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Abstract. In this paper we study some coupled fixed point theorems
and coupled coincidence fixed point theorems for infinite family map-
pings satisfying different contractive conditions on the complete par-
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property. Further we used generalized Darbo type coupled fixed point
theorem to find the existence of solutions for a system of nonlinear func-
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1. Introduction

In [9], Bhaskar and Lakshmikantham introduced the notion of a coupled
contraction mapping principle and proved coupled fixed point results for the
mixed monotone property in partially ordered metric spaces. After that, many
authors have carried out further studies on the coupled fixed point, the cou-
pled coincidence point and the coupled common fixed point (see, e.g., [2]-
[17]). Common fixed point theorems for generalized contractions invariably
require a commutativity condition and the continuity of one of the mappings
{To: X xX — X : « € A} or X the property be regular. The purpose of
this work was to prove some coupled common fixed point and common fixed
point theorems for infinite family mappings satisfying different contractive
conditions on the complete partially ordered metric space.

In [15], Lakshmikantham and Ciri¢ introduced the concept of mixed
g-monotone property as follows:
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Definition 1.1. [15] Let (X, <) be a partially ordered set and F' : X xX — X
and g : X — X. We say F' has the mixed g-monotone property if F' is a
non-decreasing g-monotone in its first argument and is a non-increasing g-
monotone in its second argument, that is, for any =,y € X

T1,T2 € X,gl'l < gro2 =— F(l’l,y) < F(.TQ,y),

and
y1,92 € X, 9y1 < gy2 = F(x,y1) > F(x,92).

Note that if g is the identity mapping, then F' is said to have the mixed
monotone property (see [9]).

Definition 1.2 [15]. An element (x,y) € X X X is called a coupled coincidence
point of a mapping F': X x X — X and a mapping g : X — X if
F(z,y) = gz, F(y,z) = gy.
Similarly, note that if g is the identity mapping, then (x,y) is called a
coupled fixed point of the mapping F (see [9]).

Definition 1.3 [1]. An element 2 € X is called a common fixed point of a
mapping FF: X x X — X and g: X — X if

F(z,z) =gz ==z. (1.1)

Definition 1.4 [15]. Let X be a nonempty set and F : X x X — X and
g: X — X. One says F' and g are commutative if for all =,y € X,

F(gz,gy) = g(F(z,y)).

Abbas et al. [1] introduced the concept of w-compatibility for a pair of
mappings F': X x X — X and g: X — X.

Definition 1.5. The mappings F' : X x X — X and g : X — X are
called w-compatible if g(F(z,y)) = F(gzx, gy)) whenever gz = F(z,y) and
g9y = F(y, ).

2. Main results

Throughout the paper, let ¥ be the family of all functions ¢ : [0,00) —
[0, 00) satisfying the following conditions:

(a) % is continuous,

(b) % nondecreasing,

(¢) ¥(t) =0 if and only if t = 0.
We denote by @ the set of all functions ¢ : [0,00) — [0, 00) satisfying the
following conditions:

(a) ¢ is lower semi-continuous,

(b) &(t) =0 if and only if t = 0,
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and © the set of all continuous functions 6 : [0, 00) — [0, 00) with 8(t) =0
if and only if t = 0.

Now, we establish some results for the existence of coupled coincidence
point and coupled common fixed point of mappings in the setup of partially
ordered metric spaces. The first result in this paper is the following coupled
coincidence theorem:

Theorem 2.1. Suppose that (X,d, <) is a partially ordered complete metric
space. Suppose g : X — X and {T, : X x X — X : a € A} are such
that Ty, has the mized g-monotone property and commutes with g on X
such that there exist two elements xo,y9 € X with grg < Tay(x0,y0) and
9Y0 = Tay (Yo, o). Suppose there exist L > 0,9 € U, ¢ € ® and 6 € © such
that

Y(d(Too (7, 9), T (u, ) < P(M(2,y,u,v)) — ¢(M(z,y,u,v))
+LO(N (x,y,u,v)), (2.1)

where

M(z,y,u,v) = max{d(gx, gu),d(gy, gv), d(gz, To (2, y)), d(gu, T, (u,v)),
d(gy, Ta(y, x)), d(gv, Ta, (v, u)),
d(gz, To(u,v)) + d(gu, Tu, (2, y))
2 )

d(gy, Ta(v,u)) + d(gv, Ta, (y, x))}
2 9

and

N(z,y,u,v) = min{d(gz, Ta,(x,y)), d(gu, Ta (u, v)), d(gu, Ta, (z,v)), d(gz, Ta (u,v))}.

for all z,y,u,v € X, a € A for which gr < gu and gy > gv. Suppose
Too (X x X) C g(X), g is continuous and also suppose either

(i) Tu, is continuous or

(ii) X has the following property(reqular):
(a) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(b) if a non-increasing sequence {y,} — vy, then y <y, for all n.

Then {Ty : @ € A} and g have coupled coincidence point in X.

