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Abstract. In signal processing and image reconstruction, the split fea-
sibility problem (SFP) has been now investigated extensively because
of its applications. A classical way to solve the SFP is to use Byrne’s
CQ-algorithm. However, this method requires the computation of the
norm of the bounded linear operator or the matrix norm in a finite-
dimensional space. In this work, we aim to propose an iterative scheme
for solving the SFP in the framework of Banach spaces. We also intro-
duce a new way to select the step-size which ensures the convergence
of the sequences generated by our scheme. We finally provide examples
including its numerical experiments to illustrate the convergence behav-
ior. The main results are new and complements many recent results in
the literature.
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1. Introduction

Let E and F be two p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C' and @ be nonempty, closed and convex subsets of
E and F, respectively. Let A : E — F be a bounded linear operator and
A* . F* — E* be the adjoint of A which is defined by

(A*g,x) .= (y,Az), VYax e E,je F*.

The split feasibility problem (SFP) is to find a point & € C such that Az € Q.
We denote by @ = CNA~YQ) = {y € C: Ay € Q} the solution set of SFP.
Then we have that  is a closed and convex subset of E.

The SFP in finite-dimensional Hilbert spaces was first introduced by
Censor and Elfving [15] for modeling inverse problems which arise from phase
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retrievals, medical image reconstruction and recently in modeling of inten-
sity modulated radiation therapy. The SFP attracts the attention of many
authors due to its application in signal processing. Various algorithms and
some interesting results have been studied in order to solve it (see, for exam-
ple [3-5,13,22,24-26,33))).

In Hilbert spaces, a classical way to solve the SFP is to employ the
CQ-algorithm which was introduced by Byrne [12], which is defined in the
following manner:

Tasr = Po(an — pnA*(I - Po)Az,), n>1, (L.1)

where the step-size u, € (0, ﬁ) and Pc, Py are the metric projections on
C and @, respectively. We note that this algorithm is found to be a gradient-
projection method in convex minimization as a spacial case. It was proved
that {x,} generated by (1.1) converges weakly to a solution of SFP.

However, it is noted that the operator norm || A|| may not be calculated
easily in general. To overcome this difficulty, Lépez et al. [22] suggested the
following self-adaptive method, which permits step-size w, being selected
self-adaptively in such a way:

_ pflE) 1, (1.2)

SR TEN I
where p,, € (0,4), f(z,) = 3||(I — Pg)Ax,||? and Vf(z,) = A*(I — Pg) Az,
for all n > 1. It was proved that the sequence {x,} defined by (1.2) converges
weakly to a solution of SFP.
Also, employing the idea of Halpern’s iteration, Ldpez et al. [22] pro-
posed the following iteration method:

Tpt1 = apu+ (1 — an)Po(zy, — unVf(z,)), n>1, (1.3)

where v is fixed in C, {a,} C [0,1] and the step-size p, is chosen as above.
It was shown that {x,} defined by (1.3) converges strongly to a solution of
SFP provided lim,, .~ o, = 0 and 22021 a, = 00. Subsequently, there have
been many modifications of the CQ-algorithm and the self-adaptive method
established in the recent years (see also [37,38]).

For solving the SFP, in the framework of p-uniformly convex and uni-
formly smooth real Banach spaces, Schopfer [29] proposed the following al-
gorithm: z; € E and

Tpi1 = HedplJe(2n) — pnA™Jr(Az, — Po(Azy))], n>1, (1.4)

where Il denotes the Bregman projection and J the duality mapping.
Clearly, the above algorithm covers the CQ-algorithm as a special case. It
was proved that the sequence {z,} defined by (1.4) converges weakly to a
solution of SFP provided the duality mapping J is weak-to-weak continuous
and i, € <O7 (m)qfil) where %—i—% = 1 and C is the uniform smoothness
coefficient of E . See some modifications in [30,31].

In this work, motivated by the previous works, we introduce a Halpern-

type iteration process and prove its strong convergence of the sequence gen-
erated by our scheme for solving the SFP without prior knowledge of the
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operator norm in the framework of Banach spaces. Numerical experiments
are included to illustrate the convergence behavior. Our main results comple-
ment the results of Lépez et al. [22] (from Hilbert spaces to Banach spaces)
and Schopfer [29]. Moreover, our results improve many other results in the
literature. We note that the obtained results seem to be new in this direction.

