is a Reich type nonexpansive mapping.
As T : C — C is a Reich type nonexpansive mappings, so for each
z,y € C, we have
[Tz — Tyl < allz —yll + bllz — Tz + clly — Tyl (3.15)
where a,b,¢c >0, a+b+c=1 and b,c < 1. Taking z = Tz,, and y = x,, in
Eq. (3.15), we get
|T(Tzn) — Tan| < allTzn — zpl| + 0| Tzn — T(Tan) || + cllzn — Tan|
= lim (1 = b)||T(Tzn) — Tn]| <0 [Since lim ||z, — T, = 0
= lim | T(Tz,) — Txy| = 0 [since b < 1].
This shows that the sequence (T'z,) is an AFPS for the mapping 7. So the
result is true for £ = 1. Now assume that the result is true for & = p, i.e., the
sequence (TPx,) is an AFPS for the mapping 7. Then putting x = TP+1z,
and y = TPz, in Eq. (3.15), we get
|T(TP ay,) — TP, || < al| TP 2, — TPx, || + 0| TP 2, — TP 22,
+c|| TPz, — TP e,
= lim (1 -0)|T(T* " 2,) — TP z,|| =0as lim | TPz, — TPz,| = 0.

= lim |T(T?"'2,) — TP M2, =0asb< 1.

n—oo
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This shows that the sequence (TP*1z,,) is an AFPS for the mapping 7.
So the result is true for £ = p + 1. By mathematical induction we have for
each k € N, the sequence (T*z,,) is an AFPS for the mapping 7.
Case 2: T' is a Chatterjea type nonexpansive mapping.
As T : C — C is a Chatterjea type nonexpansive mapping, so for each
x,y € C, we have

1T(x) = Tl < allz =y +bllz = T ()| + clly = T()], (3.16)
where a,b,c > 0, a+b+c =1 and b,c < 1. At first, we show that the
sequence (T'z,,) is an AFPS for the mapping T Taking = Tx,, and y = z,,
in Eq. (3.16), we get

1T (Txn) — Tan| < al|Ten — @pl| 4+ b|Tan — Ton|| + cllan — T(Tay)||
<a||Tzy, — x| + c|lzn — Tznl| + c|Tzn — T(Txy)||

= lim (1 — o)||T(Txn) — Txy|| =0 as lim ||z, — Tz,|| =0

= lim |T(Tz,) —Tz,||=0as c< 1.

This shows that the sequence (Tz,) is an AFPS for the mapping T. So
the result is true for & = 1. Next, we assume that the result is true for
k = p, i.e., the sequence (TPx,,) is an AFPS for the mapping 7. Then putting
x=TP g, and y = TPx, in Eq. (3.16), we get
|T(TP 2,,) — TPy, || < al| TPz, — TPx,|| + 0| TP e, — TP e,
+ || TP2,, — TP 22, ||
<al|TP Mz, — TPz, | + c|| TPz, — TP a,|
+ | TP e, — TP 22, |
= lim (1 —¢)||T(T? " 2,) — TP 2, || =0 as lim |TPz, — TP a,| =0
= lim |T(T?"'2,) — TP 2, || =0as c< 1.

This shows that the sequence (T?*1z,) is an AFPS for the mapping T. So
the result is true for k£ = p 4+ 1. By mathematical induction we have for each
k € N, the sequence (T*z,,) is an AFPS for the mapping 7. O

In this part we will characterize the fixed point set F'iz(T) and the
domain set C' of the two newly introduced mappings.

Theorem 3.15. Let X be a finite dimensional normed linear space, and C' be
a non-empty, closed, bounded subset of X. Let T : C'— C be a Reich type or
a Chatterjea type nonerpansive mapping with coefficients (a,b, c) such that
max{b,c} < 1. Then C is remotal but not uniquely remotal and Fiz(T) is
remotal but may not be uniquely remotal.

Proof. We will prove this result for Chatterjea type nonexpansive mappings.
The proof for Reich type nonexpansive mappings follows similarly. Let T :
C — C be a Chatterjea type nonexpansive mapping. As X is finite dimen-
sional and C' is closed and bounded, so from [18] we can conclude that C
is remotal. But C' cannot be uniquely remotal. Because C' is a closed and
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bounded set in a finite dimensional space X, C' is compact. If C' is uniquely
remotal then by Klee’s result [9], C' must be a singleton. Since C' is not a
singleton, the set C' cannot be uniquely remotal.

