J. Fixed Point Theory Appl. (2018) 20:140
https://doi.org/10.1007/s11784-018-0622-6
Published online September 19, 2018 Journal of Fixed Point Theory
© Springer Nature Switzerland AG 2018 and Applications

@ CrossMark

A strong convergence theorem for solving
the split feasibility and fixed point problems
in Banach spaces

Truong Minh Tuyen and Nguyen Song Ha

Abstract. In this paper, we introduce a new parallel iterative method
for finding a common solution of the multiple-set split feasibility and
fixed point problems concerning left Bregman strongly nonexpansive
mappings in Banach spaces.

Mathematics Subject Classification. 47HO05, 47H09, 49J53, 90C25.

Keywords. Split common null point problem, common fixed point, Breg-
man distance.

1. Introduction

Let C and @ be nonempty closed and convex subsets of real p-uniformly
convex and uniformly smooth Banach spaces E and F', respectively. Let A :
E — F be a bounded linear operator and A* : F* — E* be the adjoint of
A. The split feasibility problem (SFP) is formulated as follows:

Find an element z* € S=CNA(Q) (1.1)

The model of SFP given above was first introduced by Censor and Elfving
[11] for modeling inverse problems. We also know that it plays an important
role in medical image reconstruction and signal processing (see [5,7]). In view
of its applications, several iterative algorithms of solving (1.1) were presented
in [5,7,12,16,18,29-31,33-36] and references therein.

There are some generalizations of the SFP, for example, the multiple-set
SFP (MSSFP) (see [12,22]), the split common fixed point problem (SCFPP)
(see [15,23]), the split variational inequality problem (SVIP) (see [16]), the
split common null point problem (SCNPP) (see [8]) and so on.

In 2014, Wang [37] modified Schopfer’s algorithm [26] and proved strong
convergence for the following multiple-set split feasibility problem (MSSFP):

N N+M
Find an element z* €S = (ﬂ C’i> ﬂ ( ﬂ A_l(Qj)>, (1.2)
i=1 J=N+1

Y Birkhauser
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where C; and @); are the nonempty closed convex subsets of two p-uniformly
convex and uniformly smooth Banach spaces E and F', respectively. He de-
fined for each n € N

To(x) = {Hci(n)( z) <i(n) <
T2 p(@) — A" I (I — Po)A®)]  N+1<i(n )SNJrM,
where i : N — [ is the cyclic control mapping
i(n) =nmod (N + M) + 1,

and t,, satisfies

‘ 1/(¢—1)
0<t§tn§< > , (1.3)
CqllAlle

with C, defined as in Lemma 2.1 and proposed the following algorithm: For
any initial guess xo = T, define {z,,} recursively by
D, ={w e E: Ap(yn,w) < Ap(zy,,w)}
En={we B: (0, —w, Jy(z) — Jy(aa)) > 0}

Tnt1 =1p,nE, (Z),

(1.4)

1
where A, is the Bregman distance with respect to f(z) = —|jz||?, IIc de-
p

notes the Bregman projection and J, is the duality mapping. He proved the
following strong convergence theorem.

Theorem 1.1. The sequence {x,}, generated by (1.4), converges strongly to
the Bregman projection llgT of & onto the solution set S.

Note that the algorithm (1.4) studied in the above work is not the
parallel one. Therefore, it takes a lot of time in computation when the family
of sets C; and @Q; are sufficiently large.

In 2016, Shehu et al. [27] constructed an iterative scheme for solving the
following problem:

Find an element 2* € C'NA~Y(Q)N F(T). (1.5)

where T is a left Bregman strongly nonexpansive mapping of C into C. If
T = I, the identity map, then F(T') = C and in this case, the problem (1.5)
reduces to SFP (1.1). They proved the following result.