2. Preliminaries and lemmas

Let E be a real Banach space with norm || - ||, and E* denotes the Banach
dual of F endowed with the dual norm || - ||.. We write (z, j) for the value
of a functional j in F* at x in F. As usual, z, — = and z, — z stand for
the norm and weak convergence of a net {x,} to = in E, respectively. The
modulus of convexity 0g : [0,2] — [0,1] is defined as

el
o(0) = int {1 8 ol =1 =yl o - o1 > of

E is called uniformly convex if §g(€) > 0 for any e € (0,2] and p-uniformly
convex if there is a Cp, > 0 such that dg(e) > CpeP for any € € (0,2]. The
modulus of smoothness pg(T) : [0,00) — [0, 00) is defined by

=+ ol + e = 7y
pen) = { ! 1 = ol =1}

Then FE is called uniformly smooth if lim,_ p%(ﬂ = 0 and g-uniformly
smooth if there is a C; > 0 such that pg(7) < Cy79 for any 7 > 0. Let
1 <q<2<pwith % + % = 1. It is known (see, for example, [1,18]) that
FE is p-uniformly convex if and only if its dual E* is g-uniformly smooth.
Furthermore, Hilbert spaces, Ly, (or 1,) spaces, 1 < p < oo, and the Sobolev
spaces, W2 |1 < p < 0o, are g-uniformly smooth. Hilbert spaces are uniformly
smooth while

p — uniformly smooth if 1 <p <2

.-
Ly(or £y) or Wy, s { 2 — uniformly smooth if p > 2.

A continuous strictly increasing function ¢ : Rt — RT is said to be a
gauge if

©(0) =0, lim ¢(t) = +oo.

t——+oo

The mapping J, : B — 2F " defined by

Jo(x) ={7 € E*: (z,5) = [lz[lllill+, Iill« = e(llzl)}, =€ E,
is called the duality mapping with gauge ¢. When ¢(t) = t, the duality
mapping .J, = J is the normalized duality mapping. In the case (p(t) = tP~!
where p > 1, the duality mapping J, = J, is called the generalized duality
mapping and it is defined by

Tp(@) = {5 € X*: (2,5) = ll2llljll, ljll« = l=P~'}, = € E.
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Ezample 2.1. Let x = (x1,22,...) € £, (1 < p < 00). Then the generalized
duality mapping J, in ¢, is given by

Jp(x) = (|21 [P~ sgn(z1), |22 P tsgn(za), . . ).

Ezample 2.2. Let f € L,([e, 8]) (1 < p < o0). Then the generalized duality
mapping J, is given by

Jp(F)() = [F()[P sgn(f(t)-
For a gauge ¢, the function ® : RT™ — R defined by

@(t):/o p(s)ds

is a continuous convex strictly increasing differentiable function on Rt with
D (t) = ¢(t) and lim;, 4o P(t)/t = +00. When E is uniformly smooth, the
duality mapping J, on E is norm to norm uniformly continuous on bounded

subsets of E (see [1,18]).
We know the following inequality which was proved by Xu [34].

Lemma 2.3. [34] Let x,y € E. If E is q-uniformly smooth, then there exists
Cq > 0 such that

[ =yl < |21 = gy, T (2)) + Callyll?.

Let C be a nonempty, closed and convex subset of E. The metric pro-
jection Po : E — C is defined by

. 1
Pox = argmmyeC§||x —y|?, z€E.

It has been employed successfully in optimization, optimal control, approx-
imation theory, and fixed point theory. In the framework of Hilbert spaces,
the metric projection Pc is nonexpansive (i.e., |Pcx — Poy| < ||z — y|| for
all z,y in H). However, we note that this is no longer true in the framework
of Banach spaces. Let E be a smooth, strictly convex and reflexive Banach
space. Let C be a nonempty, closed and convex subset of F, and let x € F
and z € C. Then z = Pex if and only if (z —y, J(x — z)) > 0 for all y € C;
see [32].

We next recall the definition of Bregman distance studied in [6]. Let E
be a real smooth Banach space. The Bregman distance Dy (x,y) between x
and y in E is defined by

Dy (z,y) = @(||z])) = ([lyl) = (= =y, Jo(y))-

We note that Dy (z,y) > 0 and D, (z,y) = 0 if and only if z =y (see [21]).
It is easily seen by definition that

Dy(2,y) + Dp(y, 2) — Dy (x,2) = (2 — y, Jp(2) — Jo(y)) (2.1)
and
Dy(z,y) + Dy(y,z) = (z — y, Jo(z) — Ju(y)) (2.2)
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for all z,y, 2 € E. In the case ¢(t) = t*~! where p > 1, the distance D, = D,
is called the p-Lyapunov functional studied in [7] and it is given by

Dy(o9) = L I o ), (2.3

where % + % = 1. Note that

o(x,y) = 2Ds(z,y) = ||z|* — 2(z, Jy) + |ly|I?

is the Lyapunov functional. See [8,9,16]. Let E be a strictly convex, smooth
and reflexive Banach space. Following [2], we make use of the function V), :
E x E* — [0,400), which is defined by