Proof. By the given assumptions, there exists (zg,y0) € X x X such that
920 < Too (0, y0) and gyo > Tu, (Yo, Zo). Since Tp, (X x X) C g(X), we can
define (z1,y1) € X x X such that gz = Tu, (20, y0) and gy1 = Tu, (Yo, To),
then gxo < Ta, (%0, y0) = g1 and gyo > Tw, (Yo, o) = gy1. Also there exists
(z2,92) € X x X such that gxe = Ty, (z1,v1) and gys = Ta,(y1,71). Since
T,, has the mixed g-monotone property, we have

971 = Toy (20, 90) < Toy (@0, 1) < Top(®1,91) = g2,
and

gyz = Tao(ylaxl) S Tao(y())xl) S Tao(yO?xO) = gyi.
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Continuing in this way, we construct two sequences {z,,} and {y,} in X such
that

9Tn+1 = Tag(Xn, yn) and gyni1 = Tog (Yn, Tn) for alln =0,1,2,... (2.2)
for which
gro < gry < gra <o < gy < gTpg1 <.
9Yo > GY1 > Gy2 > -+ > GYn > GYnt1 > - - (2.3)
From (2.2) and (2.3) and inequality (2.1) with (z,y) = (zn, yn) and (u,v) =
(Tnt1, Ynt1), we obtain
Y(d(9Tn+1, 9Tn+2)) = Y(d(Tao(@n, Yn), Tao (Tnt1, Ynt1)))
<YM (Tn, Yoy o1, Ynt1)) — (M (Tns Yns Tt 1, Ynt1))
+LO(N (T, Yns Trt1s Ynt1))s (2.4)

where

M (zn, Yn, Tn+1,Yn+1) = max{d(gen, gTn+1), d(gYn, gyn+1), d(gTn, Ty (Tn, Yn)),
d(gxn+1; Tog (Tnt1,Yn+1)), d(gyn, Tag (Yn, Tn)),
d(gyn+17 Tao (yn+17 xn+1)),
d(ga:n, TOéo (In+17 yn+1)) + d(g$n+1, TOéo (ITM yn))

2 b
d(gyna TO<0 (yn+1, CEn+1)) + d(gyn+17 Tal) (yn7 In)) }
2
= max{d(9zn, gTn+1), d(gYn, gyn+1),
d(gTn+1, 9Tn+2), d(gYn+1, gyn+2),

d(gTn, 9Tni2) d(gymgymz)}
2 ' 2 '

and

N($n7 Yns Tn+1, ynJrl) = min{d(ga:,,“ Tao (m'ru yn))7 d(g$n+17 Toto (szrlv yn+1))7
d(9Tn+1, Toy (Tn,y Yn))s A(gZnt1, Tag (Tnt1, Ynt1))} = 0.

Since
d(gTn; 9Tnt2) d(gTn; 9Tnt1) + d(gTnt1, 9Tn+2)
2 - 2
< max{d(gzn, 9Tn+1), A(9Tn+1, 9Tn+2)},
and

A(9Yn, 9Yn+2) _ A(GYn, 9Ynt1) + A(GYnt1, GYn+2)
2 2

< max{d(gyn, 9Yn+1): A(gYn+1, GYn+2) },

A

then we get

M(xna Yns Tn+1, yn+1) = max{d(gxn7 gwn+1)7 d(gx'rH»l 5 ganrQ)a
d(9Yn, 9Yn+1), AGYn+1, 9Yn+2)},
N(xmynaxn+17yn+l) =0. (2'5)
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By (2.4) and (2.5), we have

Lb(d(ganrh gxn+2)) < w(max{d(gfﬂn, g$n+1), d(gmn+1 , g$n+2),
d(9Yn; 9Yn+1), A(GYn+1, 9Yn+2)})
—p(max{d(9zn, gTn+1), d(gTnt1, 9Tn+2),
d(9Yn, 9Yn+1), AGYn+15 9Yn+2)})- (2.6)

Similarly, we can show that

Y(A(gYn+15 9Yn+2)) < Y(max{d(gzn, 9Tni1), d(9Tni1, 9Tn+2),
A(9Yn, 9Yn+1)> A(GYn+1, 9Yn+2)})
—(max{d(gzn, 9Tn+1), d(gTn+1, 9Tn12),
d(gYn> 9Yn+1), A(gYnt1, 9Ynt2)})- (2.7)

Now denote

n = max{d(grn, 9Tn+1), A(9Yn, 9Yn+1)}- (2.8)
Combining (2.6),(2.7) and the fact that max{¢(a), 4 (b)} = 1 (max{a,b}) for
a,b € [0,400), we have
Y(0n+1) = max{y(d(gzn+1, 9Tn+2)), Y(d(9Yn+1, gYn+2)) }- (2.9)
So, using (2.6),(2.7),(2.8) together (2.9), we obtain

Y(On+1) < Y(max{d(grn, gTn+1), d(gTn+1, 9Tn+2),
A(gYn, 9Yn+1): A(gYn+1, 9Yn+2)})
—¢(max{d(gzn, gTn+1), d(gTn+1, gTn12),
A(9Yn; 9Yn+1), A(gYn+1, 9Yn+2)})- (2.10)
Now we prove that for all n € N,
max{d(gzn, 9Tn+1), A(9Tn+1, 9Tnt2), A(9Yn, 9Yn+1), A(GYnt1, 9Yn+2)} = on,
Sni1 < 0. (2.11)
For this purpose consider the following three cases:

Case 1. If maX{d(gacn, gxn+l)7 d(gacn_,_l 5 gxn+2)7 d(gyn7 gyn-i—l)a d(gyn-‘rl,

JYn+2)} = On, then by (2.10), we have
¢(§n+1) < w(dn) - ¢(5n) < w(én)a (2-12)

o (2.11) obviously holds.

