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Abstract. The paper proposes two new iterative methods for solving
pseudomonotone equilibrium problems involving fixed point problems
for quasi-¢-nonexpansive mappings in Banach spaces. The proposed
algorithms combine the extended extragradient method or the linesearch
method with the Halpern iteration. The strong convergence theorems
are established under standard assumptions imposed on equilibrium
bifunctions and mappings. The results in this paper have generalized
and enriched existing algorithms for equilibrium problems in Banach
spaces.
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1. Introduction

Let C' be a nonempty closed convex subset of a real Banach space E. Let
f: CxC — R be a bifunction with f(x,2) = 0 for all x € C. The equilibrium
problem (shortly, EP) for f on C is stated as follows:

Find z* € C such that f(z*,y) >0, Vy € C. (EP)

Let us denote by EP(f,C) the solution set of problem EP. Mathemat-
ically, problem EP is a generalization of many mathematical models includ-
ing variational inequality problems, fixed point problems, optimization prob-
lems and Nash equilibrium problems [5,34]. In recent years, problem EP has
received a lot of attention by many authors and some notable methods have
been proposed for solving problem EP such as: gap function methods [31],
auxiliary problem principle methods [30] and proximal point methods [33,35].
One of the most popular methods for solving problem EP is the proximal-
like method [15]. This method is based on the auxiliary problem principle
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introduced by Cohen [13] and extended by Mastroeni to problem EP in a real
Banach space [30]. Recently, the convergence of the proximal point method
has been further investigated and extended in [37] under the assumptions that
the function f is pseudomonotone and satisfies a Lipschitz-type condition on
C. Let us recall here that f is pseudomonotone on C' if

flr,y) >0 = f(y,2) <0, Vx,yel

and that f satisfies the Lipschitz-type condition on C' if there exist two con-
stants c¢1, co > 0 such that, for all x,y € C,

Flay) + f(y,2) > f(w,2) — alle = y|* = cally — 211 (1)

The methods studied in [37] are also called the extragradient methods

due to the results obtained by Korpelevich in [27]. In Euclidean spaces, the

extragradient method [15,37] generates two iterative sequences {z, } and {y, }
defined for each integer n by

Yn = argmin {pf(z,,y) + G(z,,y) :y € C},
Tpy1 = argmin{pf(yn,y) + G(zn,y) 1y € C},

where zg € C, p is a suitable parameter and G(z,y) is the Bregman distance
function defined on C'x C'. In recent years, the extragradient method has been
widely and intensively investigated in Hilbert spaces by several authors, see
for instance [3,10,18-23,36,43,44,48,49]. In Banach spaces, approximations
of solutions to problem EP are frequently based on the resolvent J, ¢ of the
monotone bifunction f. More precisely, given zy € C, a sequence {x,} is
generated by the iteration z,41 = Jrf(2,) where J.f(x), with © € E and
r > 0, is the unique solution of the following regularized equilibrium problem
(REP):

1
Find z € C such that: f(z,y) + - (y—=zJz—Jx) >0, VyeC. (2)

Here, J : E — 2" is the normalized duality mapping on E. A disad-
vantage of using the resolvent J,  is that the non-linear inequality (2) seems
to be more difficult to solve numerically than the extragradient iteration.
Another advantage of the extragradient method is that it can also be used
for the more general class of pseudomonotone bifunctions.

Let S : C — C be a mapping whose fixed point set is denoted by Fix(S),
ie., Fix(S) = {z € C: S(x) = «}. The problem of finding a common solu-
tion of an equilibrium problem and a fixed point problem is a task arising
in various fields of applicable mathematics, sciences, engineering and econ-
omy, see for example [14,26]. This happens, in particular, in practical models
when the constraint set of the problem is expressed as the fixed point set of a
mapping, see for instance [24,28,29]. Several methods for solving this prob-
lem in Banach spaces can be found, for instance, in [9,38,41,45,46,50,53].
Most of them use a hybrid method for solving simultaneously a regularized
equilibrium problem and a fixed point problem. The aim of these methods
is to construct closed convex subsets of the feasible set and to compute the
sequence of iterates by projecting the starting point xy onto intersections
of these subsets. For example, in uniformly smooth and uniformly convex
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Banach spaces, Takahashi and Zembayashi [45] introduced the following iter-
ative scheme which is called the shrinking projection method:

xg € Cy := C chosen arbitrarily,
Yn = J HapJr, + (1 — ay)JSx,),
Uy, € C such that f(un, y) + 7= (y — tn, Jun — Jya) >0, Vy € C,  (3)

Cn—i—l = {Z cCy: ¢(Zaun) < ¢(Z7'T7L)}a

Tntl = HC,,,+1(330)7 n 2 Oa

where S is a relatively nonexpansive mapping, f is monotone, ¢ is the Lya-
punov functional and Ilc,., denotes the generalized projection onto the
set Cp41. Under suitable assumptions on the sequences {«a,} and {r,}, the
authors proved that the sequence {x,} generated by (3) converges strongly
to the projection of g onto the set EP(f, C) N Fix(S). On the other hand, a
class of more general mappings than the class of relatively nonexpansive map-
pings is the class of quasi-¢-nonexpansive (or relatively quasi-nonexpansive)
mappings. This class has been widely studied in recent years, see, e.g.,
[28,29,38,53]. Hence, we have naturally the following question:

Question: Is it possible to construct strongly convergent algorithms in Banach
spaces for solving pseudomonotone equilibrium problems and fixed point prob-
lems for quasi-¢- nonexpansive mappings without using the resolvent of the
bifunction and the hybrid (outer approzimation) or shrinking projection meth-
ods?

To answer this question, motivated by the results obtained in [37,40,49] and
the Halpern iteration in [17], we propose two new iterative methods for
finding a common solution of an equilibrium problem for pseudomonotone
bifunctions and a fixed point problem for quasi-¢-nonexpansive mappings
in Banach spaces. The first algorithm combines the extended extragradient
method with the Halpern iteration. The strong convergence of the iterations
is proved under the ¢-Lipschitz-type assumption of the equilibrium bifunc-
tion. To avoid this slightly strong assumption, we use the linesearch technique
to design the second algorithm having the same strong convergence to the
first one.

This paper is organized as follows: In Sect. 2, we recall some definitions and
preliminary results used in the next sections. Section 3 presents the Halpern
extragradient method and proves its convergence. In Sect. 4, we establish the
convergence of the Halpern linesearch algorithm. Finally, in Sect. 5, we study
and develop several numerical experiments to illustrate the convergence of
the proposed algorithms following the choice of stepsizes and parameters.

2. Preliminaries

In this section, we recall some definitions and results which will be used later.
We begin with several concepts and properties of a Banach space, see [2,16]
for more details.

Definition 2.1. A Banach space E is called
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(i) strictly convex if the unit sphere S1(0) = {z € X : ||z|| < 1} is strictly
convex, i.e., the inequality ||z + y|| < 2 holds for all z,y € S1(0), x # y;
(ii) uniformly convex if for any given € > 0 there exists 6 = d(e) > 0 such
that for all z,y € F with ||z < 1,]|y|| < 1,]|z — y|| = € the inequality
lz 4+ y|| <2(1—46) holds;
(iii) smooth if the limit
ety
t—0 t
exists for all z,y € 51(0);
(iv) uniformly smooth if the limit (4) exists uniformly for all z,y € S1(0).

(4)

The modulus of convexity of E is the function dg : [0,2] — [0, 1] defined
by

: [z + yl
o(0) = int {1 = 8ol = ol = .o ol =

for all € € [0,2]. Note that E is uniformly convex if and only if dg(e) > 0 for
all 0 < e <2 and dg(0) =0.

Let p > 1. A uniformly convex Banach space E is said to be p-uniformly
convex if there exists some constant ¢ > 0 such that

dp(€) > ceP.

It is well known that the spaces L, [? and WP are p-uniformly convex
when p > 2 and 2-uniformly convex when 1 < p < 2. Furthermore, any
Hilbert space H is uniformly smooth and 2-uniformly convex.

Let E be a real Banach space with its dual E*. The dual product of
f € E* and x € FE is denoted by (z, f) or (f,x). For the sake of simplicity,
the norms of E and E* are denoted by the same symbol || -||. The normalized
duality mapping J : F — 2F" is defined by

(@)= {1 € B+ (f,2) = Jall” = IFI°} .