1 1
Vo(@,2) = 2" — (=, 2) + Zl|zll", ¥z € B,z e BT

where & 4 & = 1. Then V}, is nonnegative and
Vy(ar, ) = Dyl I (2))

for all x € E and £ € E*. For a proper, lower semicontinuous and convex
function f : E — (—o0, 0], the subdifferential 0f of f at x € E is defined
by

of(@)={z € E": f(x) +(y —=,2) < f(y) Vye€E}

We see that, for each 2 € E, the mapping g defined by ¢(z) = V,(z,z) for
all z € E* is a continuous and convex function from E* into R. So, by the
subdifferential of g, we obtain the following inequality:

Vo(,2) + (5, J, ' (7) = 2) < Vp(w,7 +9) (2:4)
for all x € E and z,§ € E* (see also [20]). Indeed, we have

3%@5(<%>+;WW>@)
=—z+.J, ' (2)

for all z € E*. So we obtain
9(®) + (J, ' (®) — 2,79) < 9(z+7),

for all x € E and Z,y € E* which consequently implies (2.4).

Proposition 2.4. [10,21] Let E be a smooth and uniformly convex Banach
space. Let {x,} and {y,} be two sequences in E such that Dy (xy,yn) — 0.
If {yn} is bounded, then ||z, — yn| — 0.

Proposition 2.5. [11,21] Let C be a nonempty, closed and convex subset of a
reflexive, strictly conver and smooth Banach space E. Let x € E. Then there
erists a unique element xqg in C such that

Dy(xo,x) =inf {Dy,(z,2): z € C}.
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In this case, we denote the generalized projection from E onto C by
¢ (x) = xo. When ¢(t) = t, we have II{ coincides with the generalized
projection studied in [2]. Let p > 1 and ¢(t) = t*?~'. Then IIZ, becomes the
generalized projection with respect to p and is also denoted by Ils.

We also know the following results.

Proposition 2.6. [21] Let C' be a nonempty, closed and convexr subset of a
reflexive, strictly convexr and smooth Banach space E. Let xg € C and x € E.
Then the following assertions are equivalent:

(a) xo = ¢ (x);

(b) (z — o, Jp(x0) — Jp(2)) >0, V2 € C.
Moreover, we have

Dy (y, 116,(x)) + Dy (I (2), ) < Dy(y,x), Yy € C.

We also need the following tools in analysis which will be used in the
sequel.

Lemma 2.7. [23] Let {s,,} be a sequence of real numbers that does not decrease
at infinity in the sense that there exists a subsequence {sn,} of {sn} which
satisfies sp, < sp,41 for alli € N. Define the sequence {T(n)}n>n, of integers
as follows:

7(n) =max{k <n:sp < Sgt+1},
where ng € N such that {k < ng : s, < sg+1} # 0. Then, the following hold:

(i) 7(no) <7(no+1) <--- and 7(n) — oo;
(11) S7(n) < S7(n)+1 and s, < Sr(n)+1s Vn > no-.

Lemma 2.8. [35] Let {a,} be a sequence of nonnegative real numbers satisfy-
ing the following relation:

ant1 < (1= an)an + anon +yn, n 2> 1,
where (1) {a,,} C[0,1], Y07 | oy, = o0; (ii) limsup,, o 0y, < 0; (ili) 75, > 0,

>0 Y < o0o. Then, a, — 0 as n — co.

3. Main results

In this section, we prove strong convergence of the sequence generated by our
scheme for solving the split feasibility problem in Banach spaces. Throughout
this paper, let 1 < ¢ < 2 < p < > and % + % = 1 and denote by J% and
J%. the duality mappings of a smooth Banach space X and its dual space,
respectively.

Employing the method of proof given by Xu in [36], we prove the follow-
ing fixed point formulation of SFP in a reflexive, strictly convex and smooth
Banach space.

Lemma 3.1. Let E and F be two reflexive, strictly convex and smooth Banach
spaces. Let C and @ be nonempty, closed and convex subsets of E and F,
respectively. Let A : E — F be a bounded linear operator and A* : F* — E* be
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the adjoint of A. Let z* € E. Then x* solves the SFP (i.e., x* € CNA™YQ))
if and only if x* solves the fized point equation

ot =T JL. [ J8(%) — 7 A" T (Ax” — PQ(A;E*))] (3.1)
Proof. Suppose z* solves the SFP. We show that z* solves (3.1). Now, «*
solves SFP implies that z* € C' and Az* € Q. Therefore,
Ax™ = Po(Az*) = Ax™ — Po(Az™) = 0.
Thus,
Jp(Az® — Po(Az™) =0
and this implies
YA* IR (Az® — Po(Ax™)) = 0.
So
Jhe [Th(a") =y A" T (Ax* — Po(Ax*))] = I (Tp(a")) =
Hence,
e JE. [Jg(x*) —yA* Jp(Ax* — PQ(Asc*))} =Ilgx* = z*.