Case 2. If max{d(gxn, g.’I}n+1>, d(gxn+l 5 gxn+2>7 d(gyn7 gyn+1)’ d(gy’n+1,
9Yn+2)} = d(gTn+1, gTn+2) > 0, then by (2.6),
Y(d(9Tns1, 9Tna2)) < Y(d(9Tni1, 9Tna2)) — P(d(9Tni1, 9Tn12))

< P(d(gTni1, 9Tny2)),

which is a contradiction.

Case 3. If max{d(92n,92n+1), d(9Tns1,9Tn+2), A(GYn, GYn+1)s A(GYn+1,

GYn+2)} = d(gYn+1, GYn+2) > 0,
then from (2.7),

Y(d(9Yns1, 9Yn+2)) < V(A(GYnt1; 9Yn+2)) — A(d(9Ynt1, 9Yn+2))
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< Y(d(gYn+1, GYn+2)),
which is again a contradiction.

Thus in all cases (2.11) holds for each n € N. It follows that the sequence
{0} is a monotone decreasing sequence of non-negative real numbers and
consequently there exists s§ > 0 such that

lim 4, = 0. (2.13)

n—oo
We show that 6 = 0. Suppose, on the contrary, that § > 0. Taking the limit
as n — 00 in (2.12) and using the properties of the function ¢, we get

P(0) < ¥(6) — ¢(d) < ¥(6),

which is a contradiction. Therefore § = 0, that is,

lim 0, = lim max{d(gzn, g2n+1), d(gyn, gyn+1)} = 0

n—oo

which implies that

lim d(gxn, gxnt1) =0 and lm d(gyn, gyn+1) = 0. (2.14)
n—oo n—oo
Now, we claim that
lim max{d(g9xn, 9Tm), d(gYn, gym)} = 0. (2.15)

Assume on the contrary that there exists ¢ > 0 and subsequences

{gxm(k)}a {gxn(k)} of {gxn} and {gym(k)}a {gyn(k)} of {gyn} with m(k) >
n(k) > k such that

max{d(gTp k), 9Tm(k)) AGYn(k)> GYm(k)) } = €. (2.16)
Additionally, corresponding to n(k), we may choose m(k) such that it is the
smallest integer satisfying (2.16) and m(k) > n(k) > k. Thus
max{d(gT k), 9Tm(k)—1), AGYn(k)s 9Ymk)—1)} < €. (2.17)
Using the triangle inequality and (2.16) and (2.17) we obtain that
€ < d(gTmk), 9Tn(k)) < A(GTmk)> 9Tmk)—1) + AGTm(k)—1, 9Tn(k))
< d(GTm(k)» 9Tm(k)—1) T+ €.

Taking the limit as k& — oo and using (2.14) we obtain

klln;o d(9T (i), GTm(k)) = € (2.18)
Similarly, we obtain
0 d(gynr)s 9ymr)) = €. (2.19)

Also
€ < d(9Tn (k) 9Tm(k)) < AGTn(k)s 9Tmk)+1) + AITm(k)+15 9Tm(k))
< d(9Tn(k)s 9Tmk)) + AGTrm(k)> 9Tmk)+1) T AGT (k) +1, 9T m(k))
< A(GTr k) 9Tm(k)) T 2 AGTm(k)s 9Tm(k)+1)-
So from (2.14) and (2.18), we have
lim sup d(g2 k), 9Tm(k)+1) = € (2.20)

k—00
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Similarly, we obtain

lim sup d(gyn (k)> 9Ym(k)+1) = €. (2.21)

k— 00

Also

€ < d(9Tm(k)s 9Tn(k)) < AGTm(k)> 9Tn(k)+1) T AGTr (k) +1> 9Tn(k))
< d(9T (k) 9Tn(k)) + AGTr(k)s 9Tn(k)+1)
+d(9Tn (k)11 9Tn(k))
< d(9T (k) 9Tn(k)) + 2 A(9Tn(k), 9Tn(k)+1)-
So from (2.14) and (2.18), we have

lim sup (g2 (k)> 9Zn (k) +1) = €. (2.22)

k— 00

In a similar way, we obtain

lim sup d(gYm (k)> GYn(k)+1) = €. (2.23)

k—o0
Also
(G (k)+1, 9Zmk)) < A(GTp (k)15 9Tmk)+1) + AITm(k)+15 9T (k) )
< d(9Znk)+1, 9Tn(k)) + AGTn(k)> 9T m(k)+1)
+A(GTmk)+1, 9Tm(k))
so from (2.14), (2.20) and (2.22), we have

