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Existence of positive periodic solutions
for a neutral Liénard equation
with a singularity of repulsive type

Shiping Lu and Xingchen Yu

Abstract. The periodic problem is studied in this paper for the neutral
Liénard equation with a singularity of repulsive type
r(t)

(ZB(t) — CZB(t - 0'))” + f(m(t))x,(t) + L)O(t)x(t - T) - 13“(15) = h(t)7

where f : [0,+00) — R is continuous, r : R — (0,+0o0) and ¢ : R — R
are continuous with 7T-periodicity in the ¢ variable, ¢, u, o, 7 are con-
stants with |¢] > 1,u > 1,0 < 0,7 < T. Many authors obtained the
existence of periodic solutions under the condition |c| < 1 , and we
extend their results to the case of |¢| > 1. The proof of the main result
relies on a continuation theorem of coincidence degree theory established
by Mawhin.

Mathematics Subject Classification. 34K13, 34B16, 34C25 .
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1. Introduction

As we all know, differential equations with singularities have a wide range of
applications in physics, mechanics and biology (see [1-5]). For example, the
positive periodic solutions for the singular equation [6]

1
1 /
x () +cx' (t) — —= =ce(t
(6 +ca'(t) = S5 = elt)
can be used to describe the movement of the piston at the bottom of the
enclosing cylinder which under the effect of restoring forces is caused by the
compressed gas. It has been recognized that the paper [7] is a major milestone

in the study of problem of periodic solutions for second-order differential
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equation with singularities. In [7], Lazer and Solimini studied the following
equation with a singularity of repulsive type

1

20 = oy = M), (1.1)

where h : R — R is a T-periodic continuous function. Using the topolog-
ical degree methods as well as the lower and upper function method, they
obtained that % fOT h(s)ds < 0 is the necessary and sufficient condition for
the existence of positive periodic solutions to (1.1) under the condition o > 1.
Since then, many authors have focused their attention on the equations with
singularities of repulsive type [7-16].

In the past few years, the problem of existence of periodic solutions for
neutral differential equations was studied in many papers (see [17-19] and the
references therein). For example, Peng [17] studied the existence of periodic
solutions for the second-order neutral differential equation of the form

% (p(ult) = cu(t = 0))') + f(u'(t) + g(u(t — 7)) = e(t),

where f,g9 € C(R; R), ¢,0 and T are constants with |c| # 1. Using the contin-
uous theorem of coincidence degree theory and some new analysis techniques,
they obtained some new results on the existence of periodic solutions. How-
ever, the study of positive periodic solutions for delay differential equations
or neutral differential equations with singularities is relatively infrequent [20—
22]. In [21,22], the authors investigated the periodic problem for a neutral
Liénard equation with a singularity of repulsive type

(2(t) — ex(t — )" + F(2(O)' () + o)t —7) — ~L —h@r),  (12)

where f : [0,4+00) — R is continuous, 7 : R — (0,4+00) and ¢ : R — R
are continuous with T-periodicity in the ¢ variable, © > 1 and ¢ € R are
constants. Under the conditions of () > 0 for ¢ € [0,T], |¢| < 1 and other
suitable assumptions, some results on the existence of positive T-periodic
solutions are obtained.

The parameter ¢ in neutral functional differential equations has rich
physical significance. For example, the vertical motion of the pendulum-—
MSD (mass—spring—damper) system can be described in [23] by the following
second-order neutral differential equation

d2

M d
= (y(t) + ﬁ;y(t — 7')) + A% + By =0, (1.3)

dt

where M is the mass of a body which is mounted on a linear spring, to which
a pendulum of mass M is attached via a hinged massless rod of length. The
physical meaning of the parameters of 7, A and B can be found in [23].
Corresponding to Eq. (1.2), ¢ = % Clearly, c is allowed to satisfy ¢ > 1.
In this case, one can see from the results in [23] that the steady state y = 0
of (1.3) is always unstable for any positive delay 7. For the other detailed
explanation of physical meaning of the parameter ¢, we refer reader to see [24].
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In this paper, we continue to study the periodic problem of equation
(1.2) in the case of |¢| > 1. Using a continuation theorem of coincidence
degree theory established by Mawhin, we obtain the following result.