Theorem 1.2. Let E and F' be two p-uniformly convex and uniformly smooth
Banach spaces. Let C and QQ be nonempty, closed and convex subsets of E and
F, respectively, A : E — F be a bounded linear operator and A* : F* — E*
be the adjoint of A. Suppose that SFP (1.1) has a nonempty solution set S.
Let T be a left Bregman strongly nonexpansive mapping of C' into C such
that F(T) = F(T) and F(T)N S # 0. Let {an} be a sequence in (0,1). For
a fited u € Ey, let sequence {x,} be iteratively generated by u; € Ey

{xnznch[Jp< n) = ta A"y (I — Po) A(uy,)]

tnss = Mo dyfand () + (1 — an)JyT(za)], 0> 1. (16)
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Suppose the following conditions are satisfied:

(i) lim o, =0,

(ii) Z Q= 00,
n=1
k q Y=
< < .
(i) 0<t<t, <k< (CqHAHq)
Then {x,} converges strongly to an element x* € F(T) NS, where
¥ = HF(T)mSu.

In this paper, we study the above works for a more generalized case

(@e)n(R ()

where C; and ; are the nonempty closed convex subsets of two p-uniformly
convex and uniformly smooth Banach spaces E and F, respectively, F(T})
is the set of fixed point of left Bregman strongly nonexpansive mapping T}, :
E — E such that F(T}) = F(T}), and A: E — F is a bounded linear
operator. We shall introduce a new strongly convergent, parallel and explicit
iterative algorithm with the similar condition (1.3) on the iterative parameter.

The rest of this paper is organized as follows. In Sect. 2, we list some
related facts that will be used in the proof of our result. In Sect. 3, we
introduce a new parallel iterative algorithm and prove a strong convergence
theorem for this algorithm. Finally, in Sect. 4, we give two numerical examples
for illustrating the main result.

2. Preliminaries

In this section, we recall some definitions and results which will be used
later. Let E be a real Banach space with the dual space E*. For the sake of
simplicity, the norms of E and E* are denoted by the symbol ||.|| and we use
(x, f) instead of f(x) for f € E* and = € E.
The modulus of convexity dg : [0,2] — [0, 1] is defined by
o(e) = {1 LE o gyl = 1. o2 <,

for all € € [0, 1]. The modulus of smoothness pg : [0,00) — [0, 00) is defined
as

[z + 7yl + llz =7yl

pi(r) = sup { : 1 Jall =l =1},

for all 7 € [0, 00). Recall that a Banach space E is said to be

(i) uniformly convex if dg(g) > 0 for all € € (0,2] and p-uniformly convex
if there exists ¢, > 0 such that dg(g) > ¢,eP for all € € (0,2].
(ii) uniformly smooth if liH(l) pe(T)/T = 0 and g¢-uniformly smooth if there

is Cy > 0 such that pg(7) < Cy7? for all 7 > 0.
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The L, space is 2-uniformly convex for 1 < p < 2 and p-uniformly convex
forp>2 Let 1 < g <2<pwith 1/p+ 1/q = 1. It is well-known that F
is p-uniformly convex if and only if its dual E* is g-uniformly smooth (see
[24]). )
The duality mapping J, : E — 2" is defined by
Jp(a) = {2 € E*: (z,2%) = |[|?, [l2*]| = [l«]"~"}.

It is also well-known that if E is p-uniformly convex and uniformly
smooth, then its dual space E* is g-uniformly smooth and uniformly convex.
And in this situation, the duality mapping J, is one-to-one, single valued and
satisfies J, = (J;) ™!, where J7 is the duality mapping of E* (see [1,17]).

We have the following lemma:

Lemma 2.1. [32] Let xz,y € E. If E is q-uniformly smooth, then there is a
Cq > 0 such that

= yll* < 1zl = gy, Jg(z)) + Callyll*- (2.1)

Let f : E — (—o00,+o0] be a convex and Géteaux differentiable
function. The function Dy : domf x int domf — [0, +00), defined by

Ap(y,x) = fly) = f(z) = {y — =, [(2)),

is called the Bregman distance with respect to f (see [13]).
If E is a smooth and strictly Banach space and f(xz) = —||z||?, then
v f(xz) = Jp(x) and thus the Bregman distance with respect to ;?is given by