We have the following properties, see for instance [12,39]:

(i) If E is a smooth, strictly convex, and reflexive Banach space, then the
normalized duality mapping J : E — 2F" is single-valued, one-to-one,
and onto;

(ii) If E is a reflexive and strictly convex Banach space, then J~! is norm
to weak * continuous;

(iii) If E'is a uniformly smooth Banach space, then J is uniformly continuous
on each bounded subset of F;

(iv) A Banach space F is uniformly smooth if and only if E* is uniformly
convex.

Next, we assume that E is a smooth, strictly convex, and reflexive
Banach space. In the sequel, we always use ¢ : E x E — [0, 00) to denote the
Lyapunov functional defined by

2 2
o(z,y) = ||2|” = 2 (2, Jy) + lylI”,Vz,y € E.
From the definition of ¢, it is easy to show that ¢ has the following properties:
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(i) For all z,y,z € F,

(lzll = llyID* < ¢, y) < (Il + llyl)*- (5)
(ii) For all z,y,z € E,

Particularly, when © = y, we have (y — z, Jy — Jz) = %qb(y, z)—|—%q§(z, Y).
(iii) For all z,y,z € E and X € [0,1],
Throughout this paper, we assume that C' is a nonempty closed convex subset
of F.
Let S : C — C be a mapping with the fixed point set Fix(S). A point
p € C is called an asymptotic fixed point [11] of S if there exists a sequence
{zn} C C converging weakly to p and such that ||z, — S(x,)|| — 0. The set
of asymptotic fixed points of S is denoted by F(S). A mapping S : C — C
is called:
(i) nonexpansive if ||S(z) — S(y)|| < ||z — yl| for all 2,y € C;
(ii) relatively nonexpansive [6] if Fix(S) # 0, Fix(S) = F(S) and

o(x*, S(x)) < o(a*,x), Va* € Fix(5), x € C;
(iii) quasi-¢-nonexpansive if Fix(S) # @ and
o(z*, S(x)) < ¢(z*,x), Va* € Fix(5), = € C;|

(iv) demiclosed at zero if for any sequence {z,} C C converging weakly
to x such that {z, — S(z,)} converges strongly to 0, one has z € C and
x € Fix(S).

The fixed point set Fix(S) of a relatively nonexpansive mapping S in a
strictly convex and smooth Banach space is closed and convex [32, Proposi-
tion 2.4]. Since the proof in [32, Proposition 2.4] does not use the assump-
tion Fix(S) = F(S), this conclusion is still true for the class of quasi-¢-
nonexpansive mappings.

We have the following results.

Lemma 2.1. [51] Let E be a uniformly convex Banach space and r > 0. Then,
there exists a strictly increasing, continuous and convex function g : [0,2r] —
[0,400) such that g(0) =0 and

1Az + (1= Nyl < All? + 1 = N[l = A1 = Ng(llz = yl),
for all X € [0,1] and z,y € B, ={z € E:||z]| < r}.

Lemma 2.2. [25] Let E be an uniformly convex Banach space and ¥ > 0.
Then, there exists a strictly increasing, continuous and convex function g :
[0,27] — [0,400) such that g(0) = 0 and g(||z — y||) < ¢(x,y) for all z,y €
B ={ze€ E:||z|| <T}.

Lemma 2.3. [1] Let {z,,} and {yn} be two sequences in an uniformly convexr
and uniformly smooth real Banach space E. If ¢(xy, yn) — 0 and either {x,}
or {yn} is bounded, then ||z, — yn| — 0 as n — 0.
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Lemma 2.4. [7,51] Let E be a 2—uniformly convex and smooth Banach space.
Then, for all x,y € E, we have

2
e =il < Sz - Tyl
where % (0 < ¢ <1) is the 2—uniformly convex constant of E.

Lemma 2.5. [7,8] Let E be a 2—uniformly convex and smooth Banach space.
Then, there exists T > 0 such that

<x—y,Jx—Jy> > THJ)—yHQ, V%y ek
The generalized projection Ilo : E — C'is defined by
11 = i .
c(z) = argmin ¢(z, y)
If E is a Hilbert space, then ¢(z,y) = ||z — y||?. Thus, the generalized

projection Il is the metric projection Po. In what follows, we need the
following properties of the functional ¢ and the generalized projection I1¢.

Lemma 2.6. [1] Let E be a smooth, strictly convex, and reflexive Banach space

and C a nonempty closed conver subset of E. Then, the following conclusions
hold:

(i) ¢(z, lc(y) + o(Hc(y),y) < ¢(z,y),Vo € C,y € E;
(ii) ifx € E,z € C, then z = He(x) iff (y — 2z, Jx — Jz) < 0,Vy € C;
(i) ¢(z,y) =0 iff v = y.

Let E be a real Banach space. In [1], Alber studied the function V : Ex E* —
R defined by

V(z,2") = ||z — 2 (z,2%) + ||l2"||*.
Then, from the definition of the Lyapunov functional ¢(x,y), it follows that
V(z,z*) = ¢z, J 1z*).

Lemma 2.7. [1] Let E be a reflexive, strictly convex and smooth Banach space
with its dual E*. Then

Vix,z*) + 2 <J*1x —z*y*) < V(z,2*+y"), VzeE, z*,y" € E".

In the sequel, we use the following definitions:
The normal cone N¢ to a set C' at the point x € C' is defined by
Ne(z) ={z" € E* : (v —y,2™) >0, VyeC}.
Let g : C' — R be a function. The subdifferential of g at x is defined by
9g(x) ={w e B : g(y) — g(x) > (w,y —z), Yy € C}.

Remark 2.1. Tt follows easily from the definitions of the subdifferential and
¢(x,y) that

O o(x,y) == 0¢(.,y)(x) = {2(Jz — Jy)}.
We have the following result, see [47, Section 7.2, Chapter 7] for more details.
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Lemma 2.8. Let C' be a nonempty conver subset of a Banach space E and
g: C — RU{+o0} be a convex, subdifferentiable and lower semicontinu-
ous function. Furthermore, the function g satisfies the following reqularity
condition:

Either int(C) # 0 or g is continuous at a point in C.

Then, x* is a solution to the following conver optimization problem
min {g(z) : x € C} if and only if 0 € dg(x*) + Ne(z*), where Og(.) denotes
the subdifferential of g and N (x*) is the normal cone to C at x*.

We also need the following two technical lemmas to prove the strong conver-
gence of the proposed algorithms.

Lemma 2.9. [42,52] Let {a,} be a sequence of nonnegative real numbers. Sup-
pose that

An 41 S (1 - 'Vn)an + ’Yn(sn

for all n > 0, where the sequences {y,} in (0,1) and {6,} in R satisfy the
conditions: lim, oo v, = 0, ZZOZI Yo = 00 and limsup,_, ., 0, < 0. Then
lim,, .o an, = 0.

Lemma 2.10. [28, Remark 4.4] Let {€,} be a sequence of non-negative real
numbers. Suppose that for any integer m, there exists an integer p such that
p>m and €, < €,41. Let ng be an integer such that €,, < €,,41 and define,
for all integer n > ny,

7(n) =max{k € N:ng<k<n, e < €pt1}-

Then, 0 < €, < €7(n)41 for alln > ng. Furthermore, the sequence {7(n)}
is non-decreasing and tends to +00 as n — .

n>ng

3. Halpern extragradient method

In this section, we introduce an algorithm for finding a solution of an equi-
librium problem which is also a solution of a fixed point problem. The algo-
rithm combines the extragradient method with the Halpern iteration. The
algorithm is designed as follows:

Algorithm 3.1. (Halpern extragradient method).

Initialization. Choose xg, u € C. The sequences { A}, {an}, {Bn} satisfy
Condition C below.

Step 1. Solve successively the two optimization problems

1
Yn = argmin {/\nf(xmy) + §¢(y7xn) 1y € C} ;

1
2, = arg min {)\nf(yn,y) + iqb(y,:vn) (Y € C} .

Step 2. Compute 1 =1I¢ (J’l(oanu—F(l—ozn)(ﬂngn—F(l — ﬁ,L)JSZn))).
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Some explicit formulas for computing J and J~! in the Banach spaces [P, LP
and WP can be found in [2, page 36]. In order to establish the convergence
of Algorithm 3.1, we consider the following conditions for the bifunction f,
the mapping S and the parameter sequences {\,}, {an}, {Bn}-

Condition A:

AQ. Either int(C) # 0 or for each 2 € C, the function f(z,-) is continuous
at a point in C.

A1l. f is pseudomonotone on C' and f(x,z) =0 for all z € C.

A2. f is ¢-Lipschitz-type continuous on C, i.e., there exist two positive con-
stants ¢1, cg such that

f@,y) + fy, 2) = f2,2) — e1¢(z,y) — c2¢(y, 2), Y, y € C.