Therefore, x* solves (3.1).
Conversely, assume that z* solves the fixed point equation (3.1). We
next show that z* € C, Axz* € Q). Now, if

#* = ToTh. | Th(e") = 7A TR (Ax* — Po(Ax™)],
then by Proposition 2.6 (b) we have
(Jh(x*) — yA* TR (Az™ — Po(Ax™)) — Jh(z®),z —2*) <0, VzeC.
That is,
(yA* JL(Az* — Po(Ax™)),z —2*) >0, VzeC.
Hence,
(Jo(Az® — Po(Ax™)), Az — Az) <0, VzeC. (3.2)
On the other hand, we have from the characterization of metric projection
PQ that
(JE(Az* — Po(Ax™)),v — Az*) <0, YveQ. (3.3)
Adding up (3.2) and (3.3), we obtain
(Jo(Az® — Po(Ax™)),v— Az) <0, Yve@,zeC.
Putting z = z* € C and v = Pg(Az*) € Q gives us Az* = Pg(Az*) € Q.
This completes the proof. O

Remark 3.2. Our Lemma 3.1 extends the fixed point equivalence of SFP given
by Xu in [36] from real Hilbert spaces to reflexive, strictly convex and smooth
Banach spaces. This fixed point formulation of SFP allows us to construct
a fixed point iteration method to solve the SFP in Banach spaces and this
iterative method is given below in (3.4).
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Theorem 3.3. Let E be a p-uniformly convexr and uniformly smooth Banach
space and F' a reflexive, strictly conver and smooth Banach space. Let C
and Q be nonempty, closed and convex subsets of E and F', respectively. Let
A: E — F be a bounded linear operator and A* : F* — E* be the adjoint of
A. Suppose that Q@ = C N A~1(Q) # 0. Define a sequence {x,} by u,71 € E
and

i1 = e Jo. [anjg(u)ﬂkan)( JE(2n)— pnmwxmn))], n>1,
(3.4)

where f(z,) = %H(I — Po)Az,|P. If o, — 0, 307 ayy = o0 and {p,} C
(0,00) satisfies

infpn (pg — Cop ") >0, (3:5)
then x,, — Ilqu.

Proof. We note that V f(z) = A*J7.(I — Pg)Ax for all z € E (see Proposition
5.7 in [19]). Set

fr ()

Yn = Jp(@n) = anW(In)
for all n € N. We see that (p — 1)g = p. Then, by Lemma 2.3, we have
ol = [[7260) = pu T 29 )|
< ol — an T V1) + Copt L 9 G
~llal? = apn e A o, V) + G T )

From Proposition 2.6 and (3.6), it follows that, for each z* € Q,
Dp(2",2nt1) < Dp(a”, T« (anJg(u) + (1 = an)yn))
— B oz + (1= @ - ante” TEw)
— (1= an)(z", yn)

B DT
== +q(anIIUH + (1 = an)llynl|?) — an(z”, Jpu)

N N 1
= n( P + q < aJE >)

e (I Il e )

p q
o @) e G
(1= cn)pn e Ui (a7, V)

< anDp(z”,u)

+(17an)(

"] 1 p_ o P (wn)
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+ ot )

IV f(zn)
— (1 —an){z", Jo(zn)) + (1 — an)pn ||J$f( (mnl?p< z", Vf(xn))
el
= anDp(z™,u) + (1 — an > + p (7, Ji( n)>)
+ 1= 0P TR @ o V)

f7 ()
IV f ()P

(2* = @0, VI (0))).
(3.7)
On the other hand, we see that
(Vf(zy),x" —ay,) = (A" Jo(I — Pg)Ax,, 2" — x,)
= (JL(I — Pg)Axy, Az* — Axy,)
= (Jo(I — Pg)Ax,, PoAx, — Ax,)
+ (Jo(I — Pg)Ax,, Az* — PoAx,)
< =T = Po)Azn||” = —pf(an). (3.8)
Using (3.7) and (3.8), we obtain
Dy(z", zn41) < anDp(z™,u) + (1 — o) Dp(a™, )

—a qu%_ [P (zn)
(1= an) (Z2% - pu) Vi @)

which implies, by (3.5)

Dy(z", zpt1) < anDp(z”,u) + (1 — ap)Dp(z*, xp).
Hence, by induction, {D,(z*,z,)} is bounded. So we can conclude that {z,,}
is bounded. Set v,, = J§. [anJlg(u)—k(l—an) (Jg(xn) pnﬁVﬂmn))]
for all n € N. Using Proposition 2.6 and (2.4), we next consider the following
estimation:

D,(z",xn41) = Dp(x™, Hevy,) < Dyp(x*,v,) — Dp(vp, Hevy,)
= Dp(z*, JE (anJi(u) + (1 — an)yn)) — Dp(vn, Ilcvy,)
= Vp(a*, anJh(u) + (1 — an)yn) — Dp(vn, cvy,)
< Vp(@", anJi(w) + (1 — an)yn — an(J5(w) — Jp(27))

+O‘n<Jg‘( ) — Jﬁ“(‘r*) n —2") = Dy(vn, Hcvy,)
= ‘/;,(x*7anjp( “)+ (1= an)yn)

+an(Jh(u) — Jo(z*), v, — %) — Dp(vp, Hevy,)
< (1= an)Vp(x vyn)+an<J§ u) — Jg B (@), v, —27%)

— D, (vp, lcvy)
= (1*an)Dp(~T*a JJqE* (yn))+an<‘]§(u)*‘]§(x*),vn — %)
_Dp(vnaHCUn)
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I _an)(llw*\lp N IIyZIIQ ~ ()

p
+Oén<J§<’U,) - J%(l‘*)7vn - $*> - DP(UTHHCUn)

q—1 P(z,,
< (LD, (0" o) + (1= ) (P2 — ) L)
FantTh(w) ~ JB), 0 — %) - Dylon.Tewn).  (3.9)

Let s, = D,(Ilqu, x,,) for all n € N. Then, by (3.9), we have

C qg—1 P Tn
it < (1= )i+ (1= ) (U ) L

+ an (J5(u) — Jh(Tlgu), v, — Mou) — Dy (v, Hevy,).  (3.10)

Case 1 If {s,} is decreasing, then (1 — Ozn)pn(c“’f;1 - )”fo((f"))up — 0

and D, (vy,IIcv,) — 0. It follows that f(x,) — 0 by (3.5). Hence || Az, —
PoAzx,| — 0 and ||v, — Iov,|| — 0 by Lemma 2.4. We also see that

17E(vn) = Jp(@n) | < anllJp(w) — Jg(@n)||

I 1(5571)
MV F ()P

+(1—an)|lp

== Vf(Tn)

— 0.

Since J1,. is norm to norm uniformly continuous on bounded subsets of E*,
|lvn, — 2n]] — 0 as n — oo. Since {v,} is bounded, there exists a subsequence
{vn,} of {v,} such that v,, = 2z in w,(v,). Also, we have a subsequence
{n,} of {x,,} such that z,, — 2z € w,(x,). From (2.2) we obtain
Dy(z,1lcz) < (Jg(z) — Ja(Ilcz),z — Hcz)
= (JE(z) — JR(Lcz),z — vn,) + (JR(2) — Jo(llcz), vn, — Hovn,)
+(JE(2) — JE(Tcz), Movn, — cz)
< (Jp(2) = Jp(Moz), 2 = vn,) + (Jg(2) — Jp(ez), v, — owvn,)
— 0. (3.11)
It follows that z € C. Since z,,, — z, Az, = Az and || Az, — PoAx,,
as ¢ — 0o, we have
|Az — PoAz||P = (Jh(Az — PoAz), Az — PoAz)
= (Jp(Az — PgAz), Az — Ax,,)
+ (JW(Az — PoAz), Az, — PoAxy,)
+ (JR(Az — PoAz), PoAx,, — PoAz)
= (JE(Az — PgAz), Az — Ax,,,)
+ (Jh(Az — PoAz), Az, — PoAxy,)

— 0,

— 0

as i — 0o. Then we obtain Az € Q and therefore z € Q = C N A71Q. We
next show that

lim sup(J7,(u) — Jh(Ilgu), v, — Ig(u)) <O0.

n—oo
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To this end, we choose a subsequence {vy,} of {v,} such that

limsup(J%,(u) — Jh(Ilgu), v, — o (u)) = lim (Jh(u) — Jn(Iou), v,, — Hou).

n—oo

Since vy, — z € €1, it follows that

lim sup(J%,(u) — Jo(Ilgu), v, — ou) < 0.

n—oo

Using Lemma 2.8, we conclude that s,, — 0, that is, D,(IIqu,x,) — 0 as
n — 00. So, by Lemma 2.4, we obtain x,, — llqu as n — oo.

Case 2 Assume that {s,,} is not monotonically decreasing and let 7: N — N
be a mapping for all n > ng (for some ng large enough) by

7(n) = max{k € N: k <n,sp < Sgy1}-

Clearly, 7(n) is a nondecreasing sequence such that 7(n) — co as n — oo and
0 < 5:(n) < Sr(n)+1, V1 > ng. So from (3.10) we can show that [|Az,(,) —
PoAz ()| — 0 and [|[v;() — Hovrmyl| — 0 as n — oo. By the similar
argument as above in Case 1, we can also show that [[v () — Z-(n)| — 0 as
n — oo and

limsup(Jp,(u) — Jh(Ilqu), v, () — Hou) < 0.