Ap(w,y) = %(lelp = lyll?) = {y = 2, Jp(2))

1 1
= —|l=|” =y, Jp(x)) + =yl
qll 17 = (y, Jp(x)) pll |
1
= g(llwllp = yll") = {y, Jp(x) = Jp(y))-
It is easy to show that, for any z,y,z € E, we have
Ap(z,y) = Ap(z,2) + Bp(2,y) + (2 =y, Jp(z) — Jp(2)), (2.2)
Ap(@,y) + Ap(y, z) = (x — y, Jp(x) — Jp(y))- (23)
We know that if E is p-uniformly convex, then the Bregman distance
has the following property:

Tz —yll” < Ap(z,y) < (2 -y, Jp(2) — Jp(y)), (24)
for all z,y € F and for some fixed number 7 > 0.
Now, let C' be a nonempty closed convex subset of E. The metric pro-
jection
Pe(z) = arg min lz—yll, z€kF,
is the unique minimum point of the norm distance, which can be characterized

by the following variational inequality (see [20]):
(z — Pox, Jp(x — Pox)) <0, VzeC. (2.5)
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The Bregman projection
Me(z) = argrréigAp(x,y), r ek,
Yy

as the minimum point of the Bregman distance (see [6]). The Bregman pro-
jection can also be characterized by the following variational inequality:

(z — Loz, Jp(x) — Jy(ex)) <0, VzeC. (2.6)
It follows that
Ap(Ilgz, 2) < Ap(z, 2) — Ap(z,IIgz), VzeC. (2.7)

1
Let C be a convex subset of int domf with f(z) = —||z||?, 2 < p <

and let T be a self-mapping of C. A point p in the closure of C' is said to be an
asymptotic fixed point of T (see [14,25]) if C contains a sequence {z,, } which
converges weakly to p such that the strong lim,, . ||z, — T(z,)] = 0. The
set of asymptotic fixed points of T will be denoted by F(T'). The operator
T is called left Bregman strongly nonexpansive (L-BSNE) with respect to a
nonempty F/(T) (see [21]) if

Ap(Tz,p) < Ap(,p), (2.8)

for all p € F(T) and = € C, and if whenever {x,,} C C' is bounded, p € F(T),
and

nh_{I;O(AP(mmp) - AP(T(xn)’p)) =0, (2'9)
it follows that
lim A,(T(xy),zn) =0. (2.10)

3. Main results

We consider the problem: find an element z' such that

zhes= ((ﬁc) N (ﬁA—l(Qj)> N (fiF(T@) £ 0. (3.1)

To solve the Problem (3.1), we introduce the following algorithm:
Algorithm 3.1. For any initial guess o = « € E, define the sequence {x,}
by

Yinm = U2, 1=1,2,..., N,

Choose i, such that A, (yi, n,Tn) = maxi=1, . N Ap(Yin, Tn), let Yn="1i, n,
Zin = Jg[Jp(yn) — tn A" Jp(I — Pg,)A(yn)], j=1,2,...,M

Choose j,, such that Ay(2j, n,Yn) = maxj—1,.. v Dp(Zjn, Yn), let 2n=2;, n,
thn = Ti(zn), k=1,2,... | K,

Choose k,, such that A,(tg, n,2n) = maxp=1__ Kk Ap(tkn, 2n), let t, =tk n,
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H,={z€ E: Ap(tn,2) < Ap(2n,2) < Ap(Yn,2) < Ap(xn,2)},
D, ={z€E: (x,— 2, Jp(x0) — Jp(zn)) > 0},

Tpy1 =g, D, (x0), n >0,

where, {t,} satisfies the condition (1.3).

First of all, we prove the following propositions.

Proposition 3.1. In the Algorithm 3.1, we have that S C H, N D, for all
n > 0.