A3. limsup,, . f(zn,y) < f(x,y) for each sequence {x,} converging weakly
toxz € C and for all y € C.

A4. f(x,-) is convex and subdifferentiable on C for every = € C.

Condition B:

B1. S is a quasi-¢-nonexpansive mapping.

B2. I — S is demiclosed at zero.

Condition C:

CLO<A<A, <A< mln{%%}

C2. {an} C (0,1), limy, oo oy = 0, D07 | = 00.

C3. {B,} € (0,1), 0 < liminf, . B, <limsup,,_, . Bn < 1.

It is easy to show that the solution set EP(f, C) is closed and convex
when f satisfies conditions A1, A3 and A4. Since the fixed point set Fix(S) of
S is closed and convex under condition B1, the solution set F':= EP(f,C)N
Fix(9S) is also closed and convex.

In this paper, we assume that the solution set F' := EP(f,C) N Fix(S) is
nonempty, with the consequence that the generalized projection I1p(u) exists
and is unique for all u € F.

Let us mention here that when FE is a Hilbert space, the ¢-Lipschitz-type
condition of f becomes the Lipchitz-type condition introduced by Mastroeni
in [30].

In the following three lemmas, we assume that the nonempty closed
convex set C'is a subset of a uniformly smooth and uniformly convex Banach
space FE.

Lemma 3.1. Let {x,}, {yn} and {z,} be the sequences generated by Algorithm
3.1. Then, the followings hold for all x* € EP(f,C), y € C and n > 0.

(i) /\nf(yna y) > <Jyn_anyywt_Zn> + <Jzn —Jrn, zn — y>_cl)\n¢(yna$n)
- 02/\n¢(znayn)'
(ii) o(z*, zn) < d(x*, xn) — (1 — 2Xn1) O (Yn, n) — (1 — 2Xn02) (20, Yn ) -

Proof. Let n be fixed.
(i) From the definition of ¥, and Lemma 2.8, we have

1
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Thus, there exist w € s f(2n,yn) and w € N (yy,) such that
Aw + Jyn, — Jx, +w = 0.
Hence,
(JYn = T, Y = Y) = A (0, Y = Yn) + (0, Y = yn) , Yy € C.
This together with the definition of N¢o implies that
(Jyn = T, yn = Y) < An {0,y = yn) , Yy € C.
Since w € 02 f (@, yn), we have
f($n7y) - f(x’myn) > <w?y - yn> ) Vy eC.

From the last two inequalities, we obtain

An (f(@n,y) = f(n,yn)) 2 (Jyn — JTn,yn —y) , Yy € C. (8)
Substituting y = z,, into the last inequality, we obtain

An (f(xn’ Zn) - f(xnvyn)) > <Jyn - anvyn - Zn> .
From the ¢-Lipschitz-type condition of f, we have
f(y’ru Zn) Z f(xna Zn) - f(xnayn) - cl¢(yn7$n) - 02¢(zn7yn)~
Two last inequalities imply that
M Yns 2n) 2 (JYn — JTn, Yn — 2n) — 1A O(Yns Tn) — 220 P (20, Yn)- (9)

Similarly to inequality (8), from the definition of z,, we obtain

A (FWnsy) = f(Uns 2n)) = (Jzn — JTny 20 — y) ,Vy € C. (10)
Thus,

/\nf(yrmy) > )\nf(yna Zn) + <=]Zn = JTy, 2n — y> Yy € C.

This together with inequality (9) comes to the desired conclusion.
(i) Substituting y = z* into (10), we obtain

An (f(ynvx*) - f(yna Zn)) > <<]Zn - anv Zn — 1'*> .

Since z* € EP(f,C), f(z*,y,) > 0. It follows from the pseudomonotonicity
of f that f(yn,x*) < 0. This together with the last inequality implies that

(Jzn — Jxpn, 2" — 2) = A f (Yn, 2n)- (11)
It follows from relations (9) and (11) that
2(Jzp — Jxp, 2" — 2zn) 2 2{(Jyn — JTpn,Yn — 2n) — 21 X O(Yn, Tn)
=22 P(2ns Yn)-

This together with relation (6) leads to the desired conclusion. Lemma 3.1 is
proved. U

Next, we will prove the boundedness of all the sequences generated by Algo-
rithm 3.1.

Lemma 3.2. The sequences {xn}, {yn}, {zn} and {Sz,} are bounded.
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Proof. Put t, = J Y (B,Jzn+(1—3,)JS2,). Thus, 2,11 = ¢ (Jﬁl(anju—&—
(1 — an)Jty)). It follows from Lemma 2.6(i) and relation (7) that, for all
x* € F:=EP(f,C)NFix(9),
P(a*, wns1) = O™ e (J (anJu+ (1 — an)Jty)))
< @(x*, T HanJu+ (1 —an)Jty,))
< an@(z™,u) + (1 — o) p(z™, ). (12)
From relation (7), the property of S and Lemma 3.1(ii),
Pa* tn) = (2™, I (BT zn + (1 = Bn) T S2n))
< Bng(x", 20) + (1 = Br)9(a", Szn)
< Bnd(@™; 2n) + (1 = Bu) (27, 2n)
= ¢z, zn) < O™, zp). (13)
It follows from (12) and (13) that
O(x", Tnt1) < ang(z™ u) + (1 — an)d(@”, zy)
< max {¢(z", u), ¢(¢", 2n)}

N

< max {¢(z", u), ¢(x7, 20)} -

This implies that the sequence {¢(z*,x,)} is bounded. Thus, from (13), we
also obtain the boundedness of the sequences {¢(z*, z,)} and {p(a* t,)}.
Since ¢(x*, Szpn) < p(z*, 2, ) for all n, the sequence {¢(x*, Sz,)} is bounded.
This together with relation (5) implies that the sequences {x,}, {2z}, {Szn}
are bounded. The boundedness of the sequence {y,} follows from Lemma
3.1(ii), the hypothesis of A, and relation (5). This completes the proof of
Lemma 3.2. U

It follows from Lemma 3.2 that there exists r > 0 such that {z,,},{y.},{zn},
{Sz,} C B, ={z€ E :||z|| <r}forall n > 0. From Lemma 2.1 and the def-
inition of J, there exists a strictly increasing, continuous and convex function
g :10,2r] — [0, +00) such that g(0) =0 and for all n > 0,

|18 J2n+(1=Bn) I Sza|[* < ﬁn||Zn‘|2+(1—5n)|‘Szn|‘2_5n(1_ﬂn)9(||JZn_JSZELH4))~
1

Put wy, = J " (anJu + (1 — an)Jt,) and xf = Tr(u), where t, = J = (BnJ2n +

(1 —Bn)JSzpn), and

T = (1 = 2Xnc1)@(Yn, zn) + (1 = 2Anc2)@(2n, yYn) + Bn(1 — Bn)g([|J2n — JSZELH)j
15

From Lemma 3.2 and the conditions on {\,} and {f8,}, we deduce that the

sequence {T),} is bounded. Thus, there exists M > 0 such that

M:sup{¢(xT7u) +T,}. (16)
n>0
We have the following result which plays an important role in proving the
strong convergence of Algorithm 3.1.

Lemma 3.3. (i) T, < ¢(zf,2,) — ¢(2", 2 11) + M for all n.
(ii) (2, 2ns1) < (1 — an)o(al, ) + 20 (wy — 21, Ju — Jat) for all n.
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Proof. From the definitions of ¢,, ¢, relation (14) and the property of S, we
have

o’ tn) = ll2T]1? — 2 (T, Jtn) +||tnl®.
= [|zT|]® — 2(a", BnJzn + (1 — Bn)JS2zn) + ||BnJzn + (1 — Bn)JSzn||>.
< ||917T||2 -2 <xT,ﬁngn +(1 - ﬂn)JSZn> + 5n||zn”2 +(1- ﬁn)HSZnHQ
—Bn(1 = Bn)g(||[Jzn — JSznl|)
= ﬁn¢(IT7Zn) +(1 - 5n)¢($Tvszn) = Bn(1 = Bn)g(||J2n — JSznl|)
< ﬁnd’(mT:zn) +(1- ﬁn)fb(xT’zn) = Bn(1 = Bn)g([|Jzn — JSznll)
= ¢(z',2n) = Bu(l = Bn)g(||Jzn — JSznl|)-

This together with relation (12) with z* = 27 and Lemma 3.1 (ii) with
x* = T implies that

