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1. Introduction

In this paper, we study the existence and uniqueness of mild and classical
solutions for a class of abstract impulsive differential equations of the form

u'(t) = Au(t) + f(t,u(C(tu®))), tel=(titiy1],i=0,...,N

(1.1)

u(t]) = gj(uloj(u(t})))), j=1,....N, (12)
up=p€B=CI-1;X), I_1=][-p,0], (1.3)
where A : D(A) C X — X is the generator of an analytic semigroup of
bounded linear operators (T'(t))¢>0 on a Banach space (X, || - ||), 0 =ty <
t; < tg < - <ty < tny1 = a are pre-fixed numbers and f(-), ¢;(-), o:(-),

i=1,..., N, are functions specified be later.

The study of state-dependent delay equations is motivated by appli-
cations and theory. Related ODEs on finite dimensional spaces we cite the
early works by Driver [9,10] and Aiello et al. [1], the survey by Hartung,
Krisztin et al. [15], the papers by Hartung et.al. [16-18] and the references
in these works. For the case PDEs and abstract differential equations with
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state-dependent delay, we mention [19,20,26,36-38] and the recent interest-
ing works by Krisztin and Rezounenko [25], Yunfei et al. [33], Kosovalic et
al. [26,27] and Hernandez et al. [24].

Concerning the theory of impulsive differential equations, their motiva-
tions and relevant developments, we cite the books by Bainov and Covachev
[2], Lakshmikantham et al. [28], Samoilenko and Perestyuk [40] for the case
of ordinary differential equations on finite dimensional space and Benchohra
et al. [7] for abstract differential equations and partial differential equa-
tions. In addition, we cite the interesting papers [8,11,20-23,29,31,34,39,43]
and the references therein. Related differential equations with impulse at
state-dependent moments and state-dependent delayed impulses, we refer
the reader to [3-6,13,14,30,41].

Our work is motivated by the papers Hakl et al. [14] related partial dif-
ferential equations with impulse at state-dependent moments and Li and Wu
[30] on differential equations with state-dependent delayed impulses. Specif-
ically, we study the existence and “uniqueness” of solutions for the problem
(1.1)—(1.3) which is a highly not trivial problem since functions of the form
u +— u(C(-,u(-))) are (in general) nonlinear and not Lipschitz on space of
continuous or sectionally continuous functions. By noting that

| w(C(u(-)) —v(C(v() lle(=pa;x)
< (14 Wlew, (=pai) [ owp (0,01 X5=p,a)) | @ =0 lon, (1=p.alix)
| w(oi(u(t]))) — v(os(v(t))) |

< (1 + ey, (—pax) il owy (xi-pa) | =0 llo(=p.a):x)

when the involved functions are Lipschitz, we study the existence of solutions
on spaces of sectionally Lipschitz functions, a hard problem in the semigroup
framework and in the general field of partial differential equations. In addi-
tion, we note that the Lipschizianity of T'(-)g;(u(o;(u(t])))) not depend on
the Lipschizianity of ¢;(-) and wu(-), which introduce a extra difficulty in our
studies.

This paper has four sections. The existence and uniqueness of a classical
solution via the contraction mapping principle is proved in Theorems 2.1, 2.2
and Proposition 2.3. In Theorem 2.3 we prove the existence of a mild solution
using the Schauder’s fixed point Theorem. The particular case in which o;(+)
and (or) () have values in [—p, 0], is studied in Propositions 2.1 and 2.2. In
the last section some examples on partial differential equations are presented.

We include now some notations and results used in this work. Let (Z, ||
- |lz) and (W] - |lw) be Banach spaces. We denote by L£(Z, W) the space
of bounded linear operators from Z into W endowed with operator norm
denoted by || - ||z(z,w) and we write £(Z) and || - ||z(z) if Z = W. Moreover,
if X = Z =W we write simply || - || for the norms || - [[x and || - ||z(x). In
addition, B,(z,Z2) ={y € Z ||y — z ||z< r}.

Let J C R be a bounded interval. The spaces C(J,Z) and CLip(J, Z)

and their norms denoted by || - [lc(s,z) and || - [|¢y,,(s,z) are the usual. We
only note that || - ||lcy, (s;2) is given by || - lcw, (2=l - lewiz) +ew,:2)
()¢l

where [C]CLip(J;Z) = SUDy se J,t#£s [t—s]
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The notation PC(Z) is used for the space formed by all the bounded
functions w : [0,a] — Z such that u(-) is continuous at ¢t # t;, u(t; ) = u(t;)
and u(t]) exists for all i = 1,..., N, provided with the norm || u ||pc(z)=
max;—o,1,..N ||  |lo(t, tiii):2)- In addition, PCrip(Z) represents the space
of functions u € PC(Z) such that Ui € ClLip((ti, tig1]; Z) for all i =

0,1,...tny1, endowed with the norm || u [|pe,,, (z)= maxi=o,... .~ || U es 1]

||CL;p((ti,i+1];Z)'

We use the symbol BPC(Z) for the set of all the functions u : [—p, a] —
Z such that u;_ . € C([-p,t1];Z) and u,, € PC(Z). In addition,
BPCrip(Z) is the space formed by all the functions w : [—p,a] — Z such
that u € BPC(Z), u)_, , € CLip([-p,0]; Z) and v, . € PCuLip(Z), endowed
with the norm || u [|gpc,, (z)= max{]| up, lcwy (12 4= —1,0,..., N}.