Proof. First, it is easy to see that H,, and D,, are closed convex subsets of
E.
Let u € S, we have

Ap(tn, u) = Ap(Tk, (zn), u) < Ap(zn,u). (3.2)
From the property of the Bregman projection in (2.7), we have
Ap(yna u) = AP(HCM (Tn),u) <A (-Tna u). (3.3)

Now, we will show that Ap(zp,u) < Ap(yn,u). Let w, = A(y,) —
Pq;, A(yn). Then we have

zn = Jg (Jp(yn) — tn A" Jp(wy)).
From the definition of .J, and (2.5), we have
(Ayn) — A(u), Jp(wn)) = [[A(yn) — Pq,, Alyn)|”
+(Po;, Alyn) — Au), Jp(wn)) — (3.4)
2 [Jwn|”.
Thus, from Lemma 2.1 and (3.4), we get that
Ap(zn, 1) = Ap(Jg (Jp(yn) = tn A" Jp(wn)), u)

= éIIJp(yn) — tn A" Jp(wn)[|* = (u, Jp(yn))

1 p
+tn (A(w), Jp(wn)) + ];IIUH

! C,(ta]| A2
< @)l = talAyn, Jy(wa) + Co(tallAID?

HJp(wn)Hq
— {uty Ty () + t{ Aty Ty (wn)) + %Hullp

- énynnq — {u, Jy(m)) + %nuup - AQ) — Alyn), Ty (w,))
Cyltall Al

+ Gl A e
= Ay (s 1)+t (AQ) — AQga), () + Sl ADT ) o
< Ap(ym) — (t, — CallellADTy )



Vol. 20 (2018) A strong convergence theorem Page 7 of 17 140

From the condition (1.3), we obtain that
AP(ZTH u) S Ap(yna u) (35)

So, from (3.2), (3.3) and (3.5), we get that v € H,,. Hence, S C H,, for
all n > 0.

Finally, we show that S C D, for all n > 0. Indeed, Dy = F, so
S C Dy. Suppose that S C D,, for some n > 0, then S C H,, N D,,. Thus,
from zp4+1 =g, Ap, (o) and (2.6), we have

(Tng1 —u, Jp(x0) — Jp(2nsa)) 20,
so that u € D, ;1. By induction, we obtain that S C D,, for all n > 0. O

Proposition 3.2. In the Algorithm 3.1, we have that p+1—x, — 0 asn — oo.

Proof. From the Proposition 3.1, we have that the sequence {z,} is well-
defined.
Fixing u € S. It follows form z,+1 = Iy, np, (zo) and (2.7) that

Ap(xpt1,u) < Ap(zo, ). (3.6)

Hence, the sequence {A,(z,,,u)} is bounded. Thus, from (2.4), the sequence
{z,} also is bounded.
Now, from x,1 € D, and from the definition of D,,, we have

(00— Tns1, Jpl0) — Jy(n)) = 0. (3.7)
So, we obtain that
(xn = 0, Jp(x0) = Jp(@n)) = (Tny1 — w0, Jp(w0) = Jp(an))- (3.8)
Thus, from (2.4), we have
(Tn41 — 20, Jp(w0) = Jp(xn)) = Ap(@n, T0) + Ap(xo, 2n).  (3.9)
Hence, from (2.3), we get that
Ay (s Tns1) + Al 0) + Ap(0, Tns1) > Ap(n, 70) + Ay (0, 20).
This is equivalent to
Ap(x0, Tpt1) = Dp(T0, Tn) + Ap(Tn, Tnt1), (3.10)

which implies that the sequence {A,(zg,z,)} is increasing. Thus, from the
boundedness of {A,(z¢,x,)}, there is the finite limit

a= lim Apy(zo,xn).
n—oo

So, from (3.10), we obtain that lim, ..o Ap(zp, Tpt1) = 0. It follows from
(2.4) that

lim |11 — 2] = 0.
n—oo
O

Proposition 3.3. In the Algorithm 3.1, we have the sequences {x,—yn}, {xn—
zn} and {x, —t,} converge to zero as n — oo.
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Proof. Since x,+1 € Hy,, we have
Ap(tn; tnt1) < Bp(zn; Tni1) < AYn, Tni1) < A(Tn, Tnir)-
Thus, from the Proposition 3.2 (A(zp,2,41) — 0), we obtain that
Ap(tn, Tnt1) = 0, Ap(2n, Tnt1) = 0, A(Yn, Tny1) — 0.
It follows from (2.4) that
[#nt1 = tall = 0, [[&nt1 = 2l = 0, lZn4s —ynl — 0
which combining with ||2,11 — 2] — 0, we get that

Ty, —tn, — 0, x, — 2, — 0, and z,, — y,, — 0.