9@t ant1) < and(al,u) + (1= an) (6t 20) = Bu(1 = Ba)g(llJ2n — ISzal))]
< and(@l, W+ (1-an) [#(!,2n) ~(1=27ne1)d(yn, o) —(1=2Ane2)d(2n, yi)
= Bn(1 = Bn)g(llJ2n — JSznl|)]
= and(at,u) + (1 - an) [é(at, 20) — T
= (1= an)é(el,2n) + an [$(aT,u) + Tu] = T
< ¢zl xn) + May, — Ty,
Hence, we obtain the desired conclusion.
(ii) Note that z,, 11 = Hcw, where w, = J ' (a,Ju + (1 — ay,)Jt,). From
Lemmas 2.6(i), 2.7, the definitions of ¢ and V, and relation (7), we obtain
(b(xTvanrl) = qﬁ(xT,chn) < ¢($T7wn)
= ¢z, T HanJu+ (1 — an)Jty,))
=V(z anJu+ (1 — ay)Jty,)
< V(' apnJu+ (1 = a,)Jt, — an(Ju — Jz'))
—2{(J HapJu+ (1 — an)Jt,) — z, —an(Ju — Jz'))
= V(a:Jf7 anJzl + (1 — an)Jty) + 20, <wn —at Ju— JxT>
= ¢(af, J71 (anJﬁT +(1- an)Jtn)) + 2au, <wn —zt Ju— J{ET>
< and(zh, ") + (1 — an) bz’ t,) + 2an <wn —z Ju— JmT>
<(1- an)qS(xT,xn) + 2a, <wn —zt Ju— JmT> .

Now, we prove the first main result. O

Theorem 3.1. Let C' be a nonempty closed convexr subset of an uniformly
smooth and uniformly convex Banach space E. Assume that Conditions A,
B and C are satisfied and that the solution set F' := EP(f,C) N Fix(S) is
nonempty. Then, the sequences {x}, {yn}, {zn} generated by Algorithm 3.1
converge strongly to ITg(u).
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Proof. We use the two inequalities of Lemma 3.3 to prove Theorem 3.1.
Recalling the first inequality in that lemma, we have, for all n, that

Tn S ¢($Tax’ﬂ) - ¢($T>$n+1) + a’ﬂM7 (17)

where T}, and M are defined, respectively, by (15) and (16), and o7 = T (u).
Then, we consider two cases.

Case 1. There exists ng > 0 such that the sequence {¢(zT,xn)} is nonin-
creasing.

In this case, the limit of {¢(z',z,)} exists. Thus, from (17) and a,, — 0, we
have lim,, ... T, = 0. From the definition of T}, and the hypotheses on A,
and (,, we obtain

OYn,2n) — 0, d(zn,yn) — 0, g(||J2n — JSzn]|) = 0, asn — co.  (18)
Thus, from Lemmas 2.1, 2.3 and 3.2 we have, when n — oo, that
llzn = ynll = 0, [lzn —ynll = 0, [|J2n = JSzn[| = 0, (19)
and so ||z, — zn|| — 0 by the triangle inequality. Since J and J~! are uni-
formly continuous on each bounded subset of E and E* (resp.), we obtain
[|Jzn — Jynl|| = 0, ||Jxp — J2zp|| — O, ||2n — Szn|| — 0, as n — co. (20)

Since {z,} C C is bounded, there exists a subsequence {z,,} of {z,} con-
verging weakly to p € C such that

lim sup <zn —at Ju— J:cT> = lim <zm —at Ju— JxT> . (21)

n— 00 m— o0

From ||z, — Sz,|| — 0 as n — oo, and the demi-closedness at zero of S, we
have that p € Fix(S). From Lemma 3.1(i), relations (18), (20), the hypothesis
on \, and (A3) and noting that y,, — p as n — oo, we obtain that

0 <lim sup f(yn,y) < f(p,y), Yy € C.

n—oo

Thus, p € EP(f,C) and p € F := EP(f,C) N Fix(S). From (21), ' = ITru
and Lemma 2.6 (ii), we have

lim sup <zn —at Ju— JmT> = lim <p— z, Ju — JxT> <0. (22)

n—oo m— o0

From w, = J Y(ap,Ju + (1 — a,)Jt,), o, — 0 and the boundedness of
{Ju — Jt,}, we obtain

[|Jwy, — Jtp|| = apl|Ju — Jt,|| — 0, as n — oo.

Since J~! is uniformly continuous on each bounded subset of E*, we deduce
that ||w,, — t,|| — 0 as n — co. From t,, = J~Y(B,Jz, + (1 — 8,)JSz,) and
(20), we have

|| Jtn, — JSzn|| = BnllJ2n — JSzy|| — 0, as n — cc.
Thus, ||t, — Sz,|| — 0 and, from (19), it follows that ||t, — z,|| — 0. Hence,
[|wn — zn|| — 0 because ||w,, —t,|| — 0. This together with (22) implies that

lim sup <wn —af, Ju— JxT> = lim sup <zn —af Ju— JxT> <0. (23)

n—oo n—oo

Thus, from Lemmas 2.9 and 3.3 (ii), we obtain ¢(xf,z,) — 0 or z,, — zT.
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Case 2. There exists a subsequence {qﬁ(xT,xni)} of {qﬁ(xT,xn)} such that
ozt zn,) < p(al, 2y, 41) for all i > 0.
In that case, it follows from Lemma 2.10 that

¢(‘TT>$T(7L)) < ¢(xT7‘TT(n)+1)7 ¢(xTaxn) < ¢(xTa x'r(n)-i—l)a Yn > o, (24)

where 7(n) = max{k € N :ng <k <n, ¢(z',z;) < ¢(z', z111)}. Further-
more, the sequence {7(n)},,, is non-decreasing and 7(n) — +o0 asn — oo.
From relations (17), (24), and a,(,) — 0, we have

T‘r(n) < ¢(xT7xT(n)) - (b(xT?xT(n)Jrl) + aT(n)M < aT(n)M — 0asn — oo.
From the definition of T’ (,,) and the hypotheses on A;(,) and 3,(,), we obtain

¢(yr(n)7 xr(n)) - 07 ¢(Zr(n)v yT(n)) _)07 g(‘ |‘]Z‘r(n) - ']SZT(”Z) | |) —0 as n—oo.
(25)
Thus, from Lemmas 2.1, 2.3 and 3.2 we have, when n — oo, that

Hx’r(n) - y‘r(n)” - 07 HZT(TL) - y’r(n)H - 0) ||Jz'r(n) - JSZT(TL)” - 07 (26)

and $0 || (n) — Zr(n)|| — 0. Since J and J~! are uniformly continuous on
each bounded subset of E and E* (resp.),

||Jxr(n) *Jyﬂ'(n)” —0, ||J‘T7’(n) *JZT(n) ‘ | —0, Hzr(n) *Szr(n) || —0asn — oo.

(27)
Since {Z.,.(n)} C C is bounded, there exists a subsequence {zT(m)} of {zT(n)}
converging weakly to p € C such that

m—00

lim sup <zT(n) —af Ju— J:cT> = lim <zT(m) —af, Ju— J:CT> . (28)

By arguing as in Case 1, we have p € F' and

lim sup <w7(n) —af, Ju— JxT> = lim sup <zT(n) —at Ju— JCUT>

<o.
(29)
From Lemma 3.3(ii), one has

¢($Ta x'r(n)+1) < (1 - aT(n))¢(xT7 m‘r(n)) + 2a'r(n) <w'r(n) - xT7 Ju — JxT> )
(30)
which, from relation (24), implies that

aT(n)d)(xfa :Ll'r(n)) < ¢(xT7 x'r(n)) - ¢(1-T’ wT(TL)Jrl) + 2O‘ﬂ'(n) <w'r('n,) - ZBT> Ju — J:ET>
< 2a4(pn) <w7.(n) —zt, Ju— ijr> .

Thus, it follows from a.(,) > 0 that qS(xT,xT(n)) <2 <u/7.(n) —zt, Ju - JxT>.
This together with (29) implies that limsup,,_, . (i)(xT,xT(n)) < 0 or
lim,, 00 gb(as*,zT(n)) = 0. Thus, one obtains from (30) and a,(,) — 0 that
BT, Tr(n)4+1) — 0. Since ozt 2,) < ¢(af, Tr(n)+1) for all n > ng by relation
(24), one has that ¢(«f,z,) — 0 and thus that z,, — 2 as n — oo. This
completes the proof of Theorem 3.1. 0
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4. Halpern linesearch method

The convergence of Algorithm 3.1 is established under hypothesis A2 of ¢-
Lipschitz-type condition of the bifunction f depending on two constants c;
and co. In some cases, these constants are not known or difficult to approxi-
mate. In this section, we use the linesearch technique to avoid this assump-
tion. We also assume that the Banach space E is uniformly smooth and
2-uniformly convex with the constant ¢ defined as in Lemma 2.4. Without
assuming hypothesis A2, however, we have to slightly strengthen hypothesis
A3. More precisely, we assume that the mapping S satisfies Condition B and
the bifunction f satisfies the following condition.