For w € BPC(Z) and i € {—1,0,1,--- , N}, we use the notation @, for
the function 4; € C([t;,ti11]; Z) given by w;(t) = u(t) for t € (¢;,t;41] and
u;(t) = u(t]) for t = t;. For B C BPC(Z) and i € {-1,0,1,--- ,N}, B; is
the set B; = {@; : u € B}. We note the following Ascoli-Arzela type criteria.
Lemma 1.1. A set B C BPC(Z) is relatively compact in BPC(Z) if and only
if each set B; is relatively compact in C([ti, tiz1], Z).

In this paper, X is the domain of A endowed with the norm || « || x,=||
z || + || Az || and Co, Cy are positive constants such that || AT'(s) ||z(x,,x)<
Cy, || T(s) ||I< Cp and || AT(¢) ||< % for all s € [0,a] and ¢ € (0, a.

Related the abstract Cauchy problem

u'(t) = Au(t) + (), telab], wulc)=xz€elX, (1.4)
we note that the function v € C([c,d]; X) given by u(t) = T(t — ¢)x +
fct T(t — s)é(s)ds, is called mild solution of (1.4). In addition, a function
v € C([c,d]; X) is said to be a classical solution of (1.4) if v € C((c,d]; X) N
C((c,d]; X1) and v(-) satisfies (1.4) on (c,d].

2. Existence of solutions

In this section we present some results on the existence of solution for (1.1)—
(1.3). To begin, we introduce the followings concepts of solution.

Definition 2.1. A function u € BPC(X) is called a mild solution of the prob-
lem (1.1)—(1.3) if up = ¢, u(t]) = gi(u(oi(u(t])))) for all i = 1,..., N and

u(t) = T(t)¢(0) +/ Tt —7)f(r,u(C(r,u(r))))dr, te0,t],

0

u(t) = T(t — ti)gi(u(oi(u(t))))) +/t T(t —7)f(r,u(C(r, u(r))))dT,

for all ¢t € (tiati+1] andi=1,...,N.

Definition 2.2. A function u € BPC(X) is called a classical solution of (1.1)—
(1.3) if up = ¢, u(t]") = gi(u(o;(u(t])))) for all i = 1,..., N and u(-) satisfy
(1.1).
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In the remainder of this work, we assume that (W,|| - |lw) is Banach
continuously embedded in (X, || - ||) such that AT(:) € L*°([0,al]; L(W, X)).
To prove our results, we introduce the following conditions.

H: ¢ € CLip([0,a] X X;[—p,a]) and there is a function j : {1,...,N} —
{~1,0,1,..., N} such that ¢ € CLip(I; x X;I;(;)) and j(i) < for all
1e{l,...,N}.

There is a function ¢ : {1,..., N} +— {=1,0,1,..., N} such that ¢(i) <

i and 0; € C(X,Iy;) for all i € {1,...,N}. Next we write [0y]cy,, in

place [Ji]CLip(X§1q(i))'
H;NX gi € CLip(X;W) and Cx.w(9:) =l gi llox;w)< oo for every i €
{1,...,N}. Next, Lzw(g;) denotes the Lipschitz constant of g;(-),
Lzw(g) =max;—1 ..~ Lzw(g:)and Czw(g9) = max;—1,.. nCzw(gi)-
Hg g; € CLip(X; X) and Cx (g:) = gi lo(x;x)< oo for all i € {1,...,N}.
Next, Ly, is the Lipschitz constant of ¢;(-), L, = max;—1, . n L, and
Cx(9) = max;—1,.. nCx(gi)-

He f € CLip([0,a] x X3 X) and Cx(f) =| f llc(o,axx;x)< 00. Next, Ly
denotes the Lipschitz constant of f(-).

Notations 1. Next, for convenience, we write [(]c;,, in place
[Clowy ([0,a)x Xi[—pya))s Di = tip1 — ti, b = max;=1_ N bi, ic : W — X is the
inclusion map and
Axw = max{|| AT(") [z ((0,6),c(w.x))> Coll ic lcow,x)}
Dxw = AxwCxwl(g) + Co(Cx(f) +0Lys) + [T(-)2(0)] ey, (0,a1:%)
+elew, (-p.0x)-

The next useful result follows from the proof of [24, Lemma 1]. The
proof is omitted.

Lemma 2.2. Assume that the conditions H¢, Hy, are satisfied, u,v €
BPCrip(X) and ug = vg. Then u(¢(-,u(-))) € PCLip(X) and

[u(C(- u(')))]PCLip(X) < [u]BPCLip(X)[qCLip (1+ [u\[o,a]]PCLip(X>)’

(2.1)
[ w(C(u(-)) = v(C(v()) llpex) < (14 [Plspey, ) [Clew,) | w = v [pex),
(2.2)
| u(oi(u(t?))) —v(o:(E)) | < 1+ Plspen, x)loilon,) | w—v lpex) -
(2.3)

We can prove now our first result.