I}Cm SUpP d(GTr (k) +1> GTm(k)+1) = € (2.24)
Similarly, we obtain
I}Cm sup d(gyn(k)—H; gym(k)+1) = €. (2.25)

limsup M (Zp(k)s Yn(k)s Tm(k)s Ym(k)) = maX{llim sup d(g%p (k)s 9Tm (k)),
—— o0

k—— 00

l‘ém sup d(gyn(k) ) gym(k))7 llim sup d(gxn(k)v gxn(k)+l)7 llim sup d(gan(k) ) g:rm(k)-&-l):

lim sup d(gyn (k)> 9Yn (k)+1)> llim SUpP d(GYrm (k) » Y (k)+1)>

k——s

1 . .
5 [lim sup d(9%n (k) 9Tm (k)+1) + l/im SUP (g m (k) 9Tn (k)+1)]5
—— 00

k——o00
1
B [lliffljg) A(GYn (k) 9Ym(k)+1) + I;leig A(GYm (k)> 9Yn(k)+1)]-
So,
limsupM(xn(k)ayn(k)’wm(k)aym(k)) =€ (226)
—00

Similarly, we have

Hm nf M (@) Y (k)s Tm(r) s Ym(k)) = € (2.27)
and

k—o0
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Since m(k) > n(k) from (2.2), we have
9Tn(k) < 9Tmk)s 9Yn(k) = 9Ym(k)-
Thus
V(A 9T nk) 115 9Ty +1)) = V(AT op (Tn(k)y, Ynk))s Too (Tmk)s Ym(k))))
< (M (ffn(k) Yn(k)> Trm(k)s Ym(k)))
— (M (T (ks Yn(k)s Tm(k)> Ym(k)))
+LO(N (%(k) Yn(k)> Tm(k)> Ym(k)))»
V(A GYn (k) +1> 9Ym k) +1)) = V(A Tay Ynk)s Trik))s Tao Ym(k)s Tm(k))))
< (M (ffn(k) Yn(k)> Trm(k)s Ym(k)))
— (M (Zr (ks Yn(k)s Tm(k)> Ym(k)))
+LO(N (xn(k)»yn(k)axm(k)aym(k)))'
Since v is a nondecreasing function, we have
max{1)(d (QCUn +1,933m(k)+1)) w(d(gyn(k)+1agym(k)+1))}
= Y(max{d(gTn(k)+1> 9Tmk)+1)s AGYn(k)+15 9Ym(k)+1) })-
Taking the upper limit as k — oo, and using (2.25) and (2.26), we get
Y(e) = ¢(max{1}€m SUP d(GTr (k) 41> 9T m(k)+1),
— 00

im sup d(gyn (k)41 9Ym(k)+1)})

k—00

< 1/)(1}:11 Sup M (Zn (k) Yn(k)> Tm (k) Ym(k)))
—00
—¢(lgliigof M (T k), Yn(k)> Trm(k)s Ym(k)))
+LOUmsup N (Zp(k)s Yn (k) Tm(k)> Ym(k)))

k— 00

< ¢(e) — ole)
< (6.
It is a contradiction. Therefore, (2.15) holds and we have
lim d(gxn, gzm) =0 and  lm  d(gyn, gym) = 0.
n,m—00

n,m— oo
Since X is a complete metric space, there exist z,y € X such that
lim ga,i1 = lim To,(zn,yn) = and lim gy,4+1
n—oo n—oo n—oo
= lim To,(yYn,xn) = y. (2.29)
n—oo
From the commutativity of T,,, and g, we have
g(g$n+1) = g(Tao (xna yn)) = Tao (gxnagyn)v

g(gyn-‘rl) = g(Tﬂéo (y’m xn)) =Ta, (gyna gl‘n)- (230)

We now show that g = T,,(z,y) and gy = T,,(y,z). Suppose that the
assumption (i) holds. For all n from the continuity of T,,, and g, and letting
n — oo in (2.30), we get

gr = lim g(gapi1) = Hm g(Tae(Tn,yn)) = Hm Tao (920, 9yn) = Tao (2, Y),
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g9y = lim g(gyni1) = T g(Tag(Yn,2n)) = 0 Too(gyn, 97n) = Tay(y, 7).