Condition D: Assumptions A0, Al, A4 hold and

A3a. f is jointly weakly continuous on the product A x A where A is an
open convex set containing C, in the sense that if x, y € A and {x,}, {yn}
are two sequences in A converging weakly to x and y, respectively, then
f(@n,yn) = flz,y).

It is easy to see that condition A3a implies condition A3. So the solution set
EP(f,C) is closed and convex. Furthermore, the fixed point set Fix(S) of S
being closed and convex, the solution set F' = EP(f, C)NFix(5) is also closed
and convex. As Section 3, we assume that the solution set F' is nonempty.
Consequently, the generalized projection I1p(u) exists and is unique for all
uekFE.

On the other hand, we have to use some other parameters v, v, «, and since f
is not assumed to satisfy condition A2, we have to consider another hypothesis
on the sequence {\,,}. More precisely, we introduce the following condition:
Condition E: The sequences {«, }, {8, } satisty C2, C3 and

Cla. {\,} C [\, 1], where A € (0,1].

C4.ve(0,%), 7€ (0,1), a€ (0,1).

Now, we are in a position to formulate the second algorithm:

Algorithm 4.1. (Halpern linesearch method).

Initialization. Choose xg, u € C, the parameters v, v, a and the sequences
{an}, {Bn} and {\.} such that Condition E above is satisfied .
Step 1. Solve the optimization problem

1
Yn = argmin {/\nf(xmy) + §¢(y, Tp) Y € C} .

Step 2. If y,, = ©,, then set z, = x,. Otherwise
Step 2.1. Find m the smallest nonnegative integer such that

Zmn = (1 - ’Ym)xn + "mena
fGmmn,n) = f(Zmons Yn) = ﬁ(i)(ymxn)

S’tep 2.2. Set Pn = ’Ym and z, = Zm,n-
Step 3. Choose g, € Oof(2n,2n) and compute w, = IIcJ 1 (Jx, — 0ngn),

_ Vf(znvmn)
— lgnll?
Step 4. Compute v, 11 = Hod ! (apJu+(1—ap)(BnJwn+ (1 — By)J Swy)).

where oy, if yn # xpn and o, = 0 otherwise.
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To prove the strong convergence of this algorithm, we need the following
lemmas where we assume that the nonempty closed convex set C'is a subset
of a uniformly smooth and 2-uniformly convex Banach space E.

Lemma 4.1. Suppose that y,, # x, for some n > 0. Then, for each n,

(i) The linesearch corresponding to x,, and y, (Step 2.1) is well defined.
(il) f(zn,xn) > 0.
(i) 0 ¢ Oaf (2n,xp).

Proof. Repeating the proof as in [48, Proposition 4.1] and replacing ||z, —
Yn||? by ¢(yn, ), we obtain the desired conclusion. O

Lemma 4.2. Let f : A x A be a bifunction satisfying conditions A3a — A4.
Letz, z € A and let {x,} and {z,} be two sequences in A converging weakly
to x, z, respectively. Then, for any € > 0, there exist n > 0 and ne > 0 such
that

02 (2 00) C D2f (2,2) + B
for every n > n., where B denotes the closed unit ball in E.
Proof. See, e.g., [48, Proposition 4.3]. O

In the sequel, let us denote ¢, = J (B, Jwy, + (1 — B,)J Sw,) where w, is
defined as in Step 3 of Algorithm 4.1. Then, it follows from the definition of
ZTp1 that

Tpi1 = Hod HapJu+ (1 — ay)Jt,).

Next, we prove the boundedness of the sequences generated by Algorithm
4.1.

Lemma 4.3. (i) The sequences {xy}, {wn}, {tn}, {Swn} generated by Algo-
rithm 4.1 are bounded.
(ii) If {zn,} is a subsequence of {x,} converging weakly to x € C, then the
subsequences {yn, }, {zn, } and {gn, } are bounded.

Proof. (i) Let n be fixed. By arguing as in relations (12) and (13), we have

¢($*,In+1) < Olngb(x*a u) + (1 - O‘n)(b(x*atn)' (31)

o(z* t,) < d(",wy). (32)
From Lemmas 2.6(i), 2.7 and the definitions of ¢ and V, we obtain succes-
sively that

P(x*,wp) = ¢(a*, Mo (J " (Jen — ongn)))

< ¢(w*7 Jil(an - Ungn)) - ¢(HC(J71(JCUn - O'ngn)), Jﬁl(an - O'ngn)))

= V(x*,JCUn — Ongn) — ¢(wn7J71(J$n - Ungn)))

< V(z*,Jon — 0ngn + 0ngn) — 2{(J (JZn — 0ngn) — 3, 0ngn)
—d(wn, I~ (J2n — 0ngn)))

= ¢(a*,zn) — 2(J 7 (Jon — ongn) — *,0ngn) — ¢(wn, J " (J2n — Ongn)))

= ¢(x",zn) — 200 (Tn — ", gn) — 2<J71(an — Ongn) — Tn,Ongn)
—¢(wn, T~ (JTn — ongn)))- (33)
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Since z* € EP(f,C), we have that f(z*,z,) > 0. Then, it follows from
the pseudomonotonicity of f that f(z,,z*) < 0. Consequently, from the
definition of g, and o,, we have the following inequalities:

s B . _ onllgall?
<xn z »gn> > f(zmxn) f(Zn,.%' ) > f(znvmn) =

From Lemma 2.4, we can write

(34)

-2 <J71(J$n - Uvngn) - xnaangn> =2 <J71(Jmn - Ungn) — Tn, _Ungn>
< ZHJfl(an — 0ngn) — Tollllongnl|

4 .
< §||JJ YJzn = ongn) = Jzn||llongall
402
= CT||gn||2~ (35)
Combining relations (33)—(35) and the hypothesis on v, we obtain that
2 4
P(x",wn) < ¢($*,wn)—(; - Cj) o2 l|gnl|*=d(wn, J = (Jxn—0ngn))) < d(a*, xn).

(36)
Consequently, from relations (31), (32) and (36), deduce that

< max {@(z", u), ¢z, z0)}

Thus, the sequence {¢(z*,x,)} is bounded and it follows from rela-
tions (36) and (32) that the sequences {¢(x*,w,)} and {¢(z*,t,)} are also
bounded. Moreover, from the property of S, we have that ¢(z*, Sw,) <
¢(z*,wy) for all n > 0. Thus, the sequence {¢(z*, Swy)} is bounded. This
together with relation (5) gives the desired conclusion.

(ii) Firstly, we show that the sequence {y,,} is bounded. Without loss of
generality, we can suppose that y,, # z,, for all k. Now let k be fixed and
define the function T} by

Ti(y) = A f (ny ) + 5600, 20,), 9 €O,

The subdifferential of T}, at y is given by

1
OT(y) = A 02f (@nr ) + 5100900,

Note that $01¢(y, &n,) = {Jy — Jan, }. Furthermore, for all y1,y; € C
and s(y1) € 0Tk (1), s(y2) € 0Tk (y2), it is easy to see that there exists wy €
O2f(zn,,y1) and wy € Oz f(zy,,y2) such that s(y1) = Ay, w1 + Jy1 — Jap,,
5(y2) = Apw2 + Jyo — Jay,, and

(s(y2) — s(y1), Y2 — Y1) = Any (W2 —wi,y2 — v1) + (Jy2 — Jy1,y2 — y1) -
(37)
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From wy € Oaf(2n,,y1) and we € 02 f (xy,,y2), we have

f@ngsy2) = f(@ng,y1) > (1,92 — 1) -
F(@ng,v1) = f(@n,,y2) > (w2, 91 — y2) -
Adding both sides of the last two inequalities, we obtain

(w2 —w1,y2 — 1) > 0. (38)
From relations (37), (38) and Lemma 2.5, there exists 7 > 0 such that

(s(y2) — s(y1),y2 — y1) > 7lly2 — vl (39)

Note that 0 € 9Ty (yn, ) + Nc(yn, ) by definition of y,,, and Lemma 2.8. Thus,
there exists s(yn, ) € 0Tk (Yn,,) such that —s(yn, ) € No(yn, ), 1.,

(=5(Ynp) ¥ — yny) <0, Vy € C.