Theorem 2.1. Assume that the conditions He, Hy,, ng and Hs are satis-
fied, T(-)¢(0) € CLip([0,a]; X), ¢ € CLip([—p,0]; X) and

2C’ObLf(]' + [C]CLip(l + 2(I)X,W))
+ QAX,WLX,W(Q)(l +2 i:qlaXN[O'i]cLip (I)Xy[/) < 1. (24)

Then there ezists a unique classical solution u € BPCrip(X) of the problem
(1.1)—(1.3).
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Proof. Let P : R +— R be the polynomial given by

P(x) = ox,w + (CobLs(1 + [Clew,) + AxwLlxw(g) — 1)z
(Axwlxwl(g) max [oi]cy, + CobLylCloy,)a®  (25)

From (2.4) and noting that CobLs(1+[Clcy,,) +Ax,wLxw(g) <1, we infer
that P(-) has a root Ry > 0 and there exists R > 0 such that P(R) < 0.
From the definition of P(-), we get

®xw + CobLs[(lcr,, (R+ R*) < R, (2.6)
AxwLxw(9)(1+ max [oilcy, R) + CobLy(1+ RlClew,) < 1. (2.7)

s

Let S(R) be the space S(R) = {u € BPCrip(X); uo = ¢, [u), ,Irc,(x)
R}, endowed with the metric d(u,v) =|| u — v [gpe(x) and T' : S(R)
BPC(X) be the map defined by (T'u)p = ¢ and

<
—

Tu(t) = T(t)¢(0) +/O T(t = s)f(s,u(C(s,u(s))))ds, t€0,t],
Tu(t) = T(t — t:)gi(u(oi(u(t;)))) + /t T(t = s)f(s,u(C(s,u(s))))ds,

for t € (tj,t;41] and i =1,..., N.

It’s easy to see that S(R) is closed in BPC(X) and that T'(-) is well
defined. Moreover, from Lemma 2.2, for ¢ € {1,...,i}, t € (t;,t;+1) and
h > 0 such that ¢t + h € (t;,t;41], we get

[ Tu(t +h) = Tu(®) |

t+h—t;
gl | AT (5)g: (u(os (u(t)))) | ds

—t;

ti+h
[T = 9 usu) | ds

+ /tt | T(t —s) Il £(s+ h,u(C(s + h,u(s + h))) — f(s,u(C(s,u(s)))) || ds
SN AT() llz=(0,6,):2(w, x)) hCx w(g) + CoCx (f)h
+/tt | Tt —s) | L1+ [u(CCu(-IN]ewn, (1,;x))hds

<[ AT() L (jo,b:7:(w, x)) PCx, w(g) + Co(Cx (f) + Lsb)h
+CobLylulppe,,, x) (e, 1+ [ulpe,, x)h,

which implies that [(I'w)|, Joy, (rx) < @xw + CobLyg[(Jey, (R + R?) < R.
In a similar way, we obtain that
[(Tw), ) onim (0,623:) < [T()2(0)] o ((0,a3:) + Co(Cx (f) +bLy)
+ CObLf [C]CLip (R + RQ)) <R

From the above and mnoting that [¢]c,, (—po;x) < R, we obtain that

[Tulppey, (x) < R, which implies that I' is a S(R)-valued function.
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On the other hand, using (2.2), for u,v € S(R), ¢ = 1,...,N and
t € (t;,ti+1] we have that

I Tu(t) = To(t) [I< Coll dc lleqw.x) Lx.w (9) | u(oi(u(ty))) — v(oi(v())) |
+ CoLy /t [ w(C(ul) = v(C( () low:x) ds

< (Ax,wLx,w(9)(1+ Rloilcy,) + CobLy(1+ R[C]cy,)) d(u, v).

In addition, for ¢t € [0,¢1] we note that || Twu(t) — Tw(t) ||< CobLs(1 +
R[(]cy,, )d(u, v). From the above estimates we infer that

1,..., N[Ui}CL“’) + CobLf(l + R[C]CLip))d(u’ U)'

Thus, I'(+) is a contraction and there exists a unique mild solution u € S(R)
of (1.1)—(1.3).

We prove now that u(-) is a classical solution. Let w;, ¢ = 1,... N, be
defined as in the introduction. It is easy to see that u;(-) is the mild solution
of the problem

w/(t) = Aw(t) + f<t7u(<(t7u<t)))>7 te Ii = [tizti+1]7 (28)
w(ts) = gi(u(oi(u(ty)))). (2.9)
Since f(-,u(¢(-,u(-)))) is Lipschitz on I; and the semigroup is analytic, from
[35, Theorem 4.3.2] it follows that u; is a classical solution of (2.8)—(2.9).
The same argument prove that g is a classical solution of (2.8) on [0, 1]

with initial condition u(0) = ¢(0). From the above, we obtain that u(-) is a
classical solution of (1.1)—(1.3). O

In the next result we establish the existence and uniqueness of a clas-
sical solution without to use condition HgX. In place of this condition, we
introduce the following one:

Hy, ., 0i € CLip(X,[—p,a]) for all i € {1,..., N}, UN 0y(X) Cc UL L; U
[—p,0], g; € C(X1;X1) N CLip(X; X) and there are constants [y, kg,
such that || Ag;(z) ||< lg,7 + kg, for all z € B.(0,X;),i€ {1,...,N}
and every 7 > 0.