Theorem 1.1. Assume that the following conditions hold:

[H1] ¢:= L [ o(s)ds > 0;

[H2] |f(x)] < L for all x € (0,+0);

[H3] ¢l =1 =09 >0, and § := 1 — % (lcl_‘f‘_%) > 0, where o9 =
min{oL, L1}, L is determined in [H2] and o in (1.2).

N|=

Then there exists at least one positive T-periodic solution to (1.2).

From Theorem 1.1, one can find that the constant ¢ associated to the
difference operator D : C([—0,0],R) — R,Dy = ¢(0) — cp(—0o) required
|| > 1. This is essentially different from the corresponding condition |¢| < 1
assumed by Kong et al. [21,22]. Furthermore, the sign of ¢(t) is allowed to
change. Just because of these two factors, there are more difficulties in the
present paper than in [21,22] for estimating a priori bounds of all the possible
positive T-periodic solutions to Eq. (1.2) with a parameter A

" /! A/r(t)
(x(t) —cx(t — o))" + Af(z(t)z'(t) + Xo(t)z(t — 7) o) (1.4)
= Ah(t), A € (0,1).

If o(t) > 0 for t € [0,7], then using Theorem 1.1, we can get the
following Corollary.

Corollary 1.2. Assume that [H2] holds and ¢(t) > 0 fort € [0,T] with ¢ > 0.
If

T2
|C‘ > 1+UO+Z@’
then there exists at least one positive T-periodic solution to (1.2).

For illustrating the application of Theorem 1.1, we give the following
example.

Ezample 1.3. Consider the neutral Liénard equation with a singularity of
repulsive type
t
(z(t) — 50z (t — )" + ' (t) - sinx(t) + (1 + 2sint)x(t — 7) — :((2) = h(t),
T
where 7 € R, p > 1 are constants, r, h are 27-periodic continuous functions
with r(¢) > 0 for ¢t € [0, T].
Corresponding to (1.2), we have

T =2r, f(x)=sinz, ¢(t)=142sint.

Clearly,

21 4+ 3v/3

. —T+3V3
3r 14 3r '

f@) <1, $=1>0, @yr=
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By a direct calculation, we arrive at
o0=2, |cJ—-1—00=47>0, 6~02>0.

Thus, assumptions of [H1]-[H3] hold, and using Theorem 1.1, we know that
this equation has at least one positive 27-periodic solution.

The rest of this paper is organized as follows. In the second section, we
present some necessary lemmas. In the last section, we prove our main result
(Theorem 1.1).

2. Essential definitions and lemmas

In this section, we will introduce four lemmas. The first is a continuation the-
orem of coincidence degree theory which was established by Mawhin in [25],
and this lemma is the theoretic basis of this paper. The rest of the lemmas
are used for estimating a priori bounds of periodic solutions to Eq. (1.4).

Now, we give some notations and definitions which will be used through-
out this paper. For any T-periodic continuous function y(t), let

y+(t) = max{y(t), 0}, y—(t) = — min{y(t), 0},
1 (T
7= [ vl and [lgllo = max 1)
Clearly, y(t) =y (t) —y_(t) for all t € R, and j =77 —y—. Let X = Ck :=
{x € CY(R,R) : 2(t+T) = x(t)} with the norm ||z||x = max{||z||cc, [|2']|00 },
Y=Cr:={yeC(R,R):y(t+T)=y(t)} with the norm ||y|ly = ||y|/co- It
is easy to see that X and Y are Banach spaces.
Next, we define the linear operator L as
Lz = (Az)", L:D(L)C X —Y,

where A : Cr — Cp, (Az)(t) = 2(t) —cx(t — o), D(L) = {z € X : Az €
C?(R,R)}, and

: a0
~falt)a’ () = (Ot 1) + s

where A = {z € X : z(t) > 0, t € [0,T]}. It is easy to sce that

N:A =Y, (Nz)(t) +h(b),

T
KerL =R and ImL{yEY:/ y(t)dtO}.
0

This implies that L is a Fredholm operator of index zero.
Let us define two continuous projectors P: X — KerL and Q : Y — Y
by setting

1 (7 Lt
Pz = T/o z(t)dt and  Qy = T/o y(t)dt,

respectively. Meanwhile, we can know that kerL, = ImP, ker@Q = ImL.
Let L, = L|D(L)nkcrp — ImL, then L, has its inverse szl :ImL —
D(L)N KerP and we define K, : ImL — D(L) N KerP by

K,=L,"
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Clearly, for arbitrary y € ImL, we have
(Kpy)(t) = (A" Fy)(t),

where
(T—3s)s

(Fy)(t)Z/O G(t,s)y(s)ds, G(t,z)= {qugT;

Zo2t)(T—s)
(=20(T=2) | 0<t<s<T.