Finally, suppose that (i7) holds. Since {gz, } is non-decreasing sequence and
grn, — x and as {gy, } is non-increasing sequence and gy, — y, by assump-
tion (ii), we have gx,, < z and gy,, > y for all n. By (2.30) and g is continuous,
we have

gr = lim g(gzny1) = lim g(Tay(@n,yn)) = lim Ty, (920, 9Yn),
n—oo n—oo n—oo
gy = lim g(gynt1) = lm g(Ta, (Yn,zn)) = lm Toy(9yn, 9n).
n—oo n—oo n—oo
Now we have

(g, Toy (2, y)) < d(g2, 9(92n11)) + d(9(92n11), Tao (7, 1))
Taking n — oo in the above inequality, using (2.2) we have,

(g, Toy (x,y)) < lim d(gz, 9(gzn 1)) + Hm_ d(g(Tag (0, Yn))s Tao (2,))
< 1im d(Toy (920, 9yn ). To (2, 9)).
Similarly, we can show that
d(gy: Tao (y, 7)) < lim d(Tag(9Yn: 92n)s Tao (9, 7))-
Therefore,

Y(max{d(gz, T, (z,y)), d(9y, Ty (¥, 7)) })
= max{y)(d(gz, To, (2, 9))), ¥(d(9y, T, (¥, ))) }
< lim sup max{Y(d(To, (9Tn, 9Yn)s Tuy (2, Y))),

n——:oQo

¢(d(Tao (gyn7 gxn)v TOéo (y7 1‘)))}
< limsup (M (g2n, gyn, ,y)) — iminf o(M(gn, gyn, 2, y))

n——oQ

+L lim sup Q(N(gx’nn 9Yn; T, y))

n—:oQ

< Y(max{d(gz, To, (2,y)), d(gy, Ta, (v, ©))})
—(b(max{d(gw, Tao (-T7 y)>7 d(gya Toco (y7 .'17))}),
which implies that d(gx, Tw, (z,y)) = 0 and d(gy, Tw, (y,x)) = 0, that is,
gr = Toy (2, y) and gy = Ta, (y, 7).

Now, we will prove that for any a € A, gv = T, (x,y) and gy = Ta(y,x).
Suppose, to the contrary, that at least one of gz = T, (z,y) or gy = Tw(y, )
is not equal. Then there exists an a; € A such that

r = max{d(gz,Ta, (,9)),d(9y, Ta, (y,2)))} > 0.
Using the property of ¢ and (2.1), we have

w(r) = ¢(max{d(g$7Ta1(‘T7y))>d(gyaToc1 (y>$)))})
= max{¢(d(gz, Tu, (z,9))), ¥(d(gy, Ta, (y, 7)) }
< ¢(M(I7 Y, T, y)) - ¢(M(I, Y, x, y)) + L@(N(I, Y, T, y))a
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where
M(xV y? x’ y)
= M(y,x,y,x) = max {d(gw,gﬂc), d(gy, gy), d(gz, Ta, (x,y)), d(g, Tay (z,9)),

(99, T, (y, ), d(gy, Ty (y, 7)),
d(gz, To, (2,y)) + d(gz, To, (7,y)) d(gy, Ta, (y, 7)) + d(gy, T, (y, 7)) }

2 ’ 2
= max{d(g9z, To, (z,9)),d(9y, Tu, (y, 7))} =1,
and
N(z,y,z,y) = N(y,2,y,2) = min{d(gz, Tu, (z,y)), d(gu, T, (u,v)),
d(gu, To, (,9)), d(g2, Ta, (u,v))} = 0.
This implies
¥(r) < p(M(z,y,2,y)) — d(M(z,y,2,y)) + LO(N (z,y, z,y))

< ¥(r) — o(r)

< (r),
which is a contradiction. Thus (z,y) is a coupled coincidence point of g and
{To : € A} O

Corollary 2.2. Suppose that (X,d, <) is a partially ordered complete metric
space. Suppose g : X — X and {T, : X x X — X : a € A} are such
that T, has the mized g-monotone property and commutes with g on X
such that there exist two elements xo,yo € X with grg < Ty, (zo,y0) and
9Y0 = Tup (Y0, x0). Suppose there exist p € U and ¢ € ® such that

V(d(Tay (2, y), Ta(u,v))) < O(M(z,y,u,v)) — ¢(M(z,y,u,v)),  (2.31)
where

M(z,y,u,v) = max {d(gz, gu),d(gy, gv), d(gz, To(x,y)), d(gu, Ta, (u,v)),

d(gy, Ta(y, ), d(gv, Ta, (v, u)),
d(gz,To (u,v))+d(gu,Ta, (2,y))
2 )

d(g9y,Te (v,u))+d(gv,Ta, (¥,)) }
2

for all x,y,u,v € X, a € A for which gr < gu and gy > gv. Suppose

Too (X x X) C g(X), g is continuous and also suppose either
(i) T, is continuous or
(ii) X has the following property:
(a) if a non-decreasing sequence {x,,} — x, then x, < x for all n,
(b) if a non-increasing sequence {yn} — y, then y <y, for all n.
Then {T, : @ € A} and g have coupled coincidence point in X.
Corollary 2.3. Suppose that (X,d, <) is a partially ordered complete metric

space. Suppose {T,, : X x X — X : a € A} are such that T,, has the mized
monotone property on X such that there exist two elements xg,yq € X with
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20 < Tay(x0,Y0) and yo > Ta, (Yo, o). Suppose there exist p € U and ¢ € P
such that

Y(d(Tay (2, 9), Ta(u,0))) < P(M(z,y,u,v) — ¢(M(z,y,u,v)),  (2.32)
where

M(z,y,u,v) = max {d(a:, w), d(y,v),d(x, To(z,y)), d(u, Ta, (u,v)),

d(y7 Ta (ya IL’)), d(va Tozo (Ua ’U,)),
d(z,To (u,0))+d(u,Tay (2,y))
2

)

d(y,Te (v,u))+d(v,Toy (y,7)) }
2 )

for all x,y,u,v € X, a € A for which x < u and y > v. Also suppose either
(i) T, is continuous or
(ii) X has the following property:
(a) if a non-decreasing sequence {x,,} — x, then x, < x for all n;
(b) if a non-increasing sequence {yn} — y, then y <y, for all n.
Then {T, : @ € A} have coupled fized point in X.