Notations 2. If condition Hy, ,, is verified, we use the notations [, =
max;—i,... lg, and

i

T =0C .:maXN k!]i + 2COCx(f) + b(C() + Cl)Lf + [T(')W(O)]CLip([—p,O];X)

i=1
+ ¢ ||C([—p,0];X1) +[‘P]0Lip([—P70];X)‘
Theorem 2.2. Assume that the conditions He, Hy, ,,, Hg and Hg are sat-

isfied, X is a Hilbert space, A is self-adjoint, T(-)(0) € Crip([0,a]; X),
¢ € Crip([=p,0]; X) N C([=p,0]; X1) and

""" (2.10)

Then there exists a unique classical solution uw € BPCrip(X) of the problem
(1.1)~(1.3) such that Au; € C([t;, tit1]; X) for alli=1,...,N.
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Proof. Let P : R +— R be the polynomial given by
P(z) =T+ (bLs((Co + C1)[¢]cn, + Co) + Co(Ly + L) — 1)z
(CoLy i:r{laXN[ai]CLiP +bLs(Co+ C1)[¢)cy, )2 (2.11)

From (2.10) there exists R > 0 such that P(R) < 0 and

Y + ColyR + (Co + C1)bLs[(lcy,, (R+ R?) < R, (2.12)
COLX,X(g)(l + Ri:I{la'XN[Ui]CLip) + C’ObLf(1 + R[C]CLip) <1l (213)

Let S(R) the space in the proof of Theorem 2.1 and S(o;, R) be the space

S(0i,R) = {u € S(R) : u(t) € D(A) and || Au(t) |[< R, ¥Vt e UY 0:(X)},
(2.14)

endowed with the metric d(u,v) =[| u—v [|p¢(x). Let I' : S(oy, R) — BPC(X)
be defined as in the proof of Theorem 2.1. Next we prove that I is a contrac-
tion on S(o;, R).

Let w € S(o;,R), i € {1,...,N}, t € (t;,ti+1) and h > 0 such that
t+ h € (ti,tit+1]. Arguing as in the proof of Theorem 2.1 and noting that
u(o(u(t}))) € X1, we see that

| Tu(t + h) — Tu(t) ||
t+h—t;
S/ I T(s)Agi(uloi(u(t)))) [ ds + (Co(Cx (f) +bLys)h
t—t;
+ CobLy[(]cy,, (R+ R*)h < Co(lg, R + kg, )b
+Co(Cx(f) +bLy)h
+ CobLf[C]CLip (R + RQ)hv
and hence, [(T'w)), o, (1::x) < T + Colg, R+ CobLy[(]cy, (R + R?’) < R.In
addition, it is easy to see that
[(Fu)‘[ﬂ,tl]]CLip([Ovtl];X) < [T(')CP(O)]CLip([—onﬁz) + Co(Cx (f) +bLy)
+ CObLf [C]CLip (R + Rz)) < R.
From the above remarks we have that [(T'u)|, . lpcy,(x) < R which shows

that T'u € S(R). In addition, arguing as in the proof of Theorem 2.1 it follows
that

d(Fuv FU) < CO(Lg(l +R ,_I{la‘XN[O—i]CLip) + bLf(l + R[C]CLip))d(u’ 'U)'
From the above remarks, we have that I" is a contraction on S(R).

Next we show that || ATu(t) ||< R for all t € U 0;(X). Let t €
U 0;(X) and assume that t € (t;,¢;11] for i > 1. Using that (T'(t))¢>0 is
analytic and that u(o(u(t]))) € Xy and || Au(o(u(t]))) ||< IR + kg, We
note that

ATu(t) = T(t — t:) Agi(u(oi(u(t]))))
FT(E = 1) f (8 u(C(t u(t)) — f(Eu(C(Eu(t))))



36 Page 8 of 17 E. Herndndez et al. JFPTA

t

+ | ATt = s)(f(s,uC(s, uls))) — f(t u(C(t,u(t))))ds,

t;

| ATu(t) || < Co(lg, R + kg;) + 2CoCx (f)

* /0 tglst(l + [u(C( u()] o (1::x)) (E — 8)ds

S CO(lgiR + kgz) + QOOCX (f) + bClLf + ClbLf[C]CLip (R + RQ),

which implies that || ATu(t) ||[< T 4 Colg, R+ C1bLs[(]cy,, (R+ R?) < R. If
t € I, we see that

| ATu(t) || <Co || Ap(0) || +2CoCx (f) +bC1Ly + CibLy[Clon, (R + R*)<R.

Thus, || ATu(t) [|< R for all t € UN ,0;(X) and T is a S(o;, R)-valued
function.

To finish the proof, we prove that S(o;, R) is a closet subset of S(R).
Let (un)nen be a sequence in S(o;, R) and u € BPC(X) such that u, — u as
n — oo. Let t € UY0;(X). Since (Au, (t))nen is bounded, there exists w € X
such that < Au,(t),z >—< w,z > as n — oo for all z € X. In particular,
for v € X; we have that < Au,(t),v >=< un(t), Av >—< u(t), Av >
as n — oo, which implies that < w,v >=< u(t),Av > for all v € X;.
Using that A is self-adjoint, we obtain that u(t) € X, Au(t) = w and
I Au(t) ||=]| w ||< liminf, o || Aun(t) ||< R, which completes the proof
that S(o;, R) is closed.