For the fixed point set we have already proved in Theorem 3.7, that
Fixz(T) is a closed set. Also since Fix(T) C C, Fixz(T) is bounded. Since X
is finite dimensional, it follows that Fiz(T') is compact. So, from Theorem
B of [18], we can conclude that Fiz(T) is remotal. But Fiz(T) may not be
uniquely remotal because if Fiz(T') is uniquely remotal, then by Klee’s result,
the fixed point set Fiz(T) must be a singleton. But, the identity mapping
I : C — C'is a Chatterjea type nonexpansive mapping fora = b =c = % and
Fix(I) = C, which is not a singleton. O
Remark 3.16. Let X be a finite dimensional normed linear space, and C be
non-empty, closed, bounded subset of X. Let T : C' — C be a Reich type or a
Chatterjea type nonexpansive mapping. If Fiz(T) is uniquely remotal, then
T has a unique fixed point.

In the succeeding part, we prove a result regarding fixed points of far-
thest point map on a normed linear space.

Theorem 3.17. Let C' be a non-empty, bounded subset of a mormed linear
space X, and T : C — C' be a mapping. If diam(Fiz(T)) > 0 and Fiz(T) is
uniquely remotal, then the farthest point map F : X — Fix(T) is fixed point
free.

Proof. Since diam(Fiz(T)) > 0, Fiz(T) is non-empty, bounded subset of X
and Fiz(T) contains more than one point. As Fiz(T') is uniquely remotal so
the farthest point map F : X — Fiz(T) is well defined. Suppose F has a
fixed point. So there exists x € X such that F'(z) = z. So z € Fix(T) and
||z = F(z)|| = 0. This implies D(z,Fix(T)) = sup{||z —a|| : a € Fiz(T)} =0
as ||z — F(x)|| = D(x, Fix(T)). But this is not possible as diam(Fiz(T)) > 0.
So the farthest point map F is fixed point free. O

From the above theorem, we immediately have the following corollary:

Corollary 3.18. Let X be a normed linear space and C be non-empty, bounded
subset of X. Let T : C — C be Reich type or Chatterjea type nonexpansive
mapping. If diam(Fiz(T)) > 0 and Fiz(T) is uniquely remotal, then the
farthest point map F : X — Fix(T) is fixed point free.

In the upcoming lemma, we present a relation between AFPS and max-
imizing sequence.

Lemma 3.19. Let C' be non-empty, bounded, closed subset of a finite dimen-
stonal normed linear space X, and Let T : C'— C' be a mapping. If a sequence
(zn) in C is an AFPS for T, then (x,) is mazimizing if and only if (T'x,,) is
maximizing.

Proof. We first assume that (z,,) is maximizing. So there exists ¢ € X such
that ||z, — xo|| — D(z0,C) = sup{|lzo —al| : a € C} as n — oo. Since
C' is closed and bounded set in X and X is finite dimensional, it follows
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from Theorem B of [18] that C' is remotal. So there exists ¢y € C such that
lzo — col| = D(xo,C). So ||xn — ol — ||xo — col| as n — oco. Now

[Tzn — 2ol < | Tzn — znll + 20 — 2ol|

= lim [Tz, — zo|| < ||xo — ol as lim ||Tx,, — z,| = 0.
n—oo n—oo
Also
|20 — ol < (| Tzn — 20| + | Tzn — 20|
= lim ||z, — zo| < lim ||Ta, — 2ol as lim | Ta, —2,] =0
n— 00 n—o0 n—oo
= ||lxo — o] < lim || T, — xo]|.
n—oo
So we have
lim || T2, — x| = ||zo0 — coll = D(wo,C).
n—oo

This proves that the sequence (T'z,) is maximizing.
Next, suppose that (Tx,) is maximizing. So there exists x € X such that
Tz, —z|| — D(x,C) as n — oo. As C is remotal so there exists ¢ € C such
that || — ¢|| = D(x,C). So | Tx, — x| — ||z — ¢|| as n — co. Then,

len — 2| < [Twn =zl + | T2, — 2]

= lim ||z, —z| < |z — ]
n—oo

Since ||Tx, —x|| < ||TTn—2n||+||2n—2||, we get that ||z—¢| < lim ||z, —=z].
n—oo

Thus, we have

lim ||z, — z|| = || — ¢|| = D(x, C).
n—oo
This proves that the sequence (z,,) is maximizing. O

The following corollary is an immediate consequence of the above lemma:

Corollary 3.20. Let X be a finite dimensional normed linear space and C' be
non-empty, closed, bounded subset of X. Let T : C — C be a Reich type or
Chatterjea type nonexpansive mapping. If a sequence (xy) in C is an AFPS
for T, then (x,,) is mazimizing if and only if (Txy) is mazimizing.

