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Homoclinic solutions for a second-order
singular differential equation

Shiping Lu and Xuewen Jia

Abstract. In this paper, the problem of existence of homoclinic solutions
is studied for the second-order singular differential equation

t)x(t
#1(8) + S )2’ (1) — gla(t) — SO _pg,
1—z(t)
where f,g,h,a : R — R are continuous and a(t+7T) = «(t) for allt € R.
Using the continuation theorem of coincidence degree theory given by

Mawhin and Mandsevich, a new result on the existence of homoclinic
solutions to the equation is obtained.
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1. Introduction

Consider the existence of homoclinic solutions for the equation

(1) + Fl) (1) — g(a(®) — ST pe) (1)
— z(t)

where f,g,h,a: R — R are continuous and a(t+7T) = «(t) with a(t) > 0 for
allt € R. We will say that a solution u of Eq. (1.1) is a homoclinic equation, if
u(t) — 0 as ¢ — +oo. When such a solution satisfies in addition to u/(¢) — 0
ast — 400, then it is usually called a homoclinic solution or a pulse, although
here, 0 is not a stationary solution of Eq. (1.1). In [1], by Leray—Schauder
fixed point theorem, Faure has studied the T-periodic solutions of equation

(t)
- — et
where ¢ > 0 is a constant and e(t) is a continuous T-periodic solution.

The study of singular systems is perhaps as old as the Kepler classi-
cal problem in mechanics. In recent years, the problem of periodic solutions
has been studied widely for some second-order differential equations with

2 (t) + cx' (t)
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singularity [2-10]. This is due to the fact that periodic solution for the sin-
gular equation possesses a significant role in many practical situations (see
[5,9,11-15]) and the references therein). Compared with the problem of peri-
odic solution, the problem of homoclinic solution for second-order differential
equations with singularity is studied less often. In the case of singular Hamil-
tonian systems, we find that there were some papers on the study of existence
of homoclinic solutions [16-19]. For example, the first result on existence of
a homoclinic orbit to autonomous singular Hamiltonian systems

u” +Vy(u) =0,—00 < t < 400

was obtained by Tanaka [16] using variational methods. Costa and Tehrani
[17] further studied the problem of homoclinic solutions to a class of non-
autonomous singular Hamiltonian systems

'+ Vy(t,u) =0, —00 < t < 400,

where u = (u1,us, ...,ux) € RN,V : RxRY has asingularity at u = ¢ € RN
and g # 0. Under the assumption that V (¢, u) satisfies strong-force condition,
the existence of infinitely many homoclinic solutions is obtained. Bonheure
and Torres [20] considered the problem of homoclinic-like solutions to the
singular equation
b(t

~0) + (0 (0) = (1.2
where b € C(R, R) is nonzero nonnegative, p > 0 is a constant. The arguments
are based upon a well-known fixed point theorem on cones, which is different
from the variational methods used in [16-19]. The reason for this is that there
is a first-order derivative term in Eq. (1.2). This implies that Eq. (1.2) is not
the Euler-Lagrange equation associated with some functional, and then, the
variational methods cannot be applied to Eq. (1.2) for obtaining homoclinic-
like solution. However, the function f(t,z,y) is required to be linear with
respect to the variables z and y. In detail, f(¢,z,y) = a(t)x + ¢(t)y, where
a,c € C(R,R) with a(t) > a > 0 for all t € R. This is due to the fact that
f(t,x,y) in such a way can guarantee the Green function G(t,s) associated
with boundary value problem —z”(t) + c(t)2’(t) + a(t)x(t) = 0,z(—00) =
z(+00) = 0 satisfying G(t,s) > 0 for all (¢,5) € R?; then, for every h €
C(R, R) with % being bounded, the nonhomogeneous equation

=2 (t) + c(t)2' (t) + a(t)z(t) = h(t)

with boundary condition 2(—c0) = 2(+00) = 0 has a unique bounded solu-
tion u(t) = [, G(t,s)ds, which is crucial in [20] for applying some fixed point
theorems on cones. Motivated by [16-20], as well as [21,22], we continue to
study the existence of homoclinic-like solution for Eq. (1.2).

The work of present paper for investigating the existence of homoclinic
solutions to (1.1) is divided three parts. First, for each k € N, we investigate
the existence of 2kT-periodic solutions u(t) for the following equation

2 (0)+ 1)’ () = 9(ol) — T = (o). (13)
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where hy : R — R are two 2kT-periodic solutions with

(1) h(t), te[-kT, kT - %),

k(t) = kT)— _r
h(kT— %) n 2(h( kT)Th(kT 3)) (t—kT+%), te [kT— %,kT} .