From the above it follows that I is a contraction on S(o;, R) and there
exists a unique mild solution u € S(o;, R). The fact that u(-) is a classical
solution follows from the proof of Theorem 2.1. O

The next result consider the case where o;(X) C [—p,0] for all i =
1,..., N. The proof use the ideas in the proof of Theorem 2.1 and we include
a short proof for completeness.

Proposition 2.1. Let conditions Hg and Hy be holds. Assume ¢ € Crip([0, a] x
X;[-p.a]), 0i € Crip(X;[=p,0]) for all i = 1,...,N, T(-)p(0) € Crip
([0, al; X), ¢ € CLip([=p, 0); X), gi(¢(-)) € C([=p,0; W) foralli=1,...,N
and

2C0bL (1 + [Clog, (1 4+ 20 xwp)) + 2L W 1 4 < 1. (2.15

where ®x w,, = Pxwmaxi=1,. N | 9(e() lleq—pow) +Co(Cx(f)
bLy) + [Plonp(-popx)  HITO@O)lew, (—popx)  and Voo,

Cy [go]cmp([_p’()];x) max;—1,... N[0 oy, Then there exists a unique classical so-
lution u € BPCrip(X) of the problem (1.1)—(1.3).

Proof. Let P : R — R be given by P(z) = ®x w,, + (CobLs(1 + [(]cy,) +
LgVy 5. g — 1)a+ CobLys[¢]cy,, 2% From (2.15) there exists R > 0 such that
P(R) < 0. Let S(R) be defined as in the proof of Theorem 2.1 and T :
S(R) — BPC(X) be the map given by I'ug = ¢ and

Tu(t) = T(t)p(0) + /(: T(t —7)f(mu(C(u(r))))dr, te [0 t],

~

I+

Tu(t) = T(t - t1)gi(p(os (u(t})))) + / Tt — )£, u(Cls, u())ds, tE (i tial.
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Arguing as in the proof of Theorem 2.1, for i € {1,...,i}, t € (¢;,t;41) and
h > 0 such that ¢ + h € (t;,t;4+1], it is easy to see that

I Tult +h) = Tu®) || < ex.w  max || g;(£()) lloq—p.opw) h

yeeesdVy

+ (COCX(f) + bLf)h + CObLf [C]CLip (R + R2)h7
which implies (from the definition of P(-)) that [(I'w)|, loy,,(r,;x) < R. Simi-
larly, we have that

(T, ) onp 00230 < [TC)e(0)]onsy ((—p01:x) + Co(Cx (f) +bLy)
+CobL¢[(lcy, (R + R?)

< ®x w, + CobLs[(]cy,, (R+ R*) < R.

From the above, [(FU)‘[Oya]]chip(x) < R, which proves that I' is a S(R)-valued
function.

On the other hand, for u,v € S(R), i = 1,...,N, t € (t;,t;41] and
s € [0,t1] we get

” Fu<t) - F’U(t) H < (COLQ [(p]CLip([*p,O];X) j:I{l.af’(N[aj]CLip

+ CObLf(l + R[C]CLip))d(u7 U),
| Tu(s) = To(s) || < CobLs(1 + R[Cley, )d(u, v),
which allows us infer that I' is a contraction and there exists a unique mild

solution u € S(R) of the problem (1.1)-(1.3). The fact that u(-) is a classical
solution follows from the proof of Theorem 2.1. O

In the next result, we assume that the functions ((-) and o;(-) have
values in [—r, 0].

Proposition 2.2. Suppose that the conditions Hg, H¢ are satisfied, ¢ €
Crip([-p,0]; X), 04 € CLip(X;[—p,0]) for alli=1,...,N, ¢ € CLip([0,a] x
X;[-p,0]) and

CO[QO]CUP([—p,O];X)(Lg j:%l?j?(N[aj]cLip + bLf[C]CLip) <1
Then there exists a unique mild solution u € PCr;,(X) of (1.1)—(1.3).

Proof. Let T’ : BPC(X) +— BPC(X) be defined as in the proof of Theorem
2.1, but using f(7, o(¢(1,u(7)))) in place f(r,u(¢(r,u(7)))). In this case, for
u,v € BPCrip(X) we see that

I =T flees 1) < Colglelow, (—poix) | max ojle, du, v)
+ CObLf [90] CLip([—p,0];X) [C] CLipd(u7 v),
[ Tu—Tv lleo,n)x) < CobLgl@ley, (1-p0:x)[Clow, du, v),
which allows us to conclude that I' is a contraction. O
Next, we discuss briefly the case in which the functions f(-) and g¢;()

are locally bounded and (or) locally Lipschitz. For sake of clarity, we include
the next conditions.
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ny Foralli=1,..., N, thereis Lx w(g;,-) € C(R;R) such that || g;(z) —
9 () lw< Lxw(gi,7) || x —y | for all z,y € B,.(0,X) and every
r > 0. Next, Lx w(g,r) = max;=1,._n Lxw(g:, ) and Cx,w (g, 7) =||
9i e, 0,x)w)-