For any bounded set  C A, we can prove by standard arguments that
K,(I-Q)N and QN are relatively compact on the closure (2. Therefore, N
is L-compact on ).

Lemma 2.1. [25] Let X and Y be two real Banach spaces. Suppose that L :
D(L) C X — Y is a Fredholm operator with index zero and N : Q — Y is
L-compact on Q, where  is an open bounded subset of X. Moreover, assume
that all the following conditions are satisfied.

(S1) Lx # ANz, for all x € 9QN D(L), A € (0,1);

(S2) Nx ¢ ImL, for allx € 9Q N KerL;

(S3) The Brouwer degree deg{JQN,Q N KerL,0} # 0, where J : ImQ —
KerL is an isomorphism.

Then equation Lt = Nz has at least one solution on Q.

Remark 2.2. If ¥ > 0, > 0, then there exist two constants of Dy and D,
with 0 < Dy < Dy < +00, such that

r B _
x—u—gpx—l—h>0, Va € (0,Dy)

and -
r _
o —@x+h <0, Vo € (D3, 00).

Lemma 2.3. [26] If |c| # 1, then A has a continuous bounded inverse on Crp
and the following hold:

1. |[A7 2] < HHjHCH, for every t € [0,T].

2. foT [(A=Lf)(#)]dt < m foT |f(®)|dt, for every f € Cr.
3. If Af € Ck, then f € Ck and (Af)'(t) = (Af')(t), for every t € [0,T)].

Lemma 2.4. [27] Let u : [0,T] — R be a absolute continuous function, and
u(0) = u(T), then

<max u(t) — min u(t)>2 < Z/OT ' (5)[2ds.

te[0,T te[0,T

Lemma 2.5. [28] Let x be a continuously differentiable T-periodic function.

Then, for any T € [0,T],
T 3
<r (/ |a;’(t)|2dt> : (2.1)
0

T
(/ lo(t) — a(t — T)|2dt>
0

1
2
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3. Main results

Let us define

D={xecC}:Lr=ANx,\€ (0,1);x(t) > 0,Vt € [0,T]} (3.1)

Tor h_ : 7+ |h| 3
My = 1 2
0 max{ 2% <c|—1—ao> +( fi ) ) (3.2)

where 0 and ¢ are determined in assumption [H3] of Theorem 1.1. Notice
that for every u € D, u(t) is a positive T-periodic solution to (1.4), i.e

and

(u(t) — cu(t — o))" + Af(u(t)u'(t) + Ap()u(t — 7) —
= A(t), A € (0,1).

Lemma 3.1. Assume that [H2] holds, then

Y (t — o)dt

< ao/ 12/ (4)[2d for all @ € CL.
0

Proof. For each x € Ck, let Z(t) = x(t)—Z. Then using Wirtinger’s inequality,
we get

T 2 ; T T 2 ’
</ ) dt) <7T</0 /(0) dt) ,

which together [H2] yields

Yo (t — o)dt

[z(t — o) — Z]dt

< L/OT |2/ (8)||z(t — o) — Z|dt (3.4)

<r (/OT |x’(t)|2dt> : (/OT ot — o) — x|2dt>

TL
<=

2
:17/ t)|°dt.
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On the other hand, using (2.1) in Lemma 2.5, we obtain

Yo (t — o)dt

[z(t — o) — z(t) dt+/ f(z(t)z(t)' (t)dt

[x(t — o) — z(t)]dt

T
< L/O & ()] (t) — 2t — o)[dt (3.5)

<L </0 lz(t) — x(t — 0)|2dt> (/0 x'(t)|2dt>

1

T % T 2
<Io (/ |x’(t)|2dt> </ |1:’(t)|2dt>
0 0
T
:La/ |2’ (t)|2dt.
0
The conclusion follows from (3.4) and (3.5) directly. O

Lemma 3.2. Suppose that assumption [H2] holds, and |c| — 1 — o¢ > 0, then
for each uw € D, u satisfies

1 1 1
T 2 i 2 T 2
Tyl T'|h| 1
U/t th S u oo“!_ . u 307
(/ () ) (d_l_%) oo+ { =y )l

(3.6)
where D is defined by (3.1).