Substituting y = x,,, into the last inequality, we have (s(yn, ), Tn, — Yn,) > 0.
Hence, it follows from (39) with yo = @, and y; = y,, that

<s(xnk)7'rnk - ynk> > <S(ynk)7$nk - ynk> +7_Hxnk 7ynk”2 Z T||xnk 7ynk||2'
(40)
Thus

1
len. = ynill < —lls(@n)l| for every s(wn,) € OTk(2n,)- (41)

Since 101¢(zn,, ny,) = 0, 0Tk (Tn,,) = Ay O2f (%0, Ty, ). Moreover, it follows
from x,, — x and Lemma 4.2 that , for any € > 0, there exist n > 0 and
ko > 0 such that

82f(xnk,xnk) C a?f(x7 x) + %B

for every k > ko, where B denotes the closed unit ball in E. Thus, we can
conclude from the boundedness of 05 f(z,z) and the hypothesis on A, and
(41) that the sequence {||xy,, — Yn, ||} is bounded. Since the sequence {zy, }
is bounded, the sequence {y,,} is also bounded. Thus, it follows from the
definition of z,, that the sequence {z,, } is also bounded. Hence, there exists
a subsequence of {z,, }, again denoted by {z,, }, converging weakly to z. It
also follows from x,, — x, z,, — z and Lemma 4.2 that, for any € > 0, there
exist 7 > 0 and ko > 0 such that

a?f(znkvwnk) - a?f(z7x) + %B

for every k > ko, where B denotes the closed unit ball in E. Since g,, €
O2f (2n,, Tn, ) and since B and 02 f(z,2) are bounded, we also obtain that
the sequence {g,, } is bounded. This completes the proof of Lemma 4.3. [

It follows from Lemma 4.3(i) that there exists » > 0 such that the
sequences {x,}, {wn}, {t,} and {Sw,} are all contained in the ball B, =
{z € E:||z|| <r} for all n > 0. From Lemma 2.1 and the definition of J,
there exists a strictly increasing, continuous and convex function g : [0, 2r] —
[0,400) such that g(0) = 0, and the following inequality holds for all n > 0

|18n Jwn+(1—Bn) JSwn||* < ,Bnllwnl\2+(1—ﬁn)IISwn||2—Bn(1—ﬁn)g(|Ian—JSwd\Q)).
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Lemma 4.4. Let {z,,} be a subsequence of the sequence {x,} converging
weakly to T € C. Assume that

Ong [1Gn, || =0, d)(wnkaJ_1<ank_0nkgnk>))_’0, 9([|Jwy, —J Swy, []) (_’())
43
as k — oo. Then, T € F := EP(f,C)NFix(S).

Proof. From the property of function g and hypothesis (43), we have that
|| Jwyn, — JSwy,|| — 0, and since J~! is uniformly continuous on each
bounded set, we can write

lwn, = Swn, || — 0. (44)

Then, it follows from (43), Lemma 4.3(i) that the sequences {oy, gn, }, {Zn, },
{wy, } are bounded. Since J and J~! are uniformly continuous on every
bounded set of E and E* (resp.), the sequence {J ' (Jzpn, — 00, gn,)} is also
bounded. Thus, there exists ¥ > 0 such that for all &,

{Jﬁl(Ja:nk —ankgnk)} Awn, } CBr={z€ E:|z|]| <7}.

By Lemma 2.2, there exists a strictly increasing, continuous and convex func-
tion g : [0, 27] — [0, 400) such that §(0) = 0 and

g(Hwnk - J—I(ank - Jnkgnk)”) < ¢(wnm J_l(ank - Unk,gnk))vfor all k.

Thus, from (43), we obtain §(||wn, — J~(JZn, — On,gn,)|]) — 0 as k — oo.
It follows from the property of g that ||w,, — J (Jzn, — Onygn,)|l — O.
Since J is uniformly continuous on every bounded set, ||Jwy, —JJ " (Jzp, —
Jnkgnk)” = ||ank _(ank _O—nk,gﬂk)H — 0. This tOgether with Ony, ‘ |gnk || —0
implies that ||Jw,, — Jx,, || — 0. Thus,

[|Wn, — @n, || = 0as k— oo (45)

because J is uniformly continuous on every bounded set. Since z,, — Z,
we have that w,, — Z € C. This together with the demi-closedness at zero
of S and (44) implies that Z € Fix(S). Now, we show that z € EP(f,C).
Since z,, — T € C, we obtain from Lemma 4.3 that the sequences {yy, },
{#n, } and {gn, } are bounded. Before proving the main result, we show that
[|Zn, —Yn, || — 0. Without loss of generality, we can assume that z,,, # y,, for
all k > 0. Thus, it follows from Lemma 4.1 that g,, # 0 and f(zn, ,Zn,) > 0.
From the definition of o, , we have

vf (#ns ) = Onillgn 1P = (@ llgni]Dlgn, |l = 0 as k — oo

where we have used, for each k, hypothesis (43) and the boundedness of the
sequence {gn, }. Thus, from v > 0,

f(Zng, Tn,) — 0 as k — oo. (46)
Since f(zn,,) is convex for each k, we can write

< (1= pn ) f Grg s Ty, ) + P f (Znges Y, )-
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Thus, pn,[f(Zne Tng) — f(Zngs Uni)] < f(2ng,Zn,) for each k and it fol-

lows from the linesearch step (Step 2.1) that p;fna S Ynys Try) < f(Zngs Ty )-

Hence, from (46) and the hypotheses on v and \,,, , we obtain

pnk(b(ynkaxnk) — 0 as k — oo. (47)

In the case when lim sup;,_, . pn, > 0, we obtain from (47) that¢(y,, , Tn, )
0. Thus, from Lemma 2.3, ||yn, —Zn, || — 0. In the case when limy_c pn, =
let {my} be the sequence of the smallest positive integers such that

f(znwxnk) - f(znk7ynk) Z %qs(ynk?xnk)v for all k (48)
Nk

N
0,

where z,, = (1 —™")xy,, +v7"*Yp, . From p,, =™ — 0, we can conclude
that my > 1. From the linesearch inequality, we have

fGnpstny) — F(Znpy Uny) < & (Yny, Ty, ), for each k (49)

o
2,
where z,, = (1 — 4™ Y, + ™1y, . So, it follows from the definition

of yp, that (see 8)
)\'ﬂk (f(mnmy) - f(xnkvynk)) > <Jynk - ank’ynk - y> ) Vy € 07 Vk. (50)

Hence, choosing y = =, , we obtain that

1
— )\nkf(xn“ynk) > <Jynk — an;\aynk - xnk> = *(b(ynk’xnk) + §¢(mnk7ynk)

Z ¢(ynk7m’ﬂk)

N | = DN =

(51)
where the equality follows from relation (6). Then, combining relations (49)
and (51), we obtain for each k

f(Zngs ny) = f(Zngs Uny) O (Yny> Tni) < —af (T, Yny,)s (52)

< [

2A
Since the sequence {y,,} is bounded, without loss of generality, we can
assume that y,, — y. Then, it follows from z,, — Z, the definition of
Zp, and Y™ ~1 — 0 that z,, — Z. Passing to the limit in (52) as k — oo and
using conditions A3a and Al, we obtain

- f(@,9) £ —af(z,9), (53)
which implies that f(Z,3) > 0 because a € (0,1). Taking the limit in (51)
and using the hypothesis on A, , we get
m ¢(yn,, Tn,) < =2 lim Ay, f(@n,, Yn,) < —20f(2,9) < 0.
k—oo k—o0

Hence, limy_o0 ¢(Yn,,Tn,) = 0 which thanks to Lemma 2.3 implies that
|Zn, — Ynell — 0 as k — oo. Consequently, Z = §. Now, passing to the
limit in (50), noting that x,, , Yn,, 2n, — T and using condition Al and the
hypothesis on A, , we get f(Z,y) > 0forally € C,i.e., T € EP(f,C). Lemma
4.4 is proved. 0
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Let n be fixed and consider u,, = J~ ! (a,Ju+ (1 — a,)Jt,) where t, =
J Y BpJwy, + (1 — Bn)JSw,y,). From the definition of x,,,1, we have z, 1 =
Ic(uy). Let 2t = ITp(xg) and

T = (2= 5) 2 lulP+ 00T (5= 0900) 480 (1Bl Tr = IS0 ).

(54)
Using the same development as in Lemma 3.3, we have the following result.

Lemma 4.5. The following inequalities hold for each n:
(1) (1 - an)Tn < ¢(zT7xn) - ¢($T7zn+1) + an¢(ITau)
(11) ¢(xTa xn+l) < (1 - an)(i)(xT?xn) + 20 <un - xT, Ju — JxT>

Proof. Let n be fixed. From the definition of ¢,,, ¢ and relation (42), we have

$(al,tn) = 2" —2(2t, Jtn) + |tnl|>.
= ||z1]|? = 2(a", BnJwn + (1 = Bn)JSwn) + ||BnJwn + (1 — Bn)J Swa||>.
< aT]|? = 2(2", BnJwn + (1 = Bn) JSwn) + Bullwall* + (1 = Ba)||Swal|?
—Bn(1 = Br)g(||Jwn — JSwnl[)
= Bnd(a’,wn) + (1 = Bn)d(z", Swn) — Bl — Br)g(||Jwn — JSwal|)
< Bad(a’ wn) + (1= Bn)d(zt, wn) = Bn(1 = Br)g(||Jwn — JSwal))
= ¢z, wn) = Br(1 = Bn)g(||[Jwn — JSwn|]).
This together with relation (36) implies that
olat 1) < 00" ) = (2= 5 ) o2llanl = 6, T (T = 309
—Bn(1 = Bn)g([[Jwn — JSwnl]).
= ¢(z*, ) — Ty
Thus, it follows from (31) and the definition of T;, that
O, 1) < apnd(x*,u) + (1 — ay) (¢(m*,xn) — Tn)
= and(@”,u) + (1 = an)p(z", @) — (1 — an)T,
< and(a”, u) + ¢(a", 2n) — (1 — an) T
So conclusion (i) is true. Conclusion (ii) can be proven as in
Lemma 3.3(ii). U

Now, we prove the second main result.

Theorem 4.1. Let C' be a nonempty closed convexr subset of an uniformly
smooth and 2-uniformly convex Banach space E. Assume that Conditions B,
D and E hold and that the solution set F':= EP(f,C)NFix(S) is nonempty.
Then, the sequence {x,} generated by Algorithm 4.1 converges strongly to
HF (U,) .
Proof. Recall the first inequality in Lemma 4.5 as:

(1 - O[n)Tn S ¢(xt7 xn) - ¢(xTa xn-{-l) + an¢(zT7 U), (55)

where 2! = ITp(u) and T, is defined by (54).
We consider two cases.
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Case 1. There exists ng > 0 such that the sequence {c;S(zT,xn)} is nonin-
creasing.

In that case, the limit of {¢(,2,)} exists. Thus, from Lemma 4.5 (i) and
a, — 0, we have that lim,_.. T, = 0. From the definition of T, and the
hypotheses on v and 3,,, we obtain when n — oo, that

UTL”gnH — 0, (b(wan_l(an - Ungn))) — 0, g(Han - szn”) — 0. (56)

Since {z,} is bounded, there exists a subsequence {x,, } of {x,} converging
weakly to p such that
lim sup <xn —zt, Ju— JxT> = lim <xnk — ', Ju— JxT>. (57)
n— o0 k—o0

Since C' is closed and convex in the uniformly smooth and uniformly convex
Banach space E, the set C' is weakly closed. Thus, from {z,,} C C and
T, — p, we obtain p € C. It follows from (56) with n = nj and Lemma 4.4
that p € EP(f,C) N Fiz(S). From (56), by arguing as in Lemma 4.4 (see
45), we also obtain

[|wn — || — 0 as n — oo. (58)

Thus, from (71), 27 = ITru and Lemma 2.6 (ii), we can write

lim sup <xn —z Ju— JxT> = <p— 2t Ju — JxT> <0. (59)

n—oo
Since u,, = J 7 (a,Ju + (1 — a,)Jt,,) for each n, we obtain that
[| Tty — Jta]| = anl|Ju — Jt,|| — 0, as n — oo

because a,, — 0 and the sequence {||Ju — Jt,||} is bounded. Since J~! is
uniformly continuous on each bounded subset of E*, we deduce that

[|un, — tn|] — 0 as n — oco. (60)

From t, = J Y B,Jw, + (1 — B,)JSw,), we have that Jt, — JSw, =
Bn(Jw,, — JSwy,). Thus, it follows from relation (56) that

[| Tt —Jwy|| < ||Jtn—JSwy||+]|]|JSw, —Jw,|| = (14 8,) || Jwn — J Swy|| — 0
when n — oco. Consequently, ||t, —w,|| — 0 and from (72) and (60), it follows
that

l|zn — un|| — 0 as n — oc. (61)

This together with (59) implies that
lim sup <un —azl, Ju — J:cT> = lim sup <xn —zl, Ju — chT> <0. (62)

Thus, from Lemma 2.9 and Lemma 4.5(ii) we obtain ¢(z',2,) — 0 and
x, — T asn — co.

Case 2. There exists a subsequence {¢(x!,2,,)} of {¢(z',2,)} such that
ozt zn,) < @(af, 2, 41) for all i > 0.

In that case, it follows from Lemma 2.10 that

d)(mfvxr(n)) < ¢($T7x7'(n)+1)a (b(l-T, Ty,) < ¢($Ta JTT(n)+1), Vn >mngo.  (63)
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where 7(n) = max{k € N :ng <k <n, ¢(z',z)) < ¢(x1, 2441)}. Further-
more, the sequence {7(n)}, 5, is non-decreasing and 7(n) — +oc as n — oo.
From (55) and Lemma 4.5(i), we can write

(1 - aT(n))Tf(n) < ¢(IT7 Ir(n)) - ¢(IT7 x‘r(n)+1) + Ol.,.(n>¢(.Z’T, u) < aT(n)¢(xT7 u) —0,

when n — oo, which implies that TT(n) — 0 because a;@,) — 0. From
the definition of TT(n) and the hypotheses on v and (3,(,), we obtain, when
n — oo,

Or(n) HgT(n) H — 0, ¢)(w7-(n)7 J_l(JxT(n)_UT(n)gT(n)))) — 0, g(HJwT(n)_szr(n)H) — 0.
64)

From (64) and by arguing as in Lemma 4.4 (see 45), we obtain
[Z7(n) = Wrnyll — 0 as n — oo. (65)

Since {Z,(,) } C C is bounded, there exists a subsequence {@,(m)} of {zr(n) }
converging weakly to p € C such that

lim sup (2, (n) — zt, Ju — JxT> = lim (Z,(m) — zt, Ju — JmT> . (66)
From (64) with n = m, Lemma 4.4 and z,(,,y — p € C, we obtain p € F.
Moreover, from (66), we have

lim sup <a:7(n) — ', Ju— J£T> = <p— z, Ju — Ja:T> <0, (67)

n—oo

where the last inequality follows from 2 = ITp(u) and Lemma 2.6 (ii). From
(64), (65) and by arguing as in Case 1, we also obtain that ||u, () =2, (n)|| — 0
jhen n — oo (see 61). This together with (67) implies that

lim sup <uT(n) —z Ju— JxT> = lim sup <xT(n) —at Ju— J$T> <0,

(68)
From Lemma 4.5 (ii), one has for each n that

¢($T7 x‘r(n)—&-l) < (1 - ar(n))¢(mTu x‘r(n)) + 2a7(n) <u7'(n) - -TT, Ju — J-TT> )
(69)
which, from relation (63), implies that

aT(n)(z)(IT:IT(n)) S d)(xTer(n)) - ¢($T7 IT(n)+l) + 2a‘r(n) <u‘r(n) - $T7 Ju — JIT>
< 20 (n) <uT(n) — xT,Ju — JxT>.

Thus, it follows from a(,) > 0 that (b(xT,xT(n)) <2 <uf(n) —af Ju—
J:ET> for each n. This together with (68) implies that lim sup,, . ¢(x, Tr(n))
< 0 or lim, ¢(xT,xT(n)) = 0. Thus, it follows from (69) and a,(,) — 0
that ¢(z',2,()11) — 0 as n — oo. Since ¢(af, x,) < ¢(aT,2,(n)41) for all
n > ng, we have that ¢(z',2,) — 0 and x, — x as n — oo. This completes
the proof of Theorem 4.1. O
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5. Computational experiments

In this section, we consider two numerical examples, one in finite dimensional
space and another in infinite dimensional space, to illustrate the convergence
of Algorithms 3.1 and 4.1.

Ezample 1. Let E = R™ and C be a box defined by C = {z € R™ : -1 <
r; <l,i=1,... ,m}. Define the bifunction f on C x C' by

f(xvy): <P$+Qy+q,y_l'>, for all x,yEC’,

where g € R™ and P, Q are two matrices of order m such that @ is symmetric
positive semidefinite and @ — P is negative semidefinite. Since ¢(x,y) = ||x —
y||?, it follows from the properties of P and @Q that the bifunction f satisfies
conditions A and D with two ¢-Lipschitz-type constants ¢; = co = ||P—Q)||/2,
see, e.g., [19, Section 5].

Let g : R™ — R be a convex function such that leve, ={z € ™ : g(z) <0} #
(). Define the subgradient projection relative to g as follows:

_ 9@ ;
S(x) = 4% TeE@) ig@) >0
x otherwise ,

where z(x) € 9g(z). Since ¢(z,y) = ||z — y||?>, the mapping S is quasi-
¢-nonexpansive and demiclosed at zero, see, e.g., [4, Lemma 3.1]. Besides,
Fix(S) = lev<, . From Algorithms 3.1 and 4.1, ¢(x,y) = ||z — y||*> and the
definition of f, we need to solve the following optimization problem

1
min{ZyTHnerbzy: -1<y <1, il,...,m}, (70)

where H,, = 20, Q + I and b,, = \,,(Px,, — Qxy, + q) — 2y, O by = Ay (Pyy, —
QYn+q) — Tp. Problem (70) can be solved effectively by Matlab Optimization
Toolbox. Since J is the identity mapping I, all the projections onto C' can be
rewritten equivalently as quadratic convex optimization problems over the
polydedral convex set C' and they are also solved similarly to problem (70).
All the programs are written in Matlab 7.0 and computed on a PC Desktop
Intel(R) Core(TM) i5-3210M CPU @ 2.50 GHz, RAM 2.00 GB.

In all the experiments below, we work in the Euclidean space ®'°, (m = 10)
and choose g(z) = max {0, (¢,x) + d}, where d € R_ is a negative real number
generated randomly and uniformly in [—m,0], ¢ is a vector in R™ with its
entries being generated randomly and uniformly in [1,m] and ¢ € 9g(x)
(if {(¢,z) = —d) was chosen randomly. The vector ¢ is the zero vector and
the two matrices P, @) are generated randomly such that @ is symmetric
positive semidefinite and @ — P negative semidefinite!. The starting point
is 2o = (1,1,...,1)T and the anchor in the Halpern iteration is u = .
Note that the normalized duality mapping J = I and the constant ¢ in

IWe randomly choose A1 € [-m,0], Xax € [0,m], k = 1,...,m. We set @1, @2 as
two diagonal matrices with eigenvalues {A1x}7-, and {Aax}j-, respectively. Then, we
construct a positive semidefinite matrix @ and a negative semidefinite matrix 7' using
random orthogonal matrices with @2 and @1, respectively. Finally, we set P =Q — T
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FIGURE 1. Behavior of D,, = ||z,+1 — 2,||? for Algorithms
3.1 with o, = %ﬂ, Bn = % for Example 1. Execution times
for stepsizes A\, are 207.32; 187.09; 187.40; 189.85; 191.03
(resp)

Lemma 2.4 is 1. The fixed parameters are chosen in all the experiments as
v =0.25, 3, = 0.5 and v = a = 0.5. We study numerical behaviors of
the proposed algorithms on a test problem for different parameters «a,, and
stepsizes \,,.

We use the sequence D, = ||x,11 — 2,[[%, n = 0,1,2,... to illustrate
the convergence of the algorithms. Figures 1 and 2, 3 and 4 describe the
results for Algorithms 3.1, 4.1, respectively. Only the 5000 first iterations have
been taken into account. In these figures, the x-axes represent the number of
iterations (# iterations) while the y-axes represent the values of D,,.

In Fig. 1, the performance of Algorithm 3.1 is reported following the choice of
the stepsizes \,,. From this figure, we see that the behavior of Algorithm 3.1
is the best one with A,, = ﬁ. It seems to be that the smaller the stepsize
An is, the slower the convergence of Algorithm 3.1 is.

Figure 2 shows the results for Algorithm 3.1 following the choice of the param-
eters a,. It seems that it is with «,, = n%rl that the convergence is the best
one.

Figure 3 reports the results obtained by Algorithm 4.1 with different stepsizes
Apn. In this algorithm, we do not need the information on the two ¢-Lipschitz-
type constants ¢; and c¢s. The convergence of Algorithm 4.1 is the same for
stepsizes \,, = 1 and A\, = 0.1. The sequence D, with A, = 0.5 is not
monotone decreasing while it is the case for the other values of A, .
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FIGURE 2. Behavior of D,, = ||z,41 — ,||? for Algorithms
3.1 with A, = £, 3, = 3 for Example 1. Execution times
for parameters «,, are 182.72; 205.04; 209.77; 218.63; 229.55
(vesp)

Figure 4 shows the results of Algorithm 4.1 for different values of the
parameter «,,. From this figure, we see that the convergence of D, with
o, = W is the best one when n — oo.

Ezample 2. Let E = L?[0,1] with the inner product (z,y) fo

and the induced norm ||z||> = fo )2dt for all z,y € L?[0,1]. Let C be the
unit ball B[0,1] and the equlhbrlum bifunction f is of the form f(x,y) =
(Ax,y — x) with the operator A : H — H defined by

1
A(z)(t) = /o [z(t) — Fi(t,s) f1(z(s))]ds + q1(t), z € H, t € [0,1], (71)
and the mapping S : H — H is given by

S(x)(t)

1
/0 Fy(t,s) fa(a(s))ds + ga(t), x € H, te[0,1],  (72)

where
2tsett 2tet
Fi(t,s , = cosz, t) = ——,
(t5) = — . (o) n(t) = —=—

Fy(t,s) = @(H $), falw) = exp(~2?), galt) = f@ <t n ;) |
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FIGURE 3. Behavior of D,, = ||z,41 — 2,||? for Algorithms
4.1 with o, = n%rl, Bn = %, v =10.25,v = «a = 0.5 for Exam-
ple 1. Execution times for stepsizes A,, are 264.06; 261.75;
255.67; 281.71; 290.14 (resp)

We choose here g¢;(t) and go(t) such that * = 0 is the solution of the
problem We also have here that ¢(z,y) = ||z — y||> and J = I. Set

fo (t,8) fi(z(s))ds, i = 1, 2, and we see that the mappings
SZ, i = 1,2 are Fréchet dlfferentiable and ||Si(z)h|| < ||z||||h]| for all
x, h € H. Thus, a straightforward computation implies that f is pseu-
domonotone and satisfies the ¢-Lipschitz-type condition with ¢; = ¢o = 1,
and U is quasi-¢-nonexpansive. All the optimization problems in the algo-
rithms become the projections on C' which is inherently explicit. All integrals
n (71), (72) and others are computed by the trapezoidal formula with the
stepsize 7 = 0.001. Since the solution of the problem is known, we use the
sequence F,, = ||z, — 2*||?, n =0,1,2,... to show the behavior of the algo-
rithms. The starting point is z(t) = t + 0.5 cost. The numerical results for
some different parameters are described in Figs. 5 and 6 for Algorithms 3.1
and 4.1, respectively.

From the above results, we see that the execution times of the Halpern
linesearch algorithm are greater than those of the Halpern extragradient algo-
rithm. This is not surprising because for each iteration in the linesearch
algorithm, we have to find the smallest integer steplength, which is time
consuming. Of course, the advantage of Algorithm 4.1 is not to require the
¢-Lipschitz-type condition of cost bifunction.
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FIGURE 5. Behavior of F,, = ||z, — x*||? for Algorithms 3.1

with «,

%H’ Bn = % for Example 2. Execution times for

parameters «,, are 61.72, 67.58, 60.43, 68.60, 66.22 (resp)
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FIGURE 6. Behavior of F,, = ||x,, — x*||? for Algorithms 4.1
with o, = ﬁ, B = %, v =025, v =a = 0.5. Execution
times for parameters «,, are 146.99, 145.48, 162.67, 164.62,
185.19 (resp)

6. Conclusions

In this paper, we have proposed two strong convergence algorithms for solv-
ing a pseudomonotone equilibrium problem involving a fixed point problem
for a quasi-¢-nonexpansive mapping in Banach spaces, namely, the Halpern
extragradient method and the Halpern linesearch method. The convergence
theorems have been established with or without the ¢-Lipschitz-type condi-
tion imposed on bifunctions. The paper can help us in the design and analysis
of practical algorithms and also in the improvement of existing methods for
solving equilibrium problems in Banach spaces. Several numerical experi-
ments on two test problems for different stepsizes and parameters are also
performed to illustrate the convergence of the proposed algorithms.
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