H;  Thereis Ly € C(R;R) such that || f(t,z) — f(s,y) |< Ly(r)(| t — s |
+|lz—y|) for all z,y € B,-(0,X), t,s € [0,a] and r > 0. Next, for
r > 0 we use the notation Cx (f,7) =|| f llc(j0,a]x B,.(0,x);x)-

Hg  There are functions L,, € C(R;R) such that || g;(z)—g:(y) ||< Lg, () ||
z—y || forallz,y€ B, (0, X) and r > 0. Next, L, (r)=max;—1, . n Lg,(7),
Cx(9)(r) = max;=1,. .~ Cx(g:)(r) and Cx (g:,7) = 9i llc(B,(0,x):x)-

Notations 3. For r > 0, we define ®x w(r) = AxwCxwl(g,7) + Co
(Cx(fir) +bLs(r) + [T()e(0)]cpm (—p.01:x) + [Pl (—p.01:x)-

The proof of Proposition 2.3 follows from the proof of Theorem 2.1.

Proposition 2.3. Let conditions He, Hy, HZYX and Hy be holds. Suppose that
T(-)¢(0) € Crip([0,a]; X), ¢ € Crip([—p,0]; X) and there is r > 0 such that
(2.4) is satisfied with Ly (r), ®x w(r) and Lx w(g,r) in place Ly, ®x w and
Lxw(g), and

max{Co(max{|| ¢(0) ||, || ic [lcw.x) Cx,w (g, m)} +bCx (f, 7)), | @ llc(—poix)} <7
Then there exists a unique classical solution u € BPCrip(X) of the problem

(1.1)~(1.3).

Proof. Let P : R — R be defined as in the proof of Theorem 2.1, but using
Ly(r),®x,w(r) and Lx w(g,r) in place Ly, ®x w and Lx,w(g). Arguing as
in the proof of Theorem 2.1 we infer that there exists R > 0 such that
Dxw (r) + CobLy(r)[(leny, (R + R?) < R,
(2.16)

.....

(2.17)

Let S(R) be the space in the proof of Theorem 2.1 and S(r,R) = {u €
S(R) : || u [|gpe(x)< r}, endowed with the metric d(u,v) =| u — v |[gpe(x)-
Let T': S(r, R) — BPC(X) be defined as in the proof of Theorem 2.1.

From the proof of Theorem 2.1 we infer that I' is a contraction on S(R).
Moreover, for t € I; with ¢ > 0 it is easy to see that

| Tu(t) [|< Comax{]|| ¢(0) [|, | ic [lcew,x) Cx.w(g,7)} + CobCx (f,r) <,

which implies that || T'u |[[gpe(x)< 7 since 7 >|| ¢ |lc(j—p,0;x)- Thus, T'is a
contraction on S(r, R) and there exists a unique mild solution u € S(r, R) of
(1.1)=(1.3). Finally, from [35, Theorem 4.3.2] we infer that u(-) is a classical
solution. O

Corollary 2.1. Assume that the conditions H¢, Hy, HZI,/X and Hy are satis-
fied, the functions L¢(-), Cx(f,-), Lx.w(g,-) and Cx w(g,-) are non-decrea-
sing, ¢ € Crip([=p,0[; X), T(-)p(0) € Cuip([0,al; X), limsup, . +Co(]|
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ic |lcow,x) Cxw(g,7) +0Cx (f,7)) <1 and

2Coblimsup Ly (r) ! (1+ [C]CL;p(l +2®x w (1))

r—00 T

1
+ 2Ax,w limsup Lx w(g,7) - (1 +2 maXN[Ji]CL;p‘I’X,W(T)) <L

r—00 r =1,...,

(2.18)

Then there exists a unique classical solution u € BPCrip(X)N B, (0, BPC(X))
of (1.1)—(1.3).

We establish now, without proof, a result similar to Theorem 2.2 for the
case where f(-) satisfy the condition Hy.

Proposition 2.4. Suppose the conditions H¢, Hy, 5., Hy and Hy be holds,
X is a Hilbert space, A is self-adjoint, T(-)¢(0) € CLip([0,a]; X) and ¢ €
CLip([=p,0]; X) N C([—p,0]; X1). If there is v > 0 such that the inequality
(2.10) is valid with Ly(r), Ly(r), Cx(f,r) and Cx(g,r) in place Ly, Ly,
Cx(f) and Cx(g), and Co(max{|| ¢(0) |l,Cx(g,r)} + bCx(f,r)) < 7, then
there exists a unique classical solution v € B,.(0, BPC(X)) N PCrip(X)) of
(1.1)-(1.3).

To complete this section, we study the existence of solution using the
Schauder’s fixed point Theorem. The next lemma follows from the proof of
[32, Proposition 4.2.1].