Proposition 3.4. In the Algorithm 3.1, we have that w,,(x,) C S.

Proof. We will prove this proposition by several steps.

Clearly, the wy,(x,) # 0 because the {x,} is bounded. Let T € wy,(24,),
there is a subsequence {x,, } of {x,,} which converges weakly to Z.
Step 1. T € ﬂle F(Ty)

From the Proposition 3.3, we have ¢, — 2z, — 0 and it follows that
A, (tn, zn) — 0. Thus, from the definition of t,,, we obtain that Ay, (¢, 2n) —
0, that is A, (Tk(2n), 2n) — Oforallk = 1,2, ..., K. Therefore, we obtain that
Z € F(Ty) = F(Ty) forall k = 1,2, ..., K. This implies that # € (1—, F(T}).
Step 2. T € ﬂfvzl o8

From Proposition 3.3, we have A, (yy,z,) — 0. So, it follows from the
definition of y,, that Ap(ysn,2,) — 0 and hence

[%in — @nll =0, (3.11)

foralli=1,2,...,N.
We need to prove that A, (%, I, (Z)) =0 for all i = 1,2,..., N. Indeed,
from (2.3), (2.6) and (2.4), we have the following estimate

Ap(Z, e, (7)) < (2 = e, 2, Jp(T) = Jp(lle, (2)))
= (T — 2py, Jp(2) — Jp(Lc, (7))
+ (wn, —Ie, (), Jp(2) — Jp(lle, (2)))
+ (e, (2, ) = e, (2), Jp(2) — Jp(lle; (T)))
< (T =z, Jp(@) = Jp(1lc, (2)))
+ (@, — e, (@n,), Jp(@) = Jp (e, (7))
= (T — 2p,, Jp(2) — Jp(Lc, (7))
+ (o = Yimgr Jp(T) = Jp(He, (7))
From (3.11), letting k — oo yields A, (Z,I1¢,(Z)) =0 for all i =1,2,..., N,
thatisz € C; foralli=1,2,... Norze ﬂij\ilCi.
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Step 3. 7 € ﬂ;\il A7Q;
From the Proposition 3.3, we have A,(zp,yn) — 0. Thus, from the
definition of z,, we get that A,(2;,,yn) — 0 and hence we obtain

[2j,n = ynll = 0, (3.12)
forall j=1,2,..., M.

Since F is uniformly Banach space, the duality mapping .J,, is uniformly
continuous on bounded sets (see [17, Theorem 2.16]) and hence we have

tnA*JP(I - PQJ)A(yn) = ']P(yn) - Jp(ij) — 0.
Since 0 < t < t,, for all n, we obtain
A", (I — Po,;)A(yn)| — 0. (3.13)

Let us now fix some u € S, then A(u) € Q; for all j =1,2,..., M. It follows
from (2.5) that

(I = P, ) Alyn)II” = (I = P, ) Alyny. ), Jp(I = ;) Ayn,))
= (A(yny) = Aw), Jp(I = Po;) A(yn,.))
+ (A(w) = Po; A(yny. ), Jp(I = Po;) AlYn,))
<A(ynk) = Au), Jp(I = Po;) A(yn,.))
Kol[(I = P, ) Alyn) 1"~
which combines with (3.13), we obtain that

(I = P, ) A(yn, )l — 0 (3.14)

forall j =1,2,...,M and Ko = || A]|(supy, [|yn, || + Jul]) < oo

Now, from (2.5), we have

(I = Pq,)A)|I” = (A(T) — Pq, A(T), Jp(A(T) — Po, A(T)))
= (A(Z) — A(yn,.), Jp(A(T) — Po, A(T)))

+ (Alyn,) — P, A(Z), Jy(A(Z) — Po, A(Z)))

+ (P, A(Z) — Alyn,.), Jp(A(T) — Pq, A(T)))

< (A(Z) — Alyn, ), Jp(A(T) — Po, A(T)))
+ (A(yn,) — Po, A(Z), Jp(A(T) — Po, A(T))).