In the upcoming result, we present a theorem relating to preserveness
of a maximizing sequence and an AFPS.

Theorem 3.21. Let X be a finite dimensional Banach space and C be non-
empty, closed, bounded subset of X. Let T : C — C be a Reich type or
Chatterjea type nonexpansive mapping with (a,b,c) such that b,e < 1. If a
sequence (xy,) in C is an AFPS and mazimizing for T , then for each k € N,
the sequence (T*x,,) is also AFPS and mazimizing.

Proof. First let T be a Reich type nonexpansive mapping, and the sequence
(zn,) be an AFPS and maximizing for T'. Then from Theorem 3.14, we can say
that the sequence (T'z,) is an AFPS for T, and also from Corollary 3.20, we
can say the sequence (T'x,,) is maximizing. So the result is true for &k = 1. Now
suppose the result is true for k = p. So the sequence (T?x,,) is an AFPS and
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maximizing for 7T'. Similarly from Theorem 3.14 and Corollary 3.20, we can
say that the sequence (T?T1z,,) is an AFPS and maximizing for T'. Therefore,
by mathematical induction we have for each k € N, the sequence (T*z,,) is
an AFPS and maximizing for T'.

The proof for the case of Chatterjea type nonexpansive mappings is
similar to that of Reich type and so omitted. O

Finally, we prove a result concerning the preserving property of M-
compactness of Reich type or Chatterjea nonexpansive mappings.

Theorem 3.22. Let X be a finite dimensional normed linear space and C be
non-empty, bounded subset of X. Let T : C' — C' be a Reich type or Chatterjea
type nonexpansive mapping. If every sequence (x,,) in C is an AFPS for T
and T is continuous, then C is M -compact if and only if T(C) is M -compact.

Proof. Let T be a Reich type nonexpansive mapping, and suppose that C' is
M-compact. Let (y,,) be a maximizing sequence in T'(C). So y,, = Tz, V n €
N, where z,, € C. So (z,,) is a sequence in C' and since (z,,) is an AFPS for T,
by corollary 3.20, (z,,) is a maximizing sequence in C. As C' is M-compact,
so (x,) has a convergent subsequence (x,, ) in C. As T is continuous, so the
sequence (T'z,, ), which is a subsequence of the sequence (y,), will converge
to a point in T(C). So the sequence (y,,) is compact. This proves that the set
T(C) is M-compact.

Conversely, suppose that the set T(C) is M-compact. Let (z,) be a
maximizing sequence in C. Then (T'z,) is a sequence in T(C'). Since the se-
quence (x,,) is an AFPS for T, by Corollary 3.20, we can say that the sequence
(T'zy,) is a maximizing sequence in T(C). As T(C) is M-compact so (Tx,)
has a convergent subsequence (T'z,, ) in T(C). Since T' is continuous (z,, )
converges to a point in C. So the sequence (x,,) has a convergent subsequence
in C. This proves that C is M-compact.

The proof for the case of Chatterjea type nonexpansive mappings is
similar to the above proof and it is skipped again. O

Remark 3.23. The conditions in Theorem 3.22 are sufficient but not neces-
sary, which can be seen from the Example 3.11. In Example 3.11, T is a
Chatterjea type nonexpansive mapping, and C' = [0,2] and T(C) = 2,%
are M-compact subsets of R. But for the mapping 7', the sequence (n%rg) is
not an AFPS and also T is not continuous at z = %
The conditions in Theorem 3.22 are sufficient but not necessary for Reich
type nonexpansive mapping also, as can be seen from the Example (3.9). In
Example (3.9), T is Reich type nonexpansive mapping and here C' = [1, 10]
and T'(C) = [2—38, 10] are M-compact subsets of R. But for the mapping T,
51

the sequence (3 — --) is not an AFPS but 7' is continuous.
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