Lemma 2.3. Let o € (0,1), £ € L>®([b,c]; X) and v : [b,¢] — X be the func-
tion defined by v(t) = [, T(t — $)&(s)ds. Then [v]ca(p.ax) <I € [z (peix)
(e =b)'"*Co + sritay)-

Theorem 2.3. Assume that the conditions He and H,, are satisfied, there is
a Banach space (Y, || - |ly) — (X, | - ||) such that || T(t) — I ||zrv,x)— 0 as
t—0, g € CX;Y) foralli, f € C([0,a] x X; X), the functions g;(-), f(+)
are bounded and (T'(t))i>0 is compact. Then there exists a mild solution of
the problem (1.1)—(1.3).

Proof. Let Cx,y(9) = maxi—1,..~ || 9i [lox;v), Ox(f) =l [ lleo.axx;x)
and o € (0,1). Let BPC,(X) = {u € BPC(X) : up = ¢} endowed with the
metric d(u,v) =|| v —v ||[gpe(x) and I' : BPC,(X) — BPC(X) be defined as
in the proof of Theorem 2.1.

It is easy to prove that I' is continuous. Next, using Lemma 1.1, we show
that T is completely continuous.

Let ¢ € {1,...,N}. From Lemma 2.3, for ¢t € (t;,t;41), h > 0 with
t+he (ti,ti+1], we get

| Tu(t + h) — Tu(t) |
< (T(t+ h—ti) = T(t—t:))gi (u(os (w(t;)))) |l

t+h ot
[ T b= (s (s u(e)ds = [T = 9) (s, u(Cs,u(e))))ds |

I (Tt + ) = T=10) Lecv) € (0) + Cx() (o 72Co+ ) e,
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which shows that {(I'u)|, : u € BPC,(X)} is right equicontinuous at t €
(tisti1). A similar argument prove that {(I'u)|, : u € BPCy(X)} is left
equicontinuous at ¢ = ¢;41, which implies that {(I'u)|, : u € BPC,(X)} is
equicontinuous on I;. In addition, for u € BPC,(X) and 0 < h < § we note
that

| Tu(ti + h) — Tu(t:) |

ti+h
=[| (T(h) = Dgi(u(os(u(t)))) || +/‘ T(ti+h —s)f(s,u(C(s,u(s))))ds ||

ti

o C o

<IT() = Tl Cev(9) + Cx() (o O ) e,
which proves that I'BPC,(X), = {(fﬂ)z cu € BPC,(X)} is right equicon-
tinuous at t;. From the above it follows that {(T'u), : u € BPC,(X)} is
equicontinuous on I;. .

We prove now that {(I'u);(t) : u € BPC,(X)} is relatively compact in X
for all t € [t;,t;+1]. Since the semigroup is compact, (Y, || - |ly) < (X,| - )
and g;(-) is bounded with values in Y, we have that U = {g; (u(aj(u(t;r)))) :
u € BPC,(X),j =1,...,N} is relatively compact in X. For ¢t € (¢;,¢;41]
and 0 < € < t —t;, we note that

(Cu)i(t) = T(t - t)U + T(E)/t N T(t —e—s)f(s,u(C(s,u(s))))ds

i

+ / T(t — 5) (s, ulC(s, u(s))))ds

t—e

S T(t — ti)U + T(&)Co(t — & — ti)CX(f)Bl(O, X) +eCoCx (f)Bl (0,)()7

and hence, {(Tw);(t) : u € BPC,(X)} C K.+ D., where K. is relatively com-
pact and the diameter of D, converges to zero as ¢ — 0. This prove that the

set [BPC,(X)(t) is relatively compact in X. Moreover, since 'BPC,(X),(t;)

= {g:(u(os(u(t))))) : w € BPC,(X)} € U, we obtain that TBPC,(X)(t;) is
relatively compact in X. From the above remarks we have that (IBPC, (X)),
is relatively compact in C([t;,t;+1]; X). Moreover, the same argument also

prove that ('BPC,(X))1 = {(T'u) cu € BPC,(X))} is relatively com-
pact in C([0,t1]; X).

From the above and Lemma 1.1, it follows that I' is completely con-
tinuous and noting that the functions f(-) and g¢;(-) are bounded, we infer
that there exists 7 > 0 such that I'(BPC,(X)) C B,.(0,BPC,(X)). Thus,
I is completely continuous from B,.(0, BPC, (X)) into B, (0, BPC,(X)) and
there exists a mild solution u € B,(0, BPC,(X)) of (1.1)—(1.3). O

[10.¢1]

3. Examples

In this section, X = L%(R) or X = C(Q;R), O C R™ is a open set with
smooth boundary and A : D(A) C X — X is the realization of an second
order strongly elliptic operator. Next, we assume that (T'(¢));> is the analytic
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semigroup generated by A, D(A) = {u € L*(Q) : Au € L*(Q)} if Q@ = R"
and D(A) = W22(Q) N WJ'(Q) if Q is bounded. For sake of simplicity,
we suppose that the conditions H, and H,, are satisfies, 0 € p(A), ¢ €
CLip([=p,0]; X) and T'(-)(0) € CLip([0, a]; X). In addition, X is the domain
of A endowed with the norm || z ||x,=|| Az || and Cy, C; are the constants
in the introduction.