From the continuity of A, z, — vy, — 0 and z,, — T, we get that
A(yn, ) — A(Z). Hence, letting k — oo and using (3.14), we obtain

[A(Z) — Po, A(@)] = 0,

for all j =1,2,..., M, that is A(z) € N}L; A~'Q;.
Thus, from Step 1, Step 2 and Step 3, we conclude that € S. Since T
is arbitrary, wy,(z,) C S. 0

Now, we are in position to prove our main result.

Theorem 3.5. In the Algorithm 3.1, we have that the sequence {x,} converges
strongly to xt = Tl (x0), as n — oco.
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Proof. Suppose that {z,,} is a subsequence of {x,} such that x,, — z*.
Then, from the Proposition 3.4 we have z* € S.

Since z4+1 = py, np, (x0), Tnt1 € Dy Thus, from Ig(zg) € S C Dy,
we have

Ap(Tpy1,70) < Ap(Ilszo, o),
which combines with Ay (z,41,%0) > Ap(xy, To), we obtain that
Ap(xn, z0) < Ap(Hgzo, x0), Yn > 0. (3.15)
Thus, from (2.2), (2.3) and (3.15), we get
Ap (2, s(20)) = Ap(Tny s To) + Ap(z0, s (0))
+ <$nk - xO’J ( ) ( (xo))
< Ap(Is(wo), z0) + Ap(wo, Hs(w0))
+ (Is(2o) — o, Jp(z0) — Jp(s(z0)))
+ (@, — s (20), Jp(z0) — Jp(Ils(20)))
= (zn,, — Hs(20), Jp(wo) — Jp(s(20)))-

)

So, we have

limsup Ay (zy,, s(xo)) < limsup(z,, —s(zo), Jp(xo) — Jp(s(z0)))

k—o0 k—oo

< (2" = Ms(z0), Jp(wo) = Jp(Is(20))) <0,

which implies that limg_,oc Ap(2n,,Is(20)) = 0 and hence z,, — Ig(zo)
thanks to (2.4). By the uniqueness of Bregman projection Ilg(zg), we obtain
that the sequence {x,} converges weakly to Ils(z). Now, from (2.4), there
exists a 7 > 0 such that

Tllzn — Ws(zo)[| < (zn — Ws(z0), Jp(z0) — Jp(Ils(0))).
Letting n — 0o, we conclude that z,, — 2 = Il (z). O

Next, from Theorem 3.5, we have two following corollaries. First, we
have an algorithm for solving the MSFP in two Banach spaces.

Corollary 3.6. Let C;, i = 1,2,...,N and Q;, j = 1,2,..., M be the non-
empty closed convex subsets of two p-uniformly convex and uniformly smooth
Banach spaces E and F, respectively. Let A : E — F be a bounded linear op-

erator. Suppose that S = (ﬂf\il ci)N (ﬂjle ATHQy)) # 0. If the sequence
{tn} satisfies the condition (1.3), then the sequence {x,} generated by xo € E
and

Yion = HCi(xn)v 1= 1,27' . 'aNa

Choose iy, such that Ap(Yi, n, Tn) = maxi=1, . N Dp(Yin, Tn)s L&t Yn =i, n,
Zim = Iy [Tp(yn) — tn A" T, (I — P, )A(yn), j=1,2,..., M

Choose jy, such that Ap(2j, n,Yn) = maxj=1, . v Dp(Zjn, Yn), let 2n=2j, n,
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H,={2€E: Ap(zn,2) < Ap(yn,2) < Ap(xn, 2)},
D, ={z€E: (x, — 2, Jp(x0) — Jp(zn)) > 0},
Tpy1 = g, b, (x0), n >0,

converges strongly to xt = Tlg(z¢), as n — oco.