Also, from (3.10), we see that
S7(n) < <J§'(u) - Jg(HQu)7 Ur(n) — HQU>.
It follows that limsups,(,) < 0 and thus lim s,y = 0. We next show that
lim s.(,,)41 = 0. To show this, it suffices to prove that ||z, ()41 —2-m)|| — 0
as n — oo. Indeed, we observe that
||$T(n)+1 - x‘r(n)” < ||x'r(n)+1 - U‘r(n)H + ||UT(TL) - m‘r(n)”
= ”HCUT(n) - UT(R)” + HUT(’R) - xr(n)”
— 0.

From (2.1), it follows that

Dy(Uou, Z7(ny11) + Dp(Tr(n) 115 T7(n)) — Dp(llou, T7(,))
= <HQU — Lr(n)+1s Jlg(x‘r(n)) - Jg(x‘r(n)—&-l»'
Hence
Sr(n)+1 = Dp(HQuyxT(n)Jrl) < DP(HQU,$T(n))
+ <HQU — Lr(n)+1, Jg(z‘r(n)) - Jg(z‘r(n)-i-l»

— 0.

Thus, by Lemma 2.7, we obtain s,, < $;()41, which implies that lim,, o sp, =
0. This shows that z,, — IIqu as n — co. We thus complete the proof. O

We consequently obtain the following result in Hilbert spaces which was
studied by Yao et al. [37].
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Theorem 3.4. (Yao et al. [37]) Let Hy and Hy be Hilbert spaces. Let C and
Q be nonempty, closed and convex subsets of Hy and Hsy, respectively. Let
A : Hy — Hs be a bounded linear operator and A* : Hy — Hy be the adjoint
of A. Suppose that 2 = CNA~L(Q) # 0. Define a sequence {x,,} byu, v, € Hy
and

n)(xn fan)

Tn1 = Po [anu—l—(l—a HQVf(xn))}, n>1, (3.12)

IV F @)
where f(x,) = 3|(I — Po)Azn|?. If oy — 0, Y07y, = 00 and {pn} C
(0,00) satisfies
infp, (4 = pn) >0, (3.13)

then xz,, — Pqu.

4. Applications

In this section, we apply our result on SFP to split equality problem (SEP) in-
troduced by Moudafi [27,28] in p-uniformly convex real Banach spaces which
are also uniformly smooth. As far as we know, this is the first time SEP is
being studied in higher Banach spaces outside real Hilbert spaces which has
been studied by numerous authors in the literature.

Our interest here is to convert an SEP to SFP in p-uniformly convex
real Banach spaces which are also uniformly smooth. To do this, we need the
following important lemma.

Lemma 4.1. [17,34]

(i) A real Banach space X is p-uniformly convex if and only if there exists
c1 > 0 such that

e+ yllP = llzll” +ply, J% (@) + allyll’, Yo,y € X.

(ii) A real Banach space X is uniformly smooth if and only if there exists a
continuous, strictly increasing and convex function

g:RT =R ¢(0)=0
such that for all z,y € B, :={x € X : ||z|| < r}, we have
(@ =y, Jx(2) = J% () < g(lz =yl

We now give the following lemma which is an analogue of Lemma 4.1 in
product spaces. Furthermore, this lemma will be crucial in our application.

Lemma 4.2. Forp > 1, let X andY be real p-uniformly convex Banach spaces
which are also uniformly smooth. Let E = X XY with norm

1
I1zle = (lulk + [[vlly)?

for every arbitrarily z = (u,v) € E. Let E* = X* x Y* denote the dual space
of E. For each x = (x1,x2) € E, define the mapping Jb, : E — E* by

Jp(x) = Jp(x1, 22) = (J5 (21), Jy (22)),
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and for arbitrarily zy = (u1,v1), 22 = (u2,v2) in E, the duality pair (-,-) is
given by

(21, T (22)) = (w1, Jx (u2)) + (vi, Jy-(v2))-
Then we have

(a) JE is a duality mapping on E;
(b) E is p-uniformly convex real Banach space which is also uniformly
smooth.