Proof. Suppose that u € D, then u(t) satisfies (3.3). Multiplying both sides
of (3.3) by u(t — o) and integrate it on [0, 7], we have

T
/ (u(t) — cu(t — 0))"u o)dt + /\/ f(u u(t —o)dt
(t T
+)\/ u(t —7) (t—adt—)\/ Wdt:)\/ h(t)u(t — o)dt.
J0O
By a direct calculation and using Conclusion 3 of Lemma 2.3, we arrive at

c/T|u’(t)|2dt:/ o ()’ (t — o)dt — A /f u(t — o)dt

—/\/ w(t —7) (t—adt+>\/ %t)dtjw/ h(t)u(t — o)dt.
(3.7)
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Using Lemma 3.1, we have

/ Fu Yt — o)dt

(3.8)
S%/hﬂﬁ%
0
and using Hoélder inequality, we get
T
—/ o () (t — o)dt
0
T T
< ]/ u’(t)u’(tfa)dt’ g/ ! ()| (t — o)|dt
0 0
T 1 T 1
< / u/(t |2dt>2 (/ /(¢ —a)|2dt)2
’ (3.9)
T—o :

|u’(s)\2ds)%

/ .
/O W' (t zdt)%</0T |u’(s)|2ds>%
:/OT o (1) 2t

If ¢ < —1, substituting (3.8) and (3.9) into (3.7), we get

c\/ o (8)Pdt = —c/ o (1) Pt

— / "(t)u (t—adt+)\/f o' (tyu(t — o)dt

+)\/ u(t — Tu(t —o)d A/ )\/ h(t)u(t — o)d

<1+Uo/ o (&) 2t + [|ul B TET + |l T

e
T 1
[ wwra)’ ([
T
/()

(
(
(

This gives us that
T
(= 1=a0) [ WP < JulBTp7 + ullTRo. (310)
0

If ¢ > 1, substituting (3.8) and (3.9) into (3.7) again, we have

c|/ |’ (t |dt—c/ |/ (¢)dt
:_/0 v (H)u t—adt—)\/ flu u(t —o)dt

! r(t)u(t — o) T
[ eut = ryute - o)at+ 2 / HOME=)gs e [ hityate — o)t

t
uk(t)

e 2 Tor(t) —
<(+o0) [ W OPA+ [[ullTe= + flullos | W(t)dtwm].
0 0

(3.11)
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Integrating (3.3) on [0, 7], we arrive at

' T g "
| etout-nai= [ Das [Cnoar @z
B T r(t) . T B o
| 2t [ ettyuts —ria -1, 5.19)

which together with (3.11) leads to
T
(Iel — 1 - o) / /(1) 2dt
0

T
< IETE= + el [T+ [ gttt =) =Th] (51

< Nl 2T~ + [[ulloo | TTRT + T ull |
= [[ul 3T Tl + [full o TR].
Thus, from (3.10) and (3.14), we see that in either case ¢ < —1 or the

case ¢ > 1, we always have

T
(el =1=a0) [ (OPa < ulETTA + lal|o T

ie.,

T 1 T 1 TN 1
3 T|p] 3 T1h| 3,1
wora) < (T8 y (TP
(] wol ) Ml + ()l
(3.15)
The proof is complete. O

Lemma 3.3. Suppose assumptions of [H1]-[H3] hold, then for arbitrary u €
D, there exists a tg € [0,T] such that u(ty) < My, where My is defined by
(3.2).

Proof. Assume that the conclusion does not hold, then there exists an ug € D
such that

uo(t) > My, for every t € [0,T). (3.16)
From the definition of D, we have
(uo(t) ctalt = )"+ Aot 8-+ X (Bt =7) = Al = ()

’ (3.17)
and it follows from (3.12) that
T B T T(t) T
/O (D)ot — 7)dt = /O PR /O h(t)dt,
which means
T T T T
/O o (Dot — 7)dt = /0 o (Dot — 7)dt + /O Jg(g) dt + /O h(t)dt.
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Using the mean value theorem of integrals, we know that there exist two
constants (,& € R such that