3. Uniqueness of common fixed point

In this section we shall provide some sufficient conditions under which {7, :
a € A} and g have a unique common fixed point. Note that if (X, <) is a
partially ordered set, then we endow the product X x X with the following
partial order relation, for all (z,y),(z,t) € X x X :

(z,y) < (z)t) <=z <z y>t.

From Theorem 2.1, it follows that the set C'(T,, g) of coupled coincidences is
nonempty.

Theorem 3.1. By adding to the hypotheses of Theorem 2.1, the condition
for every (x,y) and (z,t) in X x X, there exists a (u,v) € X x X
such that (Tw, (u,v), To,(v,u)) is comparable to (Ta,(x,y), Ta,(y,x)) and to
(Too (2,1), Tay (t, 2)), and {To} and g are w-compatible. Then {T,} and g have
a unique coupled common fixed point.

Proof. We know, from Theorem 2.1, that there exists at least a coupled coin-
cidence point. Suppose that (z,y) and (z,t) are coupled coincidence points
of T, and g, that is, To(x,y) = gz, Ta(y,z) = gy, Tu(z,t) = gz and
T,(t, z) = gt. We shall show that gz = gz and gy = gt. By the assumptions,
there exists (u,v) € X x X such that (Ta,(u,v),Ta,(v,u)) is comparable to
(T (2,9), Too (y, x)) and to (Tu,(2,1), Ta,(t, 2)). Without any restriction of
the generality, we can assume that

(Tao (@, 9), Tay (4, ) < (Tap (u,v), Ty (v,u)) and
(Tao (2,8), T (1, 2)) < (Tag (u,0), Tay (v, u)).
Put up = u, vp = v and choose (u1, v1) € X x X such that

gu1 = Ta,(uo,v0), gv1 = Tu,(vo, uo).
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For n > 1, continuing this process we can construct sequences {gu,} and
{gv,} such that

JUun+1 = Toy(Un, V) GUnt1 = Tog (Vn, uy) for all n.

Further, set xp = x, yo = y and zp = 2z, tp = t and on the same
way define sequences {gz,}, {g9yn} and {9z}, {gtn}. Since (gz,gy) =
(Toa (), To (9:2)) = (91, g91) and (T (,0), Ty (v, 0)) = (guus, goy) are
comparable, (gz, gy) < (gu, gv). One can show, by induction, that

(9n, gYn) < (gun, gv,) for all n. (3.1)
Thus from (2.1), we have
'(/)(d(nggun-l-l)) = w(d(Tao ($7y)’TOéo (un’ Un)))
< w(M($7yaun7vn)) - ¢(M(may7un7vn))
—|—L0(N(x,y,un,’un)),

where
M(z,y, un,v,) = max {d(gr,gun%d(gy,gvn)yd(gx,Tao (z,y)),

d(guTu TOéo ('Uzn, 'Un)), d(gy7 T‘Ol0 (y’ 1;))7
d(gvn’ Tao (Un7 un))7 d(gx7 T(xo (una 'Un)) + d(gu,,“ Tao (J;’ y))

2
d(gy, To, (Vns un)) + d(gvn, Ta, (Y, 7)) }
2

= max{d(gx, gun)» d(gyv gvn)a d(gyv gvn+1)a d(gx, gun+1)}~
It is easy to show that

)

M(z,y, un, vn) = max{d(gz, gun), d(gy, gvn)},
and
N(z,y,up,v,) =0.
Hence

Y(d(gx, guny1)) < Y(max{d(gz, gun), d(gy, gvn)})
—p(max{d(gz, gun),d(gy, gvn)}). (3.2)

Similarly, one can prove that

¥(d(gy; gvnt1)) < P(max{d(gz, gun), d(gy, gvn)})
—¢(max{d(gz, gun), d(gy, gvn)})- (3.3)
Combining (3.2),(3.3) and the fact that max{¢(a), 4 (b)} = 1»(max{a,b}) for
a,b € [0,00), we have
Y (max{d(gz, gun+1), d(gy, gunt1)})
= max{y(d(gz, gun+1)), Y (d(gy, gvni1))}
< ¢(max{d(gz, gun), d(gy, gvn)})
—¢(max{d(gz, gun), d(gy, gvn)})
< ¢(max{d(gz, gun), d(gy, gvn)})- (3.4)
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Using the non-decreasing property of 1, we get
max{d(gx, gun+1)? d(gy7 gvn+1)} < max{d(gx, gun)7 d(gya gvn)}7

which implies that max{d(gx, gu,), d(gy, gv,)} is a non-increasing sequence.
Hence there exists » > 0 such that

lim max{d(gz, gun),d(gy, gun)} = r.