Proof. (a) Observe that J%, is single-valued if and only if E is smooth. For
arbitrarily = (21,22) € E, let Jp(z) = Jh(21,22) = 9. Then ¢, =
(J% (z1), J3 (z2)) € E*. Observe that for ¢ > 1 with % + % =1,

[pllme = (T (1), JE(22))]| 5
= (|5 (@)|%- + 12 (z2) % )5
= (Jaa |20 + flaa| DY)
= (lz1 1% + llal2) "7

-1
= [zl

Hence ||1,]| g~ = ||z]% ". Also, we have

(@, p) = (21, 72), (J% (21), Jy (22)))
= (21, Jx (x1)), (22, I} (22)))
=zl + ll=2lly
= (leall% + 22137 (21 % + o2 li3) >

= el &~ - [1¥p] &
= [lz]%-

Hence J%, is a single-valued normalized duality mapping on E.
(b) Let @ = (z1,22),y = (y1,y2) € E. Then
2+ yl% = l(z1 + y1, 22 + 32) [
= [z + wnllx + llz2 + v2%
> [l + lle2lly + eyl + llv211y)
+p{{y1, Jx (@1)) + (y2, Jy-(2))}

for some ¢ > 0. Hence
lz +yl% > =% + ply, Jp(2)) + |yl

Therefore, E is p-uniformly convex from Lemma 4.1 (i) . We next show that
E is uniformly smooth. Now,

(x —y, Jp(x) — Jp(y)) = ((x1 —y1, 22 — y2), (Jp(21) — Jp(y1), Jp(a2) — T (y2)))
= (z1 —y1, Jp(@1) — Jp(y1)) + (w2 — y2, Jp(22) — J5(y2))
< gi(llz — vall) + g2(fl2 — y2l]),
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where g1, g2 are strictly increasing continuous and convex functions on R™

and ¢1(0) = ¢g2(0) = 0. Therefore,

(@ =y, Jp(@) = J5() < gz —yl),

where g(||z — y|) = g1([lz1 — y1]]) + g2(||[z2 — y2]|). Hence the result follows
from Lemma 4.1 (ii) that E is uniformly smooth. O

Let Eq, F5 and E5 be real p-uniformly convex which are also uniformly
smooth Banach spaces. Suppose Cy C E; and @)1 C Es are nonempty closed
and convex sets. Let A : 4 — Fs and B : Fy — E3 be bounded linear
operators. The split equality problem (SEP) [27,28] is defined by

find x € C; and y € @ such that Az = By. (4.1)

Our interest here is to transform (4.1) into the SFP. Now suppose E =
By X Ey, F=FE3xE;,C=Cy xQ1 C Eand Q = {(z,w) € F:z=w}.
We know from Lemma 4.2 that E and F' are p-uniformly convex real Banach
spaces which are also uniformly smooth.

Define an operator T': E — F by

T'(z,y) = (Az, By)
for all (z,y) € E. Since if z; = (z1,91), 22 = (22, y2), then

T(az1 + Br2) = T[(az, ayr) + (Bz2, By2)]
= T(ax; + Bra, ayr + By2)
= (A(ax1 + Br2), B(ay: + By2))
= (aAxy + Azq, aBy; + Bys2)
= a(Ax1, Byr) + B(Axs, Bys)
= a2z + BTz,
which shows that T is linear. Also, it is easy to see that T' is bounded from

the boundedness of A and B. Set S = {(z,y) € C : T(x,y) € Q}. Hence
(z,y) € E solves (4.1) (using Lemma 3.1) if and only if

(IE,y) = chq*(J§($7y) +7T*J§(PQ - I)T(xay))a

where
Polzw) = (22,200 (s w) € F,
T Jp(z,w) = (A" Jp,(2), B* g, (w)),
Ti(w,y) = (Jg, (), Jg, (y)) for all (z,y) € E,
and

HCJq*<xay) = (HC1J%T (x)?PQz‘]%; (y)) for all (J?,y) €E".

Using the fixed point formulation (4.2), we construct an iterative method
for solving SEP (4.1) and obtain the following convergence theorem for solv-
ing SEP (4.1) by applying the result of Theorem 3.3.
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Theorem 4.3. Let E1 and Es be two real p-uniformly convex which are also
uniformly smooth Banach spaces and Es a reflexive, strictly convexr and
smooth Banach space. Suppose C1 C E1 and Q1 C Ey are nonempty closed
and convex sets. Let A : E1 — FE3 and B : Es — FE3 be bounded linear op-
erators. Let A* : Ef — Ej and B* : E5 — E3 be the adjoints of A and B
respectively. Suppose that Q denotes the set of solutions of SEP (4.1) and
Q # 0. Define a sequence {(zn,yn)} by x1,y1 € E1 and

{mn+1 =Tie, JE, - [anTh, (21) + (1 — an) (5, (@) + B A" TG (Bya—Aza))|, n>1,

Ynt1 = Poy Iy [and B, (1) + (1= an) (B, (n) + 5 B*JB, (Avy — Bya))], n>1.
(4.2)

Ifa, — 0, Y07 o, = o0 and {p,} C (0,00) satisfies infp, (pq— C’qp;]fl> >
0, then {(xn,yn)} converges strongly to (x*,y*) which simultaneously solves
SEP (4.1) and is the nearest point to the initial guess (x1,y1).

5. Examples and numerical results

In this section, we present some numerical examples to illustrate the perfor-
mance of our algorithm. All codes were written in Matlab 2012b and run on
Hp i — 5 Dual-Core 8.00 GB (7.78 GB usable) RAM laptop.