To begin, we study the impulsive problem

u'(t,6) = Au(t)(€) + Bu(t, & u(C(u(t)) — £, €)) + B2 (t)u(C(u(t)),§), t € Ii; € € Q,

(3.1)
u(t!,€) = - L€, yulo(u(t))), y)dy, (32)
u(8,8) = ¢(0,§), 6 €[-p,0], (3.3)

where O = R", X = L2(;R), 0 = tg < .-+ < tyy1 = a are pre-fixed,
I; = (ti, tix1], 51 € CLip([0,a] x R;R), B1(-) is bounded, 2 € CLip([—p, al; R)
and L;, AL; € L*(Q x Q,R). In addition, we assume that there is v € LP(2)
such that

‘ﬁl(tagvm) 7[31(3,5,3/) |§ 7(6)(' t—s | + | r—y |)7 Vtas € [07a}7§7$5y ER”'

To represent this problem in the form (1.1)—(1.3) we define the functions
gi() and £() by go(t, 2)(€) = f. £(&,y)a(y)dy and (2, 2)(€) =1 (¢, €, 2(€))+
B2 (t)z(€). Tt is easy to see that I Agz( ) 1<l AL; || L2(oxory || || and

I f(t ) = fls,9) [ < Dlow, [E=s T+ 17 el z -yl
+ [Balew,oam T2 It =s |+ 1 B2 el z =yl
Thus, we can apply Proposition 2.3 with L (r) =l v |lcy,, ) +[B2low,m+ ||
B2 llewy, Cx(fir) =[l B1 lleqo.axoxar) + | B2 llow) r Lx,x,(g:) =l
AL; ||L2(Q><Q ®) Ox.x,(9,7) = maxi=1 _n || AL; [[22(axar) 7 and Lx x, (9)
,,,,, W VAL T2 o)

In the next result, we adopt the above notations and the notations in Re-
mark 1. In addition, we say that u € BPC(X) is a classical solution of (3.1)-
(3.3) if u(-) is a classical solution of the associate problem (1.1)—(1.3) and we
adopt a similar (for mild and classical solutions) in the following examples.

Proposition 3.5. If max{|| ¢ ||c(—p,0;x)s CobCx (f,7) + CiCxw(g,7)} < 7
and

2C0bL 1 (r) - (1 + Kl (14 28 x,3(7)

1
+2AX,WLX,W(ga T);(l +2 . ma’XN[O.i]CLip‘I)Xaw(T)) <1,

1=1,...,

for some r > 0, then there exists a unique classical solution u € BPCrip(X)
of (3.1)~(3.3).
We study now the problem
u'(t, ) / Br(s,u(C(u(t))—t,x))ds, =€, te ;= (t; tiy1],
(3.4)
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u(tf, x) = au(oi(u(t))), =), (3.5)
u(f,x) = p(0,x), 0€l-p0,ze€Q, (3.6)
where ) is bounded, 31 € Crip([0,a] x R;R) and [ (-) is bounded.

To apply Theorem 2.2, we assume X = L2(f2), the condition Hy, ,,
is satisfied and we define g;(-) and f(-) by f(¢,2)(§) = fot Bi(r,2(€))dr and
gi(t,2)(§) = a;z(€). From the above,
| £t 2) = f(s;9) | < 1 Br lleqo,axrryl £ — s | +b[B1]cp, (0.axrr) | 2=y I,

19i(@) —gi(W) | <l ailllz—yl, [ Agi(2) <] i [[| Az |,
fort,s € [0,a], z,y € X and z € D(A), and the conditions in Theorem 2.2 are
satisfied with Ly = (14 0) || 81 [lop, (0.0 xr:R): Cx (f) = a || B1 [lo(o.axrR)
lgz' =| (67 |, kgi = 0, Lg = MmaX;=1,... N | (67 | and T = 2000_)(<f) + b(Co +
Cr)Lg+[T()p(0)]cpiy ((—=p,0):x) TPl onip ((—p,01;x) - The next result follows from
Theorem 2.2.

Proposition 3.6. Under the above conditions and notations, if the inequality
(2.10) is verified, then there exists a unique classical solution u € BPCrip(X)

of (5.4)—(5.6).

We complete this section studying a problem motivated by equations
arising in population dynamics. Consider the problem

u'(tx) = Au(t)(z) + au(t,z)(1 —u(t,z)), z€Q,tel; = (t;tit1]

(3.7)

u(ﬁr7$) = O‘iu(ai(u(t:r))ﬂ $)7 (3 8)
u(@,z) = p(0,x), 0€[-p,0]. (3.9)
To treat this problem, we assume X = C(;R) and a,«; € R and we

define g:(-) and () by gi(t,)(€) = asa(€) and (1, 2)(€) = az(E)(1 — a(£)).
It is trivial to see that
| ft2) = fls,p) I <lal@+2r)[[z—yl, || ft2)[<][a]r(l+r),
| gi(@) —gi() | < lailllz—y | and [ Agi(2) <] e [[| A= |,
for all ¢,s € [0,a], x,y € B,(0; X) and z € D(A). From Proposition 2.4, we
get.

Proposition 3.7. Suppose that there is v >|| ¢ ||c(—p,0);x) such that the in-
equality (2.10) is verified with Ly(r) in place Ly and Cy(]| ¢(0) || +b | o |
(142r))+ Co(maxi=1, . nlgr+kg) < r. Then there exists a unique classical
solution u € BPCrip(X) of (3.7)(3.9).
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