Proof. Apply Theorem 3.5 with Ty(z) = = for all x € FE and for all k =
1,2,..., K, we get the proof of this corollary. O

Finally, we have the following result for the problem of finding a common
fixed point of a finite family of L-BSNE operators in Banach spaces.

Corollary 3.7. Let E be a p-uniformly convex and uniformly smooth Banach
space. Let T, : E — E, k=1,2,..., K be the left Bregman strongly nonez-
pansive mappings such that F(Ty) = F(Ty) and S = ﬂle F(Ty) # 0. Then
the sequence {x,} generated by xo € E and

tk,n = Tk(xn), k= 1,27 N ,K,

Choose ky, such that Ap(tk, n,Tn) =maxg=1, . Kk Dp(ten,Tn), let ty="1k, n,
H,={z€E: Ay(tn,2) < Ap(zpn,2)},

D,={z€E: (z, — 2z Jp(xo) — Jp(zy)) > 0},

Tp+1 = Uy, b, (20), n >0,

converges strongly to x¥ = Tlg(x¢), as n — oco.

Proof. Apply Theorem 3.5 with £ = F and C; = Q; = E for all i =
1,2,...,N and for all j = 1,2,..., M, and A = I, we get the proof of this
corollary. O

4. Numerical test

Ezample 4.1. We consider the Problem (3.1) with C; € R™ and Q; C R™
which are defined by

C; = {xERN: (ac x) gbf},

7

Qj ={z eRM: (af,z) < b7},

where aic € RN,a? € RM and bic,b? € R forall i =1,2,..., N and for all
j=1,2,...,M, T} is metric projection from RV onto S) with

Sp={zeR": |z —I,|* < R?},

for all k =1,2,..., K, and A is bounded linear operator from RV into RM
with its matrix which has the elements are randomly generated in [2, 4].

Next, we take the randomly generated values of the coordinates of aic,
a? in [1,3] and b¢, b? in [2,4], the center I in [—1,1] and the radius Ry of
Sk in [2,10], respectively.

Clearly, the S = (NiLy C:) N (NI, A7HQ)) N (Niey F(Tk) # 0,

because 0 € S.
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TABLE 1. Table of numerical results for Example 4.1

Stop condition: TOL,, < 10~° Stop condition: TOL,, < 10~¢

No. TOL, n No. TOL, n

1 9.731910437302011e—006 525 1 9.822579488456307e—007 2692
2 9.723805875618304e—006 382 2 9.883943056654116e—007 1084
3 9.740930951261035e—006 594 3 9.991787341354400e—007 1878
4 9.817880940634140e—006 793 4 9.821636271493920e—007 1922
5 9.773956068159787¢—006 250 5 9.984864719310806e—007 1644

Now, we will test the Algorithm 3.1, with the initial zo € RN where
its coordinates are also randomly generated in [—5,5], N' = 20, M = 40,

N =50, M = 100, K = 200 and t, = After five attempts with

2| A]2
randomized data, we obtain the following table of results (see Table 1).

Remark 4.2. In the above example, the function TOL is defined by
N M

1 2 1 2
TOL, = + > llan — Po,zal® + i > Az, — Py, Az, ||

i=1 j=1

1 K
+? ; ||xn - Tkan27

for all n > 1. Note that, if at the nth step, TOL,, = 0 then x, € S that is,
Ty, is a solution of this problem.