Toruo(¢) < To—uo(E) + TrMy " + Th.
Notice that My > 1, we have
Toruo(C) < To—uo(§) +T7 + Th,

namely, -
[ T+ |h
w0(¢) < = fuglloe + 2. (3.18)
P+ P+
By means of Lemma 2.4, we get the following inequality
Tz ([T :
Juole < wo(O)+ 5 | [ latolds | (319)
0
Substituting (3.18) into (3.19), and from [H1], we have
Tigr o (T, 3 T+ h
o < d _ 3.20
Juoll < 52 ([ luplas)” + 2 (3.20)

On the other hand, using Lemma 3.2, we see that

([ moPar) < () ol + () ol e
(3.21)

Substituting (3.21) into (3.20), we get

T:57 Tlp| \3 Tl N3, 11, T+h
foolle < o2 () ol + () Flolle] +

2y cl—1- lc] =1 =09 %)
Tor( el \z Tor( I \E,
= ) lhwolle + =25 ( )" llwoll
2% \|c|—1—-09 2% \|c¢|—1—09
7+ |h|
+—
¥p
(3.22)

1

Since § = 1= 5Z ()" > 0, it follows from (3.22) that

T@( R )%” 3 4 I
26% \|c| —1— 0 '
By simply calculating, we have

T@( || )% (F+|B|>%’

[uolloo <

[luolloo < 265 \|c| — 1 — o9 5p
ie., ||uglleo < Mo, which contradicts (3.16). This contradiction implies that
the conclusion of Lemma 3.3 holds. 0

Lemma 3.4. Assume that [H1] holds, then there exists a constant

— 1

. |h] +1 7 W
= _ 3.23
5 mm{ — (3.23)
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such that, for every u € D, there always exists aty € [0,T] satisfies z(t1) > .

Proof. Assume that the conclusion does not hold, then there exists an u; € D
satisfies

ui(t) <=, foralltel0,T) (3.24)
and
11 ! )\’r(t)
(ur(t) = cur(t — o))" + Af (ua (8))ur (8) + Ap(t)ua (t — 7) — T Ah(t).

Integrating it on [0, T, we arrive at

T T T‘(t) B T
/O cp(t)ul(t—T)dt—/O u}f(t)dt—/o h(t)dt,

which results in

! B U ;
/0 P4 (tur (t — 7)dt = /0 - (t)dt+Th.

uy

Using (3.24) and (3.23), we get

T T
Ty =7 [ o0t > [ ittt
0 0

TF _
>l 4 Th
7#

=T(2h|+1)+Th
>TIh|+T.

By simply calculating, we have

|h| + 1
v
P+
which contradicts (3.23). So, for every u € D, there always exists a t; € [0,7]
satisfies z(t1) > . O

Finally, we are going to prove Theorem 1.1.

Proof. For u € D, according to Lemma 3.3 and Lemma 3.4, we know that
there exist tg,t; € [0,T] such that

Lemma 3.3 gives us that
T 1 1 TN 1
3 Tl 3 T|h| 3,1
([ wora)” < (2m) lulle + (s ) il
0 |C|—1—0’0 |C|—1—O’0

From (3.25) and using Lemma 2.4, we get

Tl T 1
Jullee < Mo+ 5 ( [ w(0Pa)”,
0
which together with (3.26) yields
3 T

T |l |h] AN
o < M, —(7) . —(7) z,
oo < Mo+ 5 (o) il + 5 (=) Il
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ie.,
T m 3.1
illulloe < Mo+ 5 (=7 =50 ) llull% (3.27)
where §; := 1 — 7(|C| ‘1?‘ - )i. Since ¢ > 0, it follows from [H3] that 6; >
d > 0, and then by (3.27), we get
T |n] 3 (My\3
o< — (- 20V . 3.28
lul _251<|c\71700) +(51) ! (3.28)

Thanks to Au € C%, there exists a to € [0,7] s.t. (Au)’(t2) = 0. Integrating
(3.3) on [ta,t], we have

(Au)'(t) = =X t Flu()u'(t)dt — /\/ o(t)u(t — 7)dt

to
t t
+)\/ r(t) dt+>\/ h(t)dt,
t, (1) ta
where ¢ € [t2,t2 + T]. And From F(xz) = [; f(s)ds, we know

T
— — t)
Au)'(t)] < 2\ F + M1 oo FAT|R| + A ( dt.