Ezample 5.1. We consider the problem in (La([ev, 8]), || - ||1,) and also give
numerical examples using Theorem 3.3. Now take

C:= {{E € LQ([avﬂ]) : (a,x) < b}a
where 0 # a € La([or, §]) and b € R, then (see [14])

b—(a,z)

B B ap et e, (a,x) >b
Hc(x) = Pc(l‘) = { xli <|C‘l’2x> S b.

Let
Q ={z € Lo([ev, B)) : |z = dl|r, <7}
be a closed ball centered at d € La(|w, 3]) with radius r > 0, then

Po(z) = { d+rp=q e ¢ Q

T, € Q.
Define an operator A : Ly([0,27]) — L2([0, 27]) by Az(t) = @, t € [0,2m]

for all z € Ly([0, 27]). Then it can be easily verified that A is continuous and
bounded linear operator.
Now, suppose

C— {x € L([0,27]) - /OM eto(t)dt < 1}

and

Q- {x € Lu([0,27)) : /0% 2 (t) — sin(t)Pdt < 16} .
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FIGURE 1. Different cases with Choice 1

Let us consider the following problem:
find z* € C such that Az™ € Q. (5.1)

Observe that the set of solutions of problem (5 1) is nonempty (since z(t) =
0, a.e. is in the set of solutions). Take «,, = Vn > 1, then our iterative
scheme (3.4) becomes

st = Fo |y + (1 ) (o - peeigigviten) )| n2,
(5.2)

+1’

where f(z,) = 1| Az, — PoAz,|? for all n € N.

We now study the effect (in terms of convergence, stability, number of
iterations required and the cpu time) of the sequence {p,} C (0,00) on the
iterative scheme by choosing different p,, such that ilrllfpn(él — pn) > 0 in the

following cases (Figs. 1, 2, 3, 4; Table 1).

Case 1: p, =

4n+1’
Case 2: p, = 2n+1’
Case 3: p, = 7173
Case 4: p, = anl;
Case 5: p, = ng—fl
For each case mentioned above, using stopping criterion leniizeall

[lz2—z1|
104, we also consider different choices of x; and u as

Choice 1: 71 = 2tcos(3t)e3t and 3(¢t7 — 1)e5;
Choice 2: 71 = 2tsin(3t)e?® and t?sin(57t);
Choice 3: 21 = 3t2e*~ ! and 3 — t? + 4t + 1;
Choice 4: z; = 2t3e% and t* + 3t%2 + 5.



Vol. 20 (2018) Strong convergence of a self-adaptive method Page 17 of 21 68

5 x 10
—fe— Cascl
= Case2
4.5 —— Case3
=—8— Cased
| Caseb
4 -
3.5rq
=
= 3f
8
I 25 =
—
Lo
=
15t
1t
05}
0 | IS
0 5 10 15 20 25 30 35
Number of iterations
FI1GURE 2. Different cases with Choice 2
x10"
7 -
Casel
=~ Case2
—0— Case3
6 =—8— Cascd
Caseb
1
5 .
ol
=
8] 4r
I
i
T 3¢
B
21
1 k.
O | IS
0 5 10 15 20 25 30 35

Number of iterations

FIGURE 3. Different cases with Choice 3

Remark 5.2. We make the following observations from the numerical results
presented above.

1. The numerical results from different Cases and different Choices show
that our proposed Algorithm (5.2) is fast, stable, efficient, easy to im-
plement and required small number of iterations.

2. We have that the number of iterations and the cpu run time are de-
creasing starting from Case 1 to Case 5. However, there is no significant
difference in both cpu run time and number of iterations for different
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TABLE 1. Algorithm (5.2) with different cases of p, and
different choices of x1 and u

Case 1 Case 2 Case 3 Case 4 Case 5

Choice 1

No. of Iter. 34 21 13 7 3

cpu (time)  5.5602x 1072  3.7686 x 1072  2.2286 x 1073  1.0621 x 1072 3.8957 x 10~*
Choice 2

No. of Iter. 35 22 14 7 3

cpu (time)  6.1863 x 1072  4.2536x 1072 2.1723x 1073 1.0322x 1072 3.8020 x 10~ *
Choice 3

No. of Iter. 33 21 13 7 3

cpu (time)  5.7544 x 1072 4.2300x 1072  2.1799 x 1073 1.0746 x 1072  4.1189 x 10~ *
Choice 4

No. of Tter. 33 21 13 7 3

cpu (time) 54273 x 1072 3.5084x 1072 2.1014x 1072 1.0581x 1072 3.8690 x 10~*

Choices of z1 and u. So, initial guess does not have any significant effect
on the convergence of the algorithm.
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