Ezample 4.3. We take E = F = Ly([0, 1]) with the inner product

(f.9) = / F(t)g(t)yat

L 1/2
1] = ( / f%)dt) ,

for all f,g € La(]0,1]).
C; = {x € LQ([Ov ]-D : <a¢,x> = bl}a

and the norm

Now, let

where a;(t) =71, b; =

1
. foralli=1,2,...,N and t € [0,1],
i+ 1
Qj = {l‘ € LQ([07 1]) : <Cj7x> 2 dj}7
1
in which ¢;(t) =t +j, d; = 1 forall j=1,2,...,M and ¢t € [0,1], and
Tk::PSk7

in here S, = {x € Ly([0,1]) : ||z — It|| < k+ 1}, with I(¢t) = ¢t + k for all
k=1,2,...,K and t € [0,1].
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TABLE 2. Table of numerical results for Example 4.3

Stop condition: ||zp41 — @, | < err

tn =1, o(t) = ¢ tn =1, zo(t) = exp(t)
err |[€nt1 — znll n err lZnt1 — znll n
1072 9.923267213e—003 128 1072 9.069246165e—003 125

1072 9.909406522e—004 2159 1073 9.953384192e—004 1091
107%  9.983270545e—005 47,840 10~*  9.979431075e—005 11,352

10
—o— x,(h=exp()
—— xo(t)=t2
107 4
:C
x
|
by
f=s
x
107 4
1 ()73 ! i i
0 500 1000 1500 2000 2500

Number of interations

FIGURE 1. The behavior of ||x,41 — 2| with the stop con-
dition ||@p41 — @, < 1073

Let us assume that
z(t)

A Ly([0,1]) — Lo([0,1]), (Az)(t) = 5

We consider the problem of finding an element 2! such that

wtes= <éc> N (ﬁ AI(Q]-)> N (lélF(Tk)) (4.1)

It is easy to see that S # 0, because z(t) =t € S.
We have

bi — (ai7m>
II¢, (x) = Pc, (:E) = Wai + x,

PQj (];) = max {07 CIHW}CJ +z,
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09

0.8 -

0.7 |

—&— The solution x (t)=t | |
—— xn(t) with xo(t)=exp(t)

—— x, (1) with x ()=t"

0.6

0.5

04

0.3

1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 2. The behavior of x,(t) with the stop condition
|Znt1 — zn]| < 1072

09}
0.8
0.7
=—®— The solution x'(t)=t

06 —e— x, (1) with x,(t)=exp(t)
05 —— x, (1) with x ()=
04}
0.3
02}
0.1+

Y

0 L 1 L Il L 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
FIGURE 3. The behavior of x,(t) with the stop condition
[Znt1 — 2n] <1072
and
x, if |Jo—1Iil| <k+1,
Ti(x) = k+1 .
(z) I+ ———(x — I};), otherwise.
e = ||

Using Algorithm 3.1 with N = 10, M = 20 and K = 40, we obtain the
following table of numerical results.

The behavior of ||2,4+1 — @] in Table 2 is described in the Fig. 1.

The behaviors of the approximation solution x,,(¢) in both of the cases
|Tps1 —2n]| <1072 and ||z, 41 — 2, || < 1072 are presented in Figs. 2 and 3.
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—— Algorithm (3.1)
Y ——@— Algorithm (1.6)

0.5

0 i i i i i L i i i j
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 4. The behavior of z,(t) with the stop condition
[Zn41 — 2 <1077

TABLE 3. Table of numerical results for Problem (4.2)

Stop condition: |[zp41 — @y | < err
Algorithm (1.6) Algorithm (3.1)
err |Xnt1 — znl] n err X1 — znl]

3

106 9.814293000e—007 18 10-¢ 7.160416379e—007 23
10-7 9.750563778e—008 56 1077 9.075352447e—008 26
10-8 9.976658166e—009 174 10-8 3.552713678e—015 30

Now, we consider a special case of problem (4.1) as follows:
Find an element 2! € C N A~Y(Q) N F(T), (4.2)
where C' = Cs, Q = Q2 and T = T5.

1
Applying algorithms (1.6) and (3.1) with ¢, = 1 and «,, = — for all
n
n > 1, and u(t) = xo(t) = exp(t? + 1) for all ¢t € [0, 1], we get the following
table of numerical results.
Figure 4 show the behaviors of the approximation solutions x,(t) for
the case ||r,+1 — 7, | < 10~7 in Table 3.
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