Using the conclusion (3) of Lemma 2.3, we have from (3.13) that
14U loo = 1(Au)lloc < 2A( max |F(u)| + Telllullo + TIAI).  (3.29)
w€e[0,M;]

It follows from conclusion (2) of Lemma 2.3 that

AWl 2(maxueio,an [F(u)] + Tlel|lullss + TTh)
le| —1 le| — 1
= Mo,

' oe = A7 At || <

namely,
[ || oo < Ma. (3.30)
In the following part, we will give a priori lower estimate over the set D.
To do it, multiplying both sides of (3.3) by 1:(7(;)) and integrating it on [t1,¢],
where t; is determined in Lemma 3.4, we get

A‘/tt Z/((‘Z))ds’ ’d +/\/t

r(s)
+ )\/ ’gp (s —7) ’d —A/ ‘h U/(;))‘ds
< Ml % ><>|ds+ATL”“;'lz+

- /
ozl
T

| [lulloo |4/l oo

AT ||
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where t € [ty,t, + 7] and r; = minsg[o,7) 7(t), which together with (3.28) and
(3.30) yields

wu(t) T 2
A‘/ Lo g—/ (Au)" (s)[ds + 2LEMz |

W T " (331)
AT || My My N AT'|h| M,
T T '
From (3.3), we know
T R E—
/ (Aw)” (s)|ds < NT(MaL + 2M, o] + 2J7]). (3.32)
0
Substituting (3.32) into (3.31), we arrive at
’ / u(®) L, 2TLM22 N 3T || My M, N 3T[h| M,
(t1) o Tl Tl Tl (3.33)
= M.

Since p > 1, it follows that there exists a constant 7o € (0,7) such that
71
/ —Hdv > Ma, for every € € (0,7,
v
g

where 7 is defined by (3.23). If u(t) < 7, then we obtain that

u(t)  q 7
[ s [
u(t1) UM(S) Yo Gl

which contradicts to (3.33), and therefore we get
u(t) > o,  foreveryt e [0,T]. (3.34)
From (3.28), (3.30) and (3.34), we have

< 1), t) < My, ||v]|lee < Mo, Yu € D. 3.35
Y0 tg[lolr;ﬂ() tgfé‘,’é]““ 1, (|| 2, Yu (3.35)

Let mg = min{vp, D1}, m1 = max{M;, Dy}, where Dy and Dy are deter-
mined in Remark 2.2. Set

Q={ueCr:my<u(t)<mi, [ (t)] <M, foreveryte[0,T]},

we can easily verify that conditions of (S1) and (52) in Lemma 2.1 hold. And

we also have
7 - F _
(H—@mo'f'h) (u—@m1+h><0,
mg mi

which means deg{JQN,Q N kerL,0} # 0, namely, the condition (S3) holds
also. Thus, using Lemma 2.1 we know that Eq. (1.2) has at least one positive
T-periodic solution u; € €. O



31 Page 14 of 15 S. Lu and X. Yu JFPTA

Acknowledgements

The authors are grateful to the referee for the careful reading of the paper
and for useful suggestions. The authors gratefully acknowledge support from
NSF of China (no. 11271197).

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Torres, P.J.: Mathematical Models with Singularities—A Zoo of Singular Crea-
tures. Atlantis Press, Amsterdam (2015)

[2] Bevce, V., Palmer, J.L., Siisskind, C.: On the design of the transition region of
axi-symmetric magnetically focused beam valves. J. Br. Inst. Radio Eng. 18,
696-708 (1958)

[3] Ye, Y., Wang, X.: Nonlinear differential equations in electron beam focusing
theory. Acta Math. Appl. Sin. 1, 13-41 (1978). (in Chinese)

[4] Huang, J., Ruan, S., Song, J.: Bifurcations in a predator—prey system of Leslie
type with generalized Holling type III functional response. J. Differ. Equ.
257(6), 1721-1752 (2014)

[5] Plesset, M.S., Prosperetti, A.: Bubble dynamic and cavitation. Annu. Rev.
Fluid Mech. 9, 145-185 (1977)

[6] Jebelean, P., Mawhin, J.: Periodic solutions of singular nonlinear differential
perturbations of the ordinary p-Laplacian. Adv. Nonlinear Stud. 2(3), 299-312
(2002)

[7] Lazer, A.C., Solimini, S.: On periodic solutions of nonlinear dfferential equa-
tions with singularities. Proc. Am. Math. Soc. 99, 109-114 (1987)

[8] Li, X., Zhang, Z.: Periodic solutions for second order differential equations with
a singular nonlinearity. Nonlinear Anal. 69, 3866-3876 (2008)