n—oo

Passing the upper limit in (3.4) as n — oo, we obtain
U(r) < v(r) — o(r),
which implies that ¢(r) = 0 and then r = 0. We deduce that
Jim max{d(gz, gun), d(gy, gva)} = 0,
which concludes
Jim d(gz, gun) = lim_d(gy, gvn) = 0. (3.5)
Similarly, one can prove that
nlgr;@ d(gz, guy,) = nlirrgo d(gt, gv,) = 0. (3.6)
From (3.5) and (3.6), we have gx = gz and gy = gt. Since gz = T, (z,y) and
gy = Tu(y, x), by w-compatible of {T,} and g, we have
9(gz) = 9(Ta(x,y)) = Talgz, 9v), 9(gy) = 9(Ta(y, ) = Ta(gy, gz).(3.7)
Denote gz = a and gy = b; then from (3.7),
g(a) = Ty(a,b), g(b) =Ty (b, a). (3.8)

Thus (a, b) is a coupled coincidence point; it follows that ga = gz and gb = gy,
that is,

g(a) =a, g(b) =b. (3.9)

From (3.8) and (3.9),
a=g(a) =Ty(a,b), b=g(b) =Tu(b,a). (3.10)
Therefore, (a,b) is a coupled common fixed point of {7, } and g. To prove the

uniqueness of the point (a,b), assume that (¢, d) is another coupled common
fixed point of T,, and g. Then we have

c=gc="Ty(e,d), d=gd=T,(d,c).

Since (¢, d) is a coupled coincidence point of {T,, } and g, we have gc = gz = a
and gd = gy = b. Thus ¢ = gc = ga = a and d = gd = gb = b, which is the
desired result. O

Since every commuting pair of functions is a w-compatible, we have the
following corollary:

Corollary 3.2. By adding to the hypotheses of Theorem 2.1, the condition
for every (x,y) and (z,t) in X x X, there exists a (u,v) € X x X
such that (Tuy (U, v), Ta, (v,u)) is comparable to (T, (2,Y), Tu, (y,x)) and to
(T (2,1), Tay (t, 2)), and {Tn} and g are commuting. Then {T,} and g have
a unique coupled common fixed point.
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Theorem 3.3. In addition to the hypotheses of Theorem 3.1, if gxo and gyo
are comparable, then {T,} and g have a unique common fixed point, that is,
there exists © € X such that x = gx = Ty (z, ).

Proof. Following the proof of Theorem 3.1, {T,,} and g have a unique cou-
pled common fixed point (z,y). We only have to show that z = y. Since
gxrg and gyg are comparable, we may assume that gzrg < gyo. By using the
mathematical induction, one can show that

g, < gy for all n > 0, (3.11)
where {gx,,} and {gy,} are defined by (2.2). From (2.29), we have

Y(d(x,y)) = limsup Y(d(gzn+1, gyn+1)) = limsup P (d(Ta, (Tn, Yn); Tag (Yn, Tn)))

S hm Sup’l/J(M(mna Yn, Yn, .Tn)) - 111’11 lnf ¢(M(xn’ Yn, Yn, CEn))
+limsup LO(N (2n, Yo, Y, @)
< G(d(z,y)) ~ lminf (M, (n, Y, yn, n)
< Y(d(z,y)),
a contradiction. Therefore x = y, that is, {T,} and g have a common fixed
point. O

4. Application of Darbo type coupled fixed point theorem

Suppose € is a real Banach space with the norm || . || . Let Bly, d] be a closed
ball in £ centered at y and radius d. If X is a nonempty subset of £, then we
denote X and Conv ConvX the closure and convex closure of X. Moreover,
let Mg denote the family of all nonempty and bounded subsets of £ and N¢
its subfamily consisting of all relatively compact sets. We denote by R the
set of real numbers and Ry = [0, 00).

Now we recall the definition of a measure of noncompactness.

Definition 4.1 [7]. A function p: Mg — Ry is called a measure of noncom-
pactness in £ if it satisfies the following conditions:
(i) the family kery = {X € Mg : u(X) = 0} is nonempty and kery C Ng.
XCY = pu(X)<puy).
p(X) = p(X).
w(ConvX) =p(X).
,LL()\X—F(I—)\) V)< X))+ Q=N uY) for A€ [0,1]
(vi) if X, € Mg, X, = Xp,Xpy1 C X, for n = 1,2,3,... and
lim, oo pt (X,,) =0, then Xoo = (o X # &

The family kerp is said to be kernel of measure p. Observe that the
intersection set X, from (vi) is a member of the family kerpu. Since u(Xy) <
w(X,) for any n, we have u(Xs) = 0. This gives X, € kerp.