(1.4)

Using a known continuation theorem of coincidence degree theory, we obtain
that for each k € N, there is at least one positive 2kT-periodic solution ug(t)

to Eq. (1.3). Second, we will show that the sequence {uy(t)} satisfies

kT kT
[ wrtar <, [ opas
—kT —kT

and
/
—00 < po < ug(t) < p1 € (0,1), te[g}c%%kT] lug, (t)] < pa,
where n, My, My, po, p1 and ps are positive constants independent of k.
Finally, a homoclinic solution for Eq. (1.1) is obtained as a limit of a certain
subsequence of {uy(t)}.

By contrast, our approach to Eq. (1.1) is neither based on variational
theory used in [16-19], because there is a first derivative term f(x(t))z’(t)
in Eq. (1.1), and then Eq. (1.1) has no variational structure, nor based on
the methods used in [20], since the terms of f(x)y and g(z) may be generally
nonlinear with respect to variables of x and y.

2. Preliminary lemmas

Throughout this paper, the set of all positive integers is denoted by IV, and for
w > 0 being a constant, let C, = {z € C(R,R) : z(t +w) = z(t) forall ¢ €
R} with the norm defined by [2]o = max;eo o) |[2(t)]-
Let y(t) =1 — x(t), then (1.3) is converted to the equation
1 / a(t)
y'(6) + FA—y@)y' () +9(1 —y(®) + o)
= —hy(t) + a(t). (2.1)
Clearly, the problem of searching for 2kT-periodic solution u(t) to (1.1) with
u(t) < 1 1is reduced to the question to investigate positive 2kT-periodic solu-
tion for (2.1). Now,we embed (2.1) into the following equation family with a
parameter A € (0,1]

Y (1) F AF(L—y(1)y (1) + Ag(1 —y(t)) +
= A(—hs(t) +a(t)), A€ (0,1]. (2.2)

To study the existence of 2kT-periodic solution to (2.1) for each k € N, we
give the following Lemma which is an easy consequence of main result in [23]
and [24].

Lemma 2.1. Assume that there exist positive constants No, N1 and No with
0 < Ny < Ny, such that the following conditions hold.
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1. For each X € (0,1], each possible positive 2kT -periodic solution x to the

equation
V(04 ML= ) (0) + Ag1 = 0(0) + 25 = XIu(0) +a(0)
satisfies the inequalities No < x(t) < Ny and |2'(t)] < Ny for all t €

[0,T7.
2. Fach possible positive solution c to the equation

e} —
g(l—c)+;+hk—64=0,

satisfies the inequality No < ¢ < Nj.
3. It holds

a4 — a _
1— N, — +h, — @ 1-N — +h, — @ .
(g( 0)—|—N0 + hg Ot) (g( 1)+N1 + hg Oz) <0

Then Eq. (2.1) has at least one positive 2kT-periodic solution x such
that Ng < z(t) < Ny for all t € [0,T].

Lemma 2.2. Ifu : R — R is continuously differentiable on R, a > O,p > 1
and p > 1 are constants, then for everyt € R, the following inequality holds:

ol = oy ([ + ute)pas) " v a2yt (/ + |u'<s>|pds); .

This lemma is a special case of Lemma 2.2 in [25].

Lemma 2.3 [26]. Let {uy} € Ca.p be a sequence of 2kT-periodic functions,
such that for each k € N, wuy, satisfies

luklo < Ao, |uglo < A1,

where Ag, A1 are constants independent of k € N. Then there exist a ug €
C(R, R) and a subsequence {ug;} of {ur},cy such that for each j € N,

max |ug, (t) —uo(t)] — 0, as i — +o0.
te[—jT,4T]

Now, we list the following assumptions, which will be used for studying

the existence of homoclinic solutions to Eq. (1.1).

[H1] g : R — R is strictly monotone increasing and there are constants
o >0 and n > 0 such that

yg(y) = oly["*! forall ye R;

n41

[H2] supcg |h(t)] == p € (0,+00) and [, |h(t)| "+ dt := pg < +00, where n
is determined in [H1].
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3. Main result

Theorem 3.1. Suppose that assumptions of [Hy] and [Ha] hold. Then Eq. (1.1)
has at least one nontrivial homoclinic solution.

Proof. Suppose that v(t) is an arbitrary positive 2kT-periodic solution to
(2.2), then

VAL —v(t)V' () + Ag(1—v(t)) + = MN—=hr(t)+a(t)), Xe(0,1].

Let ¢; and ¢ be the maximum point and the minimum point of v(¢) on
[—kT, kT]. This implies that v'(¢t1) = v'(t2) = 0, v"(¢1) < 0 and v"(¢2) > 0,
which together with (3.1) gives that

ledh»+vm)Z*M@ﬂ+a@)27mﬂm+aW) (3.2)
and
a1~ v(t)) + “(ﬂf)) < hy(te) +alts) < el tolt).  (33)

Using the monotonicity property of g(x), we have from (3.2) that

v(ty) <1-g7"(=p), (34)
where p is determined in [H2]. In fact, if

(t) > 1—g ' (—p), (3.5)
then v(t1) > 1; and it follows from (3.2) that

9(1 = v(t1)) > —lhileo = —p,

i.e.,

v(t1) <1=g7 ' (~p),

which contradicts to (3.5). This contradiction implies that (3.4) holds. Also,
we can conclude from (3.3) that

g

to) > , 3.6

oltz) > (3:6)
where o := min,c[o, 7y (t). If (3.6) does not hold, then

o(ts) < — (3.7)

p+ar
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It follows from (3.3) that

9(1 —v(t2)) < p+aftz) - 383

= p+a(ty) (1— ! )

v(t2)

+ «
<,0+Oé(t2)(1—p l)
[&7)

which together with assumption [H1] yields that
1 —w(t2) <0,
i.e.,
v(te) > 1,

which contradicts to (3.7), (3.4) and (3.6) give that

Cpto

Y : <o) <1—g t(=p):=m, forall te[-kT.kT]. (3.8)

Let wx(t) = v/(t) + AF(v(t)), A € (0,1], where F(z) = [ f(1 — s)ds, then
from (3.1) that

Aa(t
wh(0) = ~g(1  o(6) ~ 2T+ Akl + a(0), A€ (0.1]
and then
/ s
< — = 1 .
te[I—r}c%’},(kT] |w)\(t>| < Gyvom T Y + Qoo T p Y2, A€ (07 ]7 (3 9)
where o = maxic|_prpr) at) and gy, 4, = max, <z<-, [g(1 — )| Fur-

thermore, for each t € [—kT, kT], it is easy to see that there is an integer
i€ {—k,—k+1,...,k— 1} such that t € [¢T, (¢ + 1)T]. From the continuity
of v'(t) on [iT, (i + 1)T], we have t; € [T, (i + 1)T] such that

1 GHT
v'(t;) = 7 /iT v'(s)ds,
which together with (3.8) yields

1 [T
= v'(s)ds
),

n

1o :
= 7 (T) = o((i + DT) < . (3.10)
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Since

[wa ()] = Jwa(t;) + /lw&(s)ds|

ti

(i+1)T
< ()] + / jwh (5)]ds
T

(i+1)T
< W@+ Fe@)+ [ s
iT
it follows from (3.8), (3.9) and (3.10) that

2
or(t)] < L+ F

=T Y0571 + T’}/?v
where F. -, 1= max,,<z<+, |F(z)|, i.e.,
2
[V']oo = max |o'(#)] < n +2F 4 + T2 i= 3. (3.11)

te[—kT,kT) T

Clearly, 3 is a positive constant independent of &k € N. By (3.8), it is easy
to check that

91— 70) + = + hp—a@ >0
Yo
and
a  —
gl —m)+ —+hy—a<0,
7
and then
[o% — @7 —
(g(l—'yo)—&—-i-hk—a) (g(l—%)+—|—hk—a> < 0.
Yo ga!

Thus, using Lemma 2.1 for the case of Ny = 79, N1 = 71 and Ny = 73,
we have from (3.8) and (3.11) that for each k € N, there is a positive 2kT-
periodic solution vg(t) to (2.1) such that

<o) <1—g Y =p), |v}]e < for all k€ N.
Py k(t) 9 (=p); [Vl <3

It follows from the substitution defined by y(¢) = 1—x(t) that for each k € N,
there is a 2kT-periodic solution wuy(t) to (1.3) such that

N P
Ay = g ( p) < uk(t) < Pt = A (312)
and
|uj]oo < 73 (3.13)
Since uy(t) is a 2kT-periodic solution to (1.3), we have
4 t
w0+ F )0~ glun®) ~ T~ ). (314)

and then by (3.12) and (3.13), we have
] oo < 74, (3.15)
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A1

where v4 1= Y3 fa,,4, + 90,4, + 5 L +pis a constant independent of k € N.

Using Lemma 2.3, we see that there are a ug € C*(R, R) and a subsequence
{ur, } of {ux} such that

(t)—uo(t 0 d o (O)—ug(t 0 i )
ey [ (Do ()]0, and . mape ) fui, (8)—wo(B)] = 0 as i = oo
(3.16)

For any real numbers a and b satisfying a < b, there is a positive integer jg
such that for j > jo, [—k;T, k;T) D [a,b]. Thus, if j > jo, then from (1.4) and
(3.14), we see that

a(t)ur, ()

U=, (1) ht), t€lab], (3.17)

ug, () + f (s, (8))ug, (8) = g(un, (1)) —

Integrating (3.17) over [a,t] C [a,b], we get

(1) - (a /fuk uk<>ds—/< ())ds

_als)ug,(s)
1—ukj( )

(3.16) implies that wy, (t) — uo(t) uniformly for ¢ € [a,b] and wj, () — ug(t)
uniformly for ¢ € [a,b]. Let j — oo in (3.18), we have

ds —|—/ h(s)ds, for t € [a,b]. (3.18)

(1) — tp(a /fuo Yo (s >ds—/ gluo(s))ds

s)uo(s)
- mds-i-/a h(s)ds, fort € [a,b]. (3.19)

Considering a and b are two arbitrary constants with a < b, it is easy to see
from (3.19) that g is a solution to (1.1), i.e

(0 + Fun)un(e) — g(uo) - ST~ ter 20)

Below, we will show
up(t) = 0 and wuy(t) —0 as [t| — 4oo.

For each k € N, multiplying (3.14) with ug(¢) and integrating it over the
interval [—kT, kT, we have

kT kT
/ (D2t — [ F(un(6)yup (Bl (1)t

—kT —kT
o7 KT o(tyug (1)
4 / gl + / e
kT
_ /_ (Bt
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It follows from ffZT fug(t))ur(t)uy, (t)dt = 0, together with assumption [H1]

that
kT kT
/’|%awa+a/’|wwW“w
—kT —kT

kT
<[ il

kT o T kT =
< (/ i ()] dt) (/ |Uk(t)|n+1dt> . (3.21)
kT kT

Furthermore, from (1.4) we see that

kT ntl KT—5 ntl kT ntl
[omrtae= [T e [ i ar
T —kT kT—T

= ps, (3.22)
which together with (3.21) yields

1

kT e kT T
0/ lug (£)|"Thdt < p3 ! (/ |uk(t)|”+1dt> (3.23)
—kT

—kT
and
kT [ kT 2
[ wipae <o ([ o) L @2y
—kT —kT
(3.23) gives
kT n+1
/ s ("Lt < pyo—"E", forall ke N. (3.25)
—kT

Substituting (3.25) into (3.24), we get

kT
/ uf (t)[2dt < pso~=, for all ke N. (3.26)
—kT

Since

+oo T
/ (o)™ + [u(OF)de = Tn [ (fuo(®)"™*" + up (0))de
— 00 —1

iT
= lim lim (lu; ()" + Jug, (1)) dt,

t—+00 j—+oo [_p
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clearly, for every ¢ € N, if k; > ¢, then by (3.25) and (3.26), we have

iT kT
| G O+ 0PIt < [ (O + i (Ot

—1 k]'
_1 _ntl
< p3om+pzo

Let i — 400 and j — 400, we get
+oo
n _1 _nt1
[ Qo + 0P )t < poo 4o (320)

— 00

and then
[ (o + o)) de — 0
[t|=>r
as 1 — +00. So using Lemma 2.2, we obtain

t+T t+T

Juo(t)] < (27)~ =+ (/t—T |u°(8)n+1ds)nlﬂ +T(2T) </t-T u6(s)l2d8>é
| |:(/ti-;T |u0(s)|n+1d8>1/(n+1)
’ </tt+TT |UB(5)2dS>§]

— 0, as [t| — 400,

W=

< |er) 7w +TeT)"

which implies that

ug(t) — 0 as |t] — +oc. (3.28)
Next, we will prove that
up(t) — 0 as [t| — +oo. (3.29)
From (3.12), (3.13) and (3.16), we obtain
luo (1) < max{pfal , gl(—p)|} = Ay, for te€R. (3.30)
and
lug(t)| <3, forteR. (3.31)
It follows from (3.20) that
” Qoo A1
lug (B)] < fay,4:73 + Gag A, + A, +p:=Ay, for teR. (3.32)

If (3.29) does not hold, then there is a constant § € (0,3) and a sequence

{tx} that 2
[t1] < [to] < |ta] <---,
with |tx] + 1 < |[trs1], k=1,2,..., and
lug(te)| > 26, k=1,2,...,
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which results in

) = [w(t) + [ (s

>|uotk|—/|u )lds

>0, for te€ [tr,tr +

1A,

+oo tht iy
/ e |dt>2/ (1)t =

This contradicts to (3.27). It is easy to see that (3.29) holds. Thus,ug(t) is
just a homoclinic solution to equation (1.1). O

and then

4. Example

In this section, we present an example to demonstrate the main result.
Consider the following equation:

(1 — Lsint)x(t) 1 +2

"(t) + ' (t) — a3 (t) — 2 = 7, 4.1
o (0) + Fa0)e’ ) ot (e) - S = e (41)
where f : R — R are continuous,h(t) = \/%e_g is a standard normal

distribution probability function. Corresponding to (1.1), we have g(x) = 2,

a(t) =1— S sint. We can easily check that [H1] and [H2] holds for the case
of o =1 and n = 3. From Theorem 3.1, we know that equation (4.1) has at
least one nontrivial homoclinic solution.
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