[9] Lu, S., Guo, Y., Chen, L.: Periodic solutions for Liénard equation with an
indefinite singularity. Nonlinear Anal. Real World Appl. 45, 542-556 (2019)

[10] Jiang, D., Chu, J., Zhang, M.: Multiplicity of positive periodic solutions to
superlinear repulsive singular equations. J. Differ. Equ. 211, 282-302 (2005)

[11] Martins, R.: Existence of periodic solutions for second-order differential equa-
tions with singularities and the strong force condition. J. Math. Anal. Appl.
317, 1-13 (2006)

[12] Zhang, M.: Periodic solutions of Liénard equations with singular forces of repul-
sive type. J. Math. Anal. Appl. 203(1), 254-269 (1996)

[13] Yu, X., Lu, S.: A multiplicity result for periodic solutions of Liénard equations
with an attractive singularity. Appl. Math. Comput. 346, 183-192 (2019)

[14] Hakl, R., Zamora, M.: On the open problems connected to the results of Lazer
and Solimini. Proc. R.Soc. Edinb. Sect. A. Math. 144, 109-118 (2014)

[15] Torres, P.J.: Weak singularities may help periodic solutions to exist. J. Differ.
Equ. 232, 277-284 (2007)

[16] Chu, J., Torres, P.J., Zhang, M.: Periodic solutions of second order non-
autonomous singular dynamical systems. J. Differ. Equ. 239, 196-212 (2007)



Vol. 21 (2019) Existence of positive periodic solutions Page 15 of 15 31

[17] Peng, S.: Periodic solutions for p-Laplacian neutral Rayleigh equation with a
deviating argument. Nonlinear Anal. 69, 16751685 (2008)

[18] Lu, S., Xu, Y., Xia, D.: New properties of the D-operator and its applications
on the problem of periodic solutions to neutral functional differential system.
Nonlinear Anal. 74, 3011-3021 (2011)

[19] Lu, S., Chen, L.: The problem of existence of periodic solutions for neutral
functional differential system with nonlinear difference operator. J. Math. Anal.
Appl. 387, 1127-1136 (2012)

[20] Wang, Z.: Periodic solutions of Liénard equation with a singularity and a devi-
ating argument. Nonlinear Anal. Real World Appl. 16(16), 227-234 (2014)

[21] Kong, F., Luo, Z., Lu, S.: Positive periodic solutions for singular high-order
neutral functional differential equations. Math. Slovaca 68, 379-396 (2018)

[22] Kong, F., Lu, S., Liang, Z.: Existence of positive periodic solutions for neutral
Liénard differential equations with a singularity. Electron. J. Differ. Equ. 242,
1-12 (2015)

[23] Kyrychko, Y.N., Blyuss, K.B., Gonzalez-Buelga, A., Hogan, S.J., Wagg, D.J.:
Real-time dynamic sub structuring in a coupled oscillator—pendulum system.
Proc. R. Soc. A 462, 1271-1294 (2006)

[24] Hale, J., Lunel, SM.V.: Introduction to Functional Differential Equations.
Springer, New York (1993)

[25] Gaines, R., Mawhin, J.: Coincidence Degree and Nonlinear Differential Equa-
tion. Springer, Berlin (1977)

[26] Lu, S., Ge, W.: On the existence of periodic solutions for a kind of second
order neutral functional differential equation. Appl. Math. Comput. 157, 433—
448 (2004)

[27] Hakl, R., Torres, P.J., Zamora, M.: Periodic solutions of singular second order
differential equations: upper and lower functions. Nonlinear Anal. 74, 7078-
7093 (2011)

[28] Lu, S., Gui, Z.: On the existence of periodic solutions to p-Laplacian Rayleigh
differential equation with a delay. J. Math. Anal. Appl. 325(1), 685-702 (2007)

Shiping Lu and Xingchen Yu

School of Mathematics and Statistics

Nanjing University of Information Science and Technology
Nanjing Jiangsu210044

People’s Republic of China

e-mail: lushiping88@sohu.com

Xingchen Yu
e-mail: 56505610610@qq. com



	Existence of positive periodic solutions  for a neutral Liénard equation  with a singularity of repulsive type
	Abstract
	1. Introduction
	2. Essential definitions and lemmas
	3. Main results
	Acknowledgements
	References