A measure p is said to be sublinear if it satisfies the following conditions:

(1) p(AX) = |\ p(X) for X € R.
(2) p(X+Y) < p(¥Y)+p(Y).
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A sublinear measure of noncompactness u satisfying the condition:
p(XUY) = max {s(AX) , s (\Y)}

and such that kery = N is said to be regular.
For a bounded subset S of a metric space X, the Kuratowski measure
of noncompactness is defined as

a(S’):inf{6>O:S: USi’ diam(Si)géforlgign,neN},
i=1
where diam(S;) denotes the diameter of the set S;, that is,
diam (S;) = sup{d(z,y) : z,y € S;}.

We consider the space B = BC(R; x Ry) of real-valued continuous and
bounded functions defined on R x R.. It is clear that B is a Banach space
with respect to the norm

|| z ||=sup{|z(t,s)| : t,s >0}, x € B.

Let X be a fixed nonempty and bounded subset of the space B = BC(R; x
Ry) and 7 be a fixed positive number. For x € X and € > 0, denote by
w7 (z, €) the modulus of the continuity function x on the interval [0, 7], i.e.

W' (z,€) =sup{|z(t, s) — z(u,v)| : t, s,u,v € [0,7], |t —u| < e]s—v] <e}.
Further we define
w™(X,e) =sup{w(z,e):x € X}.
W (X) = lm o ()
and

wo(X) = lim wj(X).

Moreover, for two fixed numbers t,s € R, let us define the function px on
the family Mg by the following formulae:

w(X) =wo(X) + , lim supdiamX (¢, s),

where X(t,s) = {x(t,s) : t,s € Ry} and
diamX (¢, s) = sup {|z(t,s) —y(t,s)| : z,y € X}.

The function u is a measure of noncompactness in the space B = BC(Ry X
Ry) (see [6]).

By using Darbo type coupled fixed point theorem discussed in The-
orems 2.2 and 2.3 in [12] and Theorem 3.1 of Das et al. [12], we study the
existence of a solution to the system of following nonlinear functional integral
equations:
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£(t,5) = et 4 WOHEEAD 4 e In(Ltly(e))

st

+1In (14_411 ffw dvdw)

0

— (4.1)
y(t, s) = o' 4 mUpEell 4 © et

ets

+m<1+f
0

O%W

cos(1+vwz(v,w)) d’Ud’LU)

Here
In(1 + |z(¢, s)])
12 +ts

(1 + [y(t, 5))) + In (1 + ';') ,

cos (1 + vwy (v, w))
ets

t+ s

flts,xy,2) =e ™ +

—ts

§(t, sm,ww(v,w),y(v,w)) =

b

1(t,s) =In (1 +

where o, # and f are continuous.
We have

) ()=t = 5(0)1a(t) = 5.

|.f(t7 5, Oa 07 0)| = e_ts
is bounded and M = 1.

Let t,s € Ry, x,y,2,4,0,w € R with |z| > |a], |y| > |7]. By Mean Value
Theorem on In (1 + %) and In (1 + H'T‘S) € ngS (for details of gﬁ, see Sect. 2 of
[12]), we get

\f(t,s,:z;y,z) - f(ta S,ﬂ,’D,’IIJN

—ts

€
< In(1 —In(1+ |u
< oy (L o] = (L + Ja)] + 5

2| ||
In(l+—)—-—In(1+—
+ n( + 5 n{l+ 5
—ts

< 1 N 1+\?| +e
12 +ts 1+ |al 8

1 1
12 1+ |l 8
:1lno+h“%w)+l
1+ |af

n(l+ |z —al) + mu+w—vn 3 Izl = @]

m(Lﬂx_M;W|>+2p—w

In(1 + [y[) — In(1 + [o])

IN

IN

| = »Jk\»—\oo\r—l —

$1 (|lz —al,ly — o)) + 2 (|2 — @]) .
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Clearly g is continuous. Moreover, for each t,s,u,v € Ry, and z,y,z1,y1 €
R,
_ _ 2
‘g(t7 S, U, w, .’L'(U, w)? y('U, w)) - g(ta S, v, w, {I,‘l(’l), w)v yl(v7 ’LU))| < “is®

Therefore,

2
// 1g(t, s,v,w, (v, w),y(v,w)) — G(t, s,v,w, z1 (v, w), y1 (v, w))| dvdw < e
and

lim //|§(t,s,v,w,aﬁ(v,w),y(uw)) —g(t, s,v,w, x1(v,w), y1 (v,w))| dvdw = 0.

t,s—00

Therefore,

2
g(t, s,v,w, z(v,w),y(v,w))dvdw| < E

]

for any t,s,v,w € Ry and z,y € R. Thus

2ts
G<sup{ ts>0}

o\&

Now substituting the values of M, G, ¢; and 9 in assumption (5) of the
Theorem 3.1 [12], we get the following inequality:

1
I+In(I4+r)+-<r
&

Consequently, all the conditions of the Theorem 3.1 [12] are satisfied and
hence the system of Eq. (4.1) has at least one solution in B